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ABSTRACT

We study the iterative solution of a tridiagonal linear
system of size m on a parallel or vector computer. Such systems
arise commonly in the numerical solution of partial differential
equations.

The Gauss algorithm takes time linear in m. We intro-
duce a Parallel Gauss iteration and show it can be used to solve a
tridiagonal system in time indepeadent of m. Furthermore, the
error norm is reduced at each iteration step. A Parallel LR
decomposition is also defined.

Parallel Gauss is based on "multiplicative splitting".
We introduce parallel algorithms based on "additive splitting',
These are Jacobi, JOR, Parallel Gauss-Seidel and Parallel SOR,

We compare these parallel algorithms on 2 model problem
and conclude that JOR, Gauss-Seidel, and SUR are not competitive.
If the matrix has only "limited" diagonal dominance, Parallel
Gauss is far superior to Jacobi. If the matrix is very diagonally
dominant, Jacobi is somewhat better than Parallel Gauss.
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1. INTRODUCTION

We study the solution of a tridiagonal linear system
Au = v on a parallel or vector computer, Tridiagonal and block
tridiagonal systems arise commonly in the numerical solution of
partial differential equations. We shall report on the exten=~
sion of our results to block tridiagonal systems in a later
paper. Stronger results are achieved in the special case of
constant diagonals; we do not report these results here.

A substantial number of tridiagonal systems have to be
solved in the course of solving a partial differential equa-
tion, In regions where the coefficients of the partial dif-
ferential equations are not rapidly varying, the coefficient
matrices of successive tridiagonal systems will enjoy the same
property. This makes the iterative solution of the tridiagonal
systems attractive, Final iterates of the previous system can
be taken as initial iterates of the current system,

Alternatively, tridiagonal systems can be solved by paral-
lel direct methods (Stone [72], Kogge and Stone [72])., We ex-
pect that both parallel direct and parallel iterative methods
will prove useful,

Qur interest in parallel algorithms is threefold.

1. Parallel algorithms are needed for some of the com-
puters now becoming available (Carnegie-Mellon C,mmp,

*
Part of this paper was first presented at a Colloquium at the
National Center for Atwosphieric Research in July, 1972,




Control Data Corporation STAR, ILLIAC IV, Texas In-
strument ASC),

2, Semiconductor technology is near the point where a
small processeor can fit in a single integrated-cira-
cuit package. Already, large memory arrays and wicro-
procecssors are being manufactured on a single chip.
Drastic cost reductions are accompanyinyg this minia-
turization and computer systems with a very large num-
ber of processors are becoming practical,

3. Constructive mathematics has always been scquential,
The possibility of concurrent processing is opening up
new worlds of possible algorithms,

The parallel algorithms introduced here can be run on
single instructicon stream multiple data strcam (SIMD) or mul-
tiple instruction stream multiple data stream (MIMD) machines,
A model of a SIMD machine is given by Kogge and Stone [72].
ASC, ILLIAC IV, and S5TAR are examples of S1MD machines while
C.unp is an example of a MIMD computer,

Let the size of the linear system be m. The time esti-
mates presented in this paper assume that the number of pro-
cessors (or the length of the vectors feor a vector computer
such az STAR) is also m, If only p processors are available,
time estimates should be multiplied by im/P1- We neglect the
overhead needed to load vecteors or due to using m processors,
Such overhead should not be ignored in applying our conclusions
to a particular machine,

We gsummarize the results of this paper. For tridiagonal
systems, the Gauss algorithm takes time linear in m. We intro-
duce a Parallel Gauss iteration which peormits us to solve a
tridiagonal sy~tem in time independent of m. The time depends
enly on the diagonal doeminance enjoyed by the matrix, the initi-
al errors, and the final accuracy desired. Furthermore, the
error norm is reduced at each itevation step.

Parallel LR decomposition and a Parallel Gauss algorithm
are defined Iin Section 2, In Section 3 we show that the rate
of convergence of Parallel Gauss depends on the zeros of a qua-
dratic polynomial which can be easily calculated from the given
atrix A, Theorem 3,3 gives bounds on the gquantities caleulat-
ed during Parallel Gauss while Theorem 3.4 and Theorem 3.5 give
bounds on the error norms, Corresponding results for the Par-
21lel LR deccompeosition may be found in Section 4,




Parallel Gauss is based on "multiplicative splitting".
In Section 5 we introduce parallel algorithms based on additive
splitting. These are Jacobi (Jacobi is a parallel algorithm),
JOR, Parallel Gauss-Seidel, and Parallel SOR, In Section 6 we
compare these parallel algorithms on a two-parameter model
problem and conclude that JOR, Gauss-Seidel, and SOR are not
competitive, If the matrix has only "limited" diagonal domi-
nance, Parallel Gauss is far superior to Jacobi, If the matrix
is very diagonally dominant, Jacobi is somewhat better than
Parallel Gauss. Both are superior to Sequential Gauss under
the assumptions of the paper. Numerical experimentation is
reported in the concluding section.

