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Abstract 

T h i s r e p o r t c o n s i s t s of t w o papers descr ibing var ious a s p e c t s o f a n e w 
t r e e - s t r u c t u r e d paral lel computer . The f i rst paper , "A t r e e machine for s e a r c h i n g 
p r o b l e m s " b y J . I . Bent ley and H. T . Kung, d e s c r i b e s the bas ic a r c h i t e c t u r e o f t h e 
m a c h i n e . A s e t o f N e lements can be maintained on an N - p r o c e s s o r v e r s i o n o f t h e 
m a c h i n e s u c h t ha t insert ions, delet ions, queries and updates can all be p r o c e s s e d In 
2 Ig N t ime un i ts . T h e quer ies can be v e r y complex , including problems ar is ing in 
o r d e r e d s e t manipulation* data b a s e s , and s t a t i s t i c s . T h e machine is p ipe l ined s o 
t h a t M s u c c e s s i v e operat ions can be performed in M-1 > 2 Ig N time un i ts . T h e 
p a p e r s t u d i e s both the bas ic machine s t ructure and a VLSI implementation o f t h e 
m a c h i n e . T h e s e c o n d paper , 11A parallel algorithm for const ruct ing minimum s p a n n i n g 
t r e e s " b y J . L. B e n t l e y , s h o w s how an (N/lg N ) - p r o c e s s o r v e r s i o n o f t h e machine c a n 
s o l v e t h e problem of const ruct ing minimum spanning t r e e s in time propor t iona l t o 
N Ig N. T h i s algorithm Is an improvement o v e r ex is t ing algorithms in s e v e r a l w a y s . 

This research was supported In part by the Defense Advanced Research Projects Agency under Contract 
F33615-78-C-1551 (monitored by the Air Force Office of Scientific Research), in part by the National Science 
Foundation under Grant MCS 78-236-76, and in part by the Office of Naval Research under Contract 
N00O14-76-C-0370. 
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Abstract 

In th i s p a p e r w e d e s c r i b e a new t r e e - s t r u c t u r e d machine ( su i tab le fo r V L S I 

imp lementa t ion ) that s o l v e s a large c lass of searching problems. A s e t o f N 

e l e m e n t s c a n b e maintained on an N -p rocessor vers ion of this machine s u c h t h a t 

i n s e r t i o n s , d e l e t i o n s , quer ies and updates can all be p r o c e s s e d in 2 Ig N time u n i t s . 

T h e q u e r i e s c a n be v e r y complex, including problems arising in o r d e r e d s e t 

manipu lat ion , d a t a b a s e s , and s ta t i s t i cs . The machine is p ipel ined s o t h a t M 

s u c c e s s i v e opera t ions can be performed in M-1 + 2 Ig N time units . In th is p a p e r w e 

wi l l s t u d y b o t h the bas ic machine s t ructure and the actual implementation o f t h e 

m a c h i n e . 

This research was supported in part by the Defense 
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Foundation under Grant MCS 78-236-76, and in part 
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Advanced Research Projects Agency under Contract 
Scientific Research), in part by the National Sc ience 
by the Office of Naval Research under Contract 

A l so w i th the Department of Mathematics. 2 
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1. I n t r o d u c t i o n 

V e r y L a r g e S c a l e I n t e g r a t e d c i rcu i t ry (VLSI ) has b e e n increas ing in s p e e d a n d 

d e c r e a s i n g in s i z e at an amazing rate o v e r the pas t d e c a d e , and it p romises t o 

c o n t i n u e at th is r a t e fa r into the n e x t d e c a d e ( s e e Mead and C o n w a y [ 1 9 7 9 ] ) . In 

t h i s p a p e r w e wil l d e s c r i b e a t r e e - s t r u c t u r e d machine for solv ing s e a r c h i n g p r o b l e m s 

t h a t is i d e a l l y s u i t e d for implementation in VLS I . T h e search ing problems t h a t t h e 

m a c h i n e s o l v e s ar ise in a number of appl ications a reas ( including o r d e r e d s e t 

m a n i p u l a t i o n , d a t a b a s e s and s t a t i s t i c s ) , and it is able to s o l v e all of t h e p rob lems 

v e r y e f f i c i e n t l y . 

B e f o r e d e s c r i b i n g this machine in detai l , it is helpful t o c h a r a c t e r i z e i t s 

c o n t r i b u t i o n in g e n e r a l te rms. The authors be l ieve that t h e r e is a s p e c t r u m o f 

i m p a c t s t h a t a d v a n c e s in VLSI techno logy will have on computer a r c h i t e c t u r e . A t 

o n e e x t r e m e , this t e c h n o l o g y will allow convent ional a r c h i t e c t u r e s t o b e 

i m p l e m e n t e d a s smaller , f a s t e r and c h e a p e r machines — this will l e a d t o more 

s o p h i s t i c a t e d i n t e r c o n n e c t i o n s of convent ional machines ( s e e , for e x a m p l e , S w a n , 

F u l l e r a n d S i e w i o r e k [ 1 9 7 7 ] , or Sequin , Despain and P a t t e r s o n [ 1 9 7 8 ] ) . A lso a t th is 

e n d o f t h e s p e c t r u m will be minor ( r e g i s t e r leve l ) a rch i tec tu ra l c h a n g e s t h a t e x p l o i t 

c e r t a i n f e a t u r e s of V L S I ; this area has b e e n e x p l o r e d b y S i t e s [ 1 9 7 9 ] . At t h e o t h e r 

e x t r e m e , V L S I a r c h i t e c t u r e s have been proposed that are radical d e p a r t u r e s f rom 

t h e v o n Neumann t radi t ion ( s e e , (or example , Backus [ 1 9 7 8 ] , Mago [ 1 9 7 9 ] or W i l n e r 

[ 1 9 7 8 ] ) . In th is p a p e r w e will i nves t iga te an approach that l ies b e t w e e n t h e s e t w o 

e x t r e m e s : a h i g h - p e r f o r m a n c e , s p e c i a l - p u r p o s e , n o n - v o n Neumann comput ing d e v i c e 

t h a t is d e s i g n e d to be u s e d in conjunct ion with a convent iona l computer . In g e n e r a l , 

s u c h d e v i c e s shou ld be c o n s t r u c t e d only when t h e y s o l v e a problem s a t i s f y i n g t w o 

c r i t e r i a : t h e problem should cur rent l y consume large quant i t ies o f c o m p u t e r t ime, 

a n d t h e p r o p o s e d s p e c i a l - p u r p o s e d e v i c e must be much more e f f i c i e n t t h a n 

c o n v e n t i o n a l w a y s of so lv ing the part icular problem. W h e n s u c h a prob lem is 

i d e n t i f i e d it is r e a s o n a b l e to augment a g e n e r a l - p u r p o s e computing s y s t e m w i t h a 

s p e c i a l - p u r p o s e d e v i c e for solv ing the problem; the s t r u c t u r e of s u c h a s y s t e m is 

d e p i c t e d in F igu re 1. Many s u c h s p e c i a l - p u r p o s e d e v i c e s h a v e r e c e n t l y b e e n 
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p r o p o s e d ; s e e . for e x a m p l e , Kung [ 1 9 7 9 ] and Kung and Le iserson [ 1 9 7 8 ] . 

BUS 

Disk Tape CPU 
Primary 

Memory 

Figure 1. General sys tem s t r u c t u r e . 

In th is p a p e r w e will i nves t igate a spec ia l -purpose machine for so lv ing s e a r c h i n g 

p r o b l e m s . Th is machine is desc r jbed at an abs t rac t leve l in S e c t i o n 2, w h e r e w e wi l l 

a l s o r e v i e w some n e c e s s a r y background in searching problems. An a r c h i t e c t u r e 

( t h a t is , a u s e r ' s v i e w ) of the machine is desc r ibed in Sec t ion 3, and i s s u e s o f 

implement ing t h a t a r c h i t e c t u r e in VLSI are d i s c u s s e d in Sec t ion 4. C o n c l u s i o n s a r e 

t h e n o f f e r e d in S e c t i o n 5. 

2 . T h e Abstract Machine 

In th is s e c t i o n w e will invest igate the t r e e - s t r u c t u r e d search ing machine a t an 

a b s t r a c t l e v e l , apar t from the detai ls of arch i tecture or implementation. T h e g e n e r a l 

s e a r c h i n g problem it s o l v e s calls for maintaining a file o f f i x e d - f o r m a t records. W e 

must b e able to perform the operat ions of inserting a n e w r e c o r d into t h e f i l e , 

deleting an e x i s t i n g r e c o r d from the fi le, updating records in the f i le , and querying 

t h e f i le t o a n s w e r ques t ions . Before w e examine the genera l search ing prob lem, w e 

wi l l i n v e s t i g a t e one search ing problem in part icular. 

T h a t par t i cu la r problem is cal led member searching. In its a b s t r a c t fo rm, it 

i n v o l v e s maintaining a s e t of elements so w e can determine if a n e w e l e m e n t is a 

member o f t h e s e t . In c o n c r e t e applications, other information is usua l l y a l s o 

r e q u e s t e d . For e x a m p l e , a f te r finding that a particular social s e c u r i t y number is a 

member o f a s e t of socia l s e c u r i t y numbers, w e o f ten w ish to r e t r i e v e o t h e r 

in fo rmat ion ( s u c h as Y e a r - t o - D a t e t a x e s ) . W e will now i n v e s t i g a t e h o w t h e t r e e 
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m a c h i n e s o l v e s the a b s t r a c t member searching problem, and then re tu rn in the n e x t 

s e c t i o n to the compl icat ing i ssues that arise in appl icat ions. 
Input Node 

Output Node 

F igure 2_. S t ruc tu re of the t ree machine. 

T h e b a s i c o r g a n i z a t i o n of the t r e e - s t r u c t u r e d search ing machine is d e p i c t e d in 

F i g u r e 2 . T h e r e a r e t h r e e kinds of nodes in the machine: c i r c l e s ( w h i c h b r o a d c a s t 

d a t a ) , s q u a r e s ( w h i c h h a v e limited s to rage and computat ion p o w e r ) , and t r i a n g l e s 

( w h i c h " c o m b i n e " a n s w e r s to quer ies ) . A s e t of N e lements is s t o r e d in this m a c h i n e 

b y p l a c i n g e a c h e lement of the s e t into a dist inct square node of the t r e e . C o n s i d e r 

n o w t h e prob lem of performing the member search to a n s w e r the q u e r y M l s 17 an 

e l e m e n t of t h e s e t ? M . W e accomplish this by insert ing 17 into the input n o d e a n d 

b r o a d c a s t i n g it d o w n the t r e e Ig N s t e p s later the va lue 1 7 will a r r i ve at all o f t h e 

s q u a r e s . Th is s i tuat ion is i l lustrated in Figure 3a . At that point w e c o m p a r e t h e 

v a l u e s s t o r e d in e a c h s q u a r e to 1 7 and s e t a bit to one if the v a l u e is e q u a l t o 1 7 

a n d z e r o o t h e r w i s e ; this is shown in Figure 3b . W e c a n now combine t h e b i t s 

t o g e t h e r t h r o u g h the bottom port ion of the network b y lett ing e a c h t r iang le c o m p u t e 

t h e l o g i c a l or o f i ts t w o inputs , as i l lustrated in Figure 3 c So a f t e r a t o t a l o f 2 Ig N 

t ime un i t s h a v e p a s s e d s i n c e the query w a s p o s e d , a s ingle bit e m e r g e s f rom t h e 

o u t p u t n o d e tel l ing w h e t h e r or not 17 is an element of the s e t . W e h a v e t h u s 

d e s c r i b e d a p r o c e d u r e for determining whe the r a g i ven o b j e c t is a member o f t h e 
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s e t w h o s e e lements are s t o r e d in the square nodes. 

