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ABSTRACT 

U n i v e r s a l i n t e r c h a n g e a b i l i t y o f p a r t s or s u b - a s s e m b l i e s i s o n e o f t h e 

g o a l s o f m o s t d e s i g n s . T h e k n o w l e d g e o f a l l p o s s i b l e v a r i a t i o n s in a n 

a s s e m b l y d u e t o t h e s p e c i f i e d t o l e r a n c e s i s e s s e n t i a l t o e n s u r e u n i v e r s a l 

i n t e r c h a n g e a b i l i t y - T o l e r a n c e z o n e , a s d e f i n e d in [ 1 ] , i s a v i r t u a l r e g i o n 

f o r m e d a r o u n d a t r u e fea tu re . T o l e r a n c e z o n e p r o p a g a t i o n c a n b e e f f ec t ive ly 

u s e d t o o b s e r v e v a r i a t i o n s d u e t o i n d i v i d u a l p a r t t o l e r a n c e s in a n a s s e m b l y . 

A l t h o u g h t h e c o n c e p t o f t o l e r a n c e z o n e s is n o t e x p l i c i t l y u s e d in m o s t e x i s t i n g 

t o l e r a n c e a n a l y s i s m e t h o d s , t h e u n d e r l y i n g p r i n c i p l e s c a n b e r e a d i l y u s e d t o 

g e n e r a t e a t o l e r a n c e z o n e . H o w e v e r , it i s s e e n t ha t t o l e r a n c e z o n e s g e n e r a t e d 

b y W o r s t C a s e o r R o o t S u m S q u a r e ( R S S ) m o d e l s d o n o t e n c o m p a s s al l 

p o s s i b l e v a r i a t i o n s i n a n a s s e m b l y m a d e o f p a r t s t h a t a r e w i t h i n t o l e r a n c e 

s p e c i f i c a t i o n , b e c a u s e t h e effect o f n o n - w o r s t c a s e s t a c k i n g s i t u a t i o n s is n o t 

c o n s i d e r e d . T h e n e w p e r s p e c t i v e o n t o l e r a n c e a n a l y s i s , d i s c u s s e d in t h i s 

p a p e r , a d d r e s s e s t h e effect o f n o n - w o r s t c a s e s t a c k i n g s i t u a t i o n s b y s t u d y i n g 

a n g u l a r a c c u m u l a t i o n in a d d i t i o n t o l i n e a r a c c u m u l a t i o n o f t o l e r a n c e s . I n a 

g e n e r a l p l u s / m i n u s t o l e r a n c e d p a r t t h e r e i s a h i g h p r o b a b i l i t y t h a t t h e p a r t 

c o n f o r m s t o t h e s p e c i f i e d t o l e r a n c e s w i t h a su r f ace t h a t i s n o t at t h e t r u e 

a n g u l a r p o s i t i o n w i t h r e s p e c t t o o t h e r f ea tu re s . S u c h p a r t s w h e n a s s e m b l e d 

t o g e t h e r l e a d t o a n g u l a r s t a c k - u p . I n t h i s p a p e r , a n g u l a r a c c u m u l a t i o n i s 

a d d r e s s e d u s i n g t h e c o n c e p t o f t o l e r a n c e z o n e s a n d a m a t h e m a t i c a l b a s i s i s 

d e v e l o p e d for t h e r e p r e s e n t a t i o n a n d a n a l y s i s o f a n g u l a r a c c u m u l a t i o n b a s e d 

o n c l a s s i c a l k i n e m a t i c t h e o r i e s . P o s s i b l e a p p l i c a t i o n s o f t h i s a n a l y s i s a re a l s o 

d i s c u s s e d . 

INTRODUCTION 

A s t o l e r a n c e s affect b o t h cos t a n d q u a l i t y o f a p r o d u c t , t o l e r a n c i n g i s 

n o w c o n s i d e r e d a c r i t i c a l e n g i n e e r i n g d e s i g n func t ion . A s s u c h , t o l e r a n c e 

a l l o c a t i o n is a s i g n i f i c a n t t a s k t h a t d e s e r v e s c o n s i d e r a b l e a t t e n t i o n a n d 

c o n s i d e r a t i o n . D e s i g n e r s u s u a l l y s p e c i f y t i g h t t o l e r a n c e s t o e n s u r e h i g h 

q u a l i t y w h i l e t h e m a n u f a c t u r i n g c o m m u n i t y p r e f e r s l o o s e t o l e r a n c e s t o 

r e d u c e m a n u f a c t u r i n g c o s t , a s w e l l a s t o e a s e m a n u f a c t u r e . H o w e v e r , in 

o r d e r t o b o t h a c h i e v e t h e d e s i r e d p e r f o r m a n c e a n d a i d t h e m a n u f a c t u r i n g 

c o m m u n i t y d e s i g n e r s m u s t spec i fy r e a s o n a b l e t o l e r a n c e s . 



