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1. Introduction

With few exceptions, past work in analytic computational complexity has focused
on the problem of finding a zero of a (nonlinear} transformation of Banach spaces; in
most work, this problem is specialized to that of finding a zero of an operator on a
finite-dimensional real or complex vector space (and in much of this work, the problem
is further specialized to the one-dimensional case). Much has been discovered about
the computational aspects of iferative schemes for the solution of such problems,
especially in the areas of minimal complexity (e.g., Kung and Traub {73), Traub and
WoZniakowski [76]) and maximal order (e.g., Kung and Traub [74], Woéniakowski [75]).

In this paper, we will consider another topic in analytic computational complexity
theory, that of finding complexity bounds for the numerical solution of ordinary
differential equation initial-value problems on a fixed interval. We will not be
interested in questions of the existence and the uniqueness of the solutions to such
problems. In fact, we will restrict our discussion of the application of general results
to the case where the unique solutions to these probiems are analytic functions, (The
techniques described in this paper are applied to several well-known classes of
methods in Werschulz [76a), [76b})

We will limit ourselves here to classes of one-step methods for the numerical

sojution of these problems; in terms of informational usage, these methods are
analogous to iterative zero-finding methods without memory (Traub [64], [72])

Analogous to the one-point iterative methods with memory are the multistep methods

for initial-value problems; these methods will be deait with in a future paper.

Our approach will be to assume that an initial-value problem is given, along with



some error criterion s, where 0 < ¢ < 1; we then wish to compute an approximate
solution with error no greater than ¢. Two basic questions concern us:
(1.} For any given method, what is the complexity of solving this problem?

(2.) Given any "basic” sequence of methods with increasing order, which method
has minimal complexity?

In Section 2, we describe a methodology that handles both questions for classes
consisting of methods whose error functions have a special form. Furthermore, we
find that within such a basic seguence of methods, the following hold under very
general conditions:

(1) For any s, there is a unigue choice of order and step size minimizing the
complexity,

(2.) As & decreases, both the optimal order and the complexity increase
monctonically, tending to infinity as s tends to zero.

Furthermore, within many classes of problems and methods, the "penalty” {e.g., the
amount the cost curve turns near the optimum) associated with using non-optimal
order tends to infinity as s tends to zero.

These conclusions are an interesting contrast to known results on zero-finding
via iterations without memory. The latter results tend to support the “folklore” idea
that it is "better” to use a low-order method many times, than to use a high-order
method a few times. In the one-point case, optimal order is low, while in the multipaint
case, optimal order increases with the problem complexity (but with littte penalty for
using a method of non-optimal order) (Kung and Traub [73)). In addition, optimal order
for these problems does not depend on the error criterion; it is computed for the
limiting case as « approaches zero.

One may wonder why there is this discrepancy between the results for the

initial-value problem and those for the zero-finding problem, since any initial-value



problem may be written as an operator equation, as in Stetter [73). The reason for
this is that the methods used for the two problems differ greatty--those for the initial-
value problem compute estimates for solution values at new points by discretization,
while those for zero-finding compute improved estimates for the zero of a function by
iteration.

In Section 3, we discuss the extension of these results to classes consisting of
methods whose error functions are somewhat more complicated than those considered
in Section 2,

In Section 4, we introduce the notions of normality and order-convergence for a

basic sequence of one-step methods. We prove that they are equivalent under certain
circumstances. A basic sequence of methods enjoying these properties is very easy to
deal with in many respects, especially when one is interested in comparing upper and
lower complexity bounds for such a class.

Finally, in Section 5, we describe some numerical data that support the above
theoretical results. In particular, these data seem to indicate that even for modest
values of g, there are considerable savings in using methods of optimal, rather than

fixed, order.



2. Optimality Within a Strong Basic Sequence

We are interested in the numerical solution of a class of ordinary differential
equation initial-value problems on a fixed interval 1 of finite length; we take | = [0, 1]
without loss of generality. More precisely, let D be a set of initial-value points in the
real N-dimensional linear space RN , and let % be a set of operators on rN , such that
the initial-vaiue problem of finding a function x: ] » RN satisfying

x(t) = vix(t)) ifteint],
(2.1)
x{0) = xqg
has a unigue solution for every (xg , v) € Dx%. The autonomous form of this system
is no restriction, since any non-autonomous system may be made autonomous by
increasing the dimension of the system by one.

The model of computation to be used is fairly general. We assume only that all
arithmetic operations are performed exactly in R (i.e., infinite-precision arithmetic),
and that for any algorithm to be considered for the solution of (2.1}, a set of
procedures is given for the computation of any information about v required by that
algorithm. (For instance, with Runge-Kutta methods, we must be able to compute v at
any point in its domain.)

In this paper, we are interested in the numerical solution of (2.1} via one-step

methods, using an equidistant grid as defined in Stetter [73]. (We limit ourselves to

equidistant grids in order to facilitate the comparison ot methods of different orders;
the other extreme is taken by Lindberg [74], who considers the problem of picking an
optima!l grid for a given method of fixed order.) Thus the methods considered will
generate approximations x; to x(t;) by the recursion

(2.2) X1 = X +helg, b (©sisn-1,n=h’l),



where h is the step-size and ¢ is the increment function for the method {Henrici {621)

for briefness, we will refer to "the method ¢." Despite the fact that ¢(x;, h) will
depend on some information about v, we will not explicitly indicate this dependence.
Thus, the method ¢ produces an approximation to the true solution of (2.1). We
want to measure the discrepancy between the approximéte and true solutions. Various
error measures have been introduced in the literature. These include the [ocal

fruncation error per step, the local truncation error per unit step, and the global error;

see Henrici [62] or Stetter [73] for definitions. These error measures may be either

absolute or relative (in the usual sense); they may be measured either at the endpoint

of the interval (as in Henrici [62], Hindmarsh [74]) or over the entire grid (as in
Sandberg [67}, Lindberg [74]). There has been a great deal of discussion of which
error criterion is the best one to use; for instance, Gear [71] (Section 9.3) uses local
error per step, while Hull et al. [72] use Iocal error per unit step. We take no sides in
this discussion, since any of these error measures may be used in the analysis to
follow.

Before proceeding any further, we will establish some notational conventions.
Let X be an ordered ring; then £* and L** will respectively denote the nonnegative
and positive elements of X. (This will be used in the cases X = R, the real numbers,
and X = Z, the integers.) The symbol "i=" means "is defined to be," while "s" means
“is identically equal to." If x;, xo: R » R and w: RZ 5 R are differentiable, then for
i =1, 2, we will write

a5 wix 1 (xo(t)

for the result of differentiating wlx),xp) with respect to x;, and then substituting

x1 = x3{), xp = xp(1). We use the notations "x { a" and "x T a" to indicate one-sided



limits as in Buck [65] Finaly, we shall write "(ab)." to inidicate the ct part of
equation (a.b), as in Gurtin [75].

Now we are prepared to define our problem, Let ..‘D and %9 be as above;
consider a problem {xq,v) in Dx"9. Let & be a class of one-step methods, and let
o: &% -+ R* satisfying lim hio o{gh) =0 be a given tunction that will serve as an

error measure. Choose an error criterion s satisfying the technical restriction 0 < s <

1. We then wish to answer two questions:
(1.) Given ¢ ¢ &, how may we pick h € I such that
{2.3) elgh) < 5,
and what is the complexity of the process detined by ¢ and h?

(2.) How may one choose among all {g,h) € &xI such that (2.3) holds, that pair
(¢*,h*) giving minimal complexity?

In order to get useful bounds on alg,h), it is necessary to introduce the concept
of order. In this section, we will use a highly restricted definition, which we will relax
in Section 3. Let ¢ = {¢p: p ¢ Z**}, and suppose that there is an analytic function
x: R* > R* such that lim o «(p)}/P exists and is nonzero and

(2.4) olpph) = xlp) hP forhelandpeZ*t .

Then ¥p is said to have strong order p with respect to s, and & is said to be a strong

basic sequence. (Although the error coefficient « will generally depend on the solution

x of (2.1}, we do not explicitly indicate this dependence.) Note that the order of a
method depends on the error measure; for example, the order with respect to the local
error per step is one greater than that with respect to the tocal error per unit step or

the global error.

Equation (2.4) is somewbat more restrictive than that which is wusually
encountered in practice; more often, we expect x to depend on h. We consider the

extension of our results fo this case in the next section.



We now are able to measure the complexity of computing an approximate
solution to (2.1}, with error not exceeding s, using a strong basic sequence . Indeed,
(2.4) implies that a necessary and sufficient condition for a(pp,h) = ¢ is that

{2.5) h = hipa) := x(p)-llp e"'/p,
where

(2.6) e = InGl) |
{Note that since 0 < ¢ < I, we have « ¢ R**) Thus, the number of steps needed is
given by

(2.7) n = hl = wpl/Pea/p
(Note that n (as given by (2.7)) need not be an integer. But this poses no essential
difficulty; see (e.g.} Traub and Wo2niakowski [76]) Next, suppose that there exists an
analytic function c: R* - R* such that c(p) is the cost per step associated with the
method Pp Finally, we assume that the cost per step does not vary from step to step;
for the classes of methods we consider, this means only that we assume that the cost
of evaluating v {or its derivatives) does not depend on the point of evaluation. Thus
the complexity C{p,a) of solving (2.1} to within an error criterion &+ = e™® is simply
given by

(2.8) Clpw) = ncip) = Hp) e®/P,
where we define f: R* > R* by

(2.9) #p) = x(p)/P c(p) .

We now turn to the question of picking for each a ¢ IR** that order p giving
minimal complexity. In the analysis to follow, we will drop the restriction that p must
be an integer. However, we will recover optimality over the integers from optimality
over the real numbers in Corollary 2.1 . Without loss of generality, we assume that

{(2.10) p >0 implies f(p)>0 .



(If there were a p > 0 with f{p) = 0, use of the method ¥p would yield a solution with
zero complexity, i.e., "with no effort."} In addition, we assume that

(2.11) limme f{p) = +o0 ,
By (2.9), this assumption maybe viewed as a simpie consequence of two conditions,
both of which are quite natural. The first is that Iimme clp) = +00; the "better” a
method is (i.e., the higher its order is), the more we should expect to pay for its use.
The second condition is that if lim ptoo k(p) = 0, then there must exist a § € I such that
x(p) 2 B P for p sutficiently large. (For example, in the class of Taylor series methods,
using the worst-case local error per unit step as the error measure, this second
condition would follow from the assumption that any problem (xq,v) ¢ DX% must have
an analytic solution,)

Thus in order to find a minimum for C{ * ,a), we merely differentiate (2.8) with
respect to p, finding

(2.12) 3, Clp,a) = p~2 Hp) e®/P (Glp) - o ,
where G: R** » IR is given by

(2.13) G(p) = p2 t4p)/Hp) .
Thus a necessary condition that p be a minimum for C{ * ,a) is that 8; C(p,@} = O, i.e,,

(2.18) Glp) = a.
Sufficient conditions for the existence and uniqueness of a p satisfying (2.14) and

minimizing C( * ,a) are given in



Theorem 2.1: Let f satisfy (2.10) and (2.11). Suppose also that

(2.15) G{p) > 0 whenever G{p)> 0.
Then there is a function p*: R** - R** such that (2.14) holds if and only if p = p*{a).
Moreover, for all p € R**,

(2.16) CHa) := Clp*a)a) < Clp),
with equality holding if and only if p = p*a).

(Since p*(a) satisties (2.16), we call p*a) the optimal order, C*(a) the optimal
complexity, and

(2.17) h*a) := hip*a)e)

the optimal step-size.)

Proof of Theorem 2.1: If we write the Maclaurin series of f and substitute it

into (2.13), it is easy to see that

(2.18) limpm G{p) = 0.
We now claim that

(2.19) limy oo Glp) = +mw.
Indeed, since (2.11) holds there is a py > 0 such that t{pg} > 0, i.e, Glpg) > 0. Thus
by {2.15), G is monotone increasing on [pg: +®), and hence either (2.19) holds or there
exists a ¥ > 0 such that !imme Gip) = . If the latter holds, then G is bounded, and
we have

FAD/E) < 872 (1 S t < +o0)
for some § > O; integrating the above inequality over 1 <t < p yields
tp) < (1) ebl - 1/p),

so that IimpmfJ fip) =< (1) eE, contradicting (2.11). Thus (2.18) and (2.19) hold;

together, they imply that for any a > 0, there is a choice of p such that (2.14) holds.
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Suppose that for some a > O, there were two numbers pg < p; with Glpg)
G{py) = . Then by Rolle’s Theorem, there is a p, between pg and py with G’(p3) = 0,
contradicting (2.15). Thus for each a > 0, there is a unigue choice of p such that (2.14)
holds; we denote this choice by p*(a).

To prove (2.16), differentiate (2.12) with respect to p to find

(2.20) 3,2 Clp,a) = p~2 Hp) e*/P G'(p) + [Glp) - a] (3/3p} [p™2 K(p) e®/P] .
But upon substituting p = p*(a), the second term in (2.20) vanishes and the first term
is positive; so we have

312 ClpHmya) > O .
Thus p*(a) gives a local minimum for C( - ,a), which has only one critical point (since
(2.14) has a unigue solution) and (2.16} follows. [§

Note that we have not said that p*(a) is an integer; in fact, this need not be true
in general. Since the basic sequence $ is indexed by Z**, we have not yet solved the
probtem of choosing from among all (¢p,h) such that (2.3) holds, that pair yielding
minimal complexity. This problem is solved by

Corollary 2.1: For any e > 0, define p**(a) € Z** to be that element of the set
{Le¥(a)}, Tp*a)1} which gives the smalier value of C{ * ,a). Then

Cip**a)x) < Clpa) forp¢ zt,
with equality if and only if p = p**(a).

Proof: Clearly we need only consider the case where p¥(a) is not an integer.
Suppose there exists py € Z **, not equal to p**(a), with Clpg,a) < Clp**(a),a). Without
loss of generality, assume pg < Lp*(a}). Then Clpg.a) < C{Lp*(a) o) 2 Clp*(a),a), which
implies that there is a p ¢ (pg , p*(a)) such that 91 Clpj.@) = 0. Hence, Glpy) = &, but

pp # p*(a). This contradicts Theorem 2.1. @
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It may be readily verified that the hypotheses of Theorem 2.1 are satisfied for
many classes of functions f. Some of these are
logarithmic: f(p) = In(p +e),
monomial: f(p} = p™ (me¢ R*™),
exponential: f(p) = P (8> 1),

super-exponential: f(p) = pP , and

hyper-exponential: f(p) = app .

t

(We write "In (p + e)", where e is the base of the natura!l logarithms, rather than “In p'
as a technical convenience. However, an expression of the form "in (p + 4)" with 4 > 0
is necessary {o guarantee that (1) > 0.} Furthermore, we find that if f has the

monomial-logarithmic form

fp) = p? (in (p+e)®  (a,beR*),
then the hypotheses of Theorem 2.1 hold. This may be verified either directly, or by
using the following Lemma, along with the fact that the hypotheses hold for f{p) = p
and f(p) = In (p + e).
Lemma 2.1: Let f have the form
iy = a7, (N,

where a ¢ R**

» and for each i (1 i < m), f; satisties the hypotheses of Theorem 2.1
and r; ¢ R**. Then f satisfies the hypotheses of Theorem 2.1.
Proof: It is clear that if each f; satisfies (2.10) and (2.11), then so does f. It
each f; yields (via (2.13)) a G; satisfying (2.15), then f yields a G in the form
Gip) = I, Glp),
and so it is clear that G satisfies {2.15). §}

For the important methods of practical interest, we will only be interested in



t2

monomial and monomial-logarithmic growth; see Werschulz [76a), [76b] We include the
other examples of functions that satisfy the hypotheses of Theorem 2.1 to illustrate
the wide variety of functions that qualify.

So we have seen that under the hypotheses of Theorem 2.1, there is a unique
choice of order and step size minimizing the total complexity for any error criterion.
What happens to these choices as a changes?

Theorem 2.2: Let f satisfy the hypotheses of Theorem 2.1. Then

(1) p¥a) and C¥Xa) increase monotonically with a.
(2)  timgpeo PH®) = limgpe CHa) = +o0,

(3) If there exists M > O such that x(p)!/P < M for all p, then
lim inf 4100 h¥a) > 0 if a/p*(a) is bounded as ateo.

Proof: To prove (1.}, note that p* is the functional inverse of G. Thus p*i(a) =
G’([:’*(ar))'1 > 0, 5o that p¥{a) increases with @. Now use the chain rule:
C*(@) = 3; Clp*a)a) p*'(a) + 3, Clp*(a)a).
But the first term on the right-hand side vanishes by the definition of p¥a). So
C*(a) = 3 Clp*a)a) = (p*a)™! p¥ay e2/P @ > 0
and C¥(a) increases with a.
Suppose that lim 1, p*a) ¥ +o . Since p*(a) increases monotonically with a,
there is an L > O such that lim o p¥a) = L. So (2.14) implies that
GIL) = limypgy GP* (@) = limypp & = +00,
contradicting the continuity of G. This proves the first part of (2) . Now for any
a > 0, we have
CHa) = f(pHa) e®/P (@ > fp¥a .
Let ateo; then (2.11) and the first part of (2.) imply that the second part of (2.) holds.

x
To prove (3), let such an M > 0 exist, so that [h*@)]"! s M e®/P (@), Then we
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see that lim infg pq, h¥a) > 0 if [h"‘(ur)]"1 is bounded as ateo, which itself is true if
a/p*(a) is bounded as atw. |

Theretore under a very general set of conditions, we see that the more
accuracy we want in our computed solution, the greater its complexity becomes. Of
course, this is just what we would expect. What is somewhat surprising is that the
minimal compiexity is obtained by letting the order p increase as the error
decreases, with p increasing without bound as « tends to zero. Moreover, the last part
of the theorem says that not only should the order be increased when trying to obtain
a more accurate solution, but that it may actually turn out that the step-size should
not be allowed to tend to zero. In addition, it is clear that the proof of the resutt
concerning the limiting behavior is valid, provided that we only assume that f is
continuously differentiable on the positive real axis and that p*(a) tends to a (possibly
infinite) limiting value as a T o0,

We now determine whether we are saving a great deal by using the optimal-
order method. This may be thought of in several ways; we will consider how sharply
the cost curve turns at the optimum, the cost-difference between using a method of
fixed order and a method of optimal order, and the cost-ratio of a fixed-order method
to an optimal-order method. We will show that under ce.rtain reasonable conditions, all
of these measures tend to infinity with a.

How sharply the cost curve turns at the maximum is measured by 612 Clp*(a),a).
If we consider five of the growth models mentioned above (e.g., monomial, monomial-
togarithmic, exponential, hyper-exponential, and super-exponential), we find that
612 C(p*(a),a) is monotone increasing for a sufficiently large, and tends to infinity with

a, with but one exception; in the case of "linear growth” (f{p) = p}, we find that
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612 C{p*(a),@) 8 e. However, in the classes of algorithms we study, the case f(p) = p
does not arise, provided that we include “"combinatory cost" (detfined as in Kung and
Traub [74]) in our complexity measure. Thus in general, we find that the “pointedness”
of the cost curve near the minimum increases without bound as et .

Next, we will show that for any f satisfying the hypotheses of Theorem 2.1, the
difference in complexity between using a method of fixed order and a method of
optimal order tends to infinity with a.

Proposition 2.2: For any fixed pg € R** such that G/(pg) 2 0,

limyt oo [ClPQua) - CHad] = +00.

Proof: Pick a so large that p*(a) > pg, and let pg < p < p¥a). If we write out
the partial derivative in the last term of (2.20), we find that

312 Cipm = p2 t(p) e®/P Grip) + p™% [ - G(p)] [(a + 2p) ~ G(P)] H(p) .
Since pg < p < p¥(a), we have Gip) < a it then follows that 342C(p,a} is positive and
bounded away from zero as a tends to infinity. Since

Clpg) - C¥a) = 3,2 Cip.a) [pg - P / 2

for some p between pg and p*(a), the result follows. Nl

As for the cost-ratio, a simple calculation shows that

limgtoo C(po,a)/C’(a) = +

in all of the examples given above. Thus there are a number of ways in which we
incur a large additional cost by not using the optimal order.

One may wonder whether the result that optimal order increases and tends to
infinity with & is "reasonable." One way of determining this is to examine actual
numerical tests; we cite Hull et al. [72] as a well-known example. Since we are only

dealing with methods of fixed order, our theory does not attempt to handle methods
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such as Bulirsch-Stoer, Krogh, or Gear. However, le! us look at the results of Hull et
al. for the Runge-Kutta methods. Even though there are only three methods {(of orders
four, six, and eight) and three error criteria (s = 10”3, 10"6, and 10'9), Table 1 in Hull
et al. [72] indicates that the optimal order does increase as s« decreases. {We give
more extensive numerical data in Section 5.}

Finally, we note that the restriction that the grid be equidistant may be
weakened somewhat, provided that we use a local error measure. Indeed, let I be
partitioned as I =1; v .. U I, and now assume that we use a grid that is equidistant on
each subinterval Iy, .., ;. Then the total complexity is given by the sum of the
complexities of all subintervals

Clp Py @) = 2:‘=1 Cilpj),
where we set
Cilpa) = Lipa) e®P | tip) = ni(p) /P c(p) ;
here x(p) is the error constant of $p ON l;. Since we use a local error measure, we
find that C(py,...,p) &) is minimized by choosing each p; to minimize Ci( * , ). Thus the
earlier resuits apply; in particular, if we define pi*(a) to be the optimal order on [, we
find that if f; satisfies (2.10), (2.11), and (2.15), then pi*(u) increases and tends to

infinity with a.
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3. Optimality Within a Basic Sequence

There are two difficulties with the approach taken in Section 2. The first has
already been mentioned--we generaily expect the error coefficient to depend on the
step-size. The second is based on the fact that there are a large number of pth—order
methods of a given type, and we wish to use the best method possible. In theory, this
would involve finding a pth-order method with minimal cost per step. In practice, this
is not often possible; there is a gap between the minimal cost theoretically possible
and the cost of the best method known. So we now consider the extension of the
results in Section 2 to a more general sething, which will take these two difficuities
into account.

We first refine our notion of order. Let ¢: &xI 5 R* be an error measure,
where & = {p,: p ¢ Z**} is a class of one-step methods, and suppose that a function
x: R*xI - R* and analytic functions x| , xj: R* = R* exist such that lim p-0 tL(p)”p
and lim ;0 x(p)1/P exist and are nonzero and

(3.1} ' eleh) = xiph) hP forhelandpe¢ Z*,
where

(3.2) 0 < x(p) < xlph) £ xylp} < 40 forhel .

Then ¥p is said to have order p with respect to e, and & is said to be a basic

sequence (as in Traub [64]%; x(p,h) is said to be the error coefficient of ¥p- (Here we
introduce the convention of attaching the subscripts "L" and "U" to quantities that

refer to lower and upper bounds on compiexity, respectively.)
This definition ot order is similar to that in Cooper [69] and Cooper and Verner

[72], except that we include a lower bound x (p} on x(ph); this lower bound is
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necessary and sufficient to guarantee that the order of a method is well-defined. Note

that this definition makes sense for all values of h ¢ I; thus, it is non-asymptotic in that

we do not require h | O in order for it to make sense. Clearly, a strong basic
sequence is a basic sequence; hence, the definition of order is an extension of the
definition of strong order given in Section 2. Finally, note that the order depends on
the choice of the error measure o; for instance, the order with respect to the local
error.per step exceeds that with respect to the local error per unit step by one.

We next discuss the notion of cost per step. As pointed out above, we will

generally have only bounds on the cost ¢(p} required per step of a given pth-order

method:

(3.3) cp{p) < clp) < cylp}.

That is, ¢| (p) is a lower bound on the minimum possible cost per step, usually derived
via theoretica! considerations, and ciylp) is an upper bound on the minimum possible
cost per step, which is derived by exhibiting an algorithm for computing ¥p: {In what
foliows, we shall assume that ¢ , ¢ : R* = R* are analytic functions.)

We now wish to give bounds on Clp,a), the complexity of finding an approximate
solution of (2.1} using the method Po» such that c(pp,h) < e™® Suppose that (2.3)
holds, Then by (3.1) and (3.2), we must have

(3.9) x(phP 5 e™% e, h < h(pa) := RL(p)_llpe"’/p .

Hence, the number of steps n = h=d must satisfy

(3.5) n 2 e (p)l/Pealp
Defining (as in Section 2)

(3.6) Clp,a) := nclp)

(i.e., total compiexity equals number of steps required muitiplied by cost required per

step), (3.3) and (3.5) imply that
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(3.7) Cloa) 2 Ci(pa) = fi(p)e™/P,
where

(3.8) e = g (PP o (o)

That is, regardless of the algorithm used to compute ¥p the total complexity of finding

an approximate solution of (2.1) must exceed C| (p,a).

On the other hand, we find that in order to use ¥p to find such an approximate
solution, it suffices (by (3.1} and (3.2)) to take
(3.9) ayPIhP = ™% ie, h = hypa) = ey i/PealP
50 that we need only take n steps, where
(3.10) n = xyp)/Pealp
(As in Section 2, the value of n given by (3.10) need not be an integer; again, this is
handled as in Traub and WoZniakowski [76].) Thus (3.3), (3.6), and (3.10) imply that
(3.11) Clpay < Cilpa) = fiyp) e/p |
where
(3.12) tp) = xP P cyip).

That is, there exists an algorithm for computