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A b s t r a c t . Ten yea r s ago H o p c r o f t a n d T a r j a n d i scovered a class of ve ry fas t 
a l g o r i t h m s for so lv ing g r a p h p r o b l e m s such as b i c o n n c c t i v i t y a n d s t r o n g connec 
t i v i t y . W h i l e t h e s e d e p t h - f i r s t - s e a r c h a l g o r i t h m s a r e c o m p l e x a n d can be difficult to 
u n d e r s t a n d , t h e p r o b l e m s t h e y solve h a v e s i m p l e c o m b i n a t o r i a l def in i t ions t h a t c a n 
t h e m s e l v e s be cons ide red a l g o r i t h m s , t h o u g h t h e y m i g h t be ve ry inefficient or even 
in f in i t a ry . We d e m o n s t r a t e he re how t h e efficient a l g o r i t h m s c a n be s y s t e m a t i c a l l y 
derived us ing p r o g r a m t r a n s f o r m a t i o n s t e p s f rom t h e in i t ia l def in i t ions . T h i s is t h e 
first occas ion t h a t t h e s e efficient g r a p h a l g o r i t h m s h a v e been s y s t e m a t i c a l l y de r ived . 

T h e r e a r e several j u s t i f i ca t i ons for th i s w o r k . F i r s t , t h e d e r i v a t i o n s i l l u s t r a t e 
several high-level p r inc ip le s of p r o g r a m d e r i v a t i o n a n d sugges t m e t h o d s by w h i c h 
t h e s e p r inc ip l e s can be rea l i zed a s sequences of p r o g r a m t r a n s f o r m a t i o n s t e p s . 
Second , we bel ieve t h a t t h e e v o l u t i o n a r y a p p r o a c h used in t h i s p a p e r offers m o r e 
n a t u r a l e x p l a n a t i o n s of t h e a l g o r i t h m s t h a n t h e usua l a posteriori p roofs t h a t 
a p p e a r in t e x t b o o k s . T h i r d , t h e s e e x a m p l e s i l l u s t r a t e how e x t e r n a l domain-spec i f i c 
k n o w l e d g e can en t e r in to t h e p r o g r a m d e r i v a t i o n process . F i n a l l y , we bel ieve t h a t 
f u t u r e p r o g r a m m i n g too l s will be s e m a n t i c a l l y b a s e d and a r e l ikely to h a v e t h e i r 
f o u n d a t i o n s in a logic of p r o g r a m d e r i v a t i o n . By work ing t h r o u g h c o m p l e x e x a m p l e s 
such a s t h o s e p r e s e n t e d h e r e , w e m a k e s t e p s t o w a r d s a c o n c e p t u a l and f o rma l bas i s 
for t h e s e t oo l s . 
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1 . I n t r o d u c t i o n . 

Discovery of efficient a l g o r i t h m s is a c o m p l e x a n d c r e a t i v e t a s k , r e q u i r i n g s o p h i s t i c a t e d knowl 
edge b o t h of g e n e r a l - p u r p o s e a l g o r i t h m des ign t e c h n i q u e s a n d of s p e c i a l - p u r p o s e m a t h e m a t i c a l 
fac ts r e l a t ed to t h e p r o b l e m s be ing so lved . W h i l e t h e process of a l g o r i t h m discovery is c e r t a i n 
to be exceed ing ly difficult to m e c h a n i z e , t h e r e is m u c h to be l e a r n e d — b o t h a b o u t a l g o r i t h m s a n d 
a b o u t p r o g r a m m i n g — f r o m t h e s t u d y of t h e structure of d e r i v a t i o n s of c o m p l e x a l g o r i t h m s . 

P r o g r a m d e r i v a t i o n t e c h n i q u e s p r o v i d e a n a t u r a l way of exp la in ing a n d p r o v i n g c o m p l i c a t e d 
a l g o r i t h m s . C o n v e n t i o n a l p roofs m a y succeed in conv inc ing a r e a d e r of t h e c o r r e c t n e s s of a n 
a l g o r i t h m w i t h o u t s u p p l y i n g a n y h i n t of w h y t h e a l g o r i t h m w o r k s or how i t c a m e a b o u t . A 
d e r i v a t i o n , on t h e o t h e r h a n d , is a n a l o g o u s to a c o n s t r u c t i v e proof; i t t a k e s a r e a d e r s t e p by s t e p 
f rom an in i t ia l a l g o r i t h m he a c c e p t s as a speci f ica t ion of t h e p r o b l e m to a h ighly c o n n e c t e d a n d 
efficient i m p l e m e n t a t i o n of i t . O u r a p p r o a c h , t h e n , is t o exp l i ca t e a l g o r i t h m s by justifying their 
structure r a t h e r t h a n by mere ly e s t a b l i s h i n g t he i r c o r r e c t n e s s . 

S p e c i f i c a t i o n s a n d a l g o r i t h m s . In th i s p a p e r we d e m o n s t r a t e h o w p r o g r a m t r a n s f o r m a 
t ion t e c h n i q u e s c a n be used to de r ive efficient g r a p h a l g o r i t h m s f rom in tu i t i ve m a t h e m a t i c a l 
spec i f ica t ions . T h e s e speci f ica t ions a r e s imp le c o m b i n a t o r i a l def in i t ions t h a t we choose to i n t e r p r e t 
as a l g o r i t h m s , even t h o u g h — a s a l g o r i t h m s — t h e y m i g h t be ve ry inefficient or even in f in i t a ry . To 
i l l u s t r a t e how s i m p l e t h e s e speci f ica t ions c a n be , we give h e r e ou r specif icat ion of t h e p a t h p r e d i c a t e 
for d i r e c t e d g r a p h s . L e t G be a d i r e c t e d g r a p h w i t h ve r t i ce s V a n d a d j a c e n c y - s e t func t ion Adj. 
T h e p r e d i c a t e path(u,v) is t r u e w h e n t h e r e is a p a t h in G f rom v e r t e x u t o v e r t e x v. T h a t is, 

path(u, v) ( u = v or (3w G Adj(u)) path(w, v)) . 

N o t e t h a t t h i s d e f i n i t i o n — w h e n i n t e r p r e t e d as a s e q u e n t i a l a l g o r i t h m in t h e u sua l w a y — d o e s n o t 

a lways t e r m i n a t e . 

W i t h th i s def in i t ion , we o b t a i n a s t r a i g h t f o r w a r d speci f ica t ion of t h e s t r o n g l y - c o n n e c t e d com
p o n e n t s of a d i r e c t e d g r a p h . T w o ve r t i ce s u a n d v a r e in t h e s a m e s t r o n g l y - c o n n e c t e d c o m p o n e n t 
if t h e r e is a p a t h f rom u t o v a n d a p a t h f rom v t o u. T h e s t r o n g l y - c o n n e c t e d c o m p o n e n t s of G 
a r e t h u s t h e e l e m e n t s of t h e se t strong, w h e r e 

strong «= \ J r e V {{s £ V | path(r, s) A pathos, r )}} . 

O u t l i n e o f p a p e r . In Sec t ion 2 of th i s p a p e r we de r ive a ser ies of s imple a l g o r i t h m s l e ad ing to 
a family of dep th - f i r s t s ea r ch a l g o r i t h m s . T h e s e a re genera l i zed a n d u t i l ized in qu i t e different ways 
in t h e s t r o n g - c o n n e c t i v i t y a l g o r i t h m s of Sec t ion 3 a n d in t h e b i c o n n c c t i v i t y a l g o r i t h m s of Sec t ion 
4. T h e s e a l g o r i t h m s were d i scovered by H o p c r o f t a n d T a r j a n a n d a r e (conven t iona l ly ) p r e s e n t e d in 
[Tar jan72] a n d [AHU74] . T h e v a r i a n t of T a r j a n ' s s t r o n g - c o n n e c t i v i t y a l g o r i t h m t h a t we de r ive in 
Sec t ion 4 is a t t r i b u t e d to K o s a r a j u a n d is s imi la r to t h e a l g o r i t h m s k e t c h e d in [AIIU83]. (S imi la r 
t e c h n i q u e s can be used to de r ive t h e a l m o s t - l i n e a r - t i m e a l g o r i t h m of [Tar jan73] for flow-graph 
reduc ib i l i ty . ) In t h e conc lus ion we d i scuss f u r t h e r t h e i m p l i c a t i o n s of t h i s w o r k . 

T h e u s e o f c o m b i n a t o r i a l l e m m a s . T h e d e r i v a t i o n s sugges t w a y s in wh ich p r o g r a m m i n g 
a n d a l g o r i t h m - d e s i g n t e c h n i q u e s s e p a r a t e f rom domain-spec i f i c k n o w l e d g e . W h i l e t h e dep th - f i r s t 
a l g o r i t h m s we de r ive d e p e n d on d e e p c o m b i n a t o r i a l p r o p e r t i e s of dep th - f i r s t s p a n n i n g fores t s , t h i s 
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k n o w l e d g e can be expressed in t h e fo rm of a smal l n u m b e r of l e m m a s . T h e s e l e m m a s a r e used t o 
jus t i fy in i t ia l speci f ica t ions of p r o g r a m c o m p o n e n t s a n d to e s t ab l i sh p r e c o n d i t i o n s in l a t e r p r o g r a m 
de r iva t i on s t e p s . W h i l e we could p rove t h e l e m m a s en t i r e ly in t h e l a n g u a g e of a p r o g r a m m i n g 
logic, t h e r e s u l t i n g a c c o u n t of t h e a l g o r i t h m s would l ikely be a w k w a r d a n d u n n a t u r a l . W e h a v e 
t h u s s o u g h t an a p p r o p r i a t e b a l a n c e in ou r use of fac ts f rom g r a p h t h e o r y a n d o u r use of gene ra l -
p u r p o s e p r o g r a m d e r i v a t i o n t e c h n i q u e s . ( T h e b a l a n c e will shif t , of cou r se , a s o u r k n o w l e d g e of 
p r o g r a m m i n g t e c h n i q u e s improves . ) 

P r o g r a m t r a n s f o r m a t i o n t e c h n i q u e s . B e c a u s e we seek t o d e m o n s t r a t e how d e r i v a t i o n s , 
c lear ly p r e s e n t e d , can lead t o a b e t t e r u n d e r s t a n d i n g of t h e a l g o r i t h m s de r ived , t h e e m p h a s i s in 
t h i s p a p e r is p r i m a r i l y on t h e c o n c e p t u a l s t r u c t u r e of t h e d e r i v a t i o n s a n d only s e c o n d a r i l y on t h e 
a c t u a l fo rma l t r a n s f o r m a t i o n t e c h n i q u e s . W e m a k e use of t r a n s f o r m a t i o n s for rea l iz ing c o m p l e x 
recurs ive con t ro l s t r u c t u r e as expl ic i t d a t a s t r u c t u r e t h a t a r e s imi la r to t h o s e d e s c r i b e d in [Bird80] , 
[Scherl is80], a n d [Wand80] . T h e s e t r a n s f o r m a t i o n s , w h i c h a r e u sed to "coerce t e r m i n a t i o n " in 
in f in i t a ry def in i t ions such as speci f ica t ion of path above , a r e desc r ibed in a s e p a r a t e r e p o r t . 

In a d d i t i o n , we m a k e use of t h e t r a n s f o r m a t i o n s of [Scherlis81] (wh ich a r e s imi la r in sp i r i t to 
t h o s e desc r ibed in [Burs ta l l77] , b u t for w h i c h t h e r e is a g u a r a n t e e of s t r o n g equiva lence) in o r d e r 
t o specia l ize func t ion def in i t ions a n d t o effect t h e m e r g i n g or " j a m m i n g " of l o o p s . Discuss ion of 
loop j a m m i n g t e c h n i q u e s also a p p e a r s in [Paige81]. N o p r io r k n o w l e d g e of t h e d e t a i l s of t h e s e bas ic 
t r a n s f o r m a t i o n t e c h n i q u e s is requ i red for t h e p u r p o s e s of t h i s p a p e r . 

P r o g r a m m i n g l a n g u a g e f o r p r o g r a m d e r i v a t i o n . T h e p r o g r a m m i n g l a n g u a g e we use is 
an ML- l ike a p p l i c a t i v e l a n g u a g e (see [Gordon79] ) s u p p l e m e n t e d w i t h c e r t a i n i m p e r a t i v e f e a t u r e s 
t o al low sequenc ing a n d re fe rence to s t a t e . B e c a u s e i t is h a r d to r ea son a b o u t a n d m a n i p u l a t e 
p r o g r a m s t h e a r e over ly c o m m i t t e d w i t h r e s p e c t t o o r d e r of c o m p u t a t i o n a n d d a t a r e p r e s e n t a t i o n , 
we h a v e s o u g h t t o keep t h e p r o g r a m m i n g l a n g u a g e a s u n c o n s t r a i n i n g as poss ib le . In a d d i t i o n , 
c e r t a i n f e a t u r e s t h a t a r e difficult to i m p l e m e n t b u t w h i c h h a v e clear s e m a n t i c s a r e i nc luded b e c a u s e 
t h e y of ten a l low d e r i v a t i o n s to be q u i t e s t r a i g h t f o r w a r d . T h e in f in i ta ry def in i t ion of path a b o v e 
p rov ides a n e x a m p l e of such a f e a t u r e ; i t h a s s t r a i g h t f o r w a r d fixed-point s e m a n t i c s . 

T h i s a p p r o a c h , in wh ich c o m m i t m e n t s t o s e q u e n c i n g a n d r e p r e s e n t a t i o n a r e de layed as long a s 
poss ib le , is also v iv id ly i l l u s t r a t e d in t h e case of t h e S E T L l a n g u a g e in t h e d e r i v a t i o n s of [Paige81] . 
A n o t h e r e x a m p l e is t h e l a n g u a g e used in [Scherl is81], w h i c h w a s e x t e n d e d ( to i n c l u d e expres s ion 
p r o c e d u r e s — u s e d , for e x a m p l e , in A l g o r i t h m 2.3 below) in o r d e r t o keep t h e se t of t r a n s f o r m a t i o n s 
s imp le a n d ye t s t r o n g - e q u i v a l e n c e p r e s e r v i n g . We will exp la in t h e u n u s u a l f e a t u r e s of t h e l a n g u a g e 
as t h e y a r e e n c o u n t e r e d . 

M e c h a n i z a t i o n . W e expec t t h a t t h e p r o g r a m d e r i v a t i o n t e c h n i q u e s s u c h as t h o s e refined 
a n d app l i ed h e r e a n d e l s ewhe re will u l t i m a t e l y be of use in p r a c t i c a l m e c h a n i c a l p r o g r a m m i n g a i d s 
des igned to he lp t h e p r o g r a m m e r in his da i ly a c t i v i t y . 

A s in [Cla rk80] , we a r e d e r i v i n g a fami ly of r e l a t e d a l g o r i t h m s . E v e n t h o u g h t h e a l g o r i t h m s 
we de r ive h e r e do n o t all h a v e t h e s a m e speci f ica t ions , t h e s t r o n g r e l a t i o n s b e t w e e n t h e m b e c o m e 
m a n i f e s t in t h e expl ic i t s t r u c t u r e of t he i r d e r i v a t i o n s . I n d e e d , i t a p p e a r s t h a t r e a s o n i n g by a n a l o g y 
will p lay a ve ry i m p o r t a n t role in t h e a u t o m a t i o n of t h e s e t e c h n i q u e s . 