Only in the m o s t s imple cases can one generate the necessary tolerances 
f rom t h e d e s i r e d resu l t . In gene ra l , t h e r e are n o specific gu ide l ine s for 
a l locat ing to le rances for any componen t . The mos t c o m m o n pract ice is to 
allocate s o m e to lerance tha t s eems app rop r i a t e on the basis of exper ience or 
in tui t ion, a n d then conduc t an analysis to ensu re tha t the al located tolerance 
su i t s the des i red des ign function. In o rde r to d o th is , the des igner m u s t b e 
able to rea l ize all poss ib le effects of the to lerances specif ied, especial ly if 
un iversa l interchangeabi l i ty is one of the des ign goals . 

The effects of specified tolerances are general ly ana lyzed b y creat ing an 
ana ly t ica l m o d e l t h a t can p r e d i c t t h e a c c u m u l a t i o n of t o l e r ances in an 
assembly . Pred ic t ion of to lerance accumula t ion is necessary because critical 
fits, c learances , etc. a r e u sua l l y cont ro l led b y the a c c u m u l a t i o n of severa l 
c o m p o n e n t to le rances . Som e of t h e c o m m o n w a y s to a n a l y z e to le rance 
accumula t ion a re the W o r s t Case Mode l , statist ical m e t h o d s l ike Root S u m 
Squares (RSS) a n d the Es t imated Mean Shift Model . 

Wors t Case Ana lys i s 

This analys is , one of the earliest deve loped techniques , is u sed ma in ly 
to e n s u r e tha t all assemblies m a d e from var ious in te rchangeable componen t s 
mee t the assembly tolerance requ i rements . It is based on the idea tha t w h e n 
all c o m p o n e n t s in an a s semb ly occur at the i r w o r s t (max. or m m . ) l imi t 
s imu l t aneous ly t h e w o r s t poss ib le assembly is ob ta ined . H e n c e the s u m of 
the ind iv idua l tolerances represen t the var ia t ion in the final a s sembly d u e to 
l inear s tack-up. A tolerance zone can be obta ined based on this analysis . 

Ma thema t i ca l l y , 

w (1) 

w h e r e 8i 's a re the i nd iv idua l c o m p o n e n t to lerances a n d d U is the assembly 
tolerance. As long as d U is less t han the assembly tolerance for all cases, all 
c o m p o n e n t s w i t h i n t h e to le rance l imi t wi l l m e e t t h e specif ied a s s e m b l y 
r equ i r emen t s [Fortini 1967]. 

This is a s imple m o d e l a n d is useful w h e r e there are no complex form 
tolerances. It m a k e s n o a s sumpt ion as to h o w the pa r t s are d i s t r ibu ted in the 



t o l e r ance z o n e . W h e n to le rances a re a l loca ted u s i n g th i s m e t h o d , t h e 
i n d i v i d u a l c o m p o n e n t to l e rances wi l l be g rea t ly r e d u c e d in a s sembl ie s 
con ta in ing m a n y c o m p o n e n t s a n d th is l eads to inc reased p r o d u c t i o n cost. 
This m e t h o d a n d the to le rance z o n e ob ta ined from it a r e b a s e d on l inear 
s t ack-up . H o w e v e r , in a la ter sect ion, it is s h o w n tha t t he tolerance zone 
o b t a i n e d on t h e bas i s of l inear s t ack -up is insufficient to e n c o m p a s s all 
poss ib le assembl ies m a d e f rom " g o o d " p a r t s (pa r t s t h a t conform to t h e 
specified tolerances) . 

Root S u m S q u a r e (RSS) M e t h o d 

A n o t h e r c o m m o n analyt ical m o d e l for the ana lys is of to le rances is 
RSS. This m e t h o d is ba sed on the a s s u m p t i o n t h a t t h e probabi l i ty of all 
c o m p o n e n t s occur r ing a t their w o r s t case s imul t aneous ly is r a the r l o w w h e n 
c o m p o n e n t var ia t ions occur in the form of n o r m a l d is t r ibut ion. As such, t he 
assembly var ia t ion in mos t cases will b e less than that pred ic ted by wors t case 
mode l . The assembly var ia t ion is given by [Fortini, 1967] 

d U = V £ o f 
i=i (2) 

H o w e v e r , b y c o n s i d e r i n g t h e d i s t r i b u t i o n of t o l e r a n c e s , 100% 
assemblabi l i ty is lost. Even in the case whe re a smal l percentage of rejections 
a re accep t ab l e it c a n n o t a c c o u n t for a n y n a t u r a l l y o c c u r r i n g shif ts in 
p roduc t ion processes . T h o u g h it is often used to predic t t he likely rejections 
in a m a s s p r o d u c t i o n a n d it predic ts less rejections than tha t w o u l d normal ly 
occur in real processes [Greenwood a n d Chase , 1987]. It cannot b e u s e d to 
va l i da t e a d e s i g n comple t e ly , espec ia l ly w h e n on ly a few p r o d u c t s a re 
m anu fac tu r e d (i.e., w h e n the central l imit theorem cannot be invoked) . 