It is important to note that the t ree machine has a v e r y regular d a t a f l o w : t h e 

d a t a m o v e s in d i s c r e t e s t e p s in only one direction (from the input node to t h e o u t p u t 

n o d e ) . T h u s if many s u c c e s s i v e elements are going to be t e s t e d for membersh ip in 

t h e s e t s t o r e d in the square nodes , then the p r o c e s s of answer ing t h o s e q u e r i e s 

c a n b e p i p e l i n e d . As the va lue of the f i rst element to be t e s t e d is going d o w n t h e 

t r e e , t h e n e x t v a l u e c a n follow one s tep behind, and so on . If M s u c c e s s i v e t e s t s 

a r e p e r f o r m e d in this manner, e x a c t l y M-1 + 2 Ig N time units p a s s b e t w e e n t h e 

e n t r y o f t h e f i r s t q u e r y at the top of the t ree and the e x i t of the las t o f t h e 

a n s w e r s a t t h e bottom of the t r e e . 

T h e t r e e machine is able to so lve many problems bes ides member s e a r c h i n g . F o r 

e x a m p l e , if a mult iset of elements ( that is, a s e t in which one e lement c a n a p p e a r 

m a n y t i m e s ) w e r e s t o r e d in the square nodes of the t r e e , w e might w i s h t o c o u n t 

h o w many t imes a g i v e n o b j e c t appears in the s e t . W e p r o c e e d e x a c t l y as w e d id 

f o r member s e a r c h i n g , f i rst broadcast ing the g iven element through t h e c i r c l e s t o 

t h e s q u a r e n o d e s . W e load a one into each square if its e lement is equa l t o t h e 

g i v e n o b j e c t and z e r o o t h e r w i s e , and then combine the a n s w e r s b y le t t ing t h e 

t r i a n g l e s sum the v a l u e s of their inputs. Another example is g i v e n b y n e a r e s t 

n e i g h b o r s e a r c h i n g . If w e wish to find the d is tance to the element o f t h e s e t t h a t is 

c l o s e s t to 17 , t h e n w e do the following: broadcast 17 through the input n o d e t o all 

s q u a r e s , s u b t r a c t the va lue s to red in the square from 17 and t a k e the a b s o l u t e 

v a l u e o f t h e d i f f e r e n c e , and finally take the minimum of all those v a l u e s b y h a v i n g 

t h e t r i a n g l e s re tu rn the minimum of their two inputs. As for member s e a r c h i n g , f o r 

b o t h member count ing and neares t neighbor searching , w e can a n s w e r a s i n g l e 

q u e r y in 2 Ig N time and a se r ies of M queries in M-1 + 2 Ig N time. 

In g e n e r a l , t h e t r e e machine can so lve any problem that c a n be p h r a s e d a s 

c o m p u t i n g some funct ion o v e r e v e r y element in the s e t ( s u c h as equa l i t y or a b s o l u t e 

v a l u e o f d i f f e r e n c e ) and then combining the va lues of those func t ions b y s o m e 

a s s o c i a t i v e , commutat ive binary operator . For example , the rank of an e lement X in 
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a.) 17 is broadcast. 

b.) Comparisons are made. 

c.) Answer is returned. 

Figure 3. A member s e a r c h . 

a s e t ( t h a t is , i h e number of e lements in the se t less than X ) c a n b e c a l c u l a t e d b y 
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s t o r i n g in e a c h s q u a r e a one if the element is less than X and z e r o o t h e r w i s e ; t h e 

f ina l a n s w e r is t h e n computed by having the tr iangles add their i nputs . O t h e r 

p r o b l e m s d e f i n e d on tota l ly o rdered s e t s that can be s o l v e d b y t h e t r e e mach ine 

i n c l u d e p r e d e c e s s o r ( w h a t is the g r e a t e s t element less than the g i v e n ? ) , s u c c e s s o r 

( w h a t is t h e l e a s t e lement g r e a t e r than the g i v e n ? ) , and minimum ( w h a t is t h e l e a s t 

e l e m e n t in t h e s e t ? ) . In general , the t ree machine can s o l v e all o f t h e 

" D e c o m p o s a b l e Search ing Problems" def ined b y Bent ley and S a x e [ 1 9 7 9 ] , T h a t 

r e f e r e n c e conta ins both an algebraic definition of the c lass and a l ist o f o v e r 

t w e n t y pa r t i cu la r search ing problems in the c lass . 

T h e t r e e machine is also able to answer much more compl icated kinds o f q u e r i e s 

( o f t h e form t h a t ar ise in data base applications, for i n s t a n c e ) . S u p p o s e , f o r 

e x a m p l e , t h a t e v e r y s q u a r e node of the t ree contains a r e c o r d w i th t e n k e y s . W e 

might w a n t to know how many records there are in the file wi th f i r s t k e y e q u a l t o a 

g i v e n v a l u e , t h e s e c o n d k e y at least as great as the third k e y , the f o u r th k e y in a 

c e r t a i n r a n g e , and s o on . This t y p e of query is easi ly a n s w e r e d : w e m e r e l y 

b r o a d c a s t e a c h of the condit ions clown to the square nodes , keep ing t r a c k in e a c h 

n o d e o f w h e t h e r it has sa t i s f ied all the conditions sh ipped s o fa r . W e load a o n e if 

all c o n d i t i o n s h a v e b e e n sat i s f ied and a ze ro o therw ise , and combine b y h a v i n g t h e 

t r i a n g l e s sum the i r inputs . Many applications call for a list o f the s a t i s f y i n g r e c o r d s 

i n s t e a d o f mere l y thei r count , and this can be accomplished b y lett ing the t r i a n g l e s 

c o m p u t e t h e union of their inputs. This can be v i e w e d intui t ively b y o b s e r v i n g e a c h 

t r i a n g l e i n d e p e n d e n t l y , and imagining a person " tapping" the ent i re machine a t e a c h 

t ime s t e p . As e a c h tr iangle is t a p p e d , there are three c a s e s to c o n s i d e r : if it h a s 

no i tems in i ts inputs , it repor ts that ; if it has one item, it re tu rns it ; and if it has t w o 

i t e m s , it r e t u r n s only one (delay ing the other until the n e x t t a p ) . Th is " t a p p i n g " 

p r o c e s s c o n t i n u e s as long as there are elements that h a v e y e t to b e r e p o r t e d . 

( N o t e t h a t to compute unions in this manner, the pipelining must b e c a r e f u l l y 

d e s i g n e d t o e n s u r e that no " o v e r f l o w " occurs . ) 

H a v i n g d i s c u s s e d search ing at some length, w e will now turn to t h e i s s u e s o f 

maintain ing t h e s e t of e lements s to red in the square nodes . A t r e e machine w i t h N 
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s q u a r e n o d e s ( w h e r e N is a power of two ) can s tore up to N r e c o r d s . A n e w r e c o r d 

c a n b e i n s e r t e d into the s e t by placing it in any unused s q u a r e . W e f ind s u c h a 

s q u a r e b y hav ing e a c h c i rc le keep track of the number of u n u s e d s q u a r e 

d e s c e n d a n t s of e a c h of his t w o sons . When a reques t comes to the root fo r a n e w 

( u n u s e d ) p o s i t i o n , he p a s s e s the r e q u e s t to one of his sons w i t h u n u s e d s q u a r e 

l e a v e s , a n d s o o n . Mechan ica l l y , this is accompl ished b y turning o f f all o f t h e 

s q u a r e s e x c e p t t h e one f inal ly c h o s e n as the holder of the n e w r e c o r d ; th is s q u a r e 

is t h e n l o a d e d w i t h the d e s i r e d d a t a . Note that a single r e c o r d c a n be i n s e r t e d in 

Ig N s t e p s , and a s e t of M r e c o r d s can be inser ted in M-1 + Ig N s t e p s . 

A n o t h e r m a i n t e n a n c e operat ion is that of updating a s e t of r e c o r d s : th is c a n b e 

e a s i l y a c c o m p l i s h e d b y b roadcas t ing the condit ions that the c h a n g e d r e c o r d s m u s t 

m e e t , tu rn ing o f f all p r o c e s s o r s that do not meet the condit ions, and t h e n making t h e 

d e s i r e d c h a n g e s . (A l though the update s e t will o f t e n h a v e j u s t one e l e m e n t , a n 

e x a m p l e o f a " m a s s u p d a t e " might be p r o c e s s e d on the f i rs t of the month : fo r all 

s a l e s m e n w i t h M o n t h - O f - S t a r t i n g - C m p l o y m e n t equal to T h i s - M o n t h , a d d o n e t o 

Y e a r s - O f - S e r v i c e . ) To d e l e t e a single record w e s e t a flag in its s q u a r e n o d e s a y i n g 

t h a t it is u n u s e d and t h e n ad jus t the counts in all of the c i r c les a b o v e it . T h i s c a n 

b e a c c o m p l i s h e d e i the r b y pushing information " b a c k w a r d " to the top of t h e t r e e 

( a d d i n g o n e t o e a c h c o u n t e r as y o u go) , or by doing a dummy r e i n s e r t i o n o f t h a t 

e l e m e n t , a n d modify ing the c o u n t e r s on the w a y d o w n . T h e time for e i t h e r o f t h e s e 

o p e r a t i o n s is p ropor t iona l to Ig N. Notice that a f te r a s e t of e lements in s q u a r e s 

h a v e b e e n i d e n t i f i e d for de let ion , t h e y can be d e l e t e d in paral lel ( in a s ing le s t e p ) 

a n d all c o u n t e r s c a n be r e s e t ( b y pushing the information up the t r e e ) in Ig N s t e p s . 

A l t h o u g h h a v i n g information go up the t r e e is handy for de let ion , it d o e s c o m p l i c a t e 

t h e b a s i c d e s i g n s e v e r e l y ; this f e a t u r e might the re fo re not be implemented . 

S o f a r in our d i s c u s s i o n e a c h machine has r e p r e s e n t e d but one s e t . In s o m e 

a p p l i c a t i o n s , h o w e v e r , a g i v e n user might wish to r e p r e s e n t many s e t s , or m a n y 

u s e r s might w a n t to u s e the machine independent ly for their r e s p e c t i v e s e t s . E i t h e r 

o f t h e s e c a n b e accompl i shed so long as the sum of the s i z e s of t h e s e t s is l e s s 

t h a n N, t h e number of s q u a r e nodes . Although w e could " s l i c e " the machine in to 
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s e c t i o n s t o accompl ish this , there is a much more e legant solut ion. Namely , a f i x e d 

p o r t i o n o f e a c h r e c o r d is ded ica ted to a " s e t identif icat ion f i e l d " , or " S e t l D " . T o 

p r o c e s s an opera t ion on S e t 56 (or a s e t belonging to user 5 6 ) , w e h a v e as a 

p r e l u d e to t h e opera t ion the s e q u e n c e "check Set lD for equal i ty w i th 5 6 a n d t u r n 

o f f t h e p r o c e s s o r if not equa l " . (Not ice that w e are not requiring tha t all r e c o r d s in 

all s e t s b e o f the same format, but just that t h e y have one f ie ld in common.) In an 

e n v i r o n m e n t w i t h much sharing, this prelude will occu r so o f t e n tha t it might b e 

a d v a n t a g e o u s to p rov ide a single instruction that accomplishes its p u r p o s e . 