2. PARALLEL LR AND PARALLEL GAUSS ALGORITHMS

We begin by deriving the Sequential LR and Sequential
Gauss algorithms in matrix form, We assume that the diagonal
elements of A are non-zero. It is no restriction to assume the
diagonal elements are normalized to unity. Let.

(2,1) A=A +1I+A_ = LR,

L R

A, +D, R=1+E,

(2.2) L

where D is a diagonal matrix, A, is a matrix whose only non-
zero elements are those on the %irst subdiagonal, A, and E are
matrices whose only non-zero elements are those on Ehe first
superdiagonal, Since A E is diagonal,

L

(2.3) D+ ALE =1,
(2.4) DE = AR'
Hence
(2.5) (I - A E)E = Ap,
To solve Au = v, we write

(A, + D) (I + E)u = v,
Define f by (A; + D)f = v, Hence
(2.6) (I+A(T-ENE=y

and

(2.7) (I + E)u = f.
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The sequential LR decomposition is define

Sequential LR

(1 - &EE = A,
D=I"ALE9

In components,

d by



dj= ] -tjej_];, j=2,u'-,m,
5,
ejzd-_l, j=2’.Ill"m-]i

]
The Sequential Gauss algorithm for the solution of du = v
is defined by equations (2.5) - (2.7). We repeat the defini-

tion here,

Sequential Gauss

(2.11) (1 - AE)E = A,
(2.12) (I + A (I - EDE =y,
(2.13) (I + E)u = f.

In components,

€1 T Spp 8y T T?Efgf_"’ 3= Zaeeamt,
J 3=
£, = v, , £, = U.-t.f'-] j=2 m
1 1* 73 I—tjej_] ’ prrra
u =9f , u f =m=l,,..,1.

I T I U A

The component representation is well-known (Young [71,
Section 14.2])}. Clearly the LR and Gauss algorithms are se-
quential, We now define a Parallel LR apd two Parallel Gauss
iterations.

Parallel LR

Let E(O} be given. Then

«(1'1))E(i) = A, 1= 1,,..,M,

2.15) D=1 - 4™,
Let the non-zero elements of E(l} be labeled egl),...,e;ig.

Then in components,

(0

given, j = 2,...,m=1,




v 8.
(2.186) a:' = ~IT* LR L | 2,...,m-1.
- l-t.ex"
J J-1
a = 1,
(2.17y d ="'"§°"1i» J° 2,...,m.

The Parallel Gauss algerithm for the sclution of Au =
fined by

Parallel GGauss

Let E "', fB°% u‘"’ be given Then
(2.18) (I - A, E'' "")E' - A, 1 - 1,...,M,
(2.19) (I - A,E'"" ) f - v - A " ', 1 - 1,...,N,
(2.20) u = r_ - E u , 1 =1,..,,P.
In components,
ej°”® given, j = 2,...,m-1,
ejl’“ = i=0,...,M
s
{(2.21) 8" " (1-Y) » ~ CmelEx's T 2,.,.,m-1.
Jgg*1
£j°" given, j = 2\...,m,
£, = v" i « 0,...,N
vyv.-t.f"
(z.22) £J' = ° \jh' , i=1....N, j =2,...,m.

a

l1-t.er,

v is de-



(0)

uj given, j = 1,...,m=1,

(1) .
o = £, 1i=0, 1,...,P,

(i) _ (N M) (i-1) . _ -
uj = fj - Ej uj+] » 1= 1,003y = 1,04.,0-1,

This is a parallel algorithm since all components ?§ E(i)
=/, The

may be computed in parallel from the components of g(i
following variation of the Parallel Gauss algorithm can also be
defined. It differs from the algorithm defined above in that
the E, £, u iterations are done simultaneously.

