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ABSTRACT
Let in} be a sequence approximating an alge-
braic number o of degree r, and let X4
= w(xi’xi-l""'xi-d¥l)’ for some rational func-
tion o with integral coefficients. Let M denote
the number of multiplications or divisions needed
to compute ¢ and let M denote the number of multi-

plications or divisions, except by constants,

needed to compute ¢, Define the multiplication
log,p
M

efficiency measure of {xi} as E([xD) = or as

- 1ogzp
E({xi]) = ~— —» vhere p is the order of conver-
gence of {xi}. Kung [1] showed that §([xi}) <1

or equivalently, M= logzp. In this paper we show
that (1) H =2 log,[r(fp1-1) + 1] - 15 (ii) if
E({xi}) = 1 then o is a rational number; (iii) if
E({xi}) = 1 then ¢ is a rational or quadratiec ir-
rational number. This settles the question of when

the multiplication efficiency E({xi}) or E({xi})

achieves its optimal value of unity.

1. INTRODUCTION
The effort required to approximate an alge-
braic number should increase with its degree, In
this paper we prove this assertion in & precise

sense, We also show that the optimal efficiency

*This work was supported in part by the National
Science Foundation under grant GJ-32111 and the
Office of Naval Research under Contract
N00O14-67-A-0314-0010, NR 044-422,

of approximation can be achieved only for alge-
braic numbers which have very low degrees; in fact,
degree one or degree two.
Let [xi} be a convergent sequence generated by
Kigg = @ (XX seeesX, 4 q) for some racional
function ¢ with integral coefficients, Let M de-
note the number of multiplications or divisions
needed to compute ¢ and let M denote the number of
multiplications or divisions, except by constants,
needed to compute . Define the multiplication
log,p
efficiency measure of {x,} as E({x,}) = —= or as
i logzp i i M
E({xi}) =g where p is the order of conver-
gence of {xi]. Of course, E({xi}) P4 E([xi}).
Kung [1] showed that E({xi}) < 1, that is,
Mz log,p. In this paper we show that, if {x,) is
a sequence approximating an algebraic number o of
degree r, then
(1) M = logy[r(fp1-1) + 1] - 1,
(1) E({x,)) = 0([logyr}™") as r = =, pro-
vided that we only consider sequences
{xi} of order of convergence p = U, for
some constant U,
(ii1) if E({xi}) = ] then & is & rational
number, .
(iv) if E({xi]) = | then o is a rational or

quadratic irrationmal number,
logzp
A

Another efficiency measure defined as



where A {8 the number of arithmetic operations
needed to compute tp has been studied by Kung and

Traub [2 ]o

2., NOTATION

We work over either the field of real numbers
or the field of complex numbers. If we work over
the field of real numbers, we define the integers
to be the rational integers, for example, 1, -2, 3,
while if we work over the field of complex numbers,
we define the integers to be the Gaussian integers,
for example, 14+3i, 1-i, 3-24. Hence the word
“integers'" in the rest of the paper will refer to
- either the rational integers or the Gaussian inte-
gers depended upon whether the base field is the
field of real numbers or the field of complex num-
bers.

Let I be the integral domain of integers and
let Yyseees¥q be indeterminants over I, Define
I[y],...,yd](l(y]....,yd)) to be the ring (field)
of polynomials (rational functions) in Yyaeees¥y
with coefficients in I.

Let ¢(y1,...,yd) € I(y],...,yd). Define
M(m)(ﬁ(m)) to be the number of multiplications or
divisions (respectively, except by constants)
needed to compute the value of m(y1,...,yd) from an
arbitrary point (y],...,yd).

For every m(yl,...,yd) € I(y],...,yd) define
wi(y],...,yd), i=1,2, to be those two relatively
prime polynomials in I[y],...,yd] such that

Cp] (Y-p---,yd)
m(y seses¥ ) M e—
1 d th(Y].---.Yd)

and define the degree of w(y],...,yd), deg o, to

be max(deg ml,deg “h)' To indicate partial deriva-

w for _Op

. So.
tives of g, we write Do for 3=, D ayiayj'

yi ilj

etc., and let D1®(§1""'§d) and oi’jm(§1,...,§d)

denote the values of Di¢ and Di,jm at (y],....yd)
respectively., The symbol x is also used as an Ln-

determinant over I.