O t h e r e x a m p l e s a n d a p p r o a c h e s to p r o g r a m d e r i v a t i o n a r e d e s c r i b e d in [C la rk80] , [Ba r s tow80] , 

[Green78] , [ M a n n a 8 1 ] , a n d [Bauer81] , a m o n g o t h e r s . 
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2 . D e p t h - F i r s t S e a r c h . 

W e s t a r t b y de r iv ing a family of s imp le dep th - f i r s t s e a r c h a l g o r i t h m s . T h e s e d e r i v a t i o n s a n d 
t h e a l g o r i t h m s t h a t r e su l t will be used , e i t h e r d i r e c t l y or by a n a l o g y , in t h e l a t e r d e r i v a t i o n s . 

T h e d e v e l o p m e n t in t h e first p a r t of t h i s sec t ion is i den t i ca l for d i r e c t e d a n d u n d i r e c t e d g r a p h s . 

We t h e r e f o r e c a r r y o u t t h e d e v e l o p m e n t for d i r e c t e d g r a p h s a n d cons ide r u n d i r e c t e d g r a p h s as a 

specia l case . 

L e t G = {V,E) be a finite d i r e c t e d g r a p h w i t h a d j a c e n c y l ist r e p r e s e n t a t i o n — f o r e a c h v 6 

V, Adj(v) is t h e se t of ve r t i ce s a d j a c e n t t o v. For u n d i r e c t e d g r a p h s v E Adj(u) if a n d only if 

u 6 Adj(v). 

P a t h s . W e cons ide r first a s imp le c o m b i n a t o r i a l def ini t ion of a p a t h in a g r a p h . L e t u a n d v 

r a n g e over ve r t i ces . 

path(u, v) 4= ( u = v or (3w £ Adj(u)) path(w, v) ) (2.1) 

W h i l e t h i s def ini t ion s eems to c a p t u r e t h e no t ion of p a t h , i t c a n n o t be i n t e r p r e t e d in t h e usua l 
w a y — e i t h e r as a n o n d e t e r m i n i s t i c s e q u e n t i a l a l g o r i t h m or as a para l le l a l g o r i t h m — s i n c e in c e r t a i n 
cases i t wou ld have no finite execu t i on p a t h s . 

T h e finite c l o s u r e t r a n s f o r m a t i o n . W e can , however , d i s t i n g u i s h t w o k i n d s of infini te 
execu t ion p a t h s — l o o p i n g p a t h s a n d d i v e r g e n t p a t h s . R o u g h l y p u t , a n o n t e r m i n a t i n g p a t h is a 
looping p a t h if only finitely m a n y d i s t i n c t r ecu r s ive calls a re m a d e a long t h a t p a t h ; if t h e n u m b e r 
of d i s t i n c t calls g rows w i t h o u t b o u n d , t h e n t h e p a t h is divergent In t h e case of finite g r a p h s ( t he 
only g r a p h s we cons ider ) A l g o r i t h m 2.1 can exh ib i t l oop ing , b u t , b e c a u s e u a n d v a r e ve r t i ce s a n d 
t h e se t of ve r t i ces is finite, i t c a n n o t exh ib i t d i v e r g e n c e . 

By f r a m i n g t h i s as a finite closure p r o b l e m , we can a p p l y t r a n s f o r m a t i o n s t h a t e l i m i n a t e t h e 
l oop ing p a t h s , a n d hence all n o n - t e r m i n a t i n g p a t h s . S u p p o s e a func t ion / over a finite d o m a i n is 
defined recurs ive ly 

fix) h(x) e 0 / ( , ) , ( 2 2 ) 

w h e r e h a n d g do n o t call / a n d , in a d d i t i o n , 0 is a s e m i l a t t i c e w i t h i d e n t i t y in w h i c h infini te 
s u m s a r e defined ( t h a t is, t h e p a r t i a l o r d e r i n d u c e d by 0 is a c o m p l e t e p a r t i a l o r d e r ) . T h i s 
def ini t ion h a s a n a t u r a l , b u t u n c o n v e n t i o n a l , fixed-point s e m a n t i c s in wh ich / is a lways def ined. 
T h e t r a n s f o r m a t i o n s al low th i s def in i t ion to be r ep laced by an equ iva l en t (wi th r e s p e c t to t h e 
u n c o n v e n t i o n a l s e m a n t i c s ) b u t a lways t e r m i n a t i n g (wi th r e spec t to t h e conven t i ona l s eman t i c s ) 
def in i t ion , essent ia l ly by r ep l ac in g all r e d u n d a n t r ecu r s ive calls t o / by t h e i d e n t i t y of 0 . (A 
full a c c o u n t of t h i s t e c h n i q u e is b e y o n d t h e scope of t h i s p a p e r . T h e t r a n s f o r m a t i o n s , w h i c h a r e 
r e l a t e d to t h e c losed-wor ld d a t a b a s e t e c h n i q u e s desc r ibed in [Clark78] a n d [Rei te r78] , a r e s k e t c h e d 
in [Scherlis80].) 

In t h e case of path, 0 is d i s j u n c t i o n a n d h a s i d e n t i t y (i.e., m i n i m a l e l emen t ) f a l s e . T h e effect 
of t h e t r a n s f o r m a t i o n is t h u s to r ep l ace all r e d u n d a n t cal ls to path w i t h f a l s e . 

In o r d e r to c a r r y o u t t h e t r a n s f o r m a t i o n , however , i t is necessa ry to i n t r o d u c e m e c h a n i s m 
to keep t r a c k of t h e s equenc ing of c o m p u t a t i o n , co l lec t ing va lues of x as r ecu r s ive e v a l u a t i o n s 
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of / p r o c e e d . T h i s forces us to i n t r o d u c e n o t i o n s of state a n d state change i n to t h e def in i t ion . 
S t a t e c h a n g e s c a n be m a d e e i t he r imp l i c i t l y (by i n t r o d u c i n g i m p e r a t i v e o p e r a t i o n s ) o r expl ic i t ly 
(by a d d i n g a new " m e m o " p a r a m e t e r t o / ) . M o r e c o n c r e t e l y , we i n t r o d u c e expl ic i t d a t a s t r u c t u r e 
t o m a r k v e r t e x p a i r s a s t h e y a r e c o n s i d e r e d ; b y e x a m i n i n g t h i s d a t a s t r u c t u r e , t h e p r o g r a m c a n 
foreclose a n y p o t e n t i a l l y loop ing execu t i on p a t h s . 

I t is difficult to m a n i p u l a t e p r o g r a m s involv ing s t a t e , however , so i t is b e s t t o de l ay t h i s 
t r a n s f o r m a t i o n w h e n e v e r poss ib le . We will , t he r e fo r e , p o s t p o n e t h e i m p r o v e m e n t t o path un t i l t h e 
n e x t t r a n s f o r m a t i o n is c o m p l e t e . 

T h e s p e c i a l i z a t i o n t r a n s f o r m a t i o n . N e a r l y all of t h e p r o g r a m d e r i v a t i o n s t e p s in o u r 

d e r i v a t i o n s a r e specialization s t e p s . T h i s s imp le t e c h n i q u e , w h i c h is p r e s e n t e d in de t a i l a n d p r o v e d 

c o r r e c t in [Scherl is80], is d e s c r i b e d h e r e i n fo rma l ly by m e a n s of a n e x a m p l e invo lv ing t h e path 
def in i t ion . 

S u p p o s e we des i re to col lect t h e v e r t i c e s v r e a c h a b l e f rom a given v e r t e x u. 

{v | path(u, v)} 

If path is c o m p u t a b l e , t h e n t h e va lue of t h i s se t c a n be c a l c u l a t e d s i m p l y by e n u m e r a t i n g all 
ve r t i ce s v a n d t e s t i n g path(u, v) for e a c h . T h i s m e t h o d is inefficient, however , s ince i t r e q u i r e s 
m u l t i p l e t r a v e r s a l s of t h e s a m e g r a p h . W e the re fo re cons ide r specializing t h e def in i t ion of path t o 
t h e c o m p u t a t i o n a l c o n t e x t of t h e se t a b s t r a c t i o n . 

T h e t r a n s f o r m a t i o n h a s t h r e e s t e p s . F i r s t , b o t h s ides of t h e def in i t ion of path 

path(u, v) «= ( u = v or (3w G Adj[u)) path(w, v) ) 

a r e substituted i n to t h e se t expres s ion , f o r m i n g t h e def in i t ion , 

{v | path(uy v)} <F= {v | (u = v) or (3w £ Adj(u)) path(w, v)} . (2.3) 

T h i s def in i t ion , cal led a n expression procedure, is eas i ly g iven m e a n i n g w i t h i n t h e f r a m e w o r k of a 

n o n d e t e r m i n i s t i c t e x t - s u b s t i t u t i o n e v a l u a t o r m o d e l ; r o u g h l y , i t d e n o t e s a p r o c e d u r e for c o m p u t i n g 

va lues of i n s t a n c e s of i t s l e f t -hand s ide . 

T h e second s t e p of t h e t r a n s f o r m a t i o n is to simplify t h e r i g h t - h a n d s ide of t h e n e w def in i t ion 

un t i l a n i n s t a n c e of t h e l e f t -hand s ide a p p e a r s t h e r e . T h i s is a c c o m p l i s h e d by d i s t r i b u t i n g t h e s e t 

a b s t r a c t i o n i n w a r d a n d s impl i fy ing . 

{v \path{u,v)} <= {u} U UwEAd3Xu){v\Path(w>v)} (2.4) 

O b s e r v e now t h a t t h i s def ini t ion is r ecurs ive , a n d t h a t i t m a k e s e x a c t l y one recurs ive call for e a c h 

Wj r a t h e r t h a n one ( to path) for each w a n d v pa i r , a s in t h e ear l ie r ve r s ion . 

T h e t h i r d a n d final s t e p of t h e t r a n s f o r m a t i o n is t o rename all i n s t a n c e s of t h e se t exp res s ion 
t o a n e w func t ion n a m e w i t h a p p r o p r i a t e p a r a m e t e r s . ( T h i s h a s t h e effect of p r u n i n g t h e t r e e of 
n o n d e t e r m i n i s t i c c o m p u t a t i o n p a t h s . ) T h e on ly free v a r i a b l e in t h e expres s ion is u , so we o b t a i n 

dfs(u) <= {u} U \JweAdj(u)dfs{w). (2.5) 
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( T h e choice of t h e n a m e "dfs" will be jus t i f ied sho r t l y . ) N o w , s ince 

path(u, v) = v £{v\ path(u, v)} , (2.6) 

we o b t a i n 

path{u, v) «= v G df$(u) 

dfs(u) <= {u} U U ™ e A ^ ( u ) ^ M -

T h i s new def in i t ion of path p r o v i d e s a p e r f o r m a n c e a d v a n t a g e over t h e o r ig ina l def in i t ion of path 
if, in a ser ies of c o m p u t a t i o n s , u c h a n g e s in f r equen t ly c o m p a r e d w i t h v a n d dfs{u) is p r e c o m p u t e d . 

F i n i t e c l o s u r e r e v i s i t e d . A t t h i s po in t we c a n m a k e t h e finite c losure t r a n s f o r m a t i o n t h a t 
was p o s t p o n e d ear l i e r . L ike d i s j u n c t i o n , t h e a c c u m u l a t o r func t ion h a s t h e necessa ry a lgeb ra i c 
p r o p e r t i e s . We t h u s r ep lace r e d u n d a n t cal ls to dfs by 0, which is t h e iden t i t y of u n i o n . 

path(u,v) <F= b e g i n 
visit[V] <- false; 
v G dfs(u) 

(2-8) 
dfs(u) b e g i n 

visit[u] <— true; 
{"} U U „ e ^ j ( u ) ( i f visit[w] t h e n 0 else 07sH) 

e n d 

(In g e n e r a l , t h e va lue of a b lock is t h e va lue of t h e l a s t express ion un less s o m e o t h e r expres s ion is 
m a r k e d by t h e w o r d v a l u e . In t h a t case , t h e va lue of t h a t express ion is saved w h e n i t is e v a l u a t e d , 
a n d t h e saved va lue is r e t u r n e d a f te r e v a l u a t i o n of t h e r e m a i n d e r of t h e b lock is c o m p l e t e ; see, for 
e x a m p l e , A l g o r i t h m 2.19. By c o n v e n t i o n i m p e r a t i v e s t a t e m e n t s a re a lways enclosed in b locks . ) 

T h i s p r o g r a m requ i r e s s o m e e x p l a n a t i o n . We h a v e m a d e use of imp l i c i t s t a t e (i .e. , i m p e r a t i v e 
o p e r a t i o n s on g lobal d a t a s t r u c t u r e ) to keep t h e " m e m o " set , r e p r e s e n t i n g it in i ts c h a r a c t e r i s t i c -
func t ion fo rm by t h e a r r a y visit. T h e def ini t ion of path h a s been modif ied to in i t ia l ize t h e m e m o 
set by s t o r i ng f a l s e in every e l e m e n t of t h e a r r a y ; t h i s i n d i c a t e s t h a t in i t ia l ly no ve r t i ces h a v e been 
v i s i t ed . (We use t h e w o r d " m e m o " to d r a w a n a l o g y w i t h t h e less power fu l—since i t h a s no effect 
on t e r m i n a t i o n — ' m e m o - f u n c t i o n ' t r a n s f o r m a t i o n s u g g e s t e d by D o n a l d Michie . ) 

In sp i t e of t h e d e p e n d e n c e of i n t e r m e d i a t e va lues of visit on t h e choice of c o m p u t a t i o n o r d e r i n g 
(which is only p a r t i a l l y c o m m i t t e d above ) , i t is a p r o p e r t y of t h e finite c losure m e t h o d t h a t t h e 
u l t i m a t e va lue of visit ( and , of cou r se , dfs) is i n d e p e n d e n t of t h e o r d e r of e v a l u a t i o n of b o t h t h e 
b i n a r y u n i o n a n d t h e quant i f ied u n i o n . S e q u e n t i a l e v a l u a t i o n of t h e o u t e r un ion r e su l t s in t h e 
n a t u r a l dep th - f i r s t s ea r ch o r d e r i n g . 

A s n o t e d above , t h e s a m e effect cou ld be ach ieved us ing a p u r e l y a p p l i c a t i v e p r o g r a m . T h e 
i m p e r a t i v e p r o g r a m h a s t h e a d v a n t a g e , however , of us ing a n o t a t i o n t h a t avoids c o m m i t m e n t t o a 
p a r t i c u l a r o r d e r of c o m p u t i n g t h e u n i o n s , a n d t h u s is m o r e c lear for ou r p u r p o s e s . 

T h i s t r a n s f o r m a t i o n s t e p a n d t h e p r io r spec ia l i za t ion s t e p c o m m u t e , b u t , b e c a u s e of t h e expl ic i t 
s equenc ing of c o m p u t a t i o n , i t is m o r e difficult to c a r r y o u t t h e spec ia l i za t ion once s t a t e h a s b e e n 
i n t r o d u c e d by finite c losu re . 
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C o n n e c t e d c o m p o n e n t s o f u n d i r e c t e d g r a p h s . W e can n o w d e r i v e a l i n e a r - t i m e p r o g r a m 
for co l lec t ing t h e c o n n e c t e d c o m p o n e n t s of a n u n d i r e c t e d g r a p h . 

comps <= Urev i i v \pa*h{r,v)}} (2.9) 

( T h i s un ion of s i ng l e tons c a n , of cou r se , also be n o t a t e d us ing se t a b s t r a c t i o n , b u t t h e r e su l t is less 
p e r s p i c u o u s . 