(2.23)

Parallel! Gauss Variation

Let E(O), £(0)’ E(0)

be given. Then for i = 1,...,M,

(1) |,

(1-1)
« A E R’

L VE

(1
(4, (D) (1-1)
(I - ALE ) ..f., =v- ALE »

u(i) = f

() g, G0,

In thiz paper we shall not analyze this variation,
3. ANALYSIS OF TUE PARALLEL GAUSS ALGORTTHM

The rate of convergence of Parallel Gauss depends on the
zeros of a guadratic polynomial, Properties of the zeros arc
given by Theorem 3.1, BSufficient conditions for Sequential
and Parallel Gauss to be well-defined and bounds on quantities
oecurring in these algorithms are covered by Theorems 3,2 and
3.3 while Theovems 3.4 and 2.5 give bounds on the error norms.

At the end of the Section we analyze norm reduction, prove
monatonicity propertics of the iteration rates of convergence,
briefly discuss stability, and simplify the main results for an
interesting special case,

We use the vector norm

x| = [lxle=  max x|



and the matrix norm

1]
All = ||a{]_ =  max £ |a..].
|| I © =1, ...,m §=1 1}

Note that for a matrix such as A_, which has only one non-zero

diagonal, » R

o] = max s |
R =l,00.,m J

which is the norm of a vector with components SyseeesS o

Let
(3.1} s = []AR[] = max |s,|,
i=l,...,m J
G2 e=fiafl = max el

=1,...,m

If s or t were zero, A would be bidiagonal rather than tridi-
agonal, Hence we assume throughout this paper that st > 0.

Define
(3.3) f(x) = tx> - x + s.

The zeros of this quadratic play a key role in the analysis of
the Parallel Gauss algorithwm. Some of the properties of the
zeros are covered by the following theorem, additional proper-
ties are given at the end of this Section and at the beginning
of Section 4,

2
tx - x + s has two

il

THEOREM 3.1. Let s+t < 1. Then F(x)
real distinct zeros

o = IonflBst 1k /ichst
- 2t T+ 2t °

and

(3.4) 0<s<a_<s+tr<l<a,

(3.5) t<a_;]<s+t<],

2 2
(3.6) st < z=< (s+t)” < 1,
-+
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PROOF, Since ‘2
1> (4t} = 4st,

the zercos are real and distinct, The inequalities {3.4) follow
from

f£(s} » 0, fistt}y < 0, £(1} < 0, £(=) > G,

The inequalities (3.5) follow from
F(—) < 0, £(1) > 0
s+t : t *

Finally, (3.6} follows frem (3.4} and (3.5).
in the following theorems we shall assume

[Ja ]+ [1agl] = s+t < 1.

This is a strongery assumption than the usual (Young [71, Sec-
tion 14.2]) diagonal dominance conditicn. We could refine our
assumption and obtain partial conclusions but this would ob-
scure our primary focus on the Parallel Gauss algorithm. How-
ever, in Section 4 we shall use the weaker condition 4st < 1
in cur study of the Parallel LR algorithm, We begin by estab-
lishing bounds on the quantities occurring in the Sequential
Gauss algoritam,

THEOREM 3.2, Let

s+t < 1,
Then
(3.7 ||el} <a_,

Sequential Gauss slgorithm is well-defined,

y|!
.8 | < x@aTye
3.9 |[ul] < L2

PROOF. We establish the bound en ||Ef{ by showing |e ] <a_,
i=1,...,m-1, HNote that |e]| = Is] < s < a_ by definition
and Theorem 2.1. Assume ei| < a_. Then



http://lla.ll

le.. | = 55l s
ittt T T

e
i+1 il -
which completes the induction.
To establish the second conclusion, note that the Sequen-

tial Gauss algorithm is well-defined if D= 1 - ALE is non-
singular, that is, if ]|ALE|| < 1, HNow

HAE[] < ea_< 1
by Theorem 3.1,

To establish the bound on f, from (2.12),

L] ]

gl = T-TTa (T-B)]T < Toc(ra )

To establish the bound on u, from (2,13),

f
1o <

B | A 21

(t-a ) (1-t(1+a)) T l-s-t °

The next theorem gives analogous results for the Parallel
Gauss algorithm.

THEOREM 3.3. Let
ste < 1, [ < a..
Then

Gao [P <a,i=1,...m,

-

Parallel Gauss algorithm is well-detfined,

. ()
aoany O < el e oy,

1-t(1+a_) ai » 2
. (0) .
a2 '] < %%%%% + l££———LL +a ) [u ), 1= 1,00
a {1-a )
—|- -