Let o be an algebraic number. ¢ is called an

algebraic number of degree r if

r = min{deg s|s(x) € I[x] and s(a) = 0},

We say o is & rational number if r=1 and « is a

quadratic irrational number if r=2, m(x) € I{x] is

called the minimal polynomial associated with o if

m{y) = 0, deg m = r and m(x) is monic.

Let {xi} be a sequence converging to o such
that e, = |xi-a| # 0 for all i. The sequence
[xi} is of order of convergence p (or {xi] is a

pth order sequence) if

e e
Um <X = 0 and tim 22 £ ¢
{-r eip-s - eip+c

for any ¢ > 0,

For each algebraic number @, define G(a) to
be the class of all sequences {xi} with the follow-
ing properties:

(1) limx, = o and x; # o for all i,
i=a

(ii) [xi} has order p > 1,

(111)‘{x1} is generated by the iteration e,

that is, for some ¢(y],...,yd)

€ I(y],...,yd). X1 " m(xi,...,x )

i-d+]
for 1 2d, with ¢ = @leryeesser).
For any sequence {xi] in G(¢) generated by

the iteration ¢, the multiplication efficiency of

{xi] is defined as

log,p
M

E(x; ) =
by Kung (1], or as

- log,p

Bz, D = —5

by Paterson [3], where M = M(g), M = ﬁ(¢) and p is




the order of convergence of {xi}. Obviously, we

have E(lxi]) < E((xi}). Define

sup | sup E({xi])]

afA(r) {xi]EG(a)

E(r) =

where A(r) is the set of all algebraic numbers of

degree r.

3. STATEMENT OF RESULTS

It follows from the results in Kung [1] that
(3.1 E([xi})_s 1

(hence, E({xi}) < 1) for any {81] € G{a) and for any

algebraic number o.

Theorem 1.

If ¢ is an algebraic number of degree r = 2,

then for any sequence {xi} in G{z) generated by

the iteration e,

(3.2) H 2z logy[r(fpl-1) +1] -1

or equivalently,

(3.3) E({x D = (logyp)/ {log,[x(Jp1-1) +1]-1),

where M = ﬁ(m) and p is the order of convergence of

{xi}.

Since (logzp)/tlcgz[r(rp]-l) +1] -1}1<1
whenever r > 2 and p > 2, (3.3) is a stronger re-
sult than (3.1). Moreover, (3.2) implies that if
we fix p then M 2 1ogzr + ¢ for constant c.

This means that to achieve the same order of con-
vergence we have to use more multiplications or
divisions, except by constants, in each itera-
tion stage when the degree r of the algebraic num-
ber is higher.

Suppose that we only consider sequences {xi]

of order of convergence p = U for some constant

U> 0. (This is the case in practice,) Then
(3.3) implies that

E(r) = 0[(log 1)1 as t = =,
However, Paterson [3] showed that

E(r) = e2r?
and conjectured that

E(r) = O(r-é) as r - o,

It is still an open problem to find how fast

E(r) drops as r - =,

will E([xi]) or E({xi]) achieve its upper
bound of unity? Paterson [3] observed that for
any quadratic irrational number g, there exists
{xi] € G(¢) such that E(in]) = 1. Kung [1] ob-
served that for the rational number -% there
exists {xij € G(-%) such that E({xij) =1,

Iheorem 2.

Let o be an algebraic number of degree r and

let [xi} € G(a). Then

(3.4) r=11if E({xi}) = 1;

(3.5) r=1o0r2if E({xi]) =1,

Corollary 2.1.

(1) o is a rational number if and only if

there exists {xi] € G(g) with E({xi}) =1,

{(ii1) o 1s a quadratic irrational number if

and only if there exists [xi] € Gl

with E({xi}) = 1 and there exists no

[xi} € G(o) with E([xi}) =1,

Proof of Corollary 2.1,

(1) The sufficiency of the condition is al-
ready implied by Theorem 2., Let us therefore
assume that o is a rational number, Define

9lx) = (x-a)z + o. Then clearly g(x) € I(x),



M(gp) = )1 and the sequence {xi} generated by o 1s
of order of convergence p=2. Hence E([xi]) -1,
{i1) The sufficiency of the condition is im-
plied by (i) and Theorem 2. The necessity of the
condition follows from (i) and Paterson's observa-

tion. QED

Corcllary 2.1 answers completely the ques-
tion of when E({xi]) or E({xi]) achieves its opti=
mal value of unity. 1In fact, Corollary 2.1 gives
new characterization theorems for rational and

quadratic irrational numbers.