A l t h o u g h s o fa r w e h a v e used the t ree machine to so lve only s e a r c h i n g p r o b l e m s , 

it c a n b e app l ied to many other problems as wel l . For ins tance , it c a n b e u s e d t o 

s o r t a s e t o f M e lements in time proportional to M (as long as M is b e t w e e n Ig N a n d 

N, w h e r e N is the number of square nodes in the t ree machine) . This is a c c o m p l i s h e d 

b y making t w o p a s s e s through the M elements: the f i rst inser ts the e l e m e n t s in to 

t h e m a c h i n e , and the s e c o n d counts for each element the number of e l e m e n t s l e s s 

t h a n it ( t h a t is , it computes the element's rank, as w e s a w b e f o r e ) . Th is t e l l s 

p r e c i s e l y w h e r e e a c h element occurs in so r ted order ( the output is a p e r m u t a t i o n 

v e c t o r ) , a n d it is then tr ivial to arrange the elements into s o r t e d o r d e r . B y u s e o f 

p ipe l in ing , bo th s t e p s run in time linear in M. Note that it w a s c r i t i ca l to p h r a s e 

s o r t i n g as a count ing problem, rather than as ex t rac t ing the minimum, to make u s e o f 

p ipe l in ing in the s e c o n d s t e p — this algorithm essent ia l ly implements an N^ a lgor i thm 

in N t ime b y using all N p r o c e s s o r s in parallel . There are many o t h e r e x a m p l e s o f 

s u c h s p e e d u p s for problems that are not prima facie searching problems. T w o s u c h 

e x a m p l e s a re computing all neares t -ne ighbor pairs in a k-dimensional po int s e t 

( w h i c h a r i s e s in da ta ana lys is ) and reporting all pairwise des ign rule v io la t ions in a 

V L S I mask ( a des ign automation task ) . The application of this machine t o t h e 

p r o b l e m o f c o n s t r u c t i n g minimum spanning t rees has b e e n d i s c u s s e d b y B e n t l e y 

[ 1 9 7 9 ] - - h e s h o w s how an N/lg N -p rocessor vers ion of the t r e e machine c a n 

c o n s t r u c t t h e minimum spanning t ree of an N-node graph in 0 ( N Ig N) t ime, w h i c h is 

opt imal f o r comple te g raphs . Other applications of t r e e - s t r u c t u r e d machines h a v e 

b e e n s t u d i e d b y Browning [ 1 9 7 9 ] . 
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Th i s c o n c l u d e s our d i scuss ion of the machine at an a b s t r a c t l e v e l , and w e c a n 

n o w s t a t e the p r o p e r t i e s that a c o n c r e t e embodiment of the machine must p o s s e s s . 

T h e r e must be t h r e e kinds of nodes in such a machine: c i r c l e s , s q u a r e s a n d 

t r i a n g l e s . T h e c i r c l e s must b r o a d c a s t data and h a v e a small amount o f s t a t e 

( n a m e l y , t o remember how many unused squares are d e s c e n d a n t s of e a c h o f t h e i r 

s o n s ) . T h e on ly p r o c e s s i n g requi red of a c i rc le is incrementing or d e c r e m e n t i n g b y 

o n e . T h e s q u a r e s , h o w e v e r , must h a v e substant ia l memory and computat ion p o w e r . 

E a c h s q u a r e must h a v e enough process ing capabi l i ty to handle the most d i f f i c u l t 

k i n d s o f q u e r i e s and u p d a t e s des i red and (usual ly ) enough memory to s t o r e t h e 

l a r g e s t r e c o r d in most appl icat ions . The tr iangles must be able to combine a n s w e r s . 

M o s t o f t h e " c o m b i n a t o r s " w e des i re are v e r y simple to implement; t h e s e a r e and, 

or, min, max, and 'plus. T h e only compl icated combinator is union, and w e a r e wi l l ing 

t o " t u r n o f f " pipel ining in the p r e s e n c e of that operator . 

3 . A n A r c h i t e c t u r e 

In S e c t i o n 2 w e d e s c r i b e d the t r e e - s t r u c t u r e d search ing machine at an a b s t r a c t 

l e v e l , ignor ing many i s s u e s of implementation. In this s e c t i o n w e will move o n e s t e p 

c l o s e r t o an implementat ion, and d e s c r i b e a part icular a r c h i t e c t u r e ( t h a t is , a u s e r ' s 

v i e w of t h e mach ine ) real iz ing the a b s t r a c t machine. It is e s s e n t i a l t h a t t h e r e a d e r 

u n d e r s t a n d that the a r c h i t e c t u r e w e will inves t igate is not p r o p o s e d as t h e b e s t 

p o s s i b l e a r c h i t e c t u r e real iz ing the a b s t r a c t machine of the last s e c t i o n . R a t h e r , it is 

p u t f o r t h on ly as e v i d e n c e that there is at least one r e a s o n a b l y e f f i c i e n t 

a r c h i t e c t u r e fo r t h e machine. In Sec t ion 4 w e will d i scuss how this a r c h i t e c t u r e c a n 

b e i m p l e m e n t e d in V L S I . 

T h e b a s i c s t r u c t u r e of t h e a rch i tec tu re w e will i n v e s t i g a t e is t h a t s t u d i e d in 

S e c t i o n 2 ( i l l u s t r a t e d in F igure 2 ) . The f low of instruct ions and da ta in t h e m a c h i n e 

is e x c l u s i v e l y from the input node (at the top of the f igure) to the o u t p u t n o d e ( a t 

t h e b o t t o m ) w e will not h a v e delet ions that employ any " b a c k w a r d s f l o w " . T h e 

m a c h i n e is b a s e d on 1 G - b i t instruct ions and 3 2 - b i t da ta w o r d s ( w h i c h a r e 

i n t e r p r e t e d e i t h e r as i n t e g e r s in two 's -compiement or as 3 2 - b i t v e c t o r s ) . T h e t o p 
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d a t a p a t h s in the machine ( the son links from ci rc les in Figure 2 ) a re 16 b i ts w i d e ; 

t h e b o t t o m d a t a paths (l inks to tr iangles) are 80 bits w i d e . T h e ent i re mach ine 

o p e r a t e s s y n c h r o n o u s l y ; an operat ion is (perhaps ) performed at e a c h node and d a t a 

is t r a n s m i t t e d from the node to its sons on each major cycle. Having d e s c r i b e d t h e 

m a c h i n e a t this g r o s s l e v e l , w e will now examine the c i rc les , s q u a r e s and t r i a n g l e s 

i n d i v i d u a l l y . 

T h e pr imary funct ion of the c i rc le on each major c y c l e is to b r o a d c a s t w h a t it j u s t 

r e c e i v e d to i ts s o n s . In only three c o n t e x t s must it perform a more s o p h i s t i c a t e d 

o p e r a t i o n . As a n e w element is being inser ted , it must dec ide wh ich w a y t o d i r e c t 

t h e i n s e r t i o n ( t o one that has unused square l e a v e s ) and then d e c r e m e n t t h e 

a p p r o p r i a t e c o u n t e r b y o n e ; it then ships a " n o - o p " to the other s o n . T h e n o - o p is 

e f f e c t e d b y hav ing one bit in the instruction turned of f as the 1 6 - b i t i n s t r u c t i o n is 

p a s s e d t o t h e " o t h e r " s o n . To accomplish a deletion w e insert an ins t ruc t ion p a c k e t 

o f t h r e e 1 6 - b i t inst ruct ions at the root node. The f i rst instruct ion is t h e d e l e t i o n 

a n d t h e n e x t t w o 1 6 - b i t words contain the binary address of the n o d e t o b e 

d e l e t e d . T h e c i r c l e s can tell by looking at appropriate bits of the a d d r e s s w h e t h e r 

t h e y s h o u l d inc rement one of their counters as t h e y s e e this ins t ruc t ion . T h e f ina l 

c a p a b i l i t y t h e c i r c l e s must have is that of passing data to the s q u a r e s , w i t h o u t 

i n t e r p r e t i n g t h a t as an instruct ion to them; w e will return to this i ssue as w e d i s c u s s 

t h e s q u a r e s . 

W h i l e t h e c i r c l e s h a v e the simplest a rch i tectures of the th ree units w e wil l s e e , 

t h e s q u a r e s h a v e the most complex. The abs t rac t machine requ i res t h a t t h e 

s q u a r e s b e ab le to s t o r e data and to perform enough calculat ions to a n s w e r q u e r i e s 

a n d p e r f o r m u p d a t e s . This a rch i tec ture will accomplish both t h e s e t a s k s b y sh ipp ing 

c o m b i n a t i o n s of inst ruct ions and data to the machine. W e now h a v e t o make a 

f u n d a m e n t a l d e s i g n dec is ion : should the individual squares be s p e c i a l - p u r p o s e 

d e v i c e s ( h o n e d for a part icular v i e w of the t ree machine's t a s k ) , or should t h e y b e 

( in s o m e limited s e n s e ) genera l -pu rpose computing d e v i c e s ? W e will c h o o s e t h e 

l a t t e r c o u r s e , and make e a c h square a " b a b y " von Neumann c o m p u t e r ; it is 

i m p o r t a n t , h o w e v e r , to emphasize that this is merely a des ign dec is ion and no t a n 
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inh(.:r<Mit p r o p e r l y of tin* a b s t r a c t machine. 

E a c h s q u a r e will be a small von Neumann-l ike p r o c e s s o r tha t r e c e i v e s i t s 

i n s t r u c t i o n s and data from an e x t e r n a l , 16 -b i t s t ream. An indiv idual p r o c e s s o r 

c o n t a i n s s i x t e e n 3 2 - b i t w o r d s of memory, two 3 2 - b i t r e g i s t e r s , and a v e c t o r o f 

e i g h t s i n g l e - b i t d a t a f lags ( F [ 0 ] , F [ 1 ] , F [ 7 ] ) . The p r o c e s s o r a lso c o n t a i n s an 

e i g h t - b i t S e t Ident i f i ca t ion number ( S e t l D ) , and an Instruct ion R e g i s t e r . T h e f i r s t b i t 

o f t h e F v e c t o r ( P [ 0 ] ) is u s e d as the " A c t i v e " bit of the p r o c e s s o r ; a s p e c i a l 

" E n a b l e " command turns on all p r o c e s s o r s ( b y sett ing F [ 0 ] to o n e ) , and a p r o c e s s o r 

c a n c o n d i t i o n a l l y turn i tse l f o f f by storing a ze ro in F [ 0 ] . The bas ic l a y o u t o f t h e 

m a c h i n e is s h o w n in F igure 4 (not i ce that b e c a u s e the machine is r o t a t e d 9 0 ° , t h e 

d a t a f l o w s from r ight to le f t rather than from top to bottom). 

RA 

A" 
JL 

SetlD 

RB 

X 
-6-

F[0..7] 

Ins Reg Lj 

Memory 
Controlled 

M[0] 

M [ l ] 

M[15] 

F igure 4_. Components of the square . 

T h e 1 6 - b i t ins t ruc t ion format for the square p rocesso r is s h o w n in F igure 5. T h e 

f i r s t b i t o f an ins t ruc t ion p r o c e s s e d b y the squares is a lways z e r o ; a one in t h a t b i t 

s i g n i f i e s an ins t ruc t ion that is ignored by the squares but p a s s e d on to t h e t r i a n g l e s . 

T h e t w o Fam b i ts s p e c i f y one of the four families to which an ins t ruc t ion c a n b e l o n g 

( A r i t h m e t i c - L o g i c a l , L o a d - S t o r e , Bit or Spec ia l ) , and the C o d e g i v e s t h e o p c o d e o f 

t h e i n s t r u c t i o n . T h e r e is a one bit flag (F lag) in each inst ruct ion , and a r g u m e n t s t o 
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t h e i n s t r u c t i o n are e i ther t w o four -b i t a d d r e s s e s (A1 and A2) , an 8 - b i t s t r ing ( N a m e ) 

or a f i v e - b i t i n t e g e r (Num). The actual instructions are d e s c r i b e d b y g roup in an 

I S P - l i k e l a n g u a g e in Tab le 1. All of the ar i thmetic - logical i ns t ruc t ions a r e 

z e r o - a d d r e s s ins t ruct ions , combining reg is ters RA and RB and stor ing t h e r e s u l t in 

e i t h e r RA or RB (usua l l y RA). The load -s to re instructions s p e c i f y one of 16 memory 

a d d r e s s e s as thei r o p e r a n d ; the data movement is then b e t w e e n t h a t a d d r e s s a n d 

t h e r e g i s t e r RB. T h e bit operat ions general ly have t w o a d d r e s s e s : t h e y combine 

t h e f i r s t and the s e c o n d operands , storing the result in the f i r s t . T h e e x c e p t i o n s t o 

t h i s p a t t e r n are the unary not operator and the compare (comp) o p e r a t i o n ; t h e l a t t e r 

c o m p a r e s RA w i th RB and s to res in the f i rst bit ( F [ A 1 ] ) w h e t h e r or not t h e v a l u e s 

a r e e q u a l and tel ls wh ich inequality in the second bit ( F [ A 2 ] ) ~ th is is j u s t a 

s t r a i g h t f o r w a r d encoding of th ree s t a t e s into two bits . 