PROQF. The bound on I[E(l)ll is established by induction. By
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(D)” < a

hypothesis, ]|E Agsume f]E(i-])!] < a_. Then from

{(2.18),

AT | L
] HA (i- ]}|i T-ta_ -

To show that the algorithm is well-defined, observe that
I-AE 1) is non- singular since

a2 < ea_ <,

To establish the bound on |f£(i)|], from (2,19},

D) e il e eaeny)

ta ]wta_
- el Loy,
I:El+ a+ -

Hence

ta+

D)) < j_l__l_l_(‘ -]) Hf‘:mli
1-a

a
+

g

-1 i
ta+(1—a+ ) a,
(0)
N £'1 S F et I
]-t{l+a_) ai
+

To establish the bound on |[g(i)[], from (2.20},
i N M 11
e D0 < 1™+ [0 - 13D,

Then

, (N} .
Na@ ) < Bl o ey i,

Fram (3.10), (3.11),




D) < Hall s LEPUL L 4t 1,0,
- (18)

COMMENT Since a;1 <1, a <1, this shows that the bounds on

£(1) ) u{1) are "close” to fhose on f, u.

The next two theorems, which give upper bounds on the
iterate errors, are the major results of this Section,

THEOREM 3.4, Let

ste< 1, B <a,

Then
(i) TN
(3.13) ||E"Vg]l} < = |JEMTTV B}, 1= 1,400,
(3.14) ||£(i)-£|[ < %~ ||£(i“])-£|| + Gy 1= 1,000,N,
IIBIERE

&y = @ -D(-ta) °*

(i-1)

G5 V)] <a o P + e i=1,...,p

M,N? s
N 3 M
e = £ gl] + Ll e ® gy

PROOF, From

(i-1) ( )

(1-A E JES = AL,
(1-A E)E = A,
we have
0= _ g AL(E(i'])E(i) - EL),
S L T A -

Hence

13




14

1000 gy < LTl 11 |
= -1
- g EEP
ta
1
<t |- ) |}
a
- i -1
== [1e9 D],

which establishes {3.13),

From
(1 - A EMD Ly g gGD
(I~ AB)E=y - Af,
we have
1 - EWop = UV op WL by
Hence
D l] < g 115 Dg]] v SlbellellaTonll
From (3.8},
g < Elf“;l}-fll Ii(ZI]_};]ﬁ“:i Jiy
which establishes {(2,14).
From
s
u=£f-Eu,
we have
R I P C R R, C S

Hence




oD eul] < a a1 )

Ll 0 gy ) £ g,

l-g-t
which establishes (3.15%,

The next theorem gives bounds on the iterarce errors in
terms of the initial errors. The bounds depend conly on the
diagonal deminarce, the initial errors and the final accuracy
desired, They are independent of the size of the system,

THECOREM 3.5, Let
ste < 1, |[ED] <a..

Then

£ (O

-]

-El ],

a M a +a
AWERCAN
+ 6a+-])

3.18) |Vl < ab [JuP )]

i=1,...,P,

PROOF., Equation (3.16) follows easily from (3.13). To obtain




(23.17), we use (3.14}) to get

() (1l-a
£ -1l1l<-f 111" f||+ 6>.-2,
d-a.')

(O)ff, . T+TM
S fi11 - *
Now
, {0}
< 1E11
“+J {a.-1) (1-ta_ )

and the result follows.

To obtain (3.18), we use (3.15) to get

Now

a.- I

cer v ) i

E E‘ 2 1-s-t¢
(a_-D

and the regult follows after some algebraic manipulation.

The Farallel Gauss algorithm is finite in the following
genge. Since

the first component of E(l) E ig zero. It can be shown that

thig implies
(3.19) B E= 0, ism-2.

If the iteration for is carried out until (3.19) holds,



then

implies that

G.20) £ S fe0, 42w,
If the iteration for E(l) is carried out until (3.20) holds,
then

u{i) =f =u

m m m

implies that

3.2 o L=, 12 mel.

Thus if each of the three iterations which comprise paral~
lel Gauss are carried to completion, the algorithm is finite,
This fact is of course not of algorithmic interest, What is
important is that P, M, N can be chosen so that each iteration
is norm reducing,

To see this consider the inequalities of Theorems 3.4 and
3.5, The E iteration is always norm reducing. The u iteraticn
is norm reducing while

(3.22) ¢, < [1Efi'1}-51| (1-a_).