{{v\path{r,v)}\reV} 

T a r s k i ' s "b ig -E" n o t a t i o n p rov ides a m o r e succ inc t , b u t less w i d e l y - k n o w n n o t a t i o n for t h e se t . 

E r e V {v | path{r,v)} ) 

S u b s t i t u t i o n of t h e i m p r o v e d def in i t ion of path a b o v e a n d s impl i f ica t ion y ie ld 

comps <= Urev { b e g i n visit[V] <- false; dfs(r) e n d } . (2.10) 

M a n y r e d u n d a n t s e a r c h e s a r e p e r f o r m e d , so t h i s def ini t ion is n o t o p t i m a l ; i n d e e d , i t s w o r s t case 
r u n n i n g t i m e is 0 ( | V | 2 ) . 

W e obse rve , however , t h a t r e d u n d a n t s e a r c h e s can be avo ided by m a k i n g use of t h e visit a r r a y 
used by dfs. Us ing t h e spec ia l i za t ion t e c h n i q u e , we o b t a i n t h e l i n e a r - t i m e p r o g r a m 

comps(V) «= b e g i n 
visit[V] <- false; ^ ^ 
Urevfa w'sit[r]tnen 0 e l s e {dfsir)}) 

e n d . 

T h e edges t r a v e r s e d b y t h i s p r o g r a m fo rm a dep th - f i r s t s ea r ch fores t w h o s e r o o t s a r e t h e va lue s 
of r for w h i c h dfs is cal led in t h e def in i t ion of comps. I t is easy to see t h a t t h i s a l g o r i t h m r u n s in 
t i m e l inea r in t h e n u m b e r of ve r t i ce s a n d edges in t h e g r a p h . T h i s is s h o w n by a s soc i a t i ng w i t h 
each v e r t e x and edge of t h e g r a p h a c o n s t a n t n u m b e r of p r o g r a m s t e p s . A s before , t h e s e q u e n c i n g 
of t h e u n i o n affects i n t e r m e d i a t e s t a t e s b u t n o t t h e final r e su l t , so we need n o t c o m m i t our se lves 
t o a n o r d e r of c o n s i d e r a t i o n of t h e e l e m e n t s of V. 

T r e e s a n d t r e e t r a v e r s a l s . T h e fas t dep th - f i r s t s e a r c h a l g o r i t h m s rely on s u b t l e com
b i n a t o r i a l p r o p e r t i e s of t h e dep th - f i r s t s p a n n i n g fores t s imp l i c i t in t h e p r io r a l g o r i t h m s . W e n o w 
de r ive s o m e s imp le a l g o r i t h m s for t r e e s t h a t will be useful in t h e l a t e r d e v e l o p m e n t . 

T h e dep th - f i r s t s ea r ch a l g o r i t h m s we de r ive m a k e ex tens ive use of "non- loca l " p r o p e r t i e s of 
dep th - f i r s t s ea r ch t r e e s t h e y i n d u c e . In p a r t i c u l a r , b o t h t h e b i c b n n e c t i v i t y a n d s t r o n g c o n n e c t i v i t y 
a l g o r i t h m s a r e b a s e d on l e m m a s t h a t m a k e use of ancestor or descendent o r d e r i n g s in t h e s e a r c h 
fores t . B o t h of t h e s e o r d e r i n g s r e l a t e ve r t i c e s t h a t m a y be a n a r b i t r a r y d i s t a n c e a p a r t in t h e t r e e s . 
We m a k e d e r i v a t i o n s t e p s he re t h a t will e n a b l e t h e s e r e l a t i o n s t o be c o m p u t e d efficiently. 

A tree is a d i r e c t e d g r a p h all of w h o s e ve r t i ce s h a v e i ndeg ree one e x c e p t t h e root v e r t e x , w h i c h 
h a s i ndeg ree zero . A v e r t e x w i t h zero o u t d e g r e e is cal led a leaf; t h e o t h e r s a r e internal nodes. 

T h e se t of ve r t i ce s of a t r e e c a n be e n u m e r a t e d w i t h o u t r e p e t i t i o n s by t r a v e r s i n g t h e edges of 

t h e t r e e a n d recurs ive ly e n u m e r a t i n g s u b t r e e s . 

trav(u) b e g i n 
examine(u) jj for p a r w s u c h t h a t u —• w d o trav(w) (2.12) 

e n d 
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( T h e s y m b o l ' / / ' i n d i c a t e s para l le l e x e c u t i o n , w h i c h we u s e (in t e r m i n a t i n g p r o g r a m s ) t o i n d i c a t e 
expl ic i t a v o i d a n c e of c o m m i t m e n t t o c o m p u t a t i o n o r d e r i n g . S imi l a r ly , t h e n o t a t i o n ' f o r p a r ' 
i n d i c a t e s para l le l (or u n o r d e r e d sequen t i a l ) execu t ion of all t h e specified i n s t a n c e s of t h e loop b o d y . 
In gene ra l , expl ic i t s equenc ing (wi th ' ; ' ) will be avo ided w h e n e v e r poss ib le . F i n a l l y , t h e n o t a t i o n 
' u —• wy is s h o r t h a n d for '{u,w) 6 E\ w h e r e E is t h e se t of edges in t h e t r e e . N o t e t h a t t h i s 
p r o g r a m is e x e c u t e d for t h e s ide effect of ca l l ing examine] i t h a s no value . ) 

If r is t h e r o o t of t h e t r e e T , t h e n trav(r) will c a u s e examine to be cal led exac t ly once for each 

v e r t e x of T . 

P r e o r d e r a n d p o s t o r d e r e n u m e r a t i o n a r e o b t a i n e d by m a k i n g differing c o m m i t m e n t s t o com

p u t a t i o n s equenc ing in t h e def in i t ion above . P r e o r d e r e n u m e r a t i o n r e su l t s , for e x a m p l e , w h e n 

t h e i n s t a n c e of ' / / ' is rep laced by l ; \ F o r o r d e r e d t r e e s , t h e loop cases m u s t also be e v a l u a t e d 

s equen t i a l l y . 

trav(u) «= b e g i n 
examine(u); ^ 13) 
for w s u c h t h a t u —* w d o trav(w) 

e n d 
In t h e case of b i n a r y t r e e s (i .e. , all ve r t i ces h a v e o u t d e g r e e e i t he r zero or two) , i n o r d e r can also 

be easi ly o b t a i n e d . In t h i s case , we wou ld need to i n t r o d u c e case ana lys i s on u to d e t e r m i n e i ts 

o u t d e g r e e . 

R e l a t i v e p r e o r d e r pos i t ion can be t e s t e d us ing an i n s t a n c e of A l g o r i t h m 2 .13 , b u t m o r e efficient 
p r o g r a m s can be de r ived . B o t h p r e o r d e r a n d p o s t o r d e r a r e (finite) l inea r o r d e r i n g s , a n d so c a n be 
r e p r e s e n t e d by sequences of ve r t i c e s . W i t h t h i s r e p r e s e n t a t i o n , two ve r t i ces can be c o m p a r e d in 
pre - or p o s t o r d e r s imp ly by e x a m i n i n g t h e i r r e l a t ive pos i t i ons in t h e a p p r o p r i a t e s equence . 

A sequence c a n be r e p r e s e n t e d as an a r r a y m a p p i n g ve r t i ce s to i n t e g e r s r e p r e s e n t i n g t h e i r 

pos i t i ons . L e t r be t h e r o o t of a t r e e . 

b e g i n p «— 0; trav{r)\ pre[V] end; 

trav(u) 4 = b e g i n 
p r e [ u ] « _ p « _ p + 1 . (2.14) 
for w s u c h t h a t u —> w do trav(w) 

e n d 
( T h e first b lock is a speci f ica t ion of t h e c o m p u t a t i o n t o be pe r fo rmed . ) T h e r e su l t of t h i s p r o g r a m 
is n o w a n a r r a y c o n t a i n i n g t h e p r e o r d e r n u m b e r s a s s igned to t h e ve r t i ce s of t h e t r e e r o o t e d a t r . 
For b r e v i t y , we h a v e o m i t t e d t h e i n t e r m e d i a t e d e r i v a t i o n s t e p s by w h i c h t h i s i m p e r a t i v e a l g o r i t h m 
is o b t a i n e d . 

A s imi la r a l g o r i t h m can b e de r ived for c o m p u t i n g t h e p o s t o r d e r n u m b e r i n g . B y m e r g i n g 

A l g o r i t h m 2.14 w i t h t h i s n e w a l g o r i t h m , we o b t a i n 

b e g i n p <- 0; e <- 0; trav(r); (pre[V]9 post[V}) end; 

trav(u) <F= b e g i n 
pre[u] < - p < _ p + l ; (2.15) 
for w s u c h t h a t u —• w d o trav(w); 
post[u] <— e <— e + 1 

e n d . 
(Aga in , we o m i t t r a n s f o r m a t i o n s t e p s . A de ta i l ed e x a m p l e of t h e m e r g i n g t e c h n i q u e , wh ich is j u s t 
a special case of t h e spec ia l i za t ion t r a n s f o r m a t i o n , is p r e s e n t e d in a l a t e r sec t ion . ) 
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T r e e o r d e r i n g s . T h e descendent o r d e r i n g >- is t h e t r a n s i t i v e c losu re of t h e o r d e r i n g r e p r e 
sen t ed by t h e edges of a t r e e . T h a t is, 

v >- u if a n d only if t h e r e is a p a t h of t r e e edges f rom u t o v. 

I t is u n d e s i r a b l e to c o m p u t e d e s c e n d e n c y (or a n c e s t r y ) us ing a na ive i m p l e m e n t a t i o n of t r a n s i t i v e 
c losure , s ince t h a t wou ld r equ i re 0 ( | V | 3 ) t i m e . We t h e r e f o r e i n v e s t i g a t e w h e t h e r w e c a n t a k e 
a d v a n t a g e of t h e specia l p r o p e r t i e s of t r e e s . 

L E M M A 2 . 1 . L e t T be a t r e e w i t h ve r t i ce s n u m b e r e d in p r e o r d e r in a r r a y p r e [ y ] a n d in p o s t o r d e r 
in a r r a y pos£[V]. T h e n 

u >~ v if a n d only if prehi] > pre[v] a n d 
post[u] < pos£[v] . 

T h a t is, u is a p r o p e r d e s c e n d e n t of v if a n d only if b o t h u s ucceeds v in a p r e o r d e r t r a v e r s a l a n d 
u p r e c e d e s v in a p o s t o r d e r t r a v e r s a l . 

T h i s l e m m a jus t i f ies r ep l ac ing t e s t s in p r o g r a m s of t h e fo rm u >- v by t e s t s of t h e f o r m 

pre[u] > pre[v] A post[u] < pos£[i;] , 

A s shown in t h e p r e v i o u s sec t ion , b o t h n u m b e r i n g s can be c o m p u t e d in l i nea r t i m e a n d in a s ingle 
t r e e t r a v e r s a l , so we c a n now t e s t a n c e s t r y in c o n s t a n t t i m e w i t h l i n e a r - t i m e p r e c o m p u t a t i o n . 

F u r t h e r m o r e , u is to t h e left of v in T if a n d on ly if u p r e c e d e s v in b o t h p r e o r d e r a n d 

p o s t o r d e r . T h u s , t h e r e l a t i ve pos i t ion of two a r b i t r a r y t r e e ve r t i ce s c a n be d e t e r m i n e d b y c h e c k i n g 

t h e i r r e l a t ive pos i t i ons in t h e two o r d e r i n g s . 

D e p t h - f i r s t s e a r c h t r e e s . T h e d e p t h - f i r s t s e a r c h a l g o r i t h m s on g r a p h s de r ived ear l i e r i m p o s e 

a n a t u r a l t r e e s t r u c t u r e on t h e edges of t h e g r a p h be ing s e a r c h e d . T h a t is, t h e s u b s e t of t h e edges 

a c t u a l l y t r a v e r s e d fo rms a fores t . 

W e i n d i c a t e such fac t s in ou r p r o g r a m s by w r i t i n g assertions, w h i c h a r e exp res s ions enc losed 
in t h e specia l b r a c k e t s ' ( [ ] ] ' a n d l o c a t e d a t p o i n t s in t h e p r o g r a m w h e r e t h e fac t s a r e t r u e . ( T h i s 
n o t a t i o n is also used t o d e n o t e p r e c o n d i t i o n s . See, for e x a m p l e , t h e d e r i v a t i o n of A l g o r i t h m 2.21.) 
Fo r e x a m p l e , we c a n a n n o t a t e A l g o r i t h m 2.8 to o b t a i n 

path(u, v) «= b e g i n ws/'f [V] <— false; v G dfs(u) e n d 

df$(u) b e g i n 
ws/f[u] 4 - t rue ; 
W U \JweAdi(u){itvisit[w]then0elae [ t i -+ w ] dfs{w)) 

e n d 

(2.16) 

In t h e e l s e c l ause we h a v e a s s e r t e d t h a t (u, w) G E is a t r e e edge . T h i s se t of t r e e edges f o r m s t h e 

dep th - f i r s t s ea r ch fores t . 

W e a r e n o w r e a d y t o deve lop a n a l g o r i t h m for c a r r y i n g o u t a p r e o r d e r t r a v e r s a l of a d e p t h -
first s ea r ch t r e e of a g r a p h . T h i s will be a c c o m p l i s h e d by d e r i v i n g a p r o g r a m t h a t s i m u l t a n e o u s l y 
c o m p u t e s dfs a n d trav. W e i n d i c a t e t h e s i m u l t a n e o u s c o m p u t a t i o n by w r i t i n g a b lock , 

b e g i n trav(u); (dfs(u)f pre[V]) e n d . 
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Reca l l t h a t trav (see A l g o r i t h m 2.14) r e t u r n s a v a l u e — t h e pre a r r a y — o n l y impl i c i t ly . T h u s , t h e 

effect of t h e c o m p u t a t i o n of t h i s b lock will be to s t o r e va lues in to t h e pre a r r a y a n d t o r e t u r n 

t h e se t of n o d e s r e a c h a b l e f rom u. For s impl ic i ty , we a s s u m e for t h e m o m e n t t h a t t h e g r a p h is 

c o n n e c t e d . 

L e t r be a v e r t e x of G. B y s u b s t i t u t i n g b o t h def in i t ions in to t h e b lock a n d m a k i n g o b v i o u s 

s impl i f ica t ions , we o b t a i n 
b e g i n p <- 0 / / visit[V] 4 - false; (beg in frav(r); (tf/s(r), pre[V]) end) e n d 

(beg in trav(u); dfs(u) end) <= 
b e g i n 

ws/Y[u] 4 — t r u e / / pre[tx] f ~ p < - p + l ; 
{u} U (beg in ( 2 1 ? , 

for w s u c h t h a t u —• w do trav(w); * " J 

( UweAdj(u) dfs(w)\ 

e n d 
e n d 

(We have ca r r i ed o u t s o m e t r iv ia l t r a n s f o r m a t i o n s on t h e in i t ia l specif icat ion in o r d e r t o b r i n g i t 

in to t h e fo rm of t h e def ini t ion. ) N o w u —> w if a n d only if w G Adj[u) A ->visit(w), so t h e two loops 

r a n g e over t h e s a m e se t . S ince t h e y do n o t i n t e r a c t , t h i s impl ies t h a t t h e y c a n be merged—the 

pa i r of i t e r a t i o n s c a n be c o m b i n e d in to a s ingle i t e r a t i o n . 