F 

Fam Code 

°1 2 3 

A l A2 

Name 

Num 

6 7 8 10 11 15 

Figure 5. Instruction format. 

T h e o n l y ins t ruc t ions that are not ent i rely obvious are the s p e c i a l i n s t r u c t i o n s . 

T h e enable ins t ruc t ion turns on all p rocessors in the t r e e . T h e ins ( i n s e r t ) 

i n s t r u c t i o n tu rns on p r e c i s e l y one processor , turning o f f the r e s t ( a n d d e c r e m e n t i n g 

t h e c o u n t e r s in the c i r c l e s ) . The del ( d e l e t e ) instruction has no e f f e c t on t h e 

p r o c e s s o r s ; it on ly increments the appropriate counters in the c i r c les ( t h e s q u a r e s 

m u s t i g n o r e t h e t w o following instruct ions p a c k e t s , though t h e y are j u s t t h e 

p r o c e s s o r a d d r e s s ) . T h e ship instruction allows data to e n t e r the RB r e g i s t e r f rom 

t h e d a t a / i n s t r u c t i o n s t ream. The Flag bit tells whether the n e x t one or t w o 1 6 - b i t 

p a c k e t s shou ld be loaded into RB; the data can then be p r o c e s s e d as d e s i r e d . T h e 

chksid a n d setsid inst ruct ions are for manipulating the 8 - b i t S e t I O r e g i s t e r ; t h e 

f o r m e r t u r n s o f f the p r o c e s s o r if Set ID is not equal to Name, and the l a t t e r l oads t h e 

S e t I D f ie ld from Name. 
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A r i t h m e t i c - Log ica l 

a d d -> RA <- RA + RB 

s u b -> RA <- RA - RB 
n e g -> RA <- - RA 
r a n d RA <- RA A RB 
ro r -* RA «- RA V RB 

r x o r -» RA <- RA O RB 

r n o t -» RA <- ~ RA 

s h i f t Num -» RA <- RA le f t sh i f ted b y Num 
t a b -> RA <- RB 

t b a -» RB «- RA 
s w a p RA RB 

L o a d - S t o r e 
Idb Num RB <- M[Num] 

s t b Num M[Num] <- RB 

Bit 

b a n d A1 ,A2 -» F [ A 1 ] <- F [ A 1 ] A F [ A 2 ] 
b o r A 1 , A 2 F [ A 1 ] *- F [ A 1 ] V F [ A 2 ] 
b x o r A1 ,A2 F [ A 1 ] *- F [ A 1 ] <D F [ A 2 ] 
b n o t A1 -> F [ A 1 ] *- ~ F [ A 1 ] 
c o m p A1 ,A2 -» F [ A 1 ] <- RA=RB; F [ A 2 ] <- RA < RB 

S p e c i a l 

e n a b l e -» F [ 0 ] . - 1 
ins -» F [ 0 ] <- this p r o c e s s o r s e l e c t e d 
d e l -> ( d e f i n e d in t e x t ) 
s h i p F lag -» ( d e f i n e d in t e x t ) 
c h k s i d Name - » F [ 0 ] <- S e t I D = Name 
s e t s i d Name —> S e t I D «- Name 

Tab le ^ Instruct ion s e t for s q u a r e s . 

T o i l l u s t r a t e the operat ion of the p r o c e s s o r s w e will s t u d y t w o program s e g m e n t s 

f o r p e r f o r m i n g s e a r c h e s . T h e f i rst segment is for member s e a r c h i n g . 
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c h k s i d 
sh ip 
dataj_ 
d a t a p 

T h i s S e t 
T w o 

// Turn off undesired p rocessors 
// The n e x t two packets hold the comparand 

comp 

t a b 
Idb K e y A d 

1,2 

// Put comparand in RA 
// Put key in RB 
// Answer is in F[1 ] 

T h e s e a r c h k e y e n t e r s the RB reg is ter from the data stream and is t h e n t r a n s f e r r e d 

t o t h e RA r e g i s t e r . T h e program then loads the k e y field of the r e c o r d into t h e RB 

r e g i s t e r ( K e y A d is an in teger identifying which of the 16 memory w o r d s holds t h e 

k e y ) , a n d makes the comparison. F [ 1 ] is then one if and only if the r e c o r d ' s k e y 

f i e l d is e q u a l to the data sh ipped in the st ream. At this point, the a n s w e r c a n b e 

c o m b i n e d in t h e t r iangle network . 

T h e n e x t program that w e will examine ar ises in " n e a r e s t ne ighbor" s e a r c h i n g ; i t 

c o m p u t e s t h e d i s t a n c e b e t w e e n the data and the key f ield of the r e c o r d . S i n c e w e 

d e s i r e t h e a b s o l u t e va lue of the d i f fe rence of the k e y and the d a t a , w e must h a v e 

a c o n d i t i o n a l s t e p in our program. 

c h k s i d T h i s S e t 

sh ip T w o // RA <- Data 

data|_ 
d a t a p 
t a b 
Idb K e y A d // RB <- Key 
comp 2,0 // If Data<Key, leave p rocessor on 

T h e c r u c i a l s t e p of this program is the comp instruct ion: if Data is l e s s t h a n K e y 

t h e n a o n e is s t o r e d in F [ 0 ] , which leaves the p r o c e s s o r o n ; the s w a p t h e n 

i n t e r c h a n g e s k e y and d a t a . The n e x t instruction (chks id ) turns all a p p r o p r i a t e 

p r o c e s s o r s b a c k on , and the subt rac t co r rec t l y computes a pos i t i ve v a l u e . T h e 

t r i a n g l e s c a n t h e n be i n s t r u c t e d to return the minimum of t h e s e v a l u e s . 

T h e t w o c o d e s e g m e n t s that w e have jus t s e e n i l lustrate many o f t h e a s p e c t s o f 

s w a p 
c h k s i d T h i s S e t // Turn all p rocessors back on 

// RA <- |Key-Data| s u b 
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c o d i n g the t r e e machine. Many other examples have b e e n c o d e d , and all o f t h e m 

a p p e a r t o be fa i r ly e f f i c i e n t . More quant i ta t i ve ly , the ratio of t r e e m a c h i n e 

i n s t r u c t i o n s to " c r i t i c a l " operat ions in the task c lus te rs v e r y c l o s e l y a r o u n d 2 . 5 . 

T h i s s t a t i s t i c is e v i d e n c e for the v indicat ion of our des ign dec is ion to make t h e 

s q u a r e s g e n e r a l - p u r p o s e machines, rather than spec ia l d e v i c e s ta i lo red t o t h e 

s e a r c h i n g t a s k domain. (Pursuing that a l te rnat ive remains an i n t e r e s t i n g o p e n 

p r o b l e m . ) 

B e f o r e ending our d iscuss ion of the squares , it is in terest ing to c o m p a r e t h e 

d e s i g n o f t h e p r o c e s s o r w i th a more t yp ica l von Neumann p r o c e s s o r . In some w a y s , 

w e f a c e d e x a c t l y the same problems: the cho ices of data r e p r e s e n t a t i o n , 

i n s t r u c t i o n formatt ing , operat ion s e t , and address ing w e r e all t a k e n from t h e v o n 

N e u m a n n d e s i g n s p a c e as d i s c u s s e d b y Blaauw and Brooks [ 1 9 7 9 ] . On t h e o t h e r 

h a n d , w e a v o i d e d many of the i ssues f a c e d by des igners of t y p i c a l m a c h i n e s ; t h e s e 

i n c l u d e i n s t r u c t i o n s e q u e n c i n g , interrupt handling, and input/output c o n t r o l . 

B e f o r e w e d i s c u s s the a r c h i t e c t u r e of the tr iangle, w e must s e t t l e one more p o i n t 

a b o u t w h a t w e w a n t it to do. In most appl icat ions that compute the minimum of a s e t 

( f o r i n s t a n c e ) , w e w a n t to know not only w h a t the va lue of the minimum is b u t a l s o 

w h a t e l e m e n t has that v a l u e . W e t h e r e f o r e h a v e th ree o b j e c t s a s s o c i a t e d w i t h 

c o m p u t i n g t h e minimum: the operat ion (minimum), the va lue , and the name ( w h i c h is a 

3 2 - b i t w o r d a s s o c i a t e d wi th the v a l u e ; its a d d r e s s or " k e y " in many a p p l i c a t i o n s ) . 

W h e n combining t w o s u c h o b j e c t s , w e take the va lue as the minimum of t h e t w o 

v a l u e s , a n d the name from the name of the smaller v a l u e . T h e name is t h u s 

inherited from the minimum. W e will also a s s o c i a t e names w i th o t h e r b i n a r y 

o p e r a t o r s : the name of maximum is inher i ted from the node wi th g r e a t e r v a l u e ; f o r 

plus, f rom a n o n z e r o e lement ; for o r , from a nonzero bit v e c t o r ( a r b i t r a r y if b o t h a r e 

z e r o ) ; a n d fo r end from a z e r o bit v e c t o r . 

H a v i n g d e f i n e d the c o n c e p t s of va lue , name and inher i tance, it is s t r a i g h t f o r w a r d 

t o d e s c r i b e t h e a r c h i t e c t u r e of the t r iang les . T h e y will o p e r a t e on 8 0 - b i t p a c k e t s : 

1 6 b i t s o f i n s t r u c t i o n , and 32 bits e a c h of va lue and name. Computing min% max, 
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plus, and, and or a re all simple. Union is a bit more deta i led , but a lso c o n c e p t u a l l y 

s t r a i g h t f o r w a r d . One a s p e c t that w e have not mentioned is the i n t e r f a c e b e t w e e n 

t h e s q u a r e s and the t r iangles ; w e must include instruct ions for t r a n s f e r r i n g t h e 

c o n t e n t s o f the RB r e g i s t e r to the name or va lue f ield of the t r iangle immediate ly 

b e n e a t h it ( t h e s e could be included in the load -s to re family) . This a l lows us t o g i v e 

c o m p l e t e programs for answer ing quer ies . Af ter computing the a n s w e r s ( a s 

i l l u s t r a t e d in the t w o segments shown above ) , w e load them into the d e s i r e d f i e l d s 

o f t h e t r i a n g l e s , and combine them as des i red . 

It is important to emphasize that the arch i tecture w e h a v e j u s t s e e n is no t t h e 

a r c h i t e c t u r e that the ultimate user of the machine will s e e . Rather , t h e r e wil l b e a 

h i e r a r c h y o f func t ions avai lable to him. At the highest l eve l , he will b e a b l e t o 

p e r f o r m o p e r a t i o n s on s e t s ( load a s e t , e rase a s e t , for e a c h element in the s e t , a n d 

s o f o r t h ) ; a t an intermediate leve l there are record -handl ing opera t ions ( d e f i n i n g 

q u e r i e s or inser t ing , delet ing and updating r e c o r d s ) ; and at the l o w e s t l e v e l t h e r e 

a r e t h e machine inst ruct ions themselves . At the lowest leve l the u s e r c a n make 

v e r y e f f i c i e n t c o d e b y knowing the details of the machine; at the h igher l e v e l s h e 

s a c r i f i c e s e f f i c i e n c y for c lean and e a s y code . 

An important par t o f the implementation of this a rch i tec tu re is t h a t t h e r e b e a 

f a i r l y s o p h i s t i c a t e d d e v i c e control ler for the t ree machine ( s u c h as an o f f - t h e - s h e l f 

m i c r o p r o c e s s o r ) . This control ler will implement the h ierarchy of funct ions m e n t i o n e d 

a b o v e . Th i s will a lso r e d u c e the bus act i v i t y substant ial ly b y having the c o n t r o l l e r 

f e t c h i tems from main memory and issue instructions to the t r e e machine; it a p p e a r s 

t h a t h a v i n g the C P U i tsel f perform these tasks would lead to a s u b s t a n t i a l 

d e g r a d a t i o n in ove ra l l s y s t e m performance. 