M, N

Fix P, Choose M, N so that (3,22} holds for i £ P, Equatioms
(3.13) - (3,17) show this can always be done, The f iteration
{5z norm reducing while

i-1
(i )'ilj (] -%)-

+

(3,23 &, < |}E

Choose M' = M such that (3.23) holds for 1 = 1,...,N. With
this choice of F, M', N, all three iteratigns are norm reducing,

The rates of convergence are determined by a , a—]. We
expect these quantities te increase as s and t increase, That
this is indeed the case is the content of the following theorem,
Since the results are easily gbtained from calculus, the proof
is cmitted,

THEOREM 3.6, Let
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s + <1,

Then

a
E: is a monotonically increasing function of st.
+ -1
For s fixed, a_ and a, are monotonically increasing func-
tions of t,

: -1 . .
For t fixed, a_ and a, are monotonically increasing func-
tions of s,

To get some feel for the size of a , -1

8 a_a;1, take

(3.24) s =t = .4, stt = .8,

Then

aalal <1
-+ 42 . + 2°
Hence if the system has the diagonal dominance of (3.24), each
E iteration gains two bits while each f or u iteration gains
approximately one bit.

A stability analysis of the Parallel Gauss algorithm has
not yet been performed. We shall show that under our assump-
tions no pivoting is required for the Sequential Gauss algor-
ithm, which leads us to expect that Parallel Gauss also has
desirable stability properties.

THEOREM 3,7. Let

stt < 1.
Then
oyl = Dtgeg > syl lagl > Tegls 3= Toenom,
where for convenience we define e0 = 0,
PROOF,
|1”tjij-TI< l-iaﬁ =a < 1,
el <= m <

iTi-1 - +




If
(3.25) t =g
our results simplify. 1In particular, (3.25) holds if 54 =
which holds for symmetric matrices. One may easily verzfy tﬁe

following

THEOREM 3.8. Let

Then

L
+ +

(3.26)

Theorem 3.3 simplifies to

THEOREM 3.9, Let

L=35, 5 i |IE(0)|| < a_.

Then

|[E(i) -Elll i=1:---:M:

Bl | < aZte(®

2M+1

0 &_ 0
NePog)] < a 1621} + Sl vl e -],

i= 1,|-¢,N-

N A
a 1-a
- 0 - 2
£ Dl + ——, & |v]] -

- (1-a_)

e ul] < alf]uPu]] +

HE(O)-EH, i=1,...,P.

4, ANALYSIS OF PARALLEL LR ALGORITHM

We turn to the problem of calculating only the LR decom-
position of A without solving the linear system Au = v, A
Paralle! LR decomposition was defined in Section 2. COQur basic
assumption in this section is 4st < 1, Since

bt = (s+t)2,




this 1is a weaker condition than s+t < 1, The following theorem
plays the analogous role that Theorem 3.1 played in the analysis

of Parallel Gauss,

THEOREM 4.1, Let

Gst < 1,
2
Then £(x} = tx - x + s has two real distinct zeros a and a
- +

and
(4.1) 0<s<a_<2Zs < a,

1
4.2y t< . < 2t,

+

a
(4.3) st < —=— < hst < 1,

&y

PROOF. The inequalities (4,1) follow from
f(s) > 0, £(2s5) < 0, f£(=) > 0.

The inequalities (4.2) follow from

] 1 ]
£Gp) <0, £(D) >0, 28 < 5o

Finally, (4.3) follows from (4.1) and (4.2),

COMMENT. As in Theorem 3.1, we conclude that a a_ < 1. How-

- +
ever, we cannot conclude a < 1, a+] < 1,

The following theorem is the counterpart of Theorem 3.2,
Since the proof is the same as for Theorem 3.2, with Theorem
4.1 replacing Theorem 3,1, it is omitted,

THEOREM 4.2. Let

4st < 1,
Then

HE[] <a,

and Sequential LR is well-defined.




The proofs of the next two theorems are analogous to the
proofs of Theorems 3.3 and 3,4 and are therefore omitted.

THEOREM 4,3, Let

4st < 1, ||E(-0)|| < a..
Then

D] < a_
and Parallel LR is well-defined,

THEOREM 4.4, Let

ase <1, [[E)] <a.
Then
i) a (i-1
e e)] < = [P g,
+
=1

From Theorem 4.1, a a

+ < 1, Hence the E iteration is
norm«reducing.

5. PARALLEL ALGORITHMS BASED ON ADDITIVE SPLITTINGS

The Parallel LR and Parallel Gauss Algorithms are based on
the "multiplicative splitting"

A = LR.

We now define parallel algorithms based on the "additive split-
ting"

A=A +1+A,

where A, and A are defined as in Section 2. We consider four
paralle% algorithms: Jacebi, JOR (Jacobi Qver-Relaxation),

Parallel Gauss-Seidel, Parallel SOR (Parallel Successive Over-
Relaxation).

