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ABSTRACT

The rounding-error analysis of Gaussian elimination shows that the
method is stable only when the elements of the matrix do not grow exces-
sively in the course of the reduction. Usually such growth is prevented
by interchanging rows and columns of the matrix so that the pivot element
is acceptably large. In this paper the alternative of simply altering
the pivot element is examined, The alteration, which amounts to a rank
one modification of the matrix, is undone at a later stage by means of
the well-known formula for the inverse of a modified matrix. The tech-
nique should prove useful in applications in which the pivoting strategy

has been fixed, say to preserve sparseness in the reduction,




f. INTRODUCTION

Let A be a real matrix of order n. The method of Gaussian eliminatlion
may be regarded a5 a technique for computing the LU decomposition of A into
the product of a unit lower triangular matrix L and an upper triangular

matrix U, Specifically, at the k-th step of the reducticn, we have

(k) (k) (k)
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where Li?) and Ugﬁ) are of order k, The (k+1)-th row of U is then given by

= [k} 1= -
uk+1,j ak+1,j {3=k+1,k+2,...,n),

the (k+1)-th column of L by,

= gk} (k) .
B = 31 B o (L2, m,
and the matrix A§§+1] by
(k1) (k) o
aij - aij - Ei,k+] Yk+1, 3 (i,j=k+2,.,.,n).
(k)
The element 8L 1 k4 is called a pivot element for the algorithm, 1f

it is zerp the algorithm fails, and if it is too smhll the algorithm be-

L]

comes unstable in the presence of rounding errors. Usually this problem is
avoided by interchanging two rows and perhaps two columns of Aé;} to bring
an acceptably large element into the pivot position., However, in applica-

tions involving large sparse matrices an unhappy pivot selection may destroy




the sparsity of the subsequent matrices. Indeed in some applicatipns
the choice of pivots is determined entireiy from the sparsity structure
of A, leaving no freedom to pivot for stability fe.g. see (11},

In this paper we shgll examine the technique of modifying the pivot
element so that it is acceptably large and then undoing the modification
later after the LU decomposition of the modified matrix has been computed,
- Since the emergence of a small pivot element in Gaussian elimination be-
tokens a numerical ill-determination of the LU decomposition, we shall
not try to obtain the LU decomposition of A itself; rather we shall show
how the LU decomposition of the modified matrix wmay be used to solve linear
systems involving A,

The next section will be devoted to describing the mechanics of the

technique. The effects of rounding error will be discussed in Section 3,
2, MODIFYING PIVOT ELEMENTS IN THE SOLUTION OF LINEAR EQUATIONS
In this section we shall show how the soluticn of the equation
(2.1) ax=25%b
can be obtained from the solution of

(2.2) By = b,

where A and B differ only in their (!,1)-elements, We shall then indicate
thé applications of this technique in Gaussian elimination.
Since & and B differ only in their (),1)4e1ements, B can be written

in the form
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T
B=A4+ ge,e,
where e, is the first column of the identity matrix. Then it follows

from the well known modification formula {see [2, p. 123]) that

2.3) a1 =8t - 137 le el

where

1 L]

T, - -1
eB e,-c

Since x = A-1b, we have from (2.2} and (2.3)

=1 T
X=vyv - TH e1e1y
=¥ - W-Ic-l:

where ¥y is the first component of y and <, is the first column of B-].
Thus the solution of (2.} can be obtained from the sclution of (2.2) by
subtracting a suitable correction vector,

The economics of this technique are favorable. The system (2,2} costs
no more to solve than (2.1). The vector ¢, can be gbtained at the same

1

time and at very little additional cost by solving the system

Bc] = e1.

The computation of T (n. b.! e$3-1e] is the first component of c]) and x
entails a negligible amount of additional calculation. Note that once p
has been calculated it can be saved and used to solve other systems of the
form (2.1) with differing right hand sides.