4, PROOF OF THEOREM 1

Let us first establish three lemmas,

Lemma 1,

If ¥(x) € I(x), ¥(x) # O and if ‘¥

() = 0
for i=0,..., 41, for some algebraic number ¢ of
degree r, then

¥, 00 = q(x) -+ [mGo)?
for some q(x)} € I[x], q{x) £ 0, where m(x) is the

minimal polynomial associated with .

Proof of Lemma 1,

We prove the lemma by induction on f. It 1;
well known that any polynomial in I[x) which has a
zero at ¢ is divisible by m(x). Therefore, if f=1
then the statement of Lemma 1 is true, Assume
that the statement is true for £ £ n. Suppose

that Y(?)

(o) = 0 for i=0,...,n, By the induc-
tion hypothesis Y](x) = w(x) » s(x) for some
w(x) € I[x], w(x) # 0, where s(x) = [m(x)]".

Then ¥(x) = w(x) * t(x) where t(x) = 5 (x) Note

¥, (0)°
that Y(n)(x) = T (2) w(n-i)(x) . t(i)(x). But
O<i=n ’
Y(n)(u) = ) and t(l)(a) = 0 for i=0,,..,n-1, Thus,
W(a)t(“)(a) = 0. Using the fact that m'(q) ¥ 0

and Yz(a) # 0, one can easily verify that
™ (@) # 0. Therefore w(a) = 0. This implies
that there exists v{x) & I[x] such that

W) = v(x) - m(x). Thus, ¥, (O=v(x)e[m(x) ™,
Since w(x) # 0, we have v(x) # 0, The proof by

induction 1s complete. QED

Lemma 2.

Let Q(y],.oo,yd) € I(Yl,...,yd). 1f ©® gen-
erates a pth order sequence in G(o) for some alge-

braic number g, then
(4.1) deg o = (p]
and for any k=1,...,[p]-1,

4.2) D O(ttyeee ) = 0

11""’ik

for all 1 < 11""’ik < d.

Proof of Lemma 2.

Since (4.1) has been shown in Kung [1], we

only prove (4.2}, From Xung [1], we know that

(4.3) tp](Y-ll:---.Yd) - %(yla-°':yd)

-’ T

1
€(Jjaanesid(y,-a) ...
Spheatigerel 1A

3
(yd -Q') d

where the constants c(j],...,jd) are independent of

Vyseees¥ye Since D, L @ =D

ipseensiy
©q =

N i ( ] 0ﬂ§)’ (4.2) follows from (4.3).QED
12eecelyt 9

1,,...,1k(¢‘“)

=D

See Kung[1] for the proof of the following
lemma,

Lemma 3.

I q’(y‘,---,yd) € I(y],...,yd), then

H(o) = log,(deg o).



Proof of Theorem 1.

Let [xi} be a pth order sequence in G{y) gen-
erated by . Since gp(ay...,o0) = o, there exists a
neighborhood N{o,...,a) of (o,...,) such that 0y
does not vanish in N(oy...,o). Choose an open
'interval‘Ia containing o such that Idx...xlu
S N(ayees,a). Then we define a function Q:Id - R
by 3(x) = o(%X,...,%x}). & is well-defined since
9y (Xyeneyx) #0 for x € I Clearly, &(x) € I{x).