Jacobi

5.1 g(i+]) = -(AL + AR) g(i) + v,




22

JOR
(41 .
.2y ot < (- I-uta, + 807 + wy, w> 0
(i} These two classic algorithms are both parallel since, when
u is known, all components of g(1+]} may be calculated in
parallel,

We now define parallel analogues of Gauss—-Seidel and SOR
iteration.

Parallel Gauss-Seidel

fhiter iteration:

(5.3) (I + AR}E(i} _ _ALE{i-l) + v,

Let

z=-h at ey, gy

Note that the compenents of z can be formed in parallel. Then

(T + AR)E_= Z

We sclve this bidiaponsl system by the following parallel itera-
tion,

Inner Iteration:

(5.4) z(j} =z - ﬁRi(j_I}.

Observe that (5.4) is a Jacobi iteration for the scolution
of the bidiagonal system. Furthermore, this iteration has the
game form a5 the third iteration of the Parallel Gauss Algor-
ithm defined by {(2.20},

Parallel SOR

Quter Iteration:

6.5 @ unu™ = 10w -0 Y 4y, 0> 0,

Let

GD 4y = @)
]_'-_1_ + v, }UJ o

z, = [{¥-w)T - wﬁL




Thus
(I + “}AR}%: 2,

We solve this bidiagonal system by the following parallel itera-
ticen.

Inner Iteration:

(5.6) 15,3'} =z - u‘»"tRzu(Jj-n.

We now have defined parallel algorithms based on multipli-
cative and addicive splitcings. In the next section we give

theoretical compariscns ameng these algorithms for a model prob-
lem.

6, COMPARISON OF PARALLEL ALGORITHMS ON A MODEL PROBLEM

We compare the parallel algorithms we have defined on the
two parameter model problem

1 s
8 1 s
A = L3 L] L] N
5,m

]
where A is an {(m,m) matrix and 0 < s < 7. We first dispose of
JOR by proving that the optimal JOR iteration is Jacobi itera-
tion. We chall letr p(B} dencte the spectral radius of a matrix
B, Let

{6.1) Jw = (l=w)I = w(AL + AR}'
THEOREM 6.1, For the model problem
p(Jw} P p(J.I:I, 0 < w,

PROOF, Denote the eigenvalues of J] and Jw by By and li Te-
spectively., Then




Let

Then

From (6.1},

X =1 - a0 .
Hence

X - 1 - u{1-28Tp
and

1 xjr, d=2,...,m for 0 <u £ 1.

Furthermare,

X =1 - U){1l+2sT1)
and

| =, | ©~ IvjL J-1,...,m-1, for 1 ™ a)

It may be verified that for 0 < u)
maxClxJ . [A]) # 2sT| = pC™)
and the result follows.
We compare the following four parallel algorithms:
Parallel Gauss
Jacobi
Parallel Gauss-Seidel

Parallel Optimal SCR

We then compare the best of the parallel algorithms with the
Sequential Gauss algorithm.

We have two types of estimates for how the norm of the er-
ror decreases. For the three iterations which comprise the

Parallel Gauss algorithm, the errors a satisfy relations of
the form
(6.2) NS

The errcr formulag for the remaining algorithms are typified
by the error formula for Jaccobi iteration,



6.3) Ut o 5 D)

where J = -(AL + AR).

After I iterations, assume the norm of the error has been
reduced by 2-Y,  Thus

(D1 & 5P (O
He 11 =27 e H -
For gpjsatisfying a relation of the form (6,2), we estimate the
number of iterations to reduce the error norm by 277 as

-b
log C °

(6.4) I ~
(In this paper, log denotes logarithm to the base 2.) For g(l)
satisfying a relation of the form (6.3), we estimate

-b

(6.5 1 -ESE"E?3T .

Assume that all arithmetic operations take unit time and that z
arithmetic operations must be done sequentially per iteration,
Then the total time T is estimated by
(6.6) T ~zI,
We define the rate of convergence R by either
R = -log C or R = -log p(J).
We take

In 2 £ ,69 2 2/3,

We deal with three values of s: s near %, s small, and
s = ,25, More precisely,

1. s near Set

'2_'-

6.7) 1 - 4s? = &
2 . . .

and assume ¢ 1is negligible compared to unity.

2
2, s small, Neglect s relative to unity,

3. s =.,25, This is a2n intermediate value of s.
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In the analysis that follows, we assume that the E and f
iterations are performed long enough so that the quantities 8,
and ¢ which eccur in Theorem 3.4 are negligible. This is
equivalent to assuming that (3.16) - (3.18) are replaced by

i

180811 < (52) 1161,

£ | < (gi)i 1%,

Ol ] < ab ][yl

We remind the reader of the assumption, stated in the Introduc-
tion, that no overhead is assessed for using m processors or
for loading vectors of length m,

We estimate the total time required for our four algor-
ithms over the three values of s. Results are summarized in
Table 6.1.

