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ABSTRACT

A method for dividing a polynomlal of degree (2n-1) by a precomputed
nth degree polynomial in 0(n log n) arithmetic cperations is given. This
is uged to prove that the evaluation o¢f an nth degree polynomial at n+l
arbitrary points can be dcone in 0(n log”™ n) arithmetic operations, and con-

gsequently, its dual preblem, interpclaticon of an nth degree polynomial from

2

n+l arbitrary points can be performed in 0(n leg 1n) arithmetic operations.
The best previously kneown algerithms reguired 0(n leg™ n} arithmetic opera-

ticns .



1. INTRODUCTION

Given (xi,yi} (0 £1 <n), the interpolation problem is the determina-
tion of the coefficients {ci} (0 £ i £ n) of the unique polynomial
P(x) = v C,xl of degree = n such that P(x,) =y, (0 =i sn). Ifa
Osisn * t

classical method such as the Lagrange or Newton formula is used, inter-

polation takes ﬂfnz} coperations. [(In this paper all arithmetic coperations

will be counted., We simply write operations to denote arithmetic operations.)

However, Horowitz (1972) has shown that interpolation can be done in Q(n 1033 n)
operations by using the Fast Fourier Transforwm (FFT), and he has shown that
interpolation is reducible to evaluation of an nth degree polynomial at ndtl
points. Moenck and Borodin (19%72) have shown that the evaluation problem
is reducible to the division problem, and they have shown that beth evalua-
tion and interpelation can be done in O(n log3 n) operations, and precomputed
interpolation (knowing the X5 in advance) can be performed in Qin 1032 n}
operations. The purpose of this paper is to show that, without using any
precomputation, both evaluation and interpolation can be done in O(n log2 n)
operations. As a corollary we show that an nth degree polynomial and all
its derivatives can be evaluated at any¥ peint in O{n 1og2 n) operations,

We shall use the same approach as used by Moenck and Boredin (19720,
But we shall first precompute all necessary divisors in O(n log2 n} operations
so that each division can be done in Of{n log n) operatioms. This results in

faster evaluation and faster interpolation.

After the work reported here was completed, the author received a re-
port from V. Strassen, entitled, "Die Berechnungskomplexitit von elementar-

symmetrischen Funktionen und von Interpolationskoeffizienten", Using
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different techniques Strassen proves that interpeolation can be done in

O(n log n) multiplications or divisions and he states that his techniques

2
can be used to prove that interpolation can be done in O(n log n) arithmetic

operations.
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2, PRELIMINARIES

We shall work over the field of complex numbers.

Theorem 2,1, (Fast Polynomial Multiplication)

Let A(x) = by a.xl and B(x) = by b_x1 be any two polynomials. Let
0gisn ' 0<izn-1*
A(x)«B(x) = T ¢.x'. Then {e,} (0 £1i = 2n-1) can be obtained in O(n log n}
0={s2n-1" t

operations,

Theorem 2,2.

Let {ai} (0 =i < n) and {bi} (0 =i % n-1) be any two sequences of

numbers. Then
. -, -
an .eun_‘1 e a1 bD
(2.1) . « e .
: . an-i bn-Z
an J bn-1

can be computed in O(n log n) operations.

Proof,
Let A(x) = T aixl and B(x) = b b xi. Suppose that
0=i=n O=i=n-1
A(x)*B(x) = by Cix » It is clear that the computation of (2.1) is
0si2n-1

equivalent to the computation of {Ci] (n =i < 2n-1), Thus the proof fol-

lows from Theotem 2.1,

QED



Theorem 2.3,
For any sequence {ai} {0 £ i = n) of numbers with a. # 0, let

T a.x" be the unique polynomial q(x) such that

0<isn-1*
{2 2) 2n-1 - i .
. X = qgix)+{ T ax)+ r(x), deg r < n.
0si=n
Then, we have that
_ g - i -
(2-3) . . . = ] e
T % R
%n 21

and the sequence {ﬁi} {0 £ i = n-1) can be obtained in O(n log2 n) operations.