A t t h i s po in t , w e can m a k e two f u r t h e r s impl i f i ca t ions . F i r s t , we rename t h e b lock be ing 

defined t o t h e s imp le n a m e dfs ( s u p e r s e d i n g t h e p r e v i o u s use of t h i s n a m e ) , a n d , second , we obse rve 

t h a t if p re[V] is in i t i a l ized to 0, t h e n 

visit[u] = f a l s e if a n d only if pre[u] = 0 , 

a n d we c a n e l i m i n a t e t h e visit a r r a y a n d use pre i n s t e a d . T h e following m u c h s h o r t e r p r o g r a m 

re su l t s . 

b e g i n p «- 0 / / pre[V] - 0; S <- dfs{r); (S, pre[V]) e n d 
dfs(u) <= 

b e g i n 
pre[u] " 4 - p 4 - p + 1; ( 2 - 1 8 ) 

M U \JweAdj(u) dfs{w) 
pre[w]=Q 

e n d 
T h e o r d e r i n g r e p r e s e n t e d by pre is cal led a depth-first-search ordering of t h e ve r t i ces of t h e g r a p h . 

B y a d e v e l o p m e n t s imi la r t o t h a t for pre a n d a m e r g e s t e p s imi la r to t h e one j u s t c o m p l e t e d , 

t h e post o r d e r i n g c a n be c o m p u t e d a s well . 

b e g i n p 4 - 0 / / e 4 - 0 / / pre[V] 4 - 0; S 4 - dfs{r); ( 5 , pre[V], post[V]) e n d 

dfs(u) «= 
b e g i n 

pre[w] 4-
(2.19) 

DweAdj(u) dfs{w) 
prc{w]=Q 

e+l 
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D e p t h - f i r s t s e a r c h i n u n d i r e c t e d g r a p h s . W e now cons ide r t h e specia l case of d e p t h - f i r s t 
s ea rch in u n d i r e c t e d g r a p h s . In t h i s case , t h e d e p t h - f i r s t s ea rch d iv ides t h e edges of a g r a p h i n t o 
two se t s , tree edges, t h e edges a c t u a l l y t r a v e r s e d d u r i n g sea rch , a n d t h e o t h e r edges , w h i c h a r e 
cal led fronds. W h i l e t h e t r e e edges a r e d i r e c t e d edges , we leave t h e f ronds u n d i r e c t e d (for t h e 
m o m e n t ) . W e use t h e n o t a t i o n u <s+ v to i n d i c a t e f ronds a n d , a s before , u —> v to i n d i c a t e t r e e 
edges . T h u s , every edge (u, v) is e i t h e r a t r e e edge , a r eve r se t r e e edge , or a f rond . 

W e will occas iona l ly need t o d i s t i n g u i s h t h e f ronds expl ic i t ly d u r i n g s e a r c h . W i t h r e s p e c t t o 
A l g o r i t h m 2.8, we obse rve t h a t t h e f ronds a r e exac t l y t h o s e edges (u,w) for w h i c h t h e visit[w] t e s t 
is t r u e b u t (since t h e g r a p h is u n d i r e c t e d ) s u c h t h a t w is n o t t h e f a t h e r of u in t h e s e a r c h t r e e . 

dfs(u) 4 = 
begin 

visit[u] <— true; 
M " J U w 6 A ^ ( u ) ( i f ^ M ( 2 -20) 

then (if w 7^ father(u) then ) 0 
else lu -+ w A u = father{w)\ dfs(w)) 

end 

H e r e we have d e c o r a t e d A l g o r i t h m 2.8 w i t h a s s e r t i o n s d i s t i n g u i s h i n g t h e t w o se t s of edges . T h e 
father f unc t ion c a n be cons ide red to be def ined imp l i c i t l y by t h e a s s e r t i o n . (In t h e case of a r o o t , 
father c a n r e t u r n a specia l va lue , say A, t h a t will c a u s e t h e t e s t t o fail.) 

O b s e r v e now t h a t t h e f a t h e r of u is k n o w n w h e n e v e r dfs is ca l led r ecu r s ive ly . Us ing t h e 
spec ia l i za t ion t e c h n i q u e , we can e l i m i n a t e all re fe rences to t h e father f u n c t i o n / a r r a y by i n t r o d u c i n g 
a n e w p a r a m e t e r t o dfs t h a t will be t h e f a t h e r of u in t h e d e p t h - f i r s t - s e a r c h t r e e be ing g e n e r a t e d . 
W e do t h i s b y f o r m i n g a n expres s ion p r o c e d u r e for 

lv = father(u)l dfs{u). 

(In an express ion p r o c e d u r e n a m e a n a s s e r t i o n d e n o t e s a p r e c o n d i t i o n . ) We o b t a i n 

[v = father(u)l dfs{u) *= 

begin 
ws/t[u] <— true; 
{ « } U l L e A < f j ( u ) ( i f ~w'sit[w] then [ i t - + w A u = father{w)l dfs{w) (2.21) 

elseif w 7^ father(u) then [ t * 0 
else —• 0) 

e n d . 

(For a e s t h e t i c r e a s o n s we h a v e also r eo r i en t ed t h e n e s t e d cond i t i ona l s . ) T h i s is s implif ied b y 

r e p l a c i n g father(u) in t h e t e s t by v. A f t e r r e n a m i n g (aga in s u p e r s e d i n g t h e n a m e dfs), w e h a v e t h e 

def in i t ion 

dfs(u, v) <= 
begin 

ws/f[u] «— true; 
W U U ^ G A ^ W ^ ^ ^ M t h e n | [u- .u / ] dfs{w,u) (2.22) 

elseif w y£ v then **• 0 
else [ i t ; — > u ] 0) 
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(2.23) 

F i n a l l y , we c a r r y t h r o u g h t h e t r a n s f o r m a t i o n s t e p s desc r ibed ear l i e r to o b t a i n a n a l g o r i t h m 

s imi la r to A l g o r i t h m 2.19. 

b e g i n p - 0 // e «- 0 / / pre[V] ^ 0 ; S ^ dfe(r, A); (S, pre[V], poat[V]) e n d 

dfs(u, v) <= 
b e g i n 

pre[u] 
v a l u e {u} (J U™eA<fj (u) ( i f P r e M = 0 t h e n l u ~* w l dfs(w,u) 

elseif w v t h e n «*• 0 
else Jtu —> it]] 0); 

pos£[u] •— e <— e + 1 
end 

(We use A to s t a n d for a va lue n o t equa l to a n y ve r t ex . ) 

A f u r t h e r s p e c i a l i z a t i o n . In t h e b i c o n n e c t i v i t y a l g o r i t h m d e r i v a t i o n , we will need to classify 
f ronds in to forward fronds a n d reverse fronds. O b s e r v e t h a t if u w t h e n e i t he r u is a d e s c e n d e n t 
of w or v ice -versa . If u >- w t h e n (u,w) is a r everse f rond , n o t a t e d u it;; o t h e r w i s e t h e edge is a 
fo rward f rond , a n d we w r i t e w - r > u. 

L e m m a 2.1 p rov ides a fas t m e t h o d for d i s t i n g u i s h i n g f o r w a r d a n d reve r se f ronds . I t is an 

i m m e d i a t e c o n s e q u e n c e of t h e l e m m a t h a t 

pre[u] < pre[w] impl i e s u yf- w , 

a n d s imi la r ly for post T h e r e f o r e , if i t is k n o w n t h a t two ver t i ces a r e r e l a t e d by t h e d e s c e n d e n c y 
r e l a t ion , b u t i t is n o t k n o w n in w h i c h d i r e c t i o n , t h e n i t suffices to check either t h e p r e o r d e r or t h e 
p o s t o r d e r n u m b e r i n g s . 

O n t h e bas i s of t h i s fac t , w e o b t a i n t h e fol lowing d e p t h - f i r s t s ea r ch a l g o r i t h m . 

b e g i n p <- 0 / / pre[V] ^ - 0 ; S ^ dfs(r, A); ( 5 , pre[V]) e n d 

dfs(u, v) <= 
b e g i n 

p r e [ u ] < - p 4 - p + l ; 

W U UveAdj(u)(irP"W = 0 t h e n lu-+u>l dfs(w,u) I 2 - 2 4 ) 
e lseif w = v t h e n |u> —* u]j 0 
e lse i f pre[tz] > pre[ty] t h e n |u-** 0 
else |iy -** 0 ) 

e n d 

O b s e r v e t h a t t h e four cases c a n be d i s t i n g u i s h e d in c o n s t a n t t i m e (given t h e p r io r l i n e a r - t i m e 
c o m p u t a t i o n of t h e pre a r r a y ) . 

A l t h o u g h t h i s c lass i f icat ion of cases c lear ly does n o t he lp solve t h e i m m e d i a t e p r o b l e m of 
col lec t ing r e a c h a b l e ve r t i ces , i t will be ve ry useful w h e n we use spec ia l i za t ion to m e r g e th i s 
a l g o r i t h m w i t h o t h e r a l g o r i t h m s o b t a i n e d in t h e d e r i v a t i o n s for b i c o n n e c t i v i t y in Sec t ion 4, be low. 
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3 . S t r o n g l y - C o n n e c t e d C o m p o n e n t s * 

In t h i s sec t ion we de r ive a n i n t e r e s t i n g l inea r t i m e a l g o r i t h m for s t r o n g c o n n e c t i v i t y t h a t is 
a t t r i b u t e d to K o s a r a j u . Le t G = (V,E) be a d i r e c t e d g r a p h a n d le t u a n d v r a n g e over t h e ve r t i ce s 
V. Reca l l t h e or ig ina l def ini t ion of path, 

path(u, v) ( u = v or (3w G Adj(u)) path(w, v)) . (3.1) 

T h e path r e l a t ion ho lds be tween u a n d v j u s t w h e n t h e r e is a d i r e c t e d p a t h in G f rom u t o v. S ince 
we a r e dea l i ng w i t h d i r e c t e d g r a p h s , i t m a k e s sense t o cons ide r reverse paths a s well . 

revpath(u, v) <= (u — v op (3w £ Adfl[u)) revpath(wt v)) (3.2) 

(Here , Adf1 d e n o t e s t h e inverse a d j a c e n c y func t ion def ined such t h a t v G Adj(u) if a n d on ly if 
u G Adfl{v).) C lea r ly , path(u,v) if a n d only if revpath(v,u). 

T w o ve r t i ces u a n d v in a g r a p h a r e strongly connected if path(u, v) a n d revpath(u, v) b o t h 
ho ld . A m a x i m a l se t of s t r o n g l y c o n n e c t e d ve r t i ces is cal led a strongly connected component To 
find t h e s t r o n g l y c o n n e c t e d c o m p o n e n t a s soc i a t ed w i t h a p a r t i c u l a r v e r t e x r , i t suffices to col lect all 
ve r t i ce s u such t h a t path(r,u) a n d path(u,r). For , if b o t h v a n d w h a v e t h i s p r o p e r t y w i t h r e s p e c t 
to r , t h e n by t r a n s i t i v i t y of t h e path r e l a t i o n , t h e y a r e t h e m s e l v e s s t r o n g l y c o n n e c t e d . T h i s imp l i e s 
t h a t t h e s t r o n g l y - c o n n e c t e d c o m p o n e n t s p a r t i t i o n t h e v e r t i c e s of a d i r e c t e d g r a p h . W e t h e r e f o r e 
t a k e t h e following def ini t ion as o u r s t a r t i n g speci f ica t ion of t h e s t r o n g l y - c o n n e c t e d c o m p o n e n t s . 

strong \ J r e V {{s \ path{r, s) A path{sy r )}} (3.3) 

If path r equ i re s t i m e l inea r in t h e n u m b e r of ve r t i ce s , t h e n t h i s def in i t ion , e v a l u a t e d na ive ly , 
r equ i re s 0 ( | F | 3 ) t i m e . To s impli fy t h e d e r i v a t i o n s t e p s , however , we s t a r t w i t h t h e in f in i t a ry 
vers ion of path g iven a b o v e . 

F i r s t s t e p s . O u r s t r a t e g y for i m p r o v i n g t h i s def in i t ion is t o focus on t h e i n n e r se t a n d deve lop 
a m e t h o d for c a l c u l a t i n g i t s va lue efficiently. A n a t u r a l first s t e p is t o specia l ize t h e def in i t ion of 
path to t h e c o n t e x t 

{s | path(r, s) A path(s, r)} , 

b u t t h e spec ia l i za t ion t r a n s f o r m a t i o n fails b e c a u s e af te r s u b s t i t u t i o n a n d s impl i f ica t ion t h e p a r a m 
e t e r s in t h e pa i r of r ecurs ive calls do n o t m a t c h . A n a t u r a l r e s p o n s e is t o genera l i ze , s e p a r a t i n g 
e i t he r t h e r or s p a i r s of p a r a m e t e r s i n to d i s t i n c t va r i ab l e s . ( G e n e r a l i z a t i o n is a c o m m o n h e u r i s t i c 
for o b t a i n i n g i n d u c t i v e p roofs a n d h a s been i n c o r p o r a t e d in to severa l a u t o m a t i c s y s t e m s ; [Boyer75] 
a n d [Manna79] de sc r ibe examples . ) 

{s | path{u, s) A path(s, r)} 
4 = {3 | ( ( w = 3) or (3w G Adj[u)) path(w, s)) A path(s, r)} 

W e h a v e s u b s t i t u t e d t h e def ini t ion of path in t h e first i n s t a n c e , b u t n o t t h e s econd . A s in t h e ve ry 
first spec ia l i za t ion e x a m p l e , we s impl i fy by d i s t r i b u t i n g t h e se t a b s t r a c t i o n i n w a r d . 

{s | path(u, s) A path(s, r)} 

{3 | u = s A path{s, r)} U [JrveAdj(u){s I P*th{w, s) A path{s, r )} 
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T h i s express ion p r o c e d u r e is r ecurs ive , so ou r s impl i f ica t ion is p a r t l y successful . 

U n f o r t u n a t e l y , w e a r e forced t o t e s t path(u, r) on every i t e r a t i o n . T h i s p r e d i c a t e is c e r t a i n l y 

t r u e , for e x a m p l e , on t h e in i t i a l cal l , 

strong <= \jrev ({ lP^h(r9 r)] {a \ path{r, a) A path{s, r)}}), (3.6) 

a n d a p p e a r s to be t r u e on t h e o t h e r s . To t e s t t h i s l a t t e r c o n j e c t u r e , w e specia l ize t h e a l r e a d y 
spec ia l ized def in i t ion a b i t f u r t h e r , t o a c o n t e x t in w h i c h path(u, r) is a s s u m e d to be t r u e on e n t r y . 

lpath(u, r)J {a | path(u, s) A path(a, r)} <= 

{a\u = s A path{s,r)} U \ J w e A d j { u ) (3.7) 
{,s | path(w, s) A path(s, r)} 

T h e a s se r t i on c a n be e s t a b l i s h e d , or n o t , for t h e r ecu r s ive case by i n t r o d u c i n g a n o b v i o u s case 

ana lys i s . 

lpath(u, r)} {a \ path(u, a) A path(a, r)} «= 

{«} U UweAdj(u) 3̂ 8 j 
(if path(w, r) then {a | path{w, a) A path(sy r)} 

else {a \ path{w, a) A pafA)(d, r)}) 

T h e a s s e r t i o n is c lear ly t r u e in t h e t h e n c l ause . In t h e e l s e c lause , i t follows f rom t r a n s i t i v i t y of 

path t h a t t h e se t m u s t be e m p t y . 

lpath(u, r)} {a \ path(u, a) A path(ay r)} {= 

iu} U {Jv,eAdj(u) 3̂ g j 
(if path{w, r) then lpath(w, r)] {a \ path(w, a) A path{a, r)} 

else 0) 

T h e effect of t h i s t r a n s f o r m a t i o n s e q u e n c e is now clear ; t h e path(u, r) t e s t h a s s imp ly been shi f ted 
to t h e cal ler , a n d so t h e c o n j e c t u r e is not e s t a b l i s h e d . A l t h o u g h th i s is n o t a ve ry s ignif icant 
i m p r o v e m e n t , t h e s e def in i t ions will p r o v e eas ier to m a n i p u l a t e t h a n A l g o r i t h m 3.5. Also , n o t e t h a t 
t h e def in i t ion is stil l in f in i ta ry , b u t i t does h a v e t h e p r e r e q u i s i t e s t r u c t u r e for t h e finite c losure 
t r a n s f o r m a t i o n . A s before , however , we will p o s t p o n e m a k i n g t h a t t r a n s f o r m a t i o n as long as 
poss ib le . 