Es t imated M e a n Shift M o d e l 

This is an i m p r o v e m e n t on the above t w o m e t h o d s [ G r e e n w o o d a n d 
Chase , 1987]. It incorporates a ba lanced mix of both wors t case m o d e l a n d RSS 
m o d e l in o r d e r to a c c o u n t for n a t u r a l l y o c c u r r i n g shif ts in p r o d u c t i o n 
processes . The m e t h o d is based on reso lv ing the c o m p o n e n t to lerance in to 
t w o p a r t s , m e a n shift a n d var iab i l i ty a b o u t the m e a n . This is d o n e by 



se lec t ing a shift factor ft ( 0 St* S 1) for each c o m p o n e n t . The r e su l t i ng 

assembly tolerance is g iven by 

The first s u m m a t i o n is composed of es t imated m e a n shifts, wh ich are t rea ted 
as a w o r s t case m o d e l . The s e c o n d s u m m a t i o n r e p r e s e n t s c o m p o n e n t 
var iabi l i ty , wh ich is t rea ted as a s u m of squares . N o t e that if t he shifts are 
100% (i.e., fi = 1.0), the m o d e l resul ts in a Wors t Case Mode l a n d if the shifts 
are 0% (i.e., fi = 0.0), it resul ts in a s imple RSS me thod . 

This m e t h o d is useful w h e n one pa r t in a n assembly h a s poo r control 
d u r i n g its manufac tu re . The effect of this p a r t o n the assembly tolerance can 
be t aken in to account b y va ry ing only the shift factor concerned w i t h it. This 
accounts for b ias or na tu ra l ly occur r ing shifts realistically. This m e t h o d has 
the same d i sadvan tages as RSS mode l except that it can account for shifts. It is 
useful for to le rance al locat ion of p a r t s tha t are m a s s p r o d u c e d , b u t no t for 
a n a l y s i s of t o l e r a n c e s for sma l l b a t c h p r o d u c t i o n s or for a t h o r o u g h 
eva lua t ion of a des ign . It is s h o w n that the tolerance zones ob ta ined b y the 
above m e t h o d s are insufficient as they d o no t inc lude some of the assembly 
possibilit ies that arise d u e to angula r s tack-up. 

Statist ical M e t h o d s a n d M o n t e Car lo Ana lys i s 

W e can also s t u d y the effects of tolerances w i t h o u t ac tual ly ana lyz ing 
accumula t ion of to lerances , b y u s ing statist ical m e t h o d s l ike the M e t h o d of 
M o m e n t s a n d t h e M e t h o d of In tegra t ion , or b y s a m p l i n g t echn iques l ike 
M o n t e Car lo analysis . 

Statistical m e t h o d s ob ta in the sys tem o u t p u t scatter tha t resu l t s from 
r a n d o m var iab les ( tolerances) w h o s e m e a n s are the n o m i n a l des ign va lues 
a n d w h o s e var iances are re la ted to tolerances [Cox, 1979]. The p rocedure is to 
obta in a probabi l i ty dens i ty function (pdf) of this combinat ion of variables a n d 
p red i c t t h e var iabi l i ty of sy s t em per formance . Based on the sy s t em o u t p u t 
sca t te r o n e can ob ta in the fraction of the assembl ies tha t d o n o t funct ion 
correct ly d u e to t h e a l located to lerances . Mos t m e t h o d s a re b a s e d on the 
pol icy tha t as long as this fraction of the m e c h a n i s m s tha t d o n o t function 
p r o p e r l y d u e to to lerances is less t h a n or equa l to the fraction d u e to o the r 

(3) 



causes (ma te r i a l defect , m i s - a s s e m b l y , etc.) the a s s i g n e d to le rances a re 
adequa te [Evans, 1974]. 

Some of t h e d i s a d v a n t a g e s are tha t t he prec is ion of m o s t statist ical 
m e t h o d s is t o o l imi ted for s o m e stack to lerancing analyses a n d var ia t ions in 
m a n u f a c t u r i n g processes can m a k e t h e descr ib ing pdf no t ve ry sui table for 
accura te p red ic t ions [Cox, 1979]. Also statist ical m e t h o d s usua l ly give an 
es t ima te of w h a t pe rcen tage of assemblies will be acceptable a n d this is no t 
w h a t is r equ i r ed for assur ing universal interchangeabil i ty. 