Proof.
et ( % &.Kl)-( b 5ixl} = T c.xl. Then T c.xl = xZn-1_ rix).
0sisn = 0xizn-1 0i2n-1 * 0=i<2n-]
Since deg » < n, czn-1 = 1 and ci =0 for i = n,otl,...,2n-2. Therefore,
— -| —_ —\ - -
an an_1 cer &, au 0
{2.&') . - . .
' Etn~l an—2 0
L Eltl'h fn—f _1 i .

Furthermore, from (2.4}, one can easily show that, for any i (1 =1 £ 0y,




. 0
an an . al an-i ;
[ ] L L] : 0
a - i ¢— ith component
- a 0 0
n-] - -
3 0 0

This proves (2.3). By using the fast diviaion algorithm given by Moenck
and Borodin {1972), the unique polynomial q(x) (i.e., the sequence {Ei}

(0 =i < n-1)) can be computed in O(n log2 n) operations. QED

Definiticn 2. 4. {Precomputing)

Given any polynomial P{x) = T a,x with a £ 0, by precoaputing P(x),
0<i<n
we shall mean the computaticn of the [51] f0 = i1 = n-1) which are defined by

2.2} or (2.3, That is, precomputing P{x) is just the division of xZn-] by

Pix).
Hence, by Theorem 2.3, we can precompute an nth degree in O{n log2 n}
cperations. Since this bound will be sufficient to prove the results iIn

this paper, no attempt has been made to improve it.



3. FAST DIVISION USING PRECCMPILED DIVISOR

Theorem 3,1.

Let U(x) = s u.x and V(x) = £ v.x' (v ~ 0). Suppose that

0f£if2n-1 ' 0fi*n '
V{(x) has already been precomputed, i.e., {"™} (0 * i * n-1) are available

with no associated cest. Then we can compute the unique polyncmials ©({x)}

and R({xX} such that

{(3.1) U({x) « Q(x}-Vix} + R{(x}), deg R < n
in 0{n log n) operations.

Proot.

It suffices to show that to compute Q{x} we only require 0{(n log n)

- @{x)«V(x) and Q(x)«V{x} can be computed in

operations, since R{x) = U({x)
0{n log n) operations by Theorem 2.1. Let Q{x) = g.x , and let
O<a<*i-1
QIxX)'V{x) = I. ¢.X'. From {(3.1), it is «¢lear that u. = ¢, for
0%i*2n-1 ‘
i =mn,...,2n-1. Therefore,
'3 '3 e e 8 V-
n n-1 1
n-1 ‘72
n *an
and hence, by {(2.3),
"o n-2 n
n-2
1 “n-
n-1
QED

The thecrem then follows from Theorem 2.2.



4, TFAST EVALUATION

Moenck and Borodin (1972) have shown that evaluation is reducible to

division and have proved the following theorem:

Theorem 4.1, (Moenck and Borodin (1972))

Let U(x) be a polynomial of degree n = 2¥-1. Then we can evaluate U(x)
at ntl arbitrary points XgsXqsee e X, in 0{g{n)log n+f(n)log n) operations,
provided that we can divide a polynomial of degree (2n-1) by an nth degree
polynomial in O0(g(n)) operations and multiply two nth degree polynomials
in 0(f{n)) operations.

This fast evaluation algorithm requires certain divisions. The divisors

are exactly the members of the following family except the polynomial at

level »+1.
X=Xgs X=Xy, X=Xy, x-x3, ces , x-xh_], x-xn Level 1
(x=x4) (x-%,), (x-%,) (X=X5),  -o» s (x-xn_1)(x-xn) Level 2
3 n
I (x-xi), e T (x-x.,) Level 3
i=0 i=n-3 t
(4.1) 271 4 2t
T (x=x,) M (x-x) Level r
i=0 N r-1
i=2
2% 1
I (x-x,) Level r+1
, i
i=0

Theorem 4.2.

All polynomials in (4.1) can be precomputed in O(n log2 n) operations.




Proof.