Concerning Gaussian elimination, suppose that at the k-th step an

unacceptably small pivot element emerges. Then a seolution of (2.1) may




T k)T k)T
be obtalned in the form x = (xj(] tk) } as follows.
1) Solve the gysatem
s (k)
11 .
.00 .00
21
(k} (k) T
2) Set B,, "~ 22 ~~k*l°1l% *"°°* °k** "*°*** " make the pivot

element acceptabkly large.
3) Solve the systems

i.:,1(?“133,‘3-’r‘(k) -—B:(k) }%,‘(,‘k)c,(k) e

I

(k)
4) Correct vy, te yield a solutiecn of the system
(k) (ke (k>
222 "2
5) Solve the system
Akl (k) Tirix e
1 1 12 "2

This process can be repeated should an unacceptably small pilvot be

encountered 1in step 2 of the above algorithm; however, here the economilcs

are net as favorable. The time considerations are roughly the same; each

application of the technique requires the soluticen of an additicenal =set of
(k)
equatlions 1nvelving the matrix B,

k k
reduction of Bi )itself. However, each cf )

, a negligible increase over the Gaussian
mugt be gteored, and, since

they are columns of inverse matrices, they need not be sparsge, even when



the original matrices are., Thua in applications involving large sparee
matrices, the technique cannot be used too many times,

There remains the problem of choosing ay - it is clear that O must

(k) T R
increases, 522 + S becomes a slight

perturbation of the singular matrix gke1e$. A natural choice is to take

not be too large; for as T

o, to be just large enough to dominate the elements in the first column of
ﬁé:), which corresponds teo partial pivoting in the elimination process.

Since the value of the next pivot element can easily be computed, it may
be desirable to alter :"k slightly, say multiply it by a factor of two,
whenever cancellation would cccur in the calculation of tﬁe next pivot
element.

It is hardly necessary to add chat our resulfs hold also for the Crout
and anlittieivariants of Géussian elﬂninﬁtion; for which the discussion

*
above remains valid with some slight and obvious modifications.

3. ERROR ANALYSIS

The algorithm described in the last sectionr must be implemented in
finite precision arithmetic, and it is important to assess the effects of
the resulting rounding errors on the solution. For simplicity we shall
first assume that & modification is made at the first stage of the elimina-
tion and drop the superscripts (k}. We shall determinerconditiuns under

which the computed solution x has a residual

r=b - Ax

*
This baroque variation on the famous theme of Laplace (il est aisé é voir)
is due to Ostrowski [Arch. Rational Mech. Anal, 1 (1958}, p.241].




that is small. Note that, whatever the value of r, x is the solution.

of the system

(A+E)x = b,

where E‘= rxT/|h|F satisfies

Nl el
el Ikl Tl

in the Ffubénius norm defined by |h|F = rrace ATA. Thus a small residual
implieg that x, however inaccurate; is the solution of a slightly perturﬁed
problem, | |
The following notation will be used in the error analysis. The symbol
(k’, called Q relative éouncer, will stand generically for a quotient of

the fbrm
(1+p])(1+p2)...(1+p£)
(3.1) (k7 = SRS G IR

where the numbevs Ipi[ are uniformly bounded by some small quantity. We

shall also use the notation #ik# for the deviation of Sk from unity:
#k#= 1 -Q>l

The symbol #k# will be called an absolute counter. We shall assume that

the bounds on the Py in (3.1) and on the integer k are so restricted that
(3.2) |#k#| s ks = .1

for some nmumber ¢ of approximately the same size as the bound on the |pi|.




1f x is a vector, then x()’ will denote the vector (x](#7;x2(??,...,xd(k>)T,
where each appearance of the counter k may stand for a different value,

The relative and absolute counters have the following eazaily verified

properties:
<y = ket i,
/60 = &,

and

(3.3) ey - o= et

The usual backward error boumds for t-digit, base B, floating-point

aritimetic {see, e.g., [3]) can be expreszsed in the form

fiao b) = (ae b)Y (o=x,%)
and

foa +b) = aQy + bGY,

where ¢ in (3.2) is of the order B‘t.
We turn now to the analysis of the effect of modifying the 1-1 element
of A, All quanticties will denote the computed values, with the exception

of B= A + ge eT

181" The first step is to solve the systems By = b and Be

1 &

We asaume this is done stably so that the computed solutions satisfy

By = (BE))y = b
apd

Byey = (Bthy)ey = e,
where

Bl =« IB  G=1,2)

for some small e,- Note that che single rounding error made in forming B

from A may be absorbed in the error matrices E .