Recall that D, denotes the partial derivative of

i
¢ with respect to Yi» and that Diw(x,...,x) de-

notes the value of Dim evaluated at (x,...,x) for
x € Id. Suppose that Diw(x,...,x} = 0 for all

i=1,...,d. Then by the chain rule,

d d
T 3(x) = =p(Xyeeey,Xx) = L D op(Xpen.,x) = 0.
dx dx ’ isisd i

Hence & is a constant on Ia' Since

F(o) ® ployenesa) =

¢](x,...,x)

3(x) = o

¢2(x,...,x) =
for &ll x € Ia' Choose a& rational number ¥ in I .

o

Note that the polynomials wi(x,...,x), i=1,2, have
Py (R, o 00,%) -

integral coefficients. Hence ——w——x i5 a
m2(x,...,x)

rationgl number, This implies that ¢ is a ration-
al number, This is a contradiction. Therefore,
(4.4) Dy 9(Xy..0,%) £0
1

for some 1 = i] < d, Now we define another func-

tion Y:Ia - R by ¥(x) = Di t{X,+s0.,%). Clearly,
1

¥{x) € I(x}., By the chain rule, for k=2,.,,,[p]-1,

?(k-])(x) = T D

150,,...,1 < Lyseees

Then it follows from Lemma 2 that Y(i)(a) = 0 for
i20,...,7p1-2. By {(4.4) ¥(x) # 0. Hence it fol-

lows from Lemma 1 that deg Y= ([pl-1)+deg m

= r{{pl-1), But one can easily see that

deg(Di :p)] z deg Y] and 2deg ¢ 2 deg(Di m)] + 1.
1 1

Hence deg ¢ = [r([pl=1) + 1]1/2, By Lemma 3, we

have M 2 log,(r([p1-1) +1] - 1. QED

5. PROOF OF THEOREM 2

We first establish two auxiliary theorems,

Theorem 3.

Let 3(x) € I(x), and let o be an algebraic
(1)

number, If #(¢) = o and & () = 0, i=1,.,.,p-1,

for p 2 2, then

®(Xy00s,%)
ik

51(1)(0) - Q@z(i)(d) - 0: i=0,,,_,p-l,

Proof of Theorem 3,

We use induction on p, If §(@) = o and
(o) = 0, then @1(a) - a@z(a) = 0 and
3, ()3 (@) ~ &, (D& () = 0; hence
81(a) - o#;(a) = 0. Therefore, the statement of
Theorem 3 is true if p=2, Assume that the state-
ment is true for p < n. Suppose that $(g) = «

1)

and & (o) = 0 for i=1,,..,n. By Lemma 1}

(5.1) 8,(08](x) - & ()83 (x) = q(x)+(m(x)]"

for some q(x) € I[x], where m(x) is the minimal
polynomial associated with . Note that

dn-l
(5.2) ;;;:T[iz(X)Q;(x)-@l(x)Qi(X)]

= 3,08 -3, 08" (0

+ (“{')téé“"'i)(x)¢f1+”<x)
0<i<n-2

- 81D g

Using the fact that m(o) = 0, from (5.1) and (5.2)

we get that

(5.3) 3y (™ ()-8, (@8 (o)



.z (1)[‘(n -1- 1)( )6(14-1)
0iSn-2

101D (6{* V) (o)) = 0.
But by the induction hypothesis,
V@ - V(@) = 0, 1=0,... 001,

Hence, for i=0,.,..,n-2,

(n 1-i) (i+1) (n-1-1) (i+1)
12710 (e () 4 (T (081D ()
271D @ (6 (@ -8 (01
= 0.

Therefore (5.3) implies that

{n) (n}

%, (a)ﬁ (o) -8, ()8, (o) = 0,
and hence

8™ () -08™ (@ = 0.
The proof by induction is complete, QED
Theorem 4.

Let 8(x) € I(x). 1f M(3) = logz(deg %), then

- M@

deg §2 < deg §1 and the leading coeffici-

ent of Ql(x) is divisible by that of Qz(x).

Proof of Theorem 4.

Consider the algorithm which computes &(x) in
M(3) = logz(deg $) multiplications orAdivisions.

Since by Lemma 3,

M(8) = H(3) = log,(deg &),
we have M(§) = M(3)., That is, there are no multi-
plications eor divisions by constants in the al-

gorithm, Note that deg § = 2M(§).