4 . D i s c u s s i o n o f i m p l e m e n t a t i o n 

In th is s e c t i o n w e w l l d iscuss one implementation of the a r c h i t e c t u r e o f S e c t i o n 3 

in V L S I t e c h n o l o g y . The fundamental descr ipt ion of the implementation is t h a t it is 

b i t - s e r i a l . T h e r e are t w o motivations for this: one, to exp lo i t the s h i f t - r e g i s t e r 

t e c h n o l o g y of V L S I , and t w o , to use v e r y f e w pins on p a c k a g e s . 
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T h e implementat ion of both the c i rc les and the tr iangles d e s c r i b e d in t h e l a s t 

s e c t i o n is s t r a i g h t f o r w a r d . The squares are also e a s y to implement b i t - s e r i a l l y . T h e 

1 6 - w o r d memory is in f a c t a parallel shift reg is te r . 16 bits w ide and 3 2 b i ts long . 

T h e t w o r e g i s t e r s RA and RB are also shi f t r e g i s t e r s . T o load or s t o r e a w o r d , RB 

a n d t h e memory sh i f t r e g i s t e r are sh i f ted in paral lel , and the memory c o n t r o l l e r o f 

F i g u r e 4 is j u s t a mult ip lexor (decod ing a 4 -b i t a d d r e s s to one of 1 6 l i n e s ) . All o f 

t h e a r i t h m e t i c - l o g i c a l operat ions arc accompl ished by putt ing a s i n g l e - b i t f u n c t i o n 

b o x b e t w e e n the RA and RB r e g i s t e r s , and then shift ing the pair th rough it (a l l 

o p e r a t i o n s requ i re at most one bit of memory). Notice that w e h a v e a s s u m e d t h a t 

t h e s q u a r e s h a v e 3 2 minor c y c l e s during e a c h major c y c l e of the machine. T h e b i t 

o p e r a t i o n s a re s t r a i g h t f o r w a r d to implement if the Flag array is j u s t a small R A M . 

E s t i m a t e s b y e x p e r i e n c e d VLSI des igners indicate that the chip a rea f o r t h e 

f u n c t i o n a l i t y in the s q u a r e is about equal to the chip area requi red for t h e 5 1 2 - b i t 

m e m o r y . Us ing c u r r e n t techno logy , it is e a s y to imagine putt ing 16 s q u a r e s o n a 

s i n g l e c h i p . 

N o w t h a t w e know how w e will implement the individual p r o c e s s i n g e l e m e n t s 

( c i r c l e s , s q u a r e s and t r iang les ) , w e must d e s c r i b e how to p lace them on a c h i p . T h e 

f i r s t s impl i f i ca t ion w e will make is to cons ider them as s tandard b inary t r e e s r a t h e r 

t h a n t h e " m i r r o r e d " b inary t r e e of Figure 2; the unmirroring p r o c e s s is i l l u s t r a t e d in 

F i g u r e 6 . W e n o w f a c e the problem of laying out a binary t r e e on a c h i p . T h i s 

p r o b l e m has b e e n s t u d i e d by Mead and Rem [ 1 9 7 9 ] , w h o s u g g e s t t h e 

s p a c e - e c o n o m i c a l layout i l lustrated in Figure 7. The amount of s p a c e u s e d in t h a t 

l a y o u t is p ropor t iona l to the number of p r o c e s s o r s on the chip. Note tha t e a c h e d g e 

in t h a t l a y o u t is rea l i zed b y t w o " w i r e s " on the chip — one for data going t o t h e 

s q u a r e s , a n d one for data coming from the s q u a r e s . 

S i n c e on l y some f i x e d number of the p r o c e s s o r s in a t r e e machine wil l f i t o n a 

s i n g l e c h i p , it is important that w e d iscuss the packaging of the c h i p s . T h e 

p a c k a g i n g s t r a t e g y w e propose is i l lustrated in Figure 8. T h e r e are t w o k inds o f 

c h i p s in t h a t f i g u r e : t h e leaf chips and the internal ch ips . The leaf ch ips c o n t a i n 
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F igure 6. "Unmirroring" the t ree machine. 

* + 

Figure 7. T r e e layout on a chip. 

( s a y ) 1 6 s q u a r e n o d e s and 15 circ le and triangle nodes . All the communicat ion t o a 

l e a f ch ip is th rough t w o w i r e s , so the chip needs only t w o communicat ions p ins 

( b e s i d e s p o w e r , ground and timing synchronizat ion p ins) . Not ice that th is implies 

t h a t w i t h t e c h n o l o g i c a l a d v a n c e s in VLSI , w e will be able to p l a c e many more 

p r o c e s s o r s on a s q u a r e ch ip ; w e are not bound by pin limitations. T h e in terna l c h i p s 

w o u l d p r o b a b l y be c o n s t r u c t e d with s e v e n c i rc les and tr iangles on them; th is implies 

t h a t t h e r e is one input -ou tput pair of wi res at the top of the chip and e ight pa i rs a t 

t h e b o t t o m . T h e tota l number of pins for this chip is t h e r e f o r e e i g h t e e n ( p l u s 

m i s c e l l a n e o u s p i n s ) . This chip is therefore pinbound e v e n in t o d a y ' s f a b r i c a t i o n 

t e c h n o l o g y ; un less there are u n e x p e c t e d a d v a n c e s in packaging t e c h n o l o g y , t h e 

i n t e r n a l c h i p s will p robab ly continue to have s e v e n or at most f i f t e e n pairs o f c i r c l e s 

a n d t r i a n g l e s . 

T o g e t a b e t t e r feel ing for the s ize of the t ree machine, w e will b r ie f l y c o n s i d e r 

h o w o n e might be built t o d a y . Suppose that w e put s i x t e e n square n o d e s on e a c h 

l e a f c h i p , a n d s e v e n c i rc le - t r iang le pairs on each internal chip ( b o t h o f t h e s e a r e 
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Leaf Chip 

Figure T w o kinds of ch ips . 

e a s i l y a c c o m p l i s h e d in today ' s t e c h n o l o g y ) . W e will now put 64 leaf ch ips and n ine 

i n t e r n a l c h i p s on. a b o a r d ; this g i ves us 1024 square n o d e s . W e c a n t h e n p u t 

s i x t e e n o f t h e s e boards in a small cab inet , giving a t r e e machine of more t h a n 

s i x t e e n t h o u s a n d s q u a r e nodes , e a c h holding a 5 1 2 - b i t r e c o r d . If w e a s s u m e t h a t 

t e c h n o l o g y c o n t i n u e s to double the number of components on a chip e v e r y t w o 

y e a r s , th i s implies that w e con e x p e c t a t ree machine of one million r e c o r d s to f i t in 

a b o u t a c u b i c f o o t of s p a c e by the end of the 1980*5. 

T h e s e r o u g h ( b u t fa i r ly c o n s e r v a t i v e ) est imates indicate that the t r e e m a c h i n e 

might b e o n e r e a s o n a b l e w a y to exp lo i t the p rocess ing p o w e r that V L S I will g i v e u s . 

B e f o r e w e c a n a s s e r t this w i th c o n f i d e n c e , h o w e v e r , w e must s h o w t h a t t h e t r e e 

m a c h i n e is a w i s e r w a y to inves t r e s o u r c e s than other s t r u c t u r e s for s e a r c h i n g . Fo r 

e x a m p l e , might it be b e t t e r to put the same r e s o u r c e s into a large RAM memory 

r a t h e r t h a n a t r e e machine? The authors ' preliminary i n v e s t i g a t i o n s s t r o n g l y 

s u g g e s t t h a t the e x c e s s c o s t of the t r e e machine compared to a RAM is v e r y smal l 

c o m p a r e d to the funct ional i ty p u r c h a s e d , but the deta i led compar ison o f th i s 

a r c h i t e c t u r e to t h e RAM and its other compet i tors remains an o p e n problem. 

5. C o n c l u s i o n s 

In th i s p a p e r w e h a v e i n v e s t i g a t e d the t r e e machine for s e a r c h i n g p rob lems o n 

s e v e r a l l e v e l s . In S e c t i o n 2 w e s tud ied it in an a b s t r a c t se t t ing and s h o w e d t h a t it 
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c a n r a p i d l y s o l v e many search ing problems, as wel l as some o ther problems t h a t d o 

n o t immediate ly appear to be searching problems. In S e c t i o n 3 w e s a w a n 

a r c h i t e c t u r e ( t h a t is, a user 's v i e w ) of the machine, and in S e c t i o n 4 w e s a w t h a t 

t h a t a r c h i t e c t u r e c a n be e f f i c ient l y implemented in VLSI t e c h n o l o g y . Hav ing s t u d i e d 

t h e mach ine a t t h e s e var ious leve ls , w e will now sp e nd a f e w moments summariz ing 

t h e c o n t r i b u t i o n s of this work . 

T h i s machine c a n be compared with many other a r c h i t e c t u r e s . It is similar t o an 

a s s o c i a t i v e memory in many a s p e c t s , but it can perform many more o p e r a t i o n s t h a n 

e v e n t h e most p o w e r f u l assoc ia t i ve memories cons idered to da te ( s e e , for e x a m p l e , 

Lamb a n d V a n d e r s l i c e [ 1 9 7 8 ] ) . One might consider the square p r o c e s s o r s a s 

forming a S i n g l e - I n s t r u c t i o n , Mult ip le -Data stream (SIMD) computer , but e a c h s q u a r e 

is c o n s i d e r a b l y simpler than most SIMD machines p roposed to d a t e . T h e t r e e 

m a c h i n e is a lso super f i c ia l l y similar to the CASSM computer of Su et al [ 1 9 7 9 ] , b u t 

t h e r e a r e fundamenta l d i f f e r e n c e s in the two machines at both the a r c h i t e c t u r a l a n d 

implementat ion l e v e l s . T w o other machines to which it might be c o m p a r e d a r e t h e 

t r e e - s t r u c t u r e d machines of Mago [ 1 9 7 9 ] and Sequin , Despain and P a t t e r s o n 

[ 1 9 7 8 ] . Both o f t h e s e machines, however , are put fo rward as g e n e r a l - p u r p o s e 

c o m p u t i n g d e v i c e s , whi le our machine is much more spec ia l i zed to t h e p a r t i c u l a r 

p r o b l e m o f s e a r c h i n g . 

A l t h o u g h w e e x p l o r e d only one design path in this paper , it is important t o 

r e m e m b e r t h a t t h e r e are many var iants of the t ree machine. For e x a m p l e , in t h e 

unmi r ro red t r e e machine of Figure 6, the c i rc le - t r iangle nodes could be made more 

p o w e r f u l s o t h a t t h e y could in teract with passing data in more s o p h i s t i c a t e d w a y s , 

t h e r e b y s u b s t a n t i a l l y enhancing the machine's capabi l i ty . So fa r w e h a v e 

i n v e s t i g a t e d on ly b inary t r e e s ; in certa in applications, other branching f a c t o r s may 

p r o v e s u p e r i o r . O t h e r interest ing var iants of the machine come from c h a n g i n g t h e 

amount o f memory in a square p rocessor ; might it be reasonab le , for i n s t a n c e , t o 

h a v e t h o u s a n d s of memory words in each square? Many other des ign p a t h s remain 

u n e x p l o r e d — in this paper he have only at tempted to d e s c r i b e t h e f u n d a m e n t a l 

c o n c e p t s o f t h e machine. _ 
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An i n t e r e s t i n g a s p e c t of the t ree machine is what w e might call its " c o m p u t a t i o n a l 

s t r u c t u r e " , w h i c h is i l lustrated in Figure 9. That diagram has th ree i n t e r p r e t a t i o n s . 