H o w e v e r , M o n t e Car lo analys is , a power fu l tool for b o t h l inear a n d 
non- l inear to lerance analysis a n d for d is t r ibut ions tha t are n o t normal , does 
no t have the above d i sadvan tages . This m e t h o d opera tes b y genera t ing large 
n u m b e r of a s sembly ins tances each of w h i c h co r re sponds to a po in t in t h e 
to lerance region. Each ins tance is then checked to de t e rmine w h e t h e r it lies 
in t h e d e s i g n to l e rance r eg ion . The m a i n d i s a d v a n t a g e of M o n t e Car lo 
ana lys i s is t ha t it is h igh ly t ime c o n s u m i n g a n d e x p e n s i v e to pe r fo rm. 
Therefore , it c a n n o t b e u s e d i tera t ively in the ear ly des ign s tages w h e r e 
to lerances m u s t be a l located, ana lyzed a n d c h a n g e d r epea ted ly to come u p 
w i t h a g o o d des ign . It a lso requi res a large s a m p l e if its resu l t s are to b e 
sufficiently accurate . 

Tolerance analys is u s ing the above m e t h o d s does no t give a comple te 
p i c tu re of the pe rmiss ib le var ia t ions d u e to the specified to lerances as the 
effect of angu la r s tack-up is no t considered. The tolerance zone obta ined from 
the n e w perspec t ive inc ludes the effect of angula r var ia t ions in inter-related 
pa r t features a n d the effect of s tacking non-wors t case mode ls . 

T H E N E W PERSPECTIVE. 

The to lerances tha t ma t t e r mos t are affected by l inear a n d non- l inear 
s t ack-up of o the r tolerances [Chase et al, 1990]. Inadequa te tolerance analysis 
m a y resu l t in unaccep tab le assembl ies even t h o u g h all m a n u f a c t u r e d pa r t s 
for t h e a s semb ly a re w i th in to lerance l imits . The m o d e s t i nves tmen t s tha t 
a re r e q u i r e d for a t h o r o u g h to lerance ana lys is m a y a n d u sua l l y d o y ie ld 
substant ia l benefi ts [Chase et al, 1990]. Solid mode l i ng a n d C A D sys tems are 
n o w qui te easily accessible a n d are invar iably available in any indus t ry . The 
v isual capabi l i t ies of these sys t ems can be used to ana lyze tolerances m o r e 



t h o r o u g h l y w i t h t h e p r o p o s e d n e w perspec t ive . This n e w perspec t ive in 
to le rance ana lys i s is b a s e d o n v i e w i n g the v a r i o u s poss ib le effects of a 
to le rance specif icat ion on a sol id m o d e l e r or C A D s y s t e m b y look ing at 
tolerance zones . ANSI Y14.5M-1982 [1] states tha t tolerance zone is a vir tual 
reg ion fo rmed a r o u n d the t r ue feature. A visual m o d e l w i t h an analytical 
basis is cons idered a n d tolerance zone representa t ion is e m p h a s i z e d instead of 
just an analyt ical analys is wh ich g ives a n u m b e r tha t r epresen t s the total or 
m a x i m u m var ia t ion in a ssembly d imens ions . S imula t ion of an assembly on 
a solid mode le r can be used to give a bet ter idea on the effect of tolerances on 
the assembly. A n example of a s imple assembly is ana lyzed to elucidate this. 

Cons ider a n assembly consis t ing of a stack of six blocks. The tolerance 
specification o n a s ingle block is s h o w n be low. The tolerance s h o w n is very 
s imple a n d s t ra ight forward. 

Figure 1. Toleranced Block Figure 2. Tolerance Z o n e 

The f igureure on the r igh t represents the tolerance zone ( shaded area) 
r e su l t i ng f rom t h e specif ied to lerance . N o w let u s a n a l y z e t h e effect of 
tolerances w h e n six similar blocks are s tacked one on top of ano ther to m a k e 
an assembly. 

The w o r s t case analysis predic ts a tolerance zone as s h o w n in Figure 3. 
RSS ana lys i s l eads to a to lerance z o n e as s h o w n in F igure 4. Not i ce this 
tolerance zone is smal ler t han the one predic ted by wors t case analysis because 
the probabi l i ty of all c o m p o n e n t s occurr ing at their w o r s t l imit is cons idered 
here . Suppose the acceptable assembly tolerance zone is s ame as the tolerance 
zone gene ra t ed by w o r s t case analysis . (Assembly tolerance zone is the zone 



or space in w h i c h all acceptable assembl ies m u s t lie). A p p a r e n t l y all t he 
assembl ies will be acceptable as bo th analyses lead to a tolerance zone tha t is 
wi th in the assembly tolerance zone . 