We first convert all polynomials in (4.1) into the form ¥ hixl. This
2 i
can be done in QO(n log n) operations (zee Horowitz (1972)). Then we shall
precompute the polynomials at level j from the precomputed polynomials at
level j+1, for j = r,r-1,...,1. By Theorem 2.3, we can precompute the poly-
nomial at level r+l in O(n 1og2 n) operations, Suppose that all polynomials
at level j+1 have been precomputed. Let D(x) = T | d x* be a polynomial
ogised 1 .

at level j+1, and let E(x) = T, e.x and F(x) = s 1 £ x' be those

osis2 i1 H osp<z i) 1
two polynomials such that D(x) = E(x)+F(x). By (2.2), we know that

23+ 4 . i 3
x = ( ng d x7)eD(x) + r (%), deg ry < 27,
0=1=2) -

Since D(x) = E(x)+F(x), it follows that

g (T dxDF®

P L L o
X x E(x) °*
But, by (2.2),
241 r (x)
% - i E j=1
= e X + , deg r_ < 2 .
B pegeod-lg L EG E
Hence, if ( . d.x)-F(x) = r . gixl, then
o=i=2i1 * 0si=23423-1-7
i
. B.X
i o=is2d-1 ) - i
of-1 B2l X T 2] Y " psigd i
0=i - % x E(x)

By the uniquenesz of the partial fraction expansion, it is easy to see that

-+

rE(x)

E(x)

-



= B 0] foer 21l i = U,l,...,ZJ-]-l.

1
ot

Therefore, we can precompute E{x} by computing { T i ﬁixljoF{x}, which
; O=i=2-]
can be performed in D(j-EJ) operations by Theorem 2,1, Similarly, we can
. r
precompute F(x) in G(j-EJ} vperations. Since there are 23_1 polynomials
2

at level j, all polynomials at level j can be precomputed in
T

o

7o -j-EJ) = 0{j-2r+1) operations, Hence, all polynomials in (4.1} can
2

2
be precomputed in Q( =T j-2r+]} = 0(r2-2r} = Qi{n log n} cperations. QED

1=j=r
Theorem 4.3,
Let U({z) be a polynomial of degree n = 2¥-1, Then we can evaluate Ui{x)

. . . 2 i
at o+l arbitrary points XgrXpsesesX in O(n log n} operations.

Proof.

We first precompute all divisors needed for the algorithm of Theorem
4.1. By Theorem 4.2, this takes O(n Iog2 n) operations. Then by Theorem 3.1,
all divisions used in the algorithm of Theorem 4.1 can be performed in
O{n log n} operations, The proof follows from Theorem 4.1 by letting

gin) = f(n} = n log n,. QED
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5. FAST INTERPOLATION

Horowitz (1972) has shown that interpeclation is reducible to fast
evaluatien.
Theorem 5.1. {Horowitz (1872))}
b
@Given n+l = 2 palrs of numbers {(x*y™) (0 ® 1 * n), the coefficients

A

of the unique peolynomial P{x) of degree n such that y* = P(x*) (0 £ i £ n)
can be obtained in 0(h(n) + f{n)loyg n) operaticnsg, provided that evaluation
at n+l peint 1s O0{(h(n)) operations and multiplication 1s 0{f(n})) operaticns.
Theorem 5.2.

@Given n+l = 2 pailrs of polints (x*,¥y") (0 £ 1 £n}, the coefficlients
of the unique polynomial P(x) of degree “ n such that y = P(x™} (0 *~ i * n)

2

can be obtained in 0{(m log n} operations.

Proof.

Apply the result of Theorem 4.3 te¢ Theorem 5.1. QED

Corollary 5.3.

An nth degree pelynomial and all its derivatives can be evaluated at

2

any peint in 0{n log mn) ocperations.

Praoot.

Suppose that we want to evaluate the nth degree polyncmial P(x) and all
its derivatives at some point a. Then it suffices te show that {d4*} (0 ~ 1 *
2
such that P(xX) = s d.{x-cy) , c<an be cbtalned in 0(n log n) operations.
0*i*n
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First, we evaluate P(x) at nt] arbitrary distinct points KgsXysesesX o
This takes O(n 10g2 n) operations by Theorem 4.3, Next, we determine
n .
fd.} (0 < i <n) such that §£ d,yr = P(x.), ¥, = X, for j = 0,1,...,n.
1 i=o 11 ] 3 2J
This is an interpolation problem and takes O(n log n) operations by

Theorem 5,2, QED
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