F i r s t , it i l l u s t r a t e s the t ree machine i tsel f : v e r y small input and output c h a n n e l s , w i t h 

m a s s i v e c o m p u t a t i o n going on in b e t w e e n . S e c o n d , it d e s c r i b e s the s e a r c h i n g 

p r o b l e m : a small ques t ion is asked about a large s e t , giving a small a n s w e r . A n d 

f i n a l l y , t h e f i g u r e i l lust rates the const ra ints of working wi th p inbound V L S I : t h e 

n u m b e r o f p ins on a chip is v e r y small compared to the number of f u n c t i o n a l 

c o m p o n e n t s . T h e f a c t that the a b s t r a c t s t ruc tu re of both the s e a r c h i n g p rob lem 

a n d t h e t r e e machine 's solution to it c lose ly model the medium of VLSI i n d i c a t e s t h a t 

t h i s a p p r o a c h might be v e r y s u c c e s s f u l . 

T o summar i ze the t r e e machine, the authors f e e l that this work has t h r e e 

c o n t r i b u t i o n s . T h e f i rs t is the a b s t r a c t t ree machine: it g i v e s a number o f n i c e 

" t h e o r e t i c a l " so lut ions to a large s e t of problems. T h e s e c o n d cont r ibut ion is t h e 

a r c h i t e c t u r e and implementation w e have p r o p o s e d ; t h e y ind icate t h a t th is m a c h i n e 

might b e a r e a s o n a b l e d e v i c e to build as fur ther a d v a n c e s in VLSI t e c h n o l o g y o c c u r . 

F i n a l l y , w e f e e l tha t the "computat ional s t r u c t u r e " w e j u s t i n v e s t i g a t e d p r o v i d e s a n 

e x a m p l e o f t h e kind of argument that will j u s t i f y s p e c i a l - p u r p o s e a r c h i t e c t u r e s 

p r o p o s e d f o r implementat ion in VLS I . 

A c k n o w l e d g e m e n t s 

T h e a u t h o r s w o u l d like to acknowledge the care fu l comments of D o r o t h e a H a k e n , 

D a v e M c K e o w n , Jim S a x e , Dick S i tes and Siang Song and the he lpfu l c r i t i c i s m s 

Figure 9. A computational s t r u c t u r e . 



3 0 A u g u s t 1 9 7 9 T r e e Machine for Searching - 2 2 -

r e c e i v e d w h e n p resent ing t h e s e ideas in a seminar at X e r o x PARC. 

References 

B a c k u s , J . [ 1 9 7 8 J . " C a n programming be l iberated from the v o n Neumann s t y l e ? A 

f u n c t i o n a l s t y l e and its algebra of programs," Communications of the ACM 2 7 , 8 

( A u g u s t 1 9 7 8 ) , pp . 6 1 3 - 6 4 1 . 

B e n t l e y , J . L. [ 1 9 7 9 ] . "A parallel algorithm for construct ing minimum spanning t r e e s , " 

t o a p p e a r in the S e v e n t e e n t h Annual Allerton C o n f e r e n c e on Communicat ion , 

C o n t r o l and Computing, Oc tober 1979. 

B e n t l e y , J . L. and J . B. S a x e [ 1 9 7 9 ] . "Decomposable search ing p r o b l e m s , " in 

p r e p a r a t i o n . (Prel iminary vers ion by J . L. Bent ley , Information Processing 

Letters 8 , 5 ( J u n e 1 9 7 9 ) , pp. 2 4 4 - 2 5 1 . ) 

B l a a u w , G . A. and F. P. Brooks, J r . [ 1 9 7 9 ] . Computer Architecture, unpubl i shed d r a f t . 

B r o w n i n g , S . [ 1 9 7 9 ] , "Computation on a t ree of p r o c e s s o r s , " C a l t e c h I n t e r n a l 

Memorandum. 

K u n g , H. T . [ 1 9 7 9 ] . "Le t ' s des ign algorithms for V L S I " , C a l t e c h C o n f e r e n c e on V e r y 

L a r g e S c a l e In tegrat ion : Arch i tecture , Design, Fabr icat ion, ( J a n u a r y 1 9 7 9 ) . 

K u n g , H. T . and C . Le i se rson [ 1 9 7 9 ] . "Sys to l i c ar rays ( for V L S I ) , " Carnegie-Mellon 

University Computer Science Research Review, 1977-78, pp . 3 7 - 5 7 . T o a p p e a r 

in M e a d and C o n w a y [ 1 9 7 9 ] . 

Lamb, S . M. and R. Vanders l i ce [ 1 9 7 8 ] . "Recognit ion memory: low c o s t 

c o n t e n t - a d d r e s s a b l e parallel p rocessor for s p e e c h da ta manipu lat ion , " 

p r e s e n t e d at the Acoust ica l S o c i e t y of America and Acous t i ca l S o c i e t y o f 

J a p a n Jo in t Meet ing , Sess ion BB, Honolulu (29 November 1 9 7 8 ) . 

M a g o , G . [ 1 9 7 9 ] . "A network of microprocessors to e x e c u t e reduct ion l a n g u a g e s , " 

t o a p p e a r in International Journal of Computer and Information Sciences. 

M e a d , C . A. and L. A. C o n w a y [ 1 9 7 9 ] . Introduction to VLSI Systems, to a p p e a r . 

M e a d , C . A. and M. Rem [ 1 9 7 9 ] . " C o s t and performance of V L S I Comput ing 



3 0 A u g u s t 1 9 7 9 T r e e Machine for Searching - 2 3 -

S t r u c t u r e s / 1 IEEE Journal of Solid State Circuits S C - 7 4 , 2, April 1 9 7 9 , p p . 

4 5 5 - 4 6 2 . 

S e q u i n , C . H., A. M. Despa in , and D. A. Patterson [ 1 9 7 8 ] . "Communication in X - t r e e , 

a modular mult iprocessor s y s t e m , " ACM 78 Proceedings. 

S i t e s , R. L. [ 1 9 7 9 ] . "How to use 1000 reg is te rs , " Ca l tech C o n f e r e n c e on V e r y L a r g e 

S c a l e I n t e g r a t i o n : A rch i tec tu re , Design, Fabrication, ( J a n u a r y 1 9 7 9 ) . 

S u , S . Y . W. , L. I I . N g u y e n , A. Cmam, and G. J . Lipovski [ 1 9 7 9 ] . " T h e a r c h i t e c t u r a l 

f e a t u r e s and implementation techniques of the multicell c a s s m , " IEEE Trans. 

Comp. C-PS, 6, ( J u n e 1979) , pp. 4 3 0 - 4 4 5 . 
* 

S w a n , R. J . , S . H. Fuller and D. P. Siewiorek [ 1 9 7 7 ] . "Cm*: A Modu lar 

M u l t i p r o c e s s o r , " AFIPS Conf. Proc. 46 , pp. 6 3 7 - 6 4 4 . 

W i l n e r , W . [ 1 9 7 8 ] . " R e c u r s i v e machines," X e r o x PARC SSL Internal Memorandum 

( J a n u a r y 21 , 1 9 7 8 ) . 



A Parallol Algorithm for Constructing Minimum Spanning Trees^ 

Jon Louis Bentley 
Departments of Computer Science and Mathematics 

Carncgie-McIIon University 
Pittsburgh, Pennsylvania 15213 

30 August 1979 

Abstract 

T h e c o n s t r u c t i o n o f minimum spanning t r e e s ( M S T s ) of w e i g h t e d g r a p h s is a 

p r o b l e m t h a t a r i s e s in many appl icat ions. In this paper w e will s t u d y a n e w p a r a l l e l 

a l g o r i t h m t h a t c o n s t r u c t s t h e MST of an N-node graph in time propor t iona l t o N Ig N, 

o n a n N/( lg N ) - p r o c e s s o r computing s y s t e m . T h e primary t h e o r e t i c a l c o n t r i b u t i o n o f 

t h i s p a p e r is t h e n e w algorithm, wh ich is an improvement o v e r Soll in's para l le l M S T 

a l g o r i t h m in s e v e r a l w a y s . On a more pract ica l l e v e l , this algorithm is a p p r o p r i a t e f o r 

i m p l e m e n t a t i o n in VLS I t e c h n o l o g y . 

Th is research w n s supported «n part by the Defense Advanced Research Projects Agency under Contract 
F 3 3 6 1 5 - 7 8 - C - 1 5 5 1 (monitored by the Air Force Office of Scientific Research) and in part by the Of f i ce of Nava l 
R e s e a r c h under Contract IM00014-76-C-0370. 



A Parallol Algorithm for Constructing Minimum Spanning Trees 

Jon Louis Bentley 
Departments of Computer Science and Mathematics 

Carncgie-McWon University 
Pittsburgh, Pennsylvania 1 5 2 1 3 

30 August 1 979 

Abstract 

T h e c o n s t r u c t i o n of minimum spanning t r e e s ( M S T s ) of w e i g h t e d g r a p h s is a 

p r o b l e m t h a t a r i s e s in many appl icat ions. In this paper w e will s t u d y a n e w para l le l 

a lgo r i thm t h a t c o n s t r u c t s the MST of an N-node graph in time proport ional to N Ig N, 

o n a n N/(lg N ) - p r o c e s s o r computing s y s t e m . The primary t h e o r e t i c a l c o n t r i b u t i o n o f 

t h i s p a p e r is t h e n e w algorithm, which is an improvement o v e r Sollin's para l le l M S T 

a lgo r i thm in s e v e r a l w a y s . On a more pract ica l l eve l , this algorithm is a p p r o p r i a t e f o r 

i m p l e m e n t a t i o n in VLS I t e c h n o l o g y . 

This research was supported m part by the Defense Advanced Research Projects Agency under Contract 
F 3 3 6 1 5 - 7 8 - C - J 5 5 1 (monitored by the Air Force Office of Scientific Research) and in part by the Of f i ce of Naval 
R e s e a r c h under Contract N0OO14-76-C -0370. 



3 0 A u g u s t 1 9 7 9 A Parallel MST Algorithm 

Tablo of Contents 

1 • In t roduc t ion 
2 . B a c k g r o u n d on the T r e e Machine 
3 . T h e Pr im-Di jks t ra MST Algorithm 
4 . T h e Algorithm on the T r e e Machine 
5 . C o n c l u s i o n s 
A c k n o w l e d g e m e n t s 
R e f e r e n c e s 



3 0 A u g u s t 1 9 7 9 A Parallel MST Algorithm - 1 -

1. Introduction 

A minimum spanning t r e e ( M S T ) of a we ighted graph is de f ined as a s u b s e t o f 

e d g e s o f t h e g raph that c o n n e c t s all nodes and whose total e d g e w e i g h t is minimum. 

T h e prob lem of computing M S T s ar ises in many appl icat ions. In a communicat ions 

s y s t e m , fo r e x a m p l e , w e might wish to link together a s e t o f c i t ies using minimum 

w i r e l e n g t h ; if on ly w i r e s from one c i t y to another are a l lowed, this cal ls p r e c i s e l y 

f o r f ind ing t h e minimum spanning t r e e . ( Indeed , this method is u s e d fo r bil l ing 

p u r p o s e s b y the Bell S y s t e m ! ) T h e problem of computing M S T s also a r i s e s in s u c h 

d i v e r s e app l i ca t ions a reas as data analysis , operat ions r e s e a r c h , and t r a n s p o r t a t i o n 

n e t w o r k s . In th is paper w e will invest igate a new method for rap id ly comput ing 

M S T s o n a paral le l computer . 

M u c h p r e v i o u s work has been d e v o t e d to the minimum spanning t r e e prob lem. In 

i t s most g e n e r a l s e t t i n g , the problem is def ined on g raphs ; Cher i ton and T a r j a n 

[ 1 9 7 6 ] p r o v i d e a thorough treatment of algorithms for the genera l p rob lem. A 

s p e c i a l c a s e of the M S T problem (and one of g reat pract ica l i n t e r e s t ) is w h e n t h e 

i n p u t g r a p h is t h e complete graph induced by a s e t of points in Euc l idean k - s p a c e . 