The Es t imated M e a n Shift Mode l , by definition, gives a tolerance zone 
w h i c h is in b e t w e e n t h e a b o v e t w o cases . W h e n a n g u l a r s t a c k - u p is 
cons idered it is seen tha t there are cases whe re blocks wh ich are individual ly 
wi th in specification lead to an assembly wh ich lies outs ide the tolerance zone 
ob t a ined b y w o r s t case a n d RSS analysis . Clearly the assembly will a lso lie 
ou t s ide the tolerance zone obta ined from es t imated m e a n shift mode l . Hence 
the case of es t imated m e a n shift m o d e l is no t considered here. 

S h o w n in F igure 5 is a b lock w h i c h is w i th in the specified tolerance 
zone ( represented b y the d a r k area). H o w e v e r , the t op face is sl ightly angula r 
w i th respect to the bo t tom face. Consider the assembly of six such blocks. As 
each of the b locks a re i n d i v i d u a l l y w i t h i n t h e speci f ied to l e rance , t h e 
assembly s h o u l d lie w i th in the tolerance z o n e ob ta ined from the w o r s t case 
scenar io o r RRS me thod . However , this is no t the case (Figures 6 a n d 7) since 
the angula r i ty can accumula te (or par t ly cancel) d e p e n d i n g on h o w the blocks 
are s tacked u p . The ex t reme case occurs w h e n all of t hem are incl ined in the 
s a m e d i rec t ion a n d ampl i fy t h e angu la r i ty on the final assembly . This is 
s h o w n in Figure 6 a n d Figure 7. 
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Figure 3. Wors t Case Tolerance Zone F i g u r e d RSS Tolerance Zone 

Figure 5. Block wi th angular i ty 



Figure 6. A n g u l a r Stack-up compared Figure 7. Angu la r s tack-up 
c o m p a r e d to Wors t Case Tolerance Zone vs RSS Tolerance Zone 

The a s sembly lies ou t s ide the tolerance zone dep ic ted b y Wors t Case 
a n d RSS m o d e l s e v e n t h o u g h all of the i n d i v i d u a l b locks a re w i t h i n 

• to lerance specif icat ion a n d hence is unaccep tab le . This clear ly s h o w s the 
insufficiency of the t w o m e t h o d s in predic t ing the var ia t ions that can occur in 

• • • the final assembly d u e to pa r t tolerances. 

10 



F o r s i m p l i c i t y w e h a d c o n s i d e r e d a n g u l a r i t y t h a t c a n b e d e s c r i b e d as a 

r o t a t i o n a b o u t o n l y o n e o f t h e t h r e e c o o r d i n a t e axes - I n r e a l i t y t h e t o p face o f 

t h e i n d i v i d u a l b l o c k s c a n b e t i l t e d in t h r e e d i m e n s i o n a l s p a c e a n d h e n c e t h e 

t o p sur face o f t h e a s s e m b l y c a n l ie a n y w h e r e in a v o l u m e t r i c s p a c e . N o w t h e 

q u e s t i o n is h o w d o w e g e t t h e v o l u m e t r i c t o l e r a n c e z o n e or l i k e l y s p a c e t h a t 

w i l l c o n t a i n al l a s s e m b l i e s , m a d e o f p a r t s t h a t a r e in t o l e r a n c e l i m i t s , so t ha t 

t h i s z o n e c a n b e c o m p a r e d t o t h e a s s e m b l y t o l e r a n c e z o n e t o m a k e s u r e all 

a s s e m b l i e s w i l l b e a c c e p t a b l e . T h e n e x t s e c t i o n a d d r e s s e s t h i s p r o b l e m . 

Tolerance Zone Determination 

G i v e n t h e t o l e r a n c e s p e c i f i c a t i o n in F i g u r e 5 w e can de f ine t w o c a s e s , 

w h i c h w e w i l l c a l l a n g u l a r e x t r e m e c a s e s , ( F i g u r e 9 ) i n a d d i t i o n t o t h e 

c o n v e n t i o n a l w o r s t c a s e s ( F i g u r e 8 ) . 

10.1 w 
. 9.90 A 

A A 
5.1 

1L 

4.9 

F i g u r e 8. C o n v e n t i o n a l W o r s t c a s e s 

T h e s t a c k i n g o f t h e s e t w o c o n v e n t i o n a l c a s e s c a n b e c o n s i d e r e d as t w o 

z o n e s a n d t h e d i f f e rence o f t h e s e t w o z o n e s w i l l g e n e r a t e t h e t o l e r a n c e z o n e 

as de f ined b y w o r s t c a s e m o d e l . 