We prove the
theorem by induction on M = M(%), It is easy fc
check that the statement of Theorem &4 is true if
M=1. Assume that the statement is true for M < L,
and let us prove it for M=L+l. Suppose that deg 3
- 2b+] and M(§) = logz(deg #). Then 3(x) can be

computed in (L+1) multiplications or divisions by

some algorithm, With respect to this algorithm
let Rn{x) denote the result immediately following
the nth multiplication or division for n=1,,.,,L+1,
Let Ro(x} = x. Then for n=0,...,L either
(5.6) R ()= C B M R (x)+A)
0<isn ™
*( £ N R {(x)+B)
0<isa n,i i n

or

(5.5) R L (x)=( T M R(x)+A )
o+l osi<a Wi 1 n

/] (T &

(x) + B ),
0siga ™ 1

M
for some integers n,i’ Nn,i

Bn' for i»0,,..,n; and

and some numbers An’

§(x) = T

R.(x) + A
0Si<I+] ML+1,i i L+

for some integers ML+1,1’ i=0,...,L+1, and some
number AL+1‘ One can show that, for n=1,..,,L+1,
the following is true (see Kung {1]), For any
integers KO""’Kn’ and any number C,

Pn(x;K,C)

: RN

O0<isn

xX)+C=

1 i

where Pn(x;K,C) is a polynomial in I[x] depending
oﬁ K -‘(KO""'Kn) and on C; where Qn(x) is a
polynomial in I{x] independent of K and of C;
moreover, both polynomials have degree < 2%, Now
suppose that for n=L (5.4) holds; that is,

(5.6) RL+](x) = (OSESLyL 1Ri(x) + A )

« (£ N LR.(x)+B).
osig, Lol L

Then

(5.7) &(x) = R (x) + &
sy T +1

(x)* T M R, (x)+A
= M, emfn e TN 14

T A T
QL+l(x)

L+1)




where
(5.8) Py OGMy 0hLy)
= My, P OSMAL) B (6N, LB, )
+ PLOGMy ey )0Q (0
and

(5.9) Q00 = [q (07T,

Let r(x) be the greatest common divisor of
PL(x;ML,AL) and QL(x}. (Let r(x) =1 if PL(x;ML’Aﬂ
and QL(x) are relatively prime.) Write PL(x;ML,AL)
= r(x)*p(x) and QL(x) = r(x)+q(x). Then from (5.7),

(5.8), (5.9,

(5.10)  §(x)
_ Mpy PO P G LB P, (M, oAy 40 "a 00

() +[q(x) 1

L
Suppose that deg( Z LR, + A ) <27, Then
0si<L ML,I i AL

deg p < 2L and deg q < ZL. Note that if r(x) =1

then deg r-q2 < 2L+-| and on the other hand, if

deg r > 1 then deg r-q2 < deg r2°q2 = deg Qi = 2L+|.

Therefore, deg r-q2 < 2L+]. Also note that since

both PL(x;NL,BL) and PL(x;M

L
225 Mg

L+1’AL+1) have degree

PP GGN LB+ By (GM A,
141

*gq(x) has degree < 2 . Hence (5.10) implies

that deg & < 2L+1. This is a contradiction.

y

Therefore, deg( T ML iRi + AL) = ZL. Obviously,
Osi<L ~?
z ML,iRi(x) + AL can be computed in L multi-

0<i<L .
plications or divisions, Hence by the induction

i L
hypothesis, deg QL < 27, and PL(x;ML,AL) has
degree 2L and the leading coefficient of
PL(x;ﬁL,AL) is divisible by that of QL(x). Sim-

ilarly, we can prove that PL(x;N BL) has the same

Ll
property. Therefore, from (5.7), (5.8), (5.9), we
conclude that deg @2 < deg @1 = 2L+1 and the lead-
ing coefficient of &l(x) is divisible by that of

Qz(x). Similarly, we can obtain the same conclusion

if for n=sL (5.,5) holds; that is,

= {( T M .R{(x)+A)/( T N _R (x)+B),
R P Mot AN WL L

The proof by induction is complete. QED

Proof of Theorem 2.