( T h a t i s , t h e v e r t i c e s are the points in the s e t , and the e d g e w e i g h t b e t w e e n t w o 

v e r t i c e s is the i r d i s t a n c e in s p a c e . ) Shamos [ 1 9 7 8 ] g i ves an optimal w o r s t - c a s e 

a lgor i thm for computing the MST of a planar point s e t , and Yao [ 1 9 7 7 ] d e s c r i b e s t h e 

b e s t - k n o w n w o r s t - c a s e algorithm for point s e t s in k - s p a c e . F a s t e x p e c t e d - t i m e 

a lgo r i thms a r e c o n s i d e r e d b y Bent ley , Weide and Yao [ 1 9 7 8 ] . 

In th is p a p e r w e will s t u d y a parallel algorithm for computing M S T s o f g r a p h s in 

w h i c h t h e e d g e w e i g h t s are implicitly g iven by a d is tance funct ion t h a t r e t u r n s t h e 

( n o n n e g a t i v e ) d i s t a n c e b e t w e e n two nodes. The most common e x a m p l e o f s u c h 

g r a p h s is t h e Euc l idean c a s e that w e jus t s a w ; there are , h o w e v e r , o t h e r e x a m p l e s 

( f o r i n s t a n c e , the v e r t i c e s might be bit str ings and the d i s t a n c e s the i r Hamming 

d i s t a n c e ) . Assuming that the d is tance function can be computed in c o n s t a n t t ime, 

t h e b e s t k n o w n un iprocessor algorithm for this problem runs in (opt imal) t ime 

p r o p o r t i o n a l t o N 2 on a graph of N v e r t i c e s . The purpose of this p a p e r is to p r e s e n t 
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an a lgor i thm for solv ing this problem on an N/(lg N ) - p r o c e s s o r paral lel machine in 

t ime p ropor t iona l to N Ig N. (A similar result w a s a c h i e v e d b y Sollin [ 1 9 7 7 ] ; w e wi l l 

c o m p a r e t h e n e w algorithm to his later in the paper . ) 

T h i s p a p e r is o rgan i zed into three primary sec t ions . In S e c t i o n 2 w e s t u d y a 

p a r t i c u l a r t r e e - s t r u c t u r e d parallel computer, and in Sec t ion 3 w e will r e v i e w a 

w e l l - k n o w n algorithm for const ruct ing MS Ts . T h e s e sec t ions p rov ide the b a c k g r o u n d 

f o r S e c t i o n 4, in w h i c h w e will s e e how the algorithm can be implemented v e r y 

e f f i c i e n t l y on the t r e e machine. Conclusions are then o f f e r e d in S e c t i o n 5. 

2. Background on the Tree Machine 

In th i s s e c t i o n w e will examine the t r e e - s t r u c t u r e d search ing machine d e s c r i b e d 

b y B e n t l e y and Kung [ 1 9 7 9 ] . Although this d iscussion will p rov ide the n e c e s s a r y 

b a c k g r o u n d for apply ing the t ree machine to the MST problem, it will be r a t h e r b r i e f ; 

t h e i n t e r e s t e d r e a d e r can re fe r to Bent ley and Kung [ 1 9 7 9 ] for addit ional d e t a i l s . 

T h e b a s i c s t r u c t u r e of the t ree machine is i l lustrated in F igure 1. It is a 

" m i r r o r e d " b ina ry t r e e , containing three t y p e s of nodes : c i r c les ( w h i c h b r o a d c a s t 

d a t a ) , s q u a r e s ( w h i c h s t o r e data and compute) , and tr iangles ( w h i c h combine t h e i r 

i n p u t s ) . T o i l lust rate the operat ion of the t ree machine, let us s u p p o s e thai , e a c h o f 

N s q u a r e p r o c e s s o r s holds an element of s e t S, and w e wish to determine w h e t h e r 

5 9 is a member of S . W e enter 59 into the input node of the t r e e , and Ig N s t e p s 

l a t e r it r e a c h e s all the square nodes . We then perform N comparisons ( in p a r a l l e l ) , 

g i v i n g N b i t s tha t tel l w h e t h e r the element s to red in each p r o c e s s o r is 5 9 . W e c a n 

n o w combine t h o s e bi ts in Ig N s t e p s by letting the tr iangles compute t h e log ica l o r 

o f t h e i r t w o inputs . W e there fo re r e c e i v e the answer to our q u e r y 2 Ig N s t e p s 

a f t e r it w a s p o s e d . 

T h e a b o v e e x a m p l e i l lustrates the important a s p e c t s of the t r e e mach ine . T h e 

p r i m a r y f u n c t i o n of the c i rc les is to broadcast data ( t h e y also d e c i d e w h e r e a n e w 

r e c o r d is to b e i n s e r t e d into the t r e e ) . The tr iangles' purpose is to combine t h e i r 

i n p u t s ; t h e opera t ions t h e y perform include min, max, and, or, and plus. In add i t ion 
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Figure St ructure of the t r e e machine. 

t o r e t u r n i n g the minimum va lue ( for instance) , simple bookkeeping e n a b l e s them t o 

r e t u r n a l s o t h e name of the o b j e c t achieving it . The s q u a r e s a re t h e most 

c o m p l i c a t e d n o d e s . E a c h is a " b a b y " von Neumann computer w i th a small amount o f 

main memory . T h e y r e c e i v e their instructions and data in a s ing le s t r e a m 

t r a n s m i t t e d b y the c i r c l e s . ( The stream for the above member s e a r c h w o u l d b e 

s o m e t h i n g like " t h e fol lowing is data , constant 59, load into reg i s te r A, load r e g i s t e r 

B f rom t h e memory w o r d holding the key , and compare." ) An important p r o p e r t y o f 

t h e t r e e machine is that M s u c c e s s i v e member s e a r c h e s can be " p i p e l i n e d " ( t h a t i s , 

t h e s e c o n d g o e s d o w n the t r e e immediately following the f i rs t , and s o on ) t o run in 

M-1 + 2 Ig N t ime. 

N o t e t h a t the t r e e machine can be simulated to within a cons tant time f a c t o r b y a 

s e t o f N p r o c e s s o r s operat ing on a large shared memory wi th c o n s t a n t a c c e s s t ime. 

S u c h a machine is a more typ ica l theoret ical model of parallel computat ion ( s e e , f o r 

e x a m p l e , Borodin and Munro [ 1 9 7 5 ] or Kung [ 1 9 7 9 ] ) , and the resu l t o f S e c t i o n 4 

h o l d s in th is model as wel l as for the t ree machine. 

A l t h o u g h this c o n c l u d e s our discussion of the t ree machine on a " t h e o r e t i c a l " 

l e v e l , t h e r e a r e t w o important points of pract ical in terest that should b e made . T h e 
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f i r s t is t h e f a c t that the t ree machine is e f f i c ient l y implementable in V L S I 

t e c h n o l o g y ; th is i ssue has b e e n d i scussed at length b y Bent ley and Kung [ 1 9 7 9 ] . 

T h e s e c o n d point is that the algorithm w e will s e e in Sec t ion 4 c a n b e implemented 

o n t h e c o n c r e t e t r e e machine of Bent ley and Kung [ 1 9 7 9 ] simply b y c o d i n g a 

p r o g r a m ; no modif icat ion of the basic machine is requi red . 

3 . T h e Prim-Di jkstra M S T Algorithm 

In th is s e c t i o n w e will s t u d y an MST algorithm due to Prim [ 1 9 5 7 ] a n d i ts 

c o m p u t e r implementation as g iven by Dijkstra [ 1 9 5 9 ] . B e c a u s e the algori thm h a s 

b e e n e x a m i n e d at length in those pioneering papers (as wel l as in numerous t e x t s ) , 

w e wi l l r e v i e w it at a fai r ly intuit ive leve l . Proofs of c o r r e c t n e s s and d e t a i l s o f 

imp lementat ion abound in the l i terature. 

Prim's algorithm w o r k s b y start ing with a fragment ( s u b t r e e ) t h a t c o n s i s t s o f 

e x a c t l y o n e v e r t e x o f the graph and then s u c c e s s i v e l y e x p a n d i n g t h e f r a g m e n t 

unt i l a s p a n n i n g t r e e ir. ob ta ined . Because the fragment is e x p a n d e d a t e a c h s t e p 

u n d e r a v e r y local condit ion, this is re fe r red to as a " g r e e d y " algorithm. T o s p e c i f y 

t h a t c o n d i t i o n , w e must g i ve some definit ions. T h e distance o f a v e r t e x t o t h e 

f r a g m e n t is d e f i n e d as the we ight of the shor tes t e d g e connect ing t h a t v e r t e x t o 

t h e f r a g m e n t . T h e nearest neighbor of the fragment is then de f ined as t h a t v e r t e x 

n o t in t h e f ragment wi th minimum distance to the f ragment ( w i t h t i e s b r o k e n 

a r b i t r a r i l y ) . It is now e a s y to descr ibe Prim's algorithm. The f ragment is in i t ia l i zed t o 

c o n t a i n an a r b i t r a r y v e r t e x . W e then e x p a n d the fragment at e a c h s t a g e b y a d d i n g 

t o it t h e n e a r e s t neighbor of the fragment. When applying this algorithm t o an 

N - n o d e g r a p h , a f t e r N-1 s t a g e s w e will have emptied the s e t of nonf ragment n o d e s 

a n d t h e r e b y h a v e built a spanning t ree of the graph. Prim g i v e s an e l e g a n t p r o o f 

t h a t t h e resu l t ing spanning t ree is indeed minimum ( the proof o f this p a r t i c u l a r 

a lgor i thm is b a s e d only on Principle 2 of his paper ) . 

If Prim's algorithm is implemented in a computer program b y keep ing t r a c k o f t h e 

" n e a r e s t nonf ragment neighbor" of e v e r y fragment node, then the resul t ing a lgor i thm 

h a s 0 ( N 3 ) running time. Di jkstra [ 1 9 5 9 ] makes the brilliant o b s e r v a t i o n t h a t an 
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O ( N ^ ) algor i thm c a n be a c h i e v e d by the dual s t r a t e g y of keeping t r a c k o f t h e 

" n e a r e s t f r a g m e n t ne ighbor" of each nonfragment node. (Note that q u a d r a t i c t ime is 

opt imal b e c a u s e all ( ^ ) e d g e we ights must be examined in the genera l c a s e . ) T h e 

p r i m a r y d a t a s t r u c t u r e of Di jkstra 's algorithm contains, for e a c h nonf ragment n o d e , 

t h e name o f i ts n e a r e s t neighbor in the fragment and the d is tance to i t . W e in i t ia l ize 

t h e p rog ram b y choos ing an arbi t rary node as the single member of the f r a g m e n t a n d 

a s s i g n i n g t h a t node as the neares t neighbor of all other (nonf ragment ) n o d e s . In 

e a c h s u c c e s s i v e s t a g e of the algorithm, w e choose the nonfragment n o d e w i t h 

minimum d i s t a n c e to n e a r e s t neighbor for insertion into the f ragment and t h e n 

u p d a t e e v e r y nonfragment node to s e e if that chosen node is pe rhaps its n e a r e s t 

n e i g h b o r ( w e c h e c k if the d is tance to . the chosen node is less than t h e d i s t a n c e t o 

i t s c u r r e n t n e a r e s t ne ighbor ) . The informal method w e h a v e j u s t s e e n is d e s c r i b e d 

more p r e c i s e l y as Algorithm 1. 