J-
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F i g u r e 9. N e w c a s e s ( A n g u l a r e x t r e m e c a s e s ) 

T h e a n g u l a r e x t r e m e c a s e s c a n b e c o n s i d e r e d a s a n g u l a r w o r s t c a s e s in 

t w o d i m e n s i o n s . T h e s t a c k i n g o f t h e s e a n g u l a r e x t r e m e c a s e s w i l l g i v e t w o 

n e w z o n e s . I n a t w o d i m e n s i o n a l c a s e , t h e u n i o n o f t h e l a rges t , c o n v e n t i o n a l 



wors t case a n d the t w o angu la r ex t reme cases differenced w i t h the smal les t 
convent iona l w o r s t case g ives the tolerance zone tha t conta ins all assemblies , 
m a d e f rom p a r t s w i t h i n to le rance l imi ts (Figure 10). W h e n t h e to le rance 
zone t h u s ob ta ined lies w i th in t h e assembly tolerance zone , all assemblies are 
acceptable. 

Figure 10. The Tolerance Zone (scaled)  

O n a C A D sys tem or a sol id mode le r it is p e r h a p s qui te easy to d r a w 
the t w o a n g u l a r ex t reme case pa r t s a n d genera te the in te rmedia te zones (see 
F igu re 10) neces sa ry to g e n e r a t e t h e to le rance zone . H o w e v e r , a s t r o n g 
analyt ical bas is is a lways useful for grea ter u n d e r s t a n d i n g a n d man ipu la t i on 
of i n d i v i d u a l to lerances d u r i n g des ign i tera t ions o r selective assembly . The 
next section der ives the angu la r s tack-up zones mathemat ical ly . 

Ana ly t i ca l R e p r e s e n t a t i o n 

H o m o g e n e o u s c o o r d i n a t e s y s t e m is u s e d to d e v e l o p the ana ly t ica l 
r e p r e s e n t a t i o n . H o m o g e n e o u s c o o r d i n a t e s y s t e m can b e v i e w e d as t h e 
a d d i t i o n of a n extra coord ina te , a scale factor, t o each vector such tha t t he 
vector has the s a m e m e a n i n g if each c o m p o n e n t inc lud ing the scale factor, is 
m u l t i p l i e d b y a cons tan t . The r e a d e r is referred to reference [9] for m o r e 
informat ion r e g a r d i n g h o m o g e n e o u s coord ina te sys tem. 



In this sys tem a po in t vector 

v = ai + bj + ck (4) 

w h e r e L j a n d k a re un i t vectors in the x, y a n d z direct ions, respectively, can 
be represen ted in h o m o g e n e o u s coordinate sys tem as a co lumn vector 

x 
y 
z 
WJ (5) 

w h e r e a = x / w , b = y / w a n d c = z / w . A p lane is represented by a row vector 

P = [ a b c d ] ( 6 ) 

Transformat ions (rotation, t ranslat ion, etc.) are represen ted by 4x4 matrices. 

Cons ider an angu la r ex t reme case block block A A coord ina te frame 
fixed in A can b e u s e d to descr ibe the t o p e d g e of the block k n o w i n g the 
h o m o g e n e o u s coordina tes of its t w o e n d vertices (c a n d d, see Figure 11). Let 
cxa, c y 3 / c z a a n d d x a , d y a , d z a be the x, y a n d z coordinates of points c and d in 
reference frame A. 

x 

Figure 11. A n g u l a r Extreme Case 

Let ano the r s imi lar block, B, b e p laced on t op of A (Figure 12). The 
locat ion of the t o p edge gh of B is k n o w n in te rms of the coordinate sys tem 
fixed in B. Tha t is , w e k n o w g x b , g y b , g z b a n d h x b , h y b , h z b . The t w o 
re fe rence f rames a r e l i nked b y a t r ans l a t i on a n d ro t a t i on . In o r d e r to 
de te rmine the posi t ion of block B in t e rms of the coordinate sys tem fixed in A 
eve ry p o i n t in B (as desc r ibed in reference f rame B) m u s t b e subject to a 



t r a n s f o r m a t i o n , T b a , w h i c h is e q u i v a l e n t t o a t r a n s l a t i o n b y ' ad ' a n d a r o t a t i o n 

b y t h e a n g l e , q, b e t w e e n ab a n d cd. 

x 

F i g u r e 12 . T w o a n g u l a r e x t r e m e c a s e b l o c k s s t a c k e d u p . 