Assume that {xl} be a pth order sequence gen-
erated by o, for some w(y see.,¥y) € I(y],...,yd).
Define Q:Ia - R by %(x) = g(x,...,x) for some open
'1nterva1'1a containing o, as in the previous sec-
tion. Then by the chain rule,

i(k)(x) - L D

i W(x'--O,x)
151]

,...,iksd il""’ K
for any positive integer k, Hence by Lemma 2 we have

(k)

(5.11) & (a) = 0, k-],...,[P.i"l-

We f;rst prove‘(3.5). Assume that E([xi}) =1,
Suppose that r > 2, Since by (3.3) E([xi]) <1
whenever v > 2 and p > 2, we have p £ 2, Hence
1 S M(g) = log,p < 1. This implies that M(w) = |
and p=2, Since ﬁ(¢) =1, bne can easily see that
deg 9 = 2 and deg 9, < 1. Hence wl(x,...,x)

- xqb(x,...,x) has degree at most 2, Suppose that

il

¢](x,...,x) - k¢b(x,...,x) 0. Then ${(x) = x and
§'(x) =1, But by (5.11) &'(a) = 0, since p=2,
This contradiction shows that'¢](x,...,x)
=X (X ¢ 0 05%) #£ 0. Note that w(ase..s0) = o, that
is, ml(a,...,a) - aw:(a,...,a) = (. Therefore, «
is a zero of the polynomial ¢1(x,...,x)-xm2(x,...,x)
which has degree one or degree two, This implies
that r =< 2, Hence we get a contradiction by assum-
ing that r > 2, Therefore r < 2, We have shown
(315).

Now suppose that E({xi}) = 1, Then E([xi]) =1,
a&nd r=1 or 2 by (3.5)., Suppose that r=2, From

Lemma 2 and Lemma 3,



M(p) = F(p) = log,(deg 9) = log,lp] 2 log,p.
But E([xi]) = 1, that is, M(p) = 10329. We have

(5.12) M(gp) = M(gp) = log, (deg ) = log,[p]

= 10329.

Hence p is a integer, Now consider §. Clearly

$(q) = . By Theorem 3, (5.11) implies that

{

(5.13) " V(@) - P V(@) = 0.

Using the proof of Theorem 2, one can show that
deg & 2 ELE:%ltl = p-%. But by (5.12) p = deg o.
Hence p = deg o 2 deg 3 2 p-%. This implies that
deg & = p,

Note that the algorithm which computes
¢(y1,...,yd) in M(ep) multiplications or divisions

reduces to an algorithm which computes §(x) in at

most M(p) multiplications or divisions, Hence
M(3) < M(p) = log,p = log,(deg %).

By Lemma 2, M(3) = 1ogz(de3 %), Thus M(3)
- logz(deg $). Hence by Theorem &, deg QZS p-1

and deg ¢1 = p, Now suppose that

(p-1)

(5.14) §1

(x) - x@ép-])(x) = 0.

Then deg 8 = p-t. Let us assume that §1(x)
i
s T ax and @z(x) = T bixi. Then by
0=i<p 0=isp-1

(5.14) we have pap = bp_]. Note that p = 2

This is a contradiction, since by Theorem & ap is

divisible by bp-l' Hence,

@fp-])(x) - x@ép-])

(x) £ 0.

-Clearly, pr-l}(x) - x@ép-])(x) is a polynomial of
degree one, Hence (5.13) implies that o is a root

of the linear equation ¢§p-1)(xj - xtép'l)(x) = (,

Therefore, by assuming r=2 we have obtained r=],

M{wo) > 2

This. is & contradiction. Nevertheless, since r is

either 1 or 2, we have thereby- shown that r=1. QED

{11

(2]

(3]

REFERENCES

Kung, H. T., "A Bound on the Multiplication
Efficiency of Lteration," Proceedings of the
Fourth Annual ACM Symposium on Theorv of Com-
puting. To appear in Journal of Computer and
System Sciences, 1973,

Kung, H. T. and Traub, J. F.,Computational
Complexity of One-Point and Multipoint Itera-
tion, report, Department of Computer Science,
Carnegie-Mellon University, 1973.

Paterson, M. S., "Efficient Iterations for
Algebraic Numbers," in Complexity of Computer
Computations, R. Miller and J, W. Thatcher
(eds.), Plenum Press, New York, 1972, 44-52,

ACKNOWLEDGMENT

The author thanks R. I, Pelletier for reading

over a draft of this paper.