1.1 Parallel Gauss Algorithm, s near %.

Let 1 - 452 = 52. Then

- 25 1T 2~€ »
]-EE
and
1 -g 8 ~2¢
a, "¢ rE v
+ +

Assume for simplicity that b is the same in each of the three
iterations which comprise the algorithm. (This would be the
case if each iteration is done until full machine accuracy is
achieved and if the initial relative errors are all around
unity.)

For the model problem, the Parallel Gauss iterations

simplify to
-1
. (l : eei—“)
i s i-1




(1) _ Vi D s

f S e }(1:91"1"
j-

(1) _ 0 _ 0D (i-D)

i L T T TS S

Since v.fs is independent of i, we shall not count ir in our
iteration costs.

We have:

| o

iteration: I ﬁilog{a_ a+] ~ger 2T 2,

. 2b _ _
iteration: -b ~ghz=2
u iteration: Tos 2 3 g .

Hence for the Parallel Gauss algorithm,

b 10 b
T n¢36(2 + 2.2 +2.2) = 3 &

1.2 Jacobi algorithm, s near Fe

For the matrix A ,
s,m

p{J) = 25 COS(EET

with s near % and m large,

3 2
log p(I) ~ =5 0 s

where

2 _ 2 T2
6.8) o = ¢ + (=%

For the meodel problem, Jacobi iteration simplifies to

RE

i Vj - s(uj_1 + uj+1 Y.
Hence
-b 4 b_ z = 13
log p(J) 3 2

27




and

&b
T""‘_z'-
o
1.3 Paratlel Gauss-Seidel alporirhm, s mear 7
A is irreducible and weakly diagenally dominant, Hence,

{f ¢ défotes the Gauss-Seidel matrix,
2
p(G) = p (J}.

The number of outer itevations is then given by

We next estimate how many inner iteratrious we must perform for
edch puter iteration. We estimate the rate of cenvergence of
the inner iteration by

R = - A = -log s,
log |lag]] og
Hence the number of ioner iterations per outer iteration is

- =b
log s

I

oyl

and the total number of inner iterations 1s estimated by
Z2h,2
1""3(5} -
Since z = 2 for the inner iteration, the total time spent on
inner iterations is
4. b. 2
THB(U) .
This dominates the tocal time required,
1
20
Let {1 denotc the optimal value of the over-relaxation
parameter w. Then (Yourg [71]),

1.4 Parallel Optimal S50R Algorithm, s near

2
Q= —F—— .

14152 (3)

Let Gﬂ denote the optimal SOR matrix. Then




we ) n LXPU)

1+V1-P (J)

Note that Q is the optimal parameter for the outer itera-
tiocn only. (There is no inner iteration for sequential SOR.)
Numerical experimentation indicates that adjusting a) so as to
optimize over outer and inner iterations does not significant-
ly affect the results.

Now,

The number of outer iterations is given by

-b
T log p (&) 3. 0%

The rate of convergence of the inner iteration is
R - -log IlnA.| J = -log Qs.

Hence

where as before

2 2 e /T \2

The total number of inner iterations per outer iteration is

T 2 b
3 a

and the total number of inner iterationsg ig

Since z = 2, the total time for inner iterations is
R - !

2.1 Parallel Gaugs algorithm, = small.

For s small,

29
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Let
{(6.9) p = <log s.

Then we have:

. . b
e iteration: I ~=-—, z = 2,
. . b
f iteration: T ~ E, z = 2,
s . b
u iteration: I ~— =z = 2.
- W
Hence
T~ 52,
I

2.2 Jacobi algorithm, s small.

Since

The analysis of Parallel Gauss-Seidel and Parallel SOR for
the case of s small introduces ne new ideas and is cmitted.

The analysis of the four algorithms for s =.23 is straight-
forward and is also omitted.

The results are summarized in Table 6,1, We repeat the
definitions of the quantities appearing in the Table.

b: !fg?%l = E-h [Jéqﬂi, where g?}denotes error atc ith
stage and I is the total number
of iterations.

2 2 a,2 . . .
g1 g =& + {(—=)", Since m is large, o ~ £ unless g is

m very small {s very close to %}.

Wi R = -log s.

The following conclusions concerning the model problem may
be drawn from Table 6.1.




3]

Parallel SOR is superior to Parallel Gauss-Seidel.