T h e t r a n s l a t i o n b y ad ( d X a i + d y a j + d Z a k ) c a n b e r e p r e s e n t e d b y t h e 

t r a n s f o r m a t i o n m a t r i x 

1 0 0 dxa 
0 1 0 d y a 

T = 0 0 1 d z a 

.0 0 0 1. (7) 

a n d t h e r o t a t i o n a b o u t t h e x - a x i s b y a n a n g l e 9 c a n b e r e p r e s e n t e d b y t h e 

t r a n s f o r m a t i o n m a t r i x 

1 0 0 0 
0 c o s 6 - s i n e 0 

R = 0 s i n e c o s e 0 
L 0 0 0 1. (8) 

N o w a n y p o i n t i n r e f e r e n c e f r a m e B c a n b e e x p r e s s e d i n t e r m s o f r e f e r e n c e 

f r a m e A b y c o m b i n i n g t h e t w o t r a n s f o r m a t i o n s a s 

1 0 0 1 0 0 0 
O 1 O d y a 0 c o s e - s i n e 0 

T b a = TR = 0 0 1 dza 0 s i n e c o s e 0 
L0 0 0 1. L0 0 0 1. (9) 

H e n c e , 



rg»" 
gya 
gza 

. 1 -

Similarly, the ver tex V can be de te rmined wi th respect to reference frame A, 
a n d hence the posi t ion of the t op edge of block B. If there is a th i rd block C on 
block B w e can find a t r ans format ion mat r ix , T c b ( ano the r t rans la t ion a n d 
ro ta t ion) , t o r e p r e s e n t any p o i n t o r p l ane in C in t e r m s of t h e coord ina te 
frame fixed in B. The t ransformat ion from reference frame C to A is g iven by 

Tca = [Tcb][Tba] (11) 

T h u s , w e can r ep re sen t the t o p mos t e d g e of a n y n u m b e r of blocks 
s tacked on t o p of o n e ano the r just by k n o w i n g the exact geomet ry of each 
block. Also, w e can represent the left and r ight edge of each block wi th respect 
to t h e reference frame fixed in the bo t t om m o s t block to obta in the angula r 
ex t reme case zone . This can b e d o n e w i th the second angu la r ex t reme case 
also a n d the tolerance zone can be obta ined as s h o w n in Figure 10. 

This analyt ical approach can be ex tended to three d imens ions easily by 
t ransforming p lanes as follows: 

If P is a p l a n e in reference f rame B a n d Tba is the t r a n s f o r m a t i o n 

mat r ix tha t represen ts t ransforms from B to A, P can be expressed in t e rms of 

the reference f rame A as 

Q = M t » (12) 

w h e r e P a n d Q are r o w matrices. 

App l i ca t i ons 

In add i t ion to genera t ing tolerance zones this app roach can be u s e d to 
m a k e selective assembly of h igh precision par ts a n d relax tolerance allocation 
on h igh precis ion, smal l ba tch p roduc t ion assemblies. For example , consider 
the case w h e r e five s imilar discs have to be s tacked such that the e n d faces of 
the a s s e m b l y h a v e t o b e pa ra l l e l to w i t h i n 2 m i c r o n s . If t h e a s s e m b l y 
tolerance is a l located equa l ly a m o n g all five discs each disc h a s to be m a d e 
w i t h a para l le l i sm of 0.4 microns a n d is no t very easy. H o w e v e r , four discs 
can be m a n u f a c t u r e d to an accuracy of 2 mic rons or a l i t t le less a n d u s ing 
sophis t ica ted m e a s u r e m e n t t echn iques the posi t ion of the t op ' f aces of each 

= [ T b a 

rgxbi 
gyb 
&b 

L 1 . 



disc can be ob ta ined a n d us ing the above analytical app roach the posi t ion of 
the t o p face of the four d isc sub-assembly can be obta ined a n d the fifth piece 
can b e m a n u f a c t u r e d accord ing ly so t h a t t he a s sembly d imens ions a re as 
r equ i red . 

Fur the r if w e have t w e n t y discs manufac tu red to one micron accuracy 
a n d w e w a n t ' t o m a k e four assemblies as above , it is easier to get the geomet ry 
of each d isc a n d use the above analyt ical app roach a long w i th some k ind of 
op t im iza t i on t e chn ique to t ry different combina t ions of d iscs s u c h tha t all 
fouur £is$€mi}li.£S xi\66t &s s GiiYbly en ten 3 of 2 micron jp&i*&llclisn\* 

C o n c l u s i o n 

The exis t ing tolerance analysis m e t h o d s d o no t cover the ins tances of 
a n g u l a r a c c u m u l a t i o n a n d h e n c e a r e insuff icient to a sce r t a in un ive r sa l 
in terchangeabi l i ty of pa r t s or sub-assembl ies . The n e w perspec t ive based on 
t o l e r a n c e z o n e s e n c o m p a s s e s i n s t a n c e s of b o t h l i n e a r a n d a n g u l a r 
a c c u m u l a t i o n , a n d h e n c e is c lear ly b e t t e r s u i t e d for a n a l y z i n g d e s i g n s 
i n v o l v i n g u n i v e r s a l i n t e r c h a n g e a b i l i t y . F u r t h e r , t h i s m e t h o d h a s t h e 
advan tage tha t it can be easily ex tended to three d imens ions . 
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Appendix 
T h e ana ly t i c a l r e p r e s e n t a t i o n d e v e l o p e d is a p p l i e d to o u r t w o 

d i m e n s i o n a l e x a m p l e . F igure . 13 s h o w s t w o s imilar a n g u l a r ex t reme case 
blocks, A a n d B, w i t h the coordinates of each po in t s h o w n in their respective 
reference frames. The angle of the t o p edge of each block wi th respect to the 
bo t tom edge is 0.01 rad ians . The po in t a can be represen ted in homogeneous 

z 

X 

(0,0,1) 