T r e e E d g e s «-
N o n F r a g m e n t <- <f> 
f o r i <- 2 to N do 

N e w ( a ) 
a .Node «- i 
a.NNinFrag <- 1 
a.NNDist «- D istance(1 ,i) 
I n s e r t a into NonFragment 

w h i l e NonFragment ^ <j> do 

A s s i g n b s . t . b.NNDist = n i i n c G N o n F r a g m e n t c.NNDist 
I n s e r t (b .Node , B.NNinFrag) into T r e e E d g e s 
D e l e t e b from NonFragment 
f o r e a c h a in NonFragment do 

Th isDis t «- D is tance(a .Node, b.Node) 
if Th isD is t < a.NNDist then 

a.NNinFrag <- b.Node 
a.NNDist <- ThisDist 

Algorithm T. The Prim-Dijkstra MST algorithm. 

Algor i thm 1 a s s u m e s that the input v e r t i c e s are named 1 through N and t h a t t h e 

f u n c t i o n D i s t a n c e ( i J ) re tu rns the d is tance from node i to node j . T h e s e t T r e e E d g e s 
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c o n t a i n s pa i rs of i n t e g e r s , and its final value g i ves the MST . T h e s e t N o n F r a g m e n t 

c o n t a i n s t h e nonf ragment nodes , each of which is r e p r e s e n t e d as a P a s c a l r e c o r d 

w i t h t h r e e f i e l d s : Node (an integer node number), NNinFrag (an in teger name o f t h e 

n o d e ' s n e a r e s t ne ighbor in the f ragment) , and NNDist ( t h e d i s t a n c e to t h e n o d e ' s 

n e a r e s t n e i g h b o r ) . W h i t n e y [ 1 9 7 2 ] g i ves a Fortran implementation o f Algor i thm 1 

t h a t implements the NonFragment s e t as an ar ray ; the running time o f his p rogram is 

p r o p o r t i o n a l to N ^ . 

4 . The Algorithm on the Tree Machine 

In th i s s e c t i o n w e will s e e how Algorithm 1 can be e f f i c ient l y implemented on t h e 

t r e e machine that w e s tud ied in Sect ion 2. W e will use the t r e e machine t o 

implement the NonFragment s e t ; spec i f ica l ly , e v e r y r e c o r d in the NonFragment s e t 

r e s i d e s in a d i f f e r e n t square p rocessor of the t ree machine. W e will a s s u m e t h a t 

t h e r e is a small convent iona l computer "dr iv ing" the t r e e machine; t h a t c o m p u t e r wi l l 

a l s o s t o r e t h e T r e e E d g e s s e t . W e will now descr ibe how e a c h p a r t o f Algor i thm 1 

c a n b e implemented in this scheme. 

S e t t i n g T r e e E d g e s to be empty is tr ivial , and initializing NonFragment t o b e e m p t y 

c a n b e a c c o m p l i s h e d b y broadcast ing a " c lea r " command to all o f t h e s q u a r e 

p r o c e s s o r s in t h e t r e e machine. The for s tatement is implemented b y performing t h e 

c a l c u l a t i o n s in t h e " d r i v e r " computer, and then inserting e a c h r e c o r d into t h e t r e e 

m a c h i n e . S i n c e insert ions can be pipel ined, the total time requ i red for th is s t e p is 

l i near in N. 

W e n o w come to implementing the code in the while loop. W e c a n f ind t h e r e c o r d 

o f N o n F r a g m e n t w i th the minimum NNDist f ield in logarithmic time b y le t t ing t h e 

t r i a n g l e s c o m p u t e the minimum of those f ields (and also returning t h e name o f t h e 

r e c o r d a c h i e v i n g tha t minimum). W e then f e t c h the Node and NNinFrag f ie lds o f t h a t 

r e c o r d , i n s e r t the e d g e into T r e e E d g e s , and de lete the reco rd from N o n F r a g m e n t 

( t h i s amounts to turning of f a p rocesso r ) . W e must now perform t h e f o r e a c h 

s t a t e m e n t , and it is here that w e employ the massive parallelism o f t h e t r e e 

m a c h i n e . T o e v e r y r e c o r d cur rent ly s to red in the t r e e , w e ( s imu l taneous l y ) s h i p 
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d o w n a d e s c r i p t i o n of b.Node (suf f ic ient to compute the d is tance funct ion ) and t h e n 

c o m p u t e T h i s D i s t . If Th isDist is g reater than the NNDist f ield of t h e p a r t i c u l a r 

p r o c e s s o r , w e ( temporar i l y ) turn it o f f . We now broadcast the ass ign commands t o 

a l t e r t h e NNinFrag and NNDist f ields, which are e x e c u t e d only b y t h e l i s ten ing 

p r o c e s s o r s . W e t h e n turn back on all the p rocessors cu r ren t l y r e p r e s e n t i n g 

e l e m e n t s on NonFragment , and repeat the while loop until NonFragment is e m p t y . 

* T h e method that w e jus t desc r ibed is e a s y to program on the VLSI t r e e mach ine 

o f B e n t l e y and Kung [ 1 9 7 9 ] , assuming that the d istance funct ion b e t w e e n p$irs o f 

n o d e s c a n be computed by the square processors in constant time. T h e in i t ia l izat ion 

s t e p s ( a s s i g n i n g s e t s to be empty and initializing NonFragment) require l inear t ime on 

t h e t r e e mach ine . E a c h i teration of the while loop requires 0( lg N) time. ( D a t a must 

t r a v e l from t h e input node to the output node three times: once to f ind the minimum 

N N D i s t , o n c e to f ind the a s s o c i a t e d values and de le te the old r e c o r d , and o n c e t o 

p e r f o r m t h e u p d a t e s of the fo reach statement . ) S ince this s t e p is e x e c u t e d N-1 

t i m e s , t h e to ta l time u s e d by the s te p is 0(N Ig N). That c o s t dominates t h e c o s t o f 

t h e in i t ia l i zat ion, and the total running time of the Pr im-Di jkstra M S T algor i thm 

i m p l e m e n t e d on the t r e e machine is therefore proportional to N Ig N. 

T o i l l us t ra te the operat ion of this parallel algorithm on a more c o n c r e t e e x a m p l e , 

l e t us c o n s i d e r the problem of construct ing the MST of a s e t of N points in k - s p a c e 

( u s i n g t h e Euc l idean metr ic ) . Initializing the se t NonFragment invo lves s tor ing k r e a l s 

in e a c h o f N p r o c e s s o r s ; this can be accomplished in Nk time. In t h e w h i l e 

s t a t e m e n t , f inding the minimum can be accomplished in Ig N time, and the name o f 

t h e r e c o r d real iz ing the minimum can also be re t r i eved (and d e l e t e d ) t h a t q u i c k l y . 

W e must n o w e x e c u t e the foreach statement . This invo lves en te r ing t h e k 

c o o r d i n a t e s o f the point most recent l y added to the f ragment to all o f t h e N 

p r o c e s s o r s ( a n d computing the sum of the squares of the c o o r d i n a t e - w i s e 

d i s t a n c e s ) ; this can be accomplished in time proportional to k. Updat ing t h e 

a p p r o p r i a t e f ie lds requ i res constant time, so the total time per s t e p of th is a lgor i thm 

is p r o p o r t i o n a l to k + Ig N. The total running time of the algorithm is t h e r e f o r e 
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p r o p o r t i o n a l t o N Ig N + Nk . 1 

T h e M S T algorithm of this sec t ion can be used to y ie ld an N Ig N time algor i thm o n 

a t r e e machine w i th N/(lg N) square p rocessors , each of which has Ig N s t o r a g e . T o 

a c c o m p l i s h th is , w e s t o r e Ig N v e r t i c e s at each square node, and implement t h e 

f o r e a c h s t a t e m e n t b y e x e c u t i n g its code Ig N times. Each i terat ion of t h e wh i le loop 

s t i l l c o s t s Ig N time, and the total co s t of the algorithm is stil l proport ional t o N Ig N. 

T h e p r o c e s s o r - t i m e product of this modified algorithm is N 2 , ra ther than t h e N 2 Ig N 

o f t h e p r e v i o u s v e r s i o n . Note that this scheme can be u s e d to g i v e an N*G(N) t ime 

M S T algor i thm on an N / G ( N ) - p r o c e s s o r machine for any funct ion G that g r o w s more 

q u i c k l y t h a n Ig N ( t h e trick is to s tore G(N) v e r t i c e s in e v e r y square p r o c e s s o r ) . 

5. Conclusions 

Sol l in 's [ 1 9 7 7 ] algorithm is another method that has b e e n p r o p o s e d f o r t h e 

p a r a l l e l c o n s t r u c t i o n of M S T s in N Ig N time on an N - p r o c e s s o r machine. T h e m e t h o d 

t h a t w e s a w in S e c t i o n 4 is a fundamentally d i f ferent approach to t h e problem t h a n 

So l l in ' s : our method performs N iterations of logarithmic c o s t , w h e r e a s Sol l in 's 

p e r f o r m s Ig N i te rat ions of linear c o s t . A particular a d v a n t a g e of our method o v e r 

Sol l in 's is t h a t whi le his performs N 2 Ig N d istance calculat ions in the w o r s t c a s e , 

o u r s p e r f o r m s only ( ^ ) , wh ich is optimal. A re lated a d v a n t a g e of ours is t h a t it 

p e r f o r m s on l y N 2 operat ions a l together (unlike Sollin's N 2 Ig N), and th is a p p r o a c h 

might t h e r e f o r e lead to an N -p rocessor algorithm w»th linear running t ime. W e a l s o 

s a w t h a t fo r a n y funct ion G growing as f a s t as Ig N, our algorithm c a n b e 

i m p l e m e n t e d in N-G(N) time on an N/G(N) -p rocessor machine, g iv ing an opt imal 

p r o c e s s o r - t i m e p r o d u c t of 0 ( N 2 ) ; this is superior to Sollin's p r o c e s s o r - t i m e p r o d u c t 

o f 0 ( N 2 Ig N ) . Y e t another parallel MST algorithm has been g i ven b y S a v a g e [ 1 9 7 7 ] . 

H e r a lgor i thm runs in 0 ( l g 2 N) time on a machine with 0 ( N 2 / l g N) p r o c e s s o r s , a n d is 

1 l t is possible lo use the tree machine to achieve an asymptotically faster MST algorithm for point sets in 
k - s p a c e by implementing Yao's [1977] "directional nearest neighbor" MST algorithm. The directional nearest 
neighbors are found by pipelining the tree machine, and the resulting MST is then computed on a uniprocessor. T h e 
running time of the resulting algorithm is 0 [ ( N Ig Ig N + Nk) ' f (k ) ] , where f (k) is the number of directional nearest 
neighbor searches Yao's algorithm requires in k dimensions. The parallel implementation of the Prim-Di jkstra 
algorithm would probably bo faster than this method in almost every practical application, however . 
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t h e r e f o r e app l i cab le in an ent i re ly d i f ferent sphere than the algorithm of S e c t i o n 4 . 

( N o t e t h a t the p r o c e s s o r - t i m e product of her algorithm is proport ional to N 2 Ig N.) 

T h e cont r ibu t ions of this paper are in two areas . In a " t h e o r e t i c a l " s e t t i n g , we 

h a v e i n v e s t i g a t e d an implementation of the Prim-Dijkstra MST algorithm on a para l le l 

c o m p u t e r . Whi le this algorithm has the same running time as a p rev ious a lgor i thm, it 

u s e s an optimal number of d is tance calculations, and the re fo re g i v e s hope f o r a 

f a s t e r para l le l algorithm. A modified vers ion of the algorithm runs on N / G ( N ) 

p r o c e s s o r s , w i t h optimal p rocessor - t ime product . W e also s a w a f a s t e r paral le l M S T 

a lgor i thm fo r the s p e c i a l c a s e of finding the MST of a point s e t in Euc l idean k - s p a c e , 

a n s w e r i n g an o p e n problem in computational geome+ry ( s e e Shamos [ 1 9 7 8 , p. 2 1 0 , 

P rob lem 7 ] ) . On a more pract ica l leve l , the algorithm that w e h a v e i n v e s t i g a t e d 

u s e s a machine w i th a simple and regular interconnect ion s t r a t e g y t h a t c a n be 

e f f i c i e n t l y implemented in VLSI technology . 
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