T h e final t r a n s f o r m a t i o n s t e p in t h e spec i a l i za t i on sequence is t o r e n a m e t h e express ion 
p r o c e d u r e for 

lpath(u, r)J {s \ path(u, s) A path{s, r)} 

to sc(u,r). 

strong [jreV {sc{r)r)} 

sc{u, r) {u} U {JweAdJiu)(tf P*th{w, r) then sc{w, r) else 0) ^ 3 ' 1 0 ^ 
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T h e r e v e r s e d a l g o r i t h m . T h e key in s igh t in t h i s d e r i v a t i o n c a n n o w be revea led : W e o b s e r v e 
t h a t t h e second p a r a m e t e r of t h e path r e l a t i on r e m a i n s c o n s t a n t on all r ecu r s ive calls of sc for a 
p a r t i c u l a r r o o t . T h i s sugges t s t h a t we shou ld be ab le t o do a s ingle dep th - f i r s t t r a v e r s a l f rom r 
a n d , if poss ib le , use t h e o r d e r i n g s def ined in Sec t ion 2 t o t e s t a n c e s t r y . 

T h e r e a r e two w ays we could o b t a i n t h i s a d v a n t a g e . F i r s t , we could use revpath i n s t e a d of 
path, a n d c o m p u t e a n c e s t r y us ing its d ep th - f i r s t s e a r c h t r e e (since t h e dfs r e a l i z a t i o n s of path a n d 
revpath b o t h do r ecu r s ion on t h e first p a r a m e t e r ) . A l t e r n a t i v e l y , we cou ld reve r se t h e d i r e c t i o n 
of t h e s ea r ch in sc a b o v e (us ing Adf1 i n s t e a d of Adj), c a u s i n g t h e p a t h t e s t p a r a m e t e r s to b e 
reversed , a n d t h u s use t h e path s e a r ch t r e e . In e i t h e r case , we will need to t r a v e r s e t h e g r a p h in 
b o t h t h e fo rward a n d b a c k w a r d d i r e c t i o n s . 

T h e s i t u a t i o n is s y m m e t r i c a l , a n d we a r b i t r a r i l y choose t h e l a t t e r a l t e r n a t i v e . By r eve r s ing 
A l g o r i t h m 3.10 a n d a p p l y i n g t h e finite c losure t r a n s f o r m a t i o n (as we d id in A l g o r i t h m s 2.8 a n d 
2.11), we o b t a i n 

strong b e g i n 
visit2[V] «- false; 
Ure^C1^ visit2[r] t n e n 0 e l s e {scr(r, r)}) 

e n d 

scr(u,r) 4 = ( 3 - 1 1 ) 
b e g i n 

visit2[u] <— true ; 
M U \ J w e A d f i (u) ( i f ^isit2[w] A path{r, w) t h e n scr{wy r)) 

e n d 

(We h a v e rese rved t h e n a m e visit for u se in t h e dep th - f i r s t s e a r c h t r e e p r e c o m p u t a t i o n r equ i r ed for 

t e s t i n g path(r,w).) 

A b l i n d a l l e y . I t m a y a p p e a r t h a t we could o b t a i n an a c c e p t a b l e i m p l e m e n t a t i o n of A l g o r i t h m 

3.11 by r ep l ac ing path(r,w) w i t h t h e t e s t w £ dfs(r) a n d us ing spec i a l i za t ion to f ac to r t h e dfs 

c a l c u l a t i o n o u t of scr i n to strong. 

strong t= b e g i n 
visit2[V] false; 
\Jrev (if visit2[r] t n e n 

else b e g i n 
visit[V] <- false; 
{scr'{r,r,dfs{r))} 

e n d ) ^ (3.12) 
e n d 

s c r o t i , r , D) <= 

b e g i n 
ws/Y2[u] <— true; 
W U \JweAdf*(u)(iT^visit2M A w £ £ > t h e n scr'(w, r,D)) 

e n d 

U n f o r t u n a t e l y , t h e se t of r o o t s r e q u i r e d for t h e r eve r se - sea rch fores t is n o t necessa r i ly t h e s a m e 

as t h a t r equ i r ed for fo rward sea rch , a n d so t h e dfs(r) c a l c u l a t i o n in strong cou ld do r e d u n d a n t 

t r a v e r s a l s . T h i s a l g o r i t h m r u n s in t i m e 0 ( | y | 2 ) . 
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S t r o n g l y - c o n n e c t e d c o m p o n e n t r o o t s . O u r ab i l i ty t o use t h e a n c e s t r y t e s t t e c h n i q u e s of 
Sec t ion 2 d e p e n d s on a c ruc ia l l e m m a . T h i s l e m m a c a p t u r e s m o s t of t h e non - t r i v i a l g r a p h - t h e o r e t i c 
k n o w l e d g e requ i red in t h e d e r i v a t i o n of t h e s t r o n g l y - c o n n e c t e d c o m p o n e n t s a l g o r i t h m . 

L E M M A 3 . 1 . L e t G be a d i r e c t e d g r a p h w i t h a dep th - f i r s t s ea r ch fores t F t h a t h a s a n c e s t r y 

o r d e r i n g For each s t r o n g l y - c o n n e c t e d c o m p o n e n t S of G t h e r e is a u n i q u e v e r t e x r ca l led t h e 

root of S s uch t h a t r = m i n > . ( 5 ) . 

T h i s l e m m a h a s severa l i m p o r t a n t c o n s e q u e n c e s . 

(1) T h e r o o t s of t h e forest F a r e r o o t s of s t r o n g l y - c o n n e c t e d c o m p o n e n t s . 

(2) For each s t r o n g l y - c o n n e c t e d c o m p o n e n t S a n d for each v G S a n d w (£ S s u c h 
t h a t v —> w, w is t h e r o o t of a s t r o n g l y - c o n n e c t e d c o m p o n e n t . 

(3) I t e m s (1) a n d (2) above yield all t h e s t r o n g l y - c o n n e c t e d c o m p o n e n t r o o t s . 

(4) If r is t h e r o o t of a s t r o n g l y - c o n n e c t e d c o m p o n e n t a n d path(w,r) is t r u e in G, 

t h e n 

path(r, w) if a n d only if w >: r . 

O p e r a t i o n a l l y , t h e l e m m a s u g g e s t s t h a t we t r y t o a r r a n g e t h a t scr(r,r) be cal led (in t h e 
def in i t ion of strong) for t h e s t r o n g l y - c o n n e c t e d c o m p o n e n t r o o t s a n d no o t h e r ve r t i ce s . All t h e 
s t r o n g l y - c o n n e c t e d c o m p o n e n t s will still be found , a n d , by t h e f o u r t h c o n s e q u e n c e above , if we 
g u a r a n t e e t h a t r is a r o o t , t h e n t h e path(r,w) t e s t c a n be r ep l aced b y t h e c o n s t a n t - t i m e t e s t w >^ 
r . (We do t h i s below.) 

To find t h e r o o t s , we m u s t first col lect t h e d e p t h - f i r s t - s e a r c h fores t r o o t s , a n d t h e n , a s we find 
c o m p o n e n t s , l oca t e t h e r e m a i n i n g r o o t s . 

O u r first o r d e r of bus iness , t h e n , is t o c o n s t r u c t t h e d e p t h - f i r s t - s e a r c h fores t F. (Recal l t h a t 
t h i s is d i s t i n c t f rom t h e reverse fores t c o n s t r u c t e d b y scr.) 

forest «= b e g i n 
p r e [ V ] _ o / / p *- 0 / / e - 0; 
for r £ V do (if pre[r] = 0 t h e n dfs(r)) 

e n d 
dfs(u) <= b e g i n ^ ^ ) 

pre[u] 4 - p 4 - p + 1; 
for w G Adj[u) d o 

if pre[w] = 0 t h e n dfs(w); 
post[u] e 4 — e -I- 1 

e n d 

T h e a n c e s t r y t e s t . T h e f o u r t h c o n s e q u e n c e of L e m m a 2 . 1 , a s n o t e d above , a l lows rep lace
m e n t of t h e path t e s t in scr by a t e s t of t h e a n c e s t r y r e l a t ion , u n d e r t h e c o n d i t i o n t h t r is a lways 
t h e r o o t of a s t r o n g l y - c o n n e c t e d c o m p o n e n t . T h e a n c e s t r y t e s t , a s s h o w n in Sec t ion 2, can be 
a c c o m p l i s h e d in c o n s t a n t - t i m e by a n e x a m i n a t i o n of t h e pre a n d post n u m b e r i n g s o b t a i n e d in 
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A l g o r i t h m 3 .13 . 

strong(R) <--= b e g i n 
visit2[V] <- false; 

VreRiscr(r>r)} 
e n d 

scr{u,r) p - 1 4 j 
b e g i n 

ws/t2[u] «— true ; 
i u ) U UtoeArfj- 1 ^) ( i f ~ ^ ' s / ' 2 M A pre[r] > pre[w] A post[r] < post[w] 

t h e n scr(wy r)) 
e n d 

W e m u s t now focus on t h e p r o b l e m of finding t h e r o o t s r equ i r ed by strong. 

F i n d i n g s o m e r o o t 3 . T h e first c o n s e q u e n c e of t h e l e m m a s u g g e s t s t h a t we col lec t t h e r o o t s 
of t h e fores t F a s t h e y a r e f o u n d . 

forest <= b e g i n 
pre[V]+-0//p^0//e+-0^ 
\Jr(zy(}f P r e [ r ] = = 0 t h e n b e g i n d/s(r); {r} end) 

e n d 

T h u s , forest y ie lds a n o n e m p t y s u b s e t of t h e final se t of r o o t s . 

(3.15) 

F i n d i n g t h e r e m a i n i n g r o o t s . B y t h e l e m m a , t h e r e m a i n i n g r o o t s c a n b e found b y 
e x a m i n i n g s t r o n g l y - c o n n e c t e d c o m p o n e n t s a s t h e y a r e f o u n d . If r is a r o o t t h e n scr(r,r) r e t u r n s 
r e t u r n s t h e v e r t i c e s of i t s c o r r e s p o n d i n g s t r o n g l y - c o n n e c t e d c o m p o n e n t . L e t S be a s t r o n g l y -
c o n n e c t e d c o m p o n e n t . T h e fol lowing def in i t ion is a d i r e c t r ea l i za t ion of c o n s e q u e n c e (3) of t h e 
l e m m a . 

update(S) 
l U s ( I L e A t f W ( i f ^isit2{w) A v -> w t h e n {w} else 0) ) t 3 ' 1 6 ) 

Given a s t r o n g l y - c o n n e c t e d c o m p o n e n t S, update(S) r e t u r n s t h e se t of s t r o n g l y - c o n n e c t e d com

p o n e n t r o o t s t h e a r e d i r e c t d e s c e n d e n t s of ve r t i ce s in S. T h i s def ini t ion can be i m p r o v e d in severa l 

w a y s , for e x a m p l e by r ep l ac ing t h e v —• w t e s t by a c o m p a r i s o n of p re - a n d p o s t o r d e r i nd i ces . (See 

A l g o r i t h m 3.20.) 

A n a l t e r n a t i v e a p p r o a c h to finding r o o t s (which we do n o t follow h e r e b u t w h i c h is used in 
[AHU83]) is to rely on a f u r t h e r c o n s e q u e n c e of t h e l e m m a . I t is a l w a y s t h e case , a f te r zero or 
m o r e s t r o n g l y - c o n n e c t e d c o m p o n e n t s h a v e been f o u n d , t h a t t h e unv i s i t ed (in t h e reverse s e a r c h ) 
v e r t e x w i t h sma l l e s t p r e o r d e r n u m b e r (in t h e or ig ina l fo rward sea rch) will be a s t r o n g l y - c o n n e c t e d 
c o m p o n e n t r o o t . In i t i a l ly , t h i s is t h e first v e r t e x v i s i t ed by dfs. A final a l g o r i t h m could be o b t a i n e d 
by de r iv ing a s imp le p r o g r a m a n d a s s o c i a t e d d a t a s t r u c t u r e t h a t qu ick ly y ie lds t h e v e r t e x w i t h 
m i n i m u m p r e o r d e r n u m b e r . T h i s wou ld be d o n e by m e r g i n g a s imp le m i n i m u m - f i n d i n g p r o g r a m 
w i t h scr to keep t r a c k of t h e m i n i m u m p r e o r d e r i n d e x as ve r t i ce s a r e v i s i t ed . 

In t h i s p r e s e n t a t i o n , however , we r e t a i n t h e update p r o c e d u r e a b o v e . 
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F i n a l i m p r o v e m e n t s . T h e final a l g o r i t h m is o b t a i n e d b y m e r g i n g t w o p r o g r a m s . T h e first, 

A l g o r i t h m 3.14 de r ived ear l ie r , finds s t r o n g l y - c o n n e c t e d c o m p o n e n t s , given a se t of r o o t s . 

strong(R) <= b e g i n 
visit2[V] false; 

UreRiscr(r> r)> 
e n d 

sc r (u , r ) <= (3.17) 
b e g i n 

visit2[u] <— true; 
i u ) U UweAdfl(u) {it ^vteit2[w] A pre[r] > pre[w] A post[r] < post[w] 

t h e n scr(w, r)) 
e n d 

T h e second , wh ich follows d i r ec t ly f rom t h e l e m m a , is a n in f in i ta ry def ini t ion of t h e se t of r o o t s . 

R «= forest U \JreR update(scr(r,r)) (3.18) 

(To avoid t r o u b l e w i t h t h e visit2 a r r a y , we a s s u m e for t h e m o m e n t t h a t t h e in f in i t a ry scr is used.) 