(0.0,0), 
/ 

(0,1,1.1) 

(0.1,0) 

z 

(0.0.1) 

X 

(0.1,1.1) 

(0.1.0) 

Figure 13. Blocks A a n d B wi th coordinates in respect ive reference frames. 

coordinate sys tem as 

a = 
0 
0 
0 
U 

Similarly all o the r po in t s in A a n d B can be r ep resen ted in their respect ive 
coord ina te sys tem. W h e n the t w o blocks are p laced on top of ano the r the 
p o s i t i o n of p o i n t s e,f,g a n d h can b e o b t a i n e d by subjec t ing t h e m to a 
t r ans fo rma t ion , Tba, equ iva len t to a t rans la t ion by ad a n d a rota t ion by 0.01 
r ad i ans a b o u t t h e x axis, fixed in reference frame A. The t ranslat ion is given 

T = 

1 0 0 0 
0 1 0 0 
0 0 1 1 
0 0 0 1J 

a n d the ro ta t ion is g iven by 



R = 
0 cos (0 0 01 ) - sm (0 .01)°0 
0 sin(O.Ol) cos(O.Ol) 0 
.0 0 0 1 . 

The t ransformat ion is g iven by 

T b a 

o?88 
LoooiJ 

T b a = 

0 cos(0°01) -sin(°0.01) 0 
0 sin(O.Ol) cos(O.Ol) 

LO 0 0 

0 0 .995-0 .01 0 
0 0.01 0.995 1 

.0 0 0 1. 

0 
1 . 

N o w , the posi t ion of g w h e n block B is p laced on t op of block A is g iven by its 
c o o r d i n a t e s in reference f rame A a n d w e can ob ta in it b y a p p l y i n g t h e 
t rans format ion Tba to the coordinates of g in the reference frame B. 

"gxa 'gxb" 
gya = [ T b a ] gyb 
gza 

= [ T b a ] 
g * 

- 1 - L l J 

[gxa] 
gya 
gza 

. 1 . *-

1 0 0 0 
0 0.995 -0.01 0 
0 0.01 0.995 1 
0 0 0 U 

0 
1 

1.1 
. 1 J 

0 
0.9840 
2.1045 
1.0000J 

Similar ly all o t h e r po in t s can a lso be o b t a i n e d in o r d e r to d e t e r m i n e the 

posi t ion of block B. The posi t ion of the th i rd block can be ob ta ined in t e rms 

of reference f rame B w i t h t h e t r ans fo rma t ion ma t r i x T c b a n d in t e rms of 

reference frame A by t ransformat ion T c a which is g iven by the p r o d u c t of T c b 

a n d Tba. Since the blocks are identical in our case w e can wr i te 

Tea = Tb a *Tba 

Extending this a r g u m e n t the posi t ion of the sixth block F can be obta ined by 

Tfa = (Tba)5 

T f a 

0 0.9743 -0.0490 -0.0990 

o° a o 4 o 9 0 a T 3 tSSSi 



If pq is the top edge of block F a n d the homogeneous coordinates of p and q in 
reference frame F are 

0 r o i 

p = 
0 

1.1 
L l J 

a n d q = i 
i . i 

L l J 

respect ively t hen the coord ina tes of the t o p edge of the assembly of the six 
blocks is g iven by the t w o poin ts 

P 

0 

L 1.0000. 

and q = 
0 

L1.0000J 

T h u s w e can ob t a in the ex t r eme a n g u l a r pos i t ion of t h e assembly . The 
a n g u l a r z o n e s r e q u i r e d to ob ta in the final to lerance z o n e of the assembly 
(Figure. 10) can be const ructed by calculat ing the hom ogeneous coordinates of 
key p o i n t s in t h e z o n e a n d def in ing a po lygon . H a v i n g d o n e this ac tual 
to lerance z o n e which encompasses all possible assemblies m a d e from "good" 
p a r t s can b e o b t a i n e d by s imple u n i o n a n d difference ope ra t ions b e t w e e n 
polygonal zones . The resul t can be easily d isp layed on a compute r screen. 