Meither of these algorithms 1s competitive with Jacobi
or Parallel Gauss, (Note that we draw this conclusion
only for the particular Parallel Gauss-Scidel and Par-
allel S0R defined in this paper. It need not of course
apply te other parallel SOR algorithwms which might be
defined,)

For s swall (the matrix very diagonally dominant),
Jacobi is somewhat superior to Parallel Gauss.

For moderate values of s s ~ .25}, Parallel Gauss is
about equal to Jacobi.

i
For s close to 7 (very little diagonal dominance),
Parallel Gauss 1s far superior to Jacobi.

Takble 6,1, Estimates of Total Time
1
5 ~3 s small s = ,25
Paralliel Gauss lg b 5 4} 2 b
3 & n 2
Jacobi 4 ‘3-5 3 B _ 3y
u-1
o]
2 2
Parallel Gauss-Seidel 5 E} b ] b2
3'g wip-1) 2
2 2 2
Parallel Optimal SOR %{%} (E} 'ﬁ_

The switch-over point between Jaccbi and Parallel Gauss
is detemined by

‘(E.Iﬂ)

For m large, equality holds for s =

b 3b

log a_ a

T'T L]
log{Zs cos{E;T}}

!igl
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Thus for s = ,19 Jacobi is the best of our parallel al-
gorithms while for s =2 ,19 Parallel Gauss is best. This result
agrees with our intuition since multiplicative gplitting is
"more implicit" than additive splitting and is therefore super-
ior for matrices with little dominance,

Finally we compare the best parallel algorithm with the
Sequential Gauss, For the model problem Sequential Gausz re-
quires total time

(6.11}) T ~ 7ra.

For s small, Jacobi is clearly supcrior to Sequential Gauss
since

1
for reasonable b and almost all m. For s near x, Wwe compare
Parallel and Scquential Gauss, The times are equal when

(6,12) EF'E-= 7m,

If m is targe, this will only hold when s is very close to 1/2.,
For example, if m = 1000, b = 27, then s = ,499959. Thus,
under the assumptions of this paper, Parallel Gauss is faster
than Sequential Gauss until s 1s very close to 1/2.

7. NUMERICAL EXPERIMENTATION

Extensive testing on the Jacobi and Parallel Gauss algor-
ithms was performed for the model problem with m = 100 and 1000
and a wide range of values of s. All testing was carried out
on the MU Computer Scieunce Department's PDP-10 in AFL., On
this sequential machine, the vectors are generated one compon-
ent at a time. Iteration counts for a parallel or vector com-
puter are obtdined by counting the generation of a vector as
one iteration.

The numerical results are consistent with the theoretical
estimates developed in this paper. We limit ourselves here to
reporting several examples.

According to (3.13)

i 2 i-]
16%-8] ] < a2 |]2* -] .

in Table 7.1, we exhibit




el 1/ el ], 1= 1,0

2
for m = 100, s = .48, Then a_= .75, a_ = .5625,

Table 7.1, Reduction of IléiLE||

TEREIVAI
A7
.51
. 54
.55
.55

S WO O o~ vt B R e

—

The system Au = v is solved by Jacobi and Parallel Gauss
for m = TOQﬁ v, =1, i=1,,..,m, The initial estimate for
Jacobi is u =lg. The initial estimates for Parallel Gauss
are = s, = v, u@= M, 75 obtain the "true" solution,
the s%stem is solved by Sequential Gauss, Iterations are
terminated when the initial error is reduced by 2'b, b =27,
The total time on a parallel machine is estimated by multiply-
ing the number of iterations by the number of sequential arith-
metic operations per iteration. Results for selected s are
given in Table 7.2. Total times are underlined.

Since Parallel Gauss terminates in m iterations, the data
for Parallel Gauss when s = .49 is obtained with m = 1000, The
number of iterations is essentially independent of m as long as
that number is less than m,




Table 7.2. Total Time for Parallel Gauss and Jacobi

Total Time Jacobi Total

E Itera-| £ Itera- u Itera- Parallel Itera- Time

tionsg tions tions Gauss tions Jacobi
s
10 3 8 9 40 11 33
.20 6 11 13 60 20 60
.24 6 13 13 64 25 75
.40 13 26 26 130 82 246
.48 4 79 82 404 705 2115

These numerical results agree with the theoretical pre-
dictions. For s very small, Jacobi is slightly faster. They
are equal at s - ,20, close to the predicted value of s' .19.
By 8 = .40 Parallel Gausg 1is gubstantially faster and its ad-
vantage increases sharply as s = I is approached.
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