The next step is to compute T. There is no rounding error in the

T -1

computation of ¢, ., = e]Bz eq. Hence

11

T = ff,[(cn-o'l)"]

= 1
1 4 >-0'-1<2)

or

[=]
.

(3.4) 1+ o3> - Toc, ]<3> =

Finally one computes

x = EQ(y-1y,c,) = y{1? - 1y, e{3).
171 i

From this it follows that
Ty,e; = > - xQ),

whence from (3.2)

(3.5) |7l Lyl dleglt = v ddkdl + vl

Now
r=>b - Ax
= b - (B-—ce]e;r)x
= b - (Bz-ce]er.f)x + sz
[EXON = b - (By-ve,e)(y<I2 - Ty, K3 - Eypx
=b - B2y§1> - Eyx + yl('r-hc(]) -ch]]<3>)e1
+

Y378,y f3#
the last equality following from the fact that

Bzc](3>= Bycy + Byc, #34 = e, + Byc, #3#.
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On subtracting zero in the guise of (3.4) from the term in parentheses in

the last member of (3.6), we obtain from (3.3)
r=b - Bzy<J? - Ezg + y,(0 ## - ToC, #6#)&1 + y,7Byc, #3¥.

Henca

r=b - By + (E-E)y + B,y fi# - E.x

2

+ yr(o ## - ¢ #6#)e1 + y,7B,c, #3#.

Since b - B]y = 0, if we let

] m&.‘.‘.‘.’.;_'_', , 1ol
g T

and

lis i
AE—,
II=l

then from (3.2)

li= I -

—————— = (g,te, )k + eukd + e, + bdelp
1772 2

Hall Tl

+ 6.6eu(14)) + 3.3ep(142)

=

+ 10ep + l(e] + e, + 15¢ep)

. 2
This result is quite satisfactory. For reasonable modifications of
the pivot element, the number j, will be of order unity. Thus ), the ratio
of the sizes of the computed solutions of the equatidn§ Ax = b and By = b,
is the conffolling factor. lIf A is larée, that is if severe numericdl
cancellation occurs in the passage from y to x, the result cannot be

guaranteed to have a small residual. Note that this cannot happen if B is

well conditioned, whatever the condition of A, In any event, the condition




-to- \

is one that cé&n be easily check,
There remains one peint to clear up. The modification step is only
one part of the algorithm described in the last section, and we must show

that this algorithm as a whole is stable, The usual rounding error analysis

for triangular systems shows that the computed vectors bfk} and bék) satisfy
(k) (k .
Lz’ + Py 04 by b,
: (k) (k) ?
L; + F§1 I |ibsy b2
o (k) (k) .
ere F11 and FZ? are small compared to LT] and LE] . The results of this

section imply that, if all has gone well, the computed vector xék) will

satisfy
(k) k) _ . (k)
(ﬁzz + Gzz}x2 = b2 s
(k) (k)

where G22 iz small compared with 522 . Since the solution for X, emounts
te no more chan the completion of the solution of a triangular system, the

computed vector x satisfies

(k) (k) (k) (k)
| TR T L VAR PR b By A,
(3.8) -
(k) (k) {k
0 hao” * Gy 1% by
(k) (k)

where G11-and G22 dare small compared with Uli and sz . Equations (3.7)

and (3.8) can be combined in the usual way to show that the computed solu-
tion sacisfies

(A+H)x = b
where H is small compared with A {(see, for example, [3, p. 10B}, in which
the final bound must be supplemented by a factor of “L“ since no assumptions

about pivoting strategy have been made},
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