W e o m i t he re th i s s t r a i g h t f o r w a r d m e r g e of strong w i t h t h e def in i t ion of R. I t s r e su l t is t h e 

following new def in i t ion of strong. 

strong(forest) 

strong(R) «= 
if R = 0 t h e n 0 (3.19) 

else le t r = c h o o s e R in 
let S = scr(r , r) in 

{ 5 } U strong(update(S) UR - {r}) 

( T h e c h o o s e o p e r a t i o n p icks a n a r b i t r a r y e l e m e n t of i ts a r g u m e n t , w h i c h m u s t be a se t . T h e l e t 
c o n s t r u c t is used to b ind local n a m e s . ) 
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T h e s t r o n g c o n n e c t i v i t y a l g o r i t h m . W e h a v e resolved t h e s t r o n g c o n n e c t i v i t y a l g o r i t h m , 

strong(forest), 

i n to two bas ic p h a s e s . F i r s t , forest is used to col lect t h e dep th - f i r s t s e a r c h fores t r o o t s a n d t o 

p r e c o m p u t e t h e p re - a n d p o s t o r d e r n u m b e r i n g s used for t e s t i n g a n c e s t r y . Second , strong is u sed 

to do reverse dep th - f i r s t s ea r ches f rom t h e s e r o o t s , co l lec t ing s t r o n g l y - c o n n e c t e d c o m p o n e n t s a n d 

new r o o t s a l ong t h e way . 

var p, e, pre[V], posifF]; 

strong(forest) 

forest 4 = 
b e g i n 

pre[V] <- 0 / / p «- 0 / / e «- 0; 
UrevO** Prelr] = 0 t h e n b e g i n dfs(r); {r} e n d ) 

e n d 

dfs(u) «= 
b e g i n 

pre[u] p <— p + 1; 
for w 6 Adj(u) d o 

if pre[w] = 0 t h e n dfs{w); 
post[u] +— e <— e + 1 

e n d 

s?rong(72) 4 = f 3 2 Q x 
if i? = 0 t h e n 0 

else let r = c h o o s e i2 in 
let S = scr(r , r) in J 5 is a strong component]] 

{S} U strong(update(S) U - {r}) 

scr(u, r) 
b e g i n 

ws/f2[tc] t rue ; 
i u } U U ^ e A d j - M u ) ( i '^v/s/^tti;] A pre[r] > pre[w;] A post[r] < post[w] 

t h e n scr(ii;, r) 
e lse 0 ) 

e n d 

update(S) <= 
U v E s ( U W € A d i ( w ) ( i f ^ w s / ^ u ; ) A pre[v] > pre[w] A post[v] < post[w] 

t h e n {ii;} 
e lse 0) ) 

T h i s a l g o r i t h m r u n s in t i m e l inea r in t h e n u m b e r of ve r t i ce s a n d edges in t h e g r a p h . A s before , 

we d e m o n s t r a t e t h i s by a s soc i a t i ng w i t h each v e r t e x a n d edge of t h e g r a p h a c o n s t a n t n u m b e r of 

p r o g r a m s t e p s . 

T h e p r o c e d u r e forest is a s imp le i t e r a t i o n in w h i c h each v e r t e x r in V is c o n s i d e r e d e x a c t l y 

once . B e c a u s e of t h e p r e a r r a y , dfs is ca l led (by forest a n d recurs ive ly) a t m o s t once for each v e r t e x 

in t h e g r a p h . O n each call t o dfs, t h e loop b o d y is e x e c u t e d once for each edge l eav ing t h e n o d e 

u. T h u s , overa l l , dfs v is i t s e ach v e r t e x once a n d each edge tw ice . 

A s imi la r a r g u m e n t app l i e s t o strong a n d scr. T h i s leaves update, w h i c h is cal led e x a c t l y o n c e 

for each s t r o n g l y - c o n n e c t e d c o m p o n e n t . In a given call t o update, e ach v e r t e x in t h e c o m p o n e n t 
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is e x a m i n e d once in t h e o u t e r u n i o n , a n d each edge c o n n e c t e d to t h a t v e r t e x is e x a m i n e d exac t l y 
twice (overall) in t h e i nne r un ion . T h u s , overa l l , update e x a m i n e s each v e r t e x once a n d each edge 
tw ice . 

F u r t h e r s t e p s . Of cour se , t h e p r o g r a m d e r i v a t i o n process h a s no def ini te t e r m i n a t i o n c r i t e r i a . 
We could c o n t i n u e i m p r o v i n g t h i s a l g o r i t h m by rea l iz ing t h e va r ious impl i c i t loops , by f requency 
r e d u c t i o n (e.g. , for pre(r) c a l c u l a t i o n ) , by e l i m i n a t i n g se t o p e r a t i o n s (e.g. , in strong), a n d in m a n y 
o t h e r w a y s . We c o n c l u d e a t th i s po in t , however , s ince t h e s t r u c t u r e of t h e l i n e a r - t i m e a l g o r i t h m 
is now m o s t c lear ly a p p a r e n t a n d s ince t h e n e x t se t of d e r i v a t i o n s t eps fall w i t h i n t h e r a n g e of 
e s t a b l i s h e d t e c h n i q u e s . 

4 . B i c o n n e c t e d C o m p o n e n t s , 

L e t G = (V, E) be an u n d i r e c t e d c o n n e c t e d g r a p h . A n articulation point is a v e r t e x whose 
r emova l d i s c o n n e c t s G. A g r a p h is biconnected if i t h a s no a r t i c u l a t i o n po in t . A biconnected 
component C is a m a x i m a l se t of edges t h a t c o n t a i n s no v e r t e x w h o s e r emova l d i s c o n n e c t s t h e 
ve r t i ces c o n t a i n e d in t h e edges of C. 

O u r speci f ica t ion for t h e b i c o n n e c t e d c o m p o n e n t s of a g r a p h m a k e s use of a modif ied vers ion 
of t h e or ig ina l path def in i t ion . L e t u, v, a n d a be ve r t i ce s in a n u n d i r e c t e d g r a p h . 

patha{u,v) <= 
u — v or (3w G Adj(u)) (w = v or (w ^ a a n d patha(w, v))) * ' ' 

T h e r e is a p a t h f rom u t o v t h a t avoids a if u a n d v a r e equa l or if t h e r e is p a t h avo id ing a f rom 
a v e r t e x w a d j a c e n t to u to v. ( T h e s u b s c r i p t i n g of t h e p a r a m e t e r a is for s y n t a c t i c conven ience 
only . ) O b s e r v e t h a t 

patha(u, v) if a n d only if patha[v, u). 

T h e r e is a n a t u r a l specia l case of t h i s def in i t ion , o b t a i n e d by a n o b v i o u s spec ia l i za t ion s t e p . 

Ju 7^ a A v y£ a\ patha(u, v) <= 

u = v or (3w G Adj(u)) ((w 7^ a a n d a/\v=£ a\ patha(w, v))) (4.2) 

T w o a d j a c e n t edges (u, v) a n d (v,w) a r e biconnected if pathv(u,w). T h u s , t h e b i c o n n e c t e d 
c o m p o n e n t a s soc i a t ed w i t h a g r a p h edge (u, v) is a se t of edges , 

bc{(u,v)) <= {(u,v)} U (\J { V i W ) e E bc{(v,w))\. * (4.3) 
V path v(u,w) J 

( T h e specia l ized def ini t ion of path will suffice in t h i s con tex t . ) 

F ina l l y , L e t G = {V,E) be an u n d i r e c t e d g r a p h w i t h no self- loops (edges of t h e f o r m (u,u)). 
T h e n t h e se t bcomps c o n t a i n s t h e b i c o n n e c t e d c o m p o n e n t s of G. 

bcomps <= U ( M ) 6 ^ M « » « » } (4.4) 

20 



S p e c i a l i z a t i o n t o d e p t h - f i r s t s e a r c h . T h e essence of t h e b i c o n n e c t i v i t y a l g o r i t h m is in 
t h e def in i t ion of be. O u r in i t ia l goal will b e to o b t a i n a f i n i t a r y — a n d eff ic ient—vers ion of t h i s 
def in i t ion . W e will n o t a p p l y t h e finite c losure t r a n s f o r m a t i o n d i r e c t l y , a s t h i s wou ld c a u s e us t o 
h a v e t o m a r k edges a s be ing v i s i t ed . R a t h e r , we will a s s u m e t h a t a d e p t h - f i r s t s ea r ch fores t already 
exists, a n d specialize t h e def in i t ion of be t o t r a v e r s e t r e e edges in d e p t h - f i r s t s e a r c h o r d e r . T h a t 
is, we will m e r g e t h e be def ini t ion w i t h a s i m p l e dep th - f i r s t s e a r c h t r a v e r s a l of t h e g r a p h . 

N o t e t h a t t h i s m e r g e m u s t a c t u a l l y i n c o r p o r a t e a finite c losure t r a n s f o r m a t i o n , a s we will b e 
c h a n g i n g t h e t e r m i n a t i o n p r o p e r t i e s of be. R a t h e r t h a n c a r r y i n g t h i s o u t fo rmal ly (wh ich w o u l d 
involve going in to t h e t echn ica l de t a i l s of t h e finite c losure t r a n s f o r m a t i o n m e t h o d ) , we will m a k e 
in fo rma l a r g u m e n t s c o n c e r n i n g t h e o r d e r of dep th - f i r s t s e a r c h t r a v e r s a l . T h e spec ia l i za t ion p r o c e s s 
will be m o r e difficult t h a n in p r e v i o u s e x a m p l e s b e c a u s e we will need t o m a k e use of a u x i l i a r y 
l e m m a s c o n c e r n i n g g r a p h s a n d t r e e s . 

W e s t a r t b y a s s u m i n g t h e edge given to be is a t r e e edge a n d t h a t p r e v i o u s t r e e edges h a v e 
a l r e a d y been t r a v e r s e d in dep th - f i r s t s e a r c h o r d e r . O u r a p p r o a c h will be t o cons ide r a v a r i e t y of 
cases for t h e b o d y of t h e u n i o n , d e p e n d i n g on t h e t y p e of t h e edge {v,w). Reca l l f rom Sec t i on 
2 t h a t a n u n d i r e c t e d g r a p h edge is e i t h e r a t r e e edge , a r eve r se t r e e edge , a f o r w a r d f rond , or a 
reverse f rond . T h e first s t e p is to i n t r o d u c e a c o n d i t i o n a l in to t h e b o d y of t h e u n i o n to d i s t i n g u i s h 
t h e four cases . O u r goal will be to s impl i fy th i s def in i t ion in such a w a y t h a t be is ca l led r ecur s ive ly 
for t r e e edges only and t h a t t h e edges a r e t r a v e r s e d in a dep th - f i r s t s e a r c h o r d e r . 

|[u->t>I bc{(u,v)) <= 
{(u, v)} U {J(V>W)€E{ V W ^ e n (it pathv(u, w) t h e n bc((v, w)) e lse 0) 

e lse i f u — w t h e n (if pathv(u, w) t h e n bc((v, w}) e lse 0) (4.5) 
e lse i f v -f* w t h e n (if pathv(u, w) t h e n bc((v,w)) else 0) 
e lse [it; -** vj (if pathv(u, w) t h e n bc((v, w)) else 0) ) 

We h a v e d i s t r i b u t e d t h e path t e s t i n t o t h e four cases . W e n o w cons ide r each of t h e cases in

d i v i d u a l l y . 

S u p p o s e u = w; t h a t is, w is t h e f a t h e r of v. In t h i s case pathv(u,w) is t r iv ia l ly t r u e , so 
we m u s t c o m p u t e be((v,w)). B u t (v,w) = (u,v), a n d we a r e a l r e a d y c o m p u t i n g bc((u,v)), so ( b y 
o u r finite c losure a r g u m e n t ) we r ep l ace t h e new be call by 0. To s impli fy n o t a t i o n , we also a p p l y 
t r a n s f o r m a t i o n s so be is pa s sed two a d j a c e n t ve r t i ce s , r a t h e r t h a n t h e e d g e b e t w e e n t h e m . 

Ju v} bc(u, v) <= 
{{u, v)} U \J(v,w)€E(it v -> w t h e n (if pathv(u, w) t h e n bc(v, w) e lse 0) 

e lse i f u = w t h e n 0 (4-6) 
e lse i f v w t h e n (if pathv(u, w) t h e n bc(v} w) e lse 0) 
else |iy -f* v]j (if pathv(u, w) t h e n bc(v, w) e lse 0)) 

W e n e x t cons ide r t h e case of a r eve r se f rond v -*+ w. In th i s case , pathv(u,w) is a l w a y s t r u e 
s ince v is a d i r e c t d e s c e n d e n t of u a n d w is a n a n c e s t o r of u. W e m u s t t h e r e f o r e i n c l u d e be(v, w). 
N o w (v,w) is n o t a t r e e edge , so t h i s r ecu r s ive call will n o t be in t h e spec ia l ized fo rm. W e t h e r e f o r e 
e x p a n d t h e def in i t ion of be in t h i s c o n t e x t a n d s impl i fy b a s e d on t h e a s s u m p t i o n s . S ince w is a n 
a n c e s t o r of u a n d t h e r e is a n edge a d j a c e n t to w a l r e a d y k n o w n to be in t h e s a m e c o m p o n e n t 
as (u,v), we can (by t h e finite c lo su re a r g u m e n t a n d b y t h e a s s u m p t i o n of d e p t h - f i r s t o r d e r of 
t r a v e r s a l ) r ep l ace all t h e r ecu r s ive be cal ls f rom w b y 0 a n d r e t a i n on ly t h e s ingle e d g e (v, w). 
O b s e r v e t h a t t h i s impl ies all r eve r se f ronds f rom a v e r t e x a r e co l lec ted a t t h a t v e r t e x . 
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T h e t h i r d case , w v , r e d u c e s t o 0. In t h i s case (v,w) is a fo rwa rd f rond , a n d t h e r e m u s t be 
a v e r t e x t such t h a t t is a n a n c e s t o r of w a n d s u c h t h a t v —• £ h a s a l r e a d y been t r a v e r s e d . N o w , if 
(v, w) is in t h e s a m e c o m p o n e n t a s (u,v), t h e n i t will h a v e been found a l r e a d y (by t h e i m m e d i a t e l y 
p roceed ing case a n d by t h e a s s u m p t i o n of d e p t h - f i r s t o r d e r of t r a v e r s a l ) . If n o t , t h e n t h e path t e s t 
wou ld fail aijd t h e re su l t wou ld be 0. T h u s , t h e re su l t is 0 for b o t h poss ib le e v e n t u a l i t i e s . 

T h e final case t u r n s o u t t o ve ry easy . If (v, w) is a t r e e edge , t h e n t h e r ecu r s ive call t o be is 
a l r e a d y in t h e spec ia l ized fo rm. 

W e t h u s o b t a i n t h e following finitary def in i t ion . 

|u -> v] bc(u, v) «= 
{(«, v)} U U / v , w > € s ( i f v ™ t h e n ( i f Pathv{u> ™) then |[v — w]] 5c(w, w) 

e l 8 C 0 ) (4.7) elseif u = then 0 
elseif v w then { ( v , i t ; ) } 
else [ t i ; vj 0) 

T h e r e a r e two wa ys in w h i c h t h e b i c o n n e c t e d c o m p o n e n t s a l g o r i t h m can now be i m p r o v e ^ . 
F i r s t , t h e path t e s t in be cou ld be m a d e m o r e efficient, a n d , second , t h e def in i t ion of bcomps could 
be i m p r o v e d to avoid co l lec t ing r e d u n d a n t c o m p o n e n t s . 

A r t i c u l a t i o n e d g e s . T h e i m p r o v e m e n t of t h e b i connec t i v i t y a l g o r i t h m bcomps d e p e n d s on 
t h e fol lowing l e m m a . 

L E M M A 4 . 1 . L e t G be a n u n d i r e c t e d g r a p h w i t h dep th - f i r s t s e a r c h forest F. E v e r y b i c o n n e c t e d 
c o m p o n e n t B c o n t a i n s a u n i q u e t r e e edge u —• v, ca l led t h e articulation edge, such t h a t u is a n 
a n c e s t o r of every v e r t e x in t h e edges of B. 

T h i s l e m m a h a s two useful c o n s e q u e n c e s . 

(1) E v e r y t r e e edge leav ing t h e r o o t s of t h e t r e e s in a dep th - f i r s t s ea r ch fores t is an 
a r t i c u l a t i o n edge . 

(2) If u —• v a n d v —> w, t h e n 

pathv(u,w) if a n d on ly if (v,w) is n o t a n a r t i c u l a t i o n edge . 

An i m m e d i a t e a p p l i c a t i o n of t h e l e m m a is to t h e or ig ina l def ini t ion of bcomps. S ince every 
b i c o n n e c t e d c o m p o n e n t h a s a u n i q u e a r t i c u l a t i o n edge a s soc ia t ed w i t h i t , bcomps c a n be modif ied 
to call be for a r t i c u l a t i o n edges on ly . Le t aedges be t h e se t of a r t i c u l a t i o n edges . 

bcomps <= U { U f V ) e a e d g e s v}{bc{u,v)} (4.8) 

N o t e t h a t s ince every a r t i c u l a t i o n edge is a t r e e edge a n d s ince t h e se t of b i c o n n e c t e d c o m p o n e n t s 
is a p a r t i t i o n of t h e se t of edges , t h e spec ia l ized vers ion of be can be app l i ed h e r e . 

C o l l e c t i n g b i c o n n e c t e d c o m p o n e n t s . S ince a r t i c u l a t i o n edges a r e t r e e edges , we will 
a t t e m p t t o col lect t h e m in a s ingle d e p t h - f i r s t s e a r c h . W e a s s u m e , aga in , t h a t t h e t r e e edges a r e 
a l r e a d y so classified a n d , in a d d i t i o n , we a s s u m e t h a t root(r) is t r u e if r is a r o o t in t h e dep th - f i rs t 
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s e a r c h fores t . T h e a l g o r i t h m be low r e d u c e s t h e p r o b l e m to t e s t i n g i n d i v i d u a l t r e e edges us ing a 

p r e d i c a t e AEDGE. 

aedges < = U , o c * ( r ) ( {(»•>«)} U ae{r,s)) 
r — > a 

(4.9) 
[u vj ae(u, v) *= (J w € A < t f ( v ) ( i f aedge(u, iu) t h e n {(v, w)} U ae(v, w) 

v ~ * w e l seae(v , t i ; ) ) 

T h e second c o n s e q u e n c e of t h e l e m m a e n a b l e s r e p l a c e m e n t of t h e t e s t 4 a e d g e ( v , w ) ' b y t h e t e s t 

I t is now a n a t u r a l s t e p t o m e r g e t h i s s e a r c h for a r t i c u l a t i o n edges w i t h t h e a l g o r i t h m BCOMPS 

for co l lec t ing t h e edges of i n d i v i d u a l c o m p o n e n t s . T h e fol lowing a l g o r i t h m r e s u l t s a f te r an o b v i o u s 

spec i a l i za t ion s t e p . 

bcomps < = U « x > f ( r ) ( 0 > c ( r > * ) } U ae (r ,a ) ) 

Ju -> ae(u, v) <= U - u ; e A d j ( v ) aedge(v, w) t h e n {6c(v, w)} U ae(v, w) ^ ^ 
v ~ * w e lse ae(v, w)) 

T h e func t ion a e n o w r e t u r n s a se t of b i c o n n e c t e d c o m p o n e n t s . 

I t is c lear f rom t h e s t r u c t u r e of t h i s a l g o r i t h m t h a t i t w o u l d be a d v a n t a g e o u s t o m e r g e t h e 
c o m p u t a t i o n s of a e a n d B E . W e do t h i s by d e v e l o p i n g a n expres s ion p r o c e d u r e for t h e p a i r 

LU —* V\ (BC(U, V), AE(U, V)). 

T h e r e su l t of t h i s p r o g r a m will be a p a i r of s e t s . T h e first is t h e se t of edges of t h e c u r r e n t 

c o m p o n e n t a c c u m u l a t e d t h u s far; t h e s econd is t h e se t of c o m p o n e n t s a c c u m u l a t e d t h u s far . Af t e r 

s u b s t i t u t i o n a n d s impl i f ica t ion , we o b t a i n 

bcomps < = U r o o / ( r ) ( { B } U A w h e r e ( B , A ) = (bc{r, a), ae(r, s)) ) 
r—+s 

[ t a -> vj (bc(u, v)y ae(u, v)) 
({(UyV)} U BY A ) 

w h e r e 
{BY A) = ( U , U)weAdj{v) 

(ifv->w t h e n ( i f ^pathv{uf w) ( 4 J 1 ) 
t h e n laedge(vy w)} (0, { B 1 } U A 1 ) 
else (B'YA*)) 

w h e r e {B'YA!) = \v - • W\ (bc(v,w)yae(vyw)) 

e lse i f u = W t h e n (0,0) 
e l se i f v W t h e n ({(v, w)} , 0) 
e lse (0,0)) . 

(We have , in t h i s e x a m p l e , i n t r o d u c e d a n e w n o t a t i o n for t h e s i m u l t a n e o u s a c c u m u l a t i o n of s e t s . 

S u p p o s e t h e func t ion / r e t u r n s a pa i r of s e t s . T h e n t h e n o t a t i o n 

( U , U > . 6 3 ( / ( « ) ) 

desc r ibe s a pa i r of se t s a n d y ie lds t h e s a m e r e su l t a s 

< l U s (FIRST[F(W)]), l L e S (SECOND[F(W)])) , 
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w h e r e first a n d second se lect t h e c o r r e s p o n d i n g e l e m e n t s of a pa i r . ) 

W e c o m p l e t e t h e spec ia l i za t ion s t e p by r e n a m i n g t h e pa i r t o a s imp le n a m e , ba. 

bcomps <= U , o o » ( r ) ( { # } U A where (B,A) = ba(r,s)) 
r—+3 

ba(u, v) «= 
({(u,v)}\jB,A) 

where (B,A) = (U, U)weAdj{v) 

( if v —• w 
then ((if ipathv{u, w) (4-12) 

then laedge(v, w)j (0, {B 7 } U A 7 ) 
else ( B ' , A ' ) ) 

where (B ' , A') = ba{v,w)) 
elseif u = w then (0,0) 
elseif v -*+ w then ({(v, tu)}, 0) 
else (0, 0) ) . 

I t now r e m a i n s to de r ive a m e t h o d for efficiently t e s t i n g -ipathv(u,w). 

F i n d i n g a r t i c u l a t i o n e d g e s . In o r d e r to i m p l e m e n t t h e path t e s t efficiently, w e need a 
second t e c h n i c a l l e m m a . 

L E M M A 4.2 . L e t G be a n u n d i r e c t e d g r a p h w i t h d e p t h - f i r s t s e a r c h fores t F a n d le t u —• v a n d 
v —• w be edges in F. T h e n 

pathv(u, w) = ( 3 s , t) (u >2 t At s A s > w) 

= ( 3 s , t)(v >- f A f o s A s >: w ) . 

T h a t is, t h e r e is a p a t h f rom u to w avo id ing v exac t ly w h e n t h e r e is a f rond e x t e n d i n g f rom 
a d e s c e n d e n t s of w to a p r o p e r a n c e s t o r t of v. 

O u r goal is t o c o m p u t e t h i s t e s t efficiently in t h e c o u r s e of a s ingle dep th - f i r s t s e a r c h . T h e 
key in s igh t a t t h i s p o i n t is t o r e p r e s e n t t h e set of poss ib le va lues of t s u c h t h a t t *f> s a n d s >^ w b y 
a s ingle v a l u e — t h e m o s t r e m o t e a n c e s t o r found t h u s far . If t h i s a n c e s t o r t u r n s o u t t o be a p r o p e r 
a n c e s t o r of v, t h e n t h e r e is i n d e e d a p a t h avo id ing v f rom u ( t h e f a t h e r of v) t o w (a son of v). 

In o t h e r w o r d s , we seek to c o m p u t e s o m e t h i n g l ike 

low(w) <= m i n ^ ( { £ | (3s) 3 -s-> t A s > w}) . 

U n f o r t u n a t e l y , b e c a u s e t h e e l e m e n t s of t h e se t a r e n o t a lways pa i rwi se c o m p a r a b l e , t h i s m i n i m u m 
is n o t well def ined. I t is t h e case , however , t h a t e ach e l e m e n t of t h e se t is e i t he r a n a n c e s t o r or a 
d e s c e n d e n t of w. F u r t h e r m o r e , all a n c e s t o r s of w a r e t h e m s e l v e s pa i rw i se c o m p a r a b l e . S ince v is a n 
a n c e s t o r of w a n d s ince we a r e only i n t e r e s t e d in t t h a t a r e p r o p e r a n c e s t o r s of v, d e s c e n d e n t s of w 
c a n be ignored d u r i n g s ea rch . W e i m p l e m e n t t h i s i m p r o v e m e n t by m e a n s of a s imp le modi f i ca t ion 
to t h e above spec i f ica t ion . T h i s modi f i ca t ion is easi ly seen to follow f rom t h e l e m m a . 

low(w) 4 = m i n ^ ( {w} U {t I (3s) s t A s >: w} ) (4.13) 
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N o w , v >- low(w) if a n d only if pathv(u,vj). In o t h e r w o r d s , v —• w is a n a r t i c u l a t i o n edge if a n d 

only if low(w) >: v. 

In o r d e r t o deve lop a dep th - f i r s t s e a r c h a l g o r i t h m for c o m p u t i n g low, we s e p a r a t e t h e c o m 

p u t a t i o n in to two s t a g e s . 
low(w) <= m'm^({w\ U lowset(w)) 

(4.14) 
lowset(w) 4= {t | (3s) s -++ t A s > w} 

L o w s e t c o m p u t a t i o n . W e o b s e r v e first t h a t {s | s >z w} is exac t l y dfs(w). W e recal l t h e 

def in i t ion of dfs f rom Sec t ion 2. 
b e g i n p <- 0 / / pre[K] <- 0; S 4 - dfs(ry A); (S ,pre [F]) e n d 

[w v] d/s(u, v) <= 
b e g i n 

pre[v] p «— p -f 1; 
W u u ^ € A d J ( v ) ( i f P r e M = o t h e n ( 4 - 1 5 ) 

else i f w = u t h e n [it; —> vj 0 
e lse i f pre[v] > pre[tu] t h e n [[v - r > iu]] 0 
else |u> - r > vj 0 ) 

e n d 

(In o r d e r t o m a i n t a i n c o n s i s t e n t n o t a t i o n in t h i s sec t ion , w e a r e us ing a s l ight ly different v e r t e x 

l abe l ing c o n v e n t i o n t h a t of Sec t ion 2.) 

S ince dfs r equ i r e s a f a t h e r p a r a m e t e r , w e revise s l ight ly ou r def in i t ion of lowset. 

lu -> t;J lowset{uy v) <= {t \ {3s) s -+> t A s G dfs(u, v)} (4.16) 

A s before, w e a s s u m e u —> v. W e also a s s u m e t h a t a spec ia l va lue A is pas sed for u w h e n v is a 

r o o t . (We a r e r e n a m i n g p a r a m e t e r s t o b e c o n s i s t e n t w i t h t h e i r s u b s e q u e n t usage . ) 

D i r e c t s u b s t i t u t i o n for dfs in t h e def in i t ion of lowset a n d p r e l i m i n a r y s impl i f i ca t ion y ie ld t h e 

express ion p r o c e d u r e , 
lu vj {t I (3s) s t A s G dfs(uy v)} *= 

b e g i n 
pre[v] <— p <— p + 1; 
{* I (3a) 3 - h * A a G {v}} 

U 0 | (33) s ^ t A se [JweAdj(v) ( 4 . 1 7 ) 
(if pre[ty] = 0 t h e n [v —• w] d/s(v, iy) 

e lse i f it; = u t h e n [it; -> v]j 0 
e l se i f pre[v] > prc[w] t h e n Jv - 4 * it;] 0 
else Jit; vj 0 ) } 

e n d . 
We now d i s t r i b u t e t h e se t a b s t r a c t i o n i n to t h e u n i o n a n d c o n d i t i o n a l a n d s impl i fy . 

I {t I (3s) s -f> t A s G cf/s(u. v)} <= 

b e g i n 
pre[v] 4 - p + - p + l ; 
{* I v t} 

U U ^ e A d y ( v ) ( i f P r e H = 0 (4.18) 
t h e n [u -> it;] {t \ (3s) s - r * t A s G ctfs(v, u;)} 

else i f w = u t h e n Jit; —• v] 0 
e lse i f pre[v] > pre [it;] t h e n J v i t ; ] ] 0 
else [lu vj 0 ) } 

e n d . 
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F i n a l l y , we c a n f o r m a r ecu r s ion . A s before , we do t h i s b y r e n a m i n g all i n s t a n c e s of t h e se t 
a b s t r a c t i o n to a s i m p l e n a m e . 

lowset(u, v) 
b e g i n 

pre[v] * - p ^ - p + l ; 
{t\v-»t} 

U UweAdj(v)iirPrelw] = 0 t h e n lv-+w} lowset{v,w) (4.19) 
e lse i f w ==• u t h e n [w —• vj 0 
e lse i f pre[u] > pre[tu] t h e n [v - f > t w ] 0 
e lse [ t u - r * 0 ) } 

e n d 

N o w since {t \ v - h * t} is e q u i v a l e n t t o 

U W € A d j ( w ) ( i f v w t h e n i w ) e l s e 0)> 

we s u b s t i t u t e t h i s i n t o A l g o r i t h m 4.19, m e r g e t h e u n i o n s , a n d s impl i fy on t h e bas i s of t h e a s s e r t i o n s 
to o b t a i n t h e final lowset p r o g r a m . 

lowset(u, v) 
b e g i n 

pre.[v) «- p «- p + 1; 
UwezAdj(v)iiT Pre[w] = 0 t h e n [v -> /owsef(t;, w) ^ . 

else i f w — u t h e n [ i t ; —• vj 0 v • ; 
else i f pre[v] > pre[w] t h e n [v - s + ti;J { t y } 
else [ t i ; - ? > v j 0 ) } 

e n d 
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L o w c o m p u t a t i o n . A s imi la r spec i a l i za t ion s e q u e n c e is n o w used t o t r a n s f o r m t h i s a l g o r i t h m 

in to a p r o g r a m for low(u, v), def ined 

[ii —• v] low(u, v) <= min>_({t;} U lowset(u,v)). 

W e o b t a i n 

low(u, v) <= 
b e g i n 

pre[v] <r-p*-p+l; 
m i n i i > 6 A « * y ( t o ( min(v,(if pre[w] = 0 t h e n |v -+ ti;] /ow(v, tu) , 4 2 p 

e lse i f w = u t h e n [u> —• co J 

e lse i f pre[v] > pre[tu] t h e n [v -** tu]] tt; 
e lse lw uj oo )) ) 

e n d 

(Here oo d e n o t e s a m a x i m a l v e r t e x va lue ; n o t e t h a t v wou ld do.) A n i m m e d i a t e s impl i f ica t ion is 

t o d i s t r i b u t e t h e i n n e r ' m i n ' i n to t h e c o n d i t i o n a l . 

low(uy v) <= * 
b e g i n 

pre[v] < ~ p ^ - p + l ; 
m'mweAdj(v) ( i f P r e M = 0 t h e n l v ~+ ™E min(v, /ow(v, w)) ^ 

e l se i f w = u t h e n [u> —* u]] t? 
e lse i f pre[v] > pre [tu] t h e n [v h+tt;]| min(v,tt;) 
e lse |tu - f > vj v ) 

e n d 

U s i n g p r e o r d e r n u m b e r s . Reca l l t h a t a c c o r d i n g t o t h e l e m m a , if low(v, w) is a d e s c e n d e n t 

of v, t h e n v —* w is a n a r t i c u l a t i o n e d g e . F u r t h e r m o r e , i t is a lways t h e case t h a t t h e r e su l t of 

low is a n a n c e s t o r or a d e s c e n d e n t of v, so we c a n t e s t t h e r e l a t i on us ing t h e p r e o r d e r n u m b e r i n g . 

T h i s p r o m p t s u s t o specia l ize t h e def in i t ion of low t o r e t u r n p r e o r d e r n u m b e r s r a t h e r t h a n ve r t i c e s . 

A f t e r severa l s t r a i g h t f o r w a r d t r a n s f o r m a t i o n s , we o b t a i n 

low(u, v) <= 
b e g i n 

m +— pre[v] ^ - p * - p + l ; 
for w G Adj(y) d o 

if pre[w] = 0 t h e n b e g i n [v —> tuj 
m <— min(m,^) / / 
(if / > pre[v] t h e n j[aec/ge(t;, w)J ) (4.23) 

e n d 
w h e r e t = low(v, w) 

elsei f w = u t h e n [tt; —• v ] 

e lse i f pre[v] > pre[iu] t h e n -** tt;J m <— min(rn, pre[ty]) 

else Ju/ - h - vj ))) 
e n d . 

(We h a v e a d e d a n a s s e r t i o n n o t i n g w h e n a r t i c u l a t i o n edges a r e found . ) N o t e t h a t t h e r e is no a c t i o n 

for two b r a n c h e s of t h e c o n d i t i o n a l . 
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C o l l e c t i n g c o m p o n e n t s , r e v i s i t e d . A r m e d w i t h th i s efficient m e t h o d of l oca t i ng a r t i c u l a 
t ion edges , we recall t h e bcomps a l g o r i t h m de r ived ea r l i e r . T h a t a l g o r i t h m s i m u l t a n e o u s l y col lec ts 
t h e se t of b i c o n n e c t e d c o m p o n e n t s a n d t h e se t of edges in t h e c u r r e n t c o m p o n e n t . W e now s h o w 
h o w t h i s a l g o r i t h m c a n be m e r g e d w i t h low to o b t a i n a n a l g o r i t h m t h a t s i m u l t a n e o u s l y col lec ts 
edges in t h e c u r r e n t c o m p o n e n t , co l lec t s b i c o n n e c t e d c o m p o n e n t s , a n d keeps t r a c k of t h e c u r r e n t 
low va lue . T h e r e s u l t i n g a l g o r i t h m , wh i l e s o m e w h a t c o m p l i c a t e d , is ve ry efficient, r e q u i r i n g t i m e 
l inea r in t h e n u m b e r of ve r t i ces a n d edges . 

W e s t a r t b y s u b s t i t u t i n g to o b t a i n a n expres s ion p r o c e d u r e for t h e exp re s s ion 

(ba(u, v), low(u, v)) . 

Af te r s impl i fy ing a n d r e n a m i n g , we o b t a i n 

bcomps <= 
b e g i n 

p r e [ V ] o / / p - 0; 

U , o o < ( r ) ( { S } U A w h e r e (B,A,l) = balow{r,s)) 

e n d 

balow(u, v) <= 
b e g i n var m ; 

m <— pre[v] «— p «— p -f 1; 
( { ( t * , t / ) } U B, A, m) 

w h e r e (B,A) = {\J,\J)weAdj(v) 

( if pre[w] = 0 
t h e n ( l e t ( B ; , A',£) = balow(v, w) in u 24) 

if t > pre[v] 
t h e n b e g i n 

m 4 — min(m, l)\ 
(0,{B'}UA>) 

e n d 
else 

e lse i f pre[u;] < pre[v] A w 7^ u 
t h e n b e g i n 

m <— min(m, pre[u>]); 
( { ( V , W ) } , 0 ) 

e n d 
else (0,0)) 

e n d . 

( T h i s a l g o r i t h m r e t u r n s a t r i p l e i n s t e a d of t w o n e s t e d pa i r s . ) W e n o w h a v e a l i n e a r - t i m e a l g o r i t h m 
for c o m p u t i n g t h e se t of b i c o n n e c t e d c o m p o n e n t s in a n u n d i r e c t e d g r a p h . 
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T h e b i c o n n e c t i v i t y a l g o r i t h m . I t is t r a d i t i o n a l in p r e s e n t a t i o n s of t h e b i c o n n e c t e d com
p o n e n t a l g o r i t h m t h a t c o m p o n e n t s be e m i t t e d a s t h e y a r e f o u n d , r a t h e r t h a n col lec ted exp l ic i t ly 
(as t h e y a r e in t h e second c o m p o n e n t of t h e r e su l t of balow). T h e t r a d i t i o n a l p r e s e n t a t i o n c a n 
be de r ived easi ly u s ing t r a n s f o r m a t i o n s t h a t i n t r o d u c e o p e r a t i o n s on g loba l s t a t e a n d e l i m i n a t e 
c o r r e s p o n d i n g o p e r a t i o n s on expl ic i t r e s u l t s . ( T h e finite c lo su re t r a n s f o r m a t i o n m a k e s i m p l i c i t u se 
of s u c h t r a n s f o r m a t i o n s . A g a i n , we do n o t go i n t o d e t a i l s of t h e t r a n s f o r m a t i o n m e t h o d h e r e ; 
r a t h e r , we p r e s e n t t h i s a n d t h e n e x t t r a n s f o r m a t i o n s t e p in a n i n f o r m a l m a n n e r . ) 

T o c a r r y o u t t h e t r a n s f o r m a t i o n , w e d i s t i n g u i s h all o p e r a t i o n s t h a t d i r e c t l y change t h e ac 

c u m u l a t e d va lue of t h e s econd r e s u l t . T h e r e is (essent ia l ly) on ly o n e p lace w h e r e t h i s h a p p e n s , 

w h i c h is w h e n Bf is a d d e d to A' in t h e i n n e r m o s t c o n d i t i o n a l . T h e effect of t h e t r a n s f o r m a t i o n is 

t o a s s e r t t h a t B1 is a b i c o n n e c t e d c o m p o n e n t a t t h a t p o i n t . 

bcomps <= 
b e g i n 

pre[V] «- 0 / / p «- 0; 
for r £ V d o (if pre[r] = 0 t h e n balow(A, r)) 

e n d 

balow(u, v) 4 = 
b e g i n var TO; 

m <— pre[v] «— p «— p + 1; 
{B,m) 

w h e r e B = \JweAdj(v) 
(if pre [w] = 0 

t h e n ( l e t (Bf, /) — balow(v, w) in 
l e t B " = BfU{{u,v)}\n (4.25) 

if I > pre[v] 
t h e n b e g i n \BU is a component] 

m <— min(m, I)] 
0 

e n d 
else B11 ) 

e lse i f pre[w] < pre[v] A w ^ u 
t h e n b e g i n 

m ^— min(m, pre[w]); 
{{v, w)} 

e n d 
else 0) 

e n d 

(We h a v e , in a d d i t i o n , " r o t a t e d " t h e o u t e r m o s t u n i o n t o t h e cal ler ; t h i s a l lows m o s t of t h e top- level 

l oop of bcomps t o b e i n c o r p o r a t e d i n t o balow.) In t h i s p r o g r a m , bcomps is e x e c u t e d on ly for i t s 

side-effect of e m i t t i n g c o m p o n e n t s ; i t s va lue c a n b e is i g n o r e d . 
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A final t r a n s f o r m a t i o n . A l t h o u g h i t is n o t a neces sa ry p a r t of o u r d e v e l o p m e n t , a s imi l a r 
t r a n s f o r m a t i o n c a n be c a r r i e d o u t t o e l i m i n a t e t h e first r e su l t . In t h e p r io r e x a m p l e , t h e n e t effect 
on s t a t e of a c c u m u l a t i n g t h e se t of b i c o n n e c t e d c o m p o n e n t s p roved t o be v e r y s imp le ; b i c o n n e c t e d 
c o m p o n e n t s we re s i m p l y a d d e d t o t h e se t a s t h e y w e r e found . In t h i s case , however , t h e n e t 
c h a n g e s to s t a t e c o r r e s p o n d i n g t o t h e w a y t h e e d g e se t (v iewed g lobal ly) is a c c u m u l a t e d h a v e a 
s t a c k - l i k e d i sc ip l ine ; t h i s is a r e su l t of ou r t r a n s f o r m a t i o n of m e r g i n g be a n d a e . T h e difficulty 
h e r e is t h a t i t is n o t k n o w n w h e t h e r t h e edges found b y t h e i n n e r m o s t call t o balow a r e p a r t of t h e 
c u r r e n t c o m p o n e n t un t i l t h e low v a l u e is t e s t e d . T h e t r a n s f o r m a t i o n m e t h o d p r o v i d e s a m e a n s for 
i n t r o d u c i n g m e c h a n i s m (in t h e form of d a t a s t r u c t u r e ) to keep t r a c k of t h e s e c h a n g e s in va lues . 

T h e r e a r e t h r e e p laces w h e r e t h e a c c u m u l a t e d se t of edges is modif ied or u sed . A t t w o of t he se , 
a n edge is a d d e d t o t h e c u r r e n t s e t . T h e t h i r d , in t h e i n n e r m o s t c o n d i t i o n a l , r e su l t s in t h e poss ib le 
r e m o v a l of a n u m b e r of edges f rom t h e a c c u m u l a t e d se t ( d e p e n d i n g on t h e low va lue ) . T h e s e edges 
a r e t h o s e t h a t h a v e been m o s t r e cen t l y a c c u m u l a t e d , however , a n d t h e y a r e all d i s t i n c t . T h e d a t a 
s t r u c t u r e t h a t r e s u l t s is t h u s a s t a c k , a n d t h e fol lowing a l g o r i t h m is o b t a i n e d . 

bcomps <= 
b e g i n 

p r e ^ ] <— 0 / / p «— 0 / / s t a cks -empty ; 
for r£V d o (if pre[r] = 0 t h e n balow(A, r)) 

e n d 

balow(u, v) <= 
b e g i n var TO; 

TO <— pre[v] *— p «— p -h 1; 
for w € Adj[v) d o 

if pre [w] = 0 
t h e n b e g i n 

Push (v, w); 
l e t I = balow(v, w) in 

if I > pre[v] 
t h e n b e g i n 

TO <— min(m, t); 
Pop to (v, w) 

e n d 
e n d 

e l se i f pre[tu] < pre[v] A w ^ it 
t h e n b e g i n 

TO min(TO, pre[ie;]); 
^ Push (v, w) 
^ n d ; 

TO 
e n d 

(4.26) 

riwnt^Vr^^' 7°f t 0 { V ' W ) ' P ° P S a " e d g G S ° n t h e S t a c k U P t 0 a n d i n c l u d - g t h e edge [v, w) a n d e m i t s t h i s se t of edges a s a b i c o n n e c t e d c o m p o n e n t . 
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5 . C o n c l u s i o n s . 

T h i s w o r k is a s t e p t o w a r d s d e v e l o p i n g a n e w p a r a d i g m for t h e p r e s e n t a t i o n a n d e x p l i c a t i o n 
of c o m p l e x a l g o r i t h m s a n d p r o g r a m s . I t s e e m s t o u s insuff icient t o s i m p l y p r o v i d e a p r o g r a m or 
a l g o r i t h m in final f o r m on ly . E v e n w i t h " a d e q u a t e " d o c u m e n t a t i o n a n d proof, t h e final c o d e c a n n o t 
b e a s r evea l i ng t o t h e i n t u i t i o n as a d e r i v a t i o n of t h a t c o d e f r o m in i t i a l spec i f i ca t ions . 

Idea l ly , a m e c h a n i c a l p r o g r a m m i n g e n v i r o n m e n t s h o u l d s u p p o r t t h e p r o g r a m m e r in t h e p r o c e s s 

of b u i l d i n g d e r i v a t i o n s . 

In a specific p r o b l e m d o m a i n , s u c h a s g r a p h a l g o r i t h m s , c e r t a i n f ac t s a n d f u n d a m e n t a l al
g o r i t h m s s h o u l d be ava i l ab le for access . T h e va lue of t h i s s t o r e of f ac t s s h o u l d n o t b e u n d e r e s 
t i m a t e d . In o u r d e r i v a t i o n s , for e x a m p l e , c e r t a i n a l g o r i t h m s w e r e r e p e a t e d l y u s e d a s p a r a d i g m s for 
t h e d e v e l o p m e n t of o t h e r a l g o r i t h m s . T h i s k i n d of ana log ica l d e v e l o p m e n t is s imi l a r in h e u r i s t i c 
c o n t e n t t o t h e g o a l - d i r e c t e d t r a n s f o r m a t i o n of a l g o r i t h m s r e q u i r e d t o c a r r y o u t t h e l o o p m e r g i n g 
o p t i m i z a t i o n or in o r d e r t o c r e a t e r e c u r s i v e cal ls d u r i n g s p e c i a l i z a t i o n . 

W e a r e sti l l ve ry far f r o m a u t o m a t i n g t h e h e u r i s t i c s ide of t h e d e r i v a t i o n p rocess . In fac t , we 
a r g u e t h a t a t t h i s p o i n t o u r efforts a r e b e t t e r d i r e c t e d a t d i s cove r ing a n d exerc i s ing useful t r a n s f o r 
m a t i o n s , d e v e l o p i n g f o u n d a t i o n s for p r o v i n g t h e i r c o r r e c t n e s s , a n d d e v e l o p i n g too l s for interactive 
p r o g r a m d e v e l o p m e n t t h a t c a n m a k e a p p r o p r i a t e u se of o u t s i d e doma in - spec i f i c k n o w l e d g e . F o r 
e x a m p l e , i t a p p e a r s t h a t once t h e n e c e s s a r y o u t s i d e l e m m a s a r e s t a t e d a n d p r o v e d , on ly a m o d e s t 
d e d u c t i o n c a p a b i l i t y w o u l d be r equ i r ed in s u c h a p r o g r a m m i n g e n v i r o n m e n t ; i t w o u l d b e u s e d 
m a i n l y to e s t a b l i s h p r e c o n d i t i o n s for t r a n s f o r m a t i o n s a n d a p p l i c a t i o n of l e m m a s . 

F i n a l l y , b y s t o r i n g p r o g r a m d e r i v a t i o n s a s d a t a s t r u c t u r e s in a p r o g r a m d e v e l o p m e n t s y s t e m , 

program modifications c a n b e c a r r i e d o u t s i m p l y b y m a k i n g c h a n g e s a t t h e a p p r o p r i a t e p l ace s 

in t h e d e r i v a t i o n s t r u c t u r e ; on t h e o t h e r h a n d , if on ly t h e final c o d e is ava i l ab le , t h e c o n c e p t u a l 

h i s t o r y of t h e p r o g r a m m u s t , in effect, b e r e d i s c o v e r e d . 

A c k n o w l e d g e m e n t s . W e t h a n k M a r g a r e t B e a r d a n d G r e g H a r r i s for carefu l r e a d i n g s of t h e 

m a n u s c r i p t a n d for ins igh t fu l c o m m e n t s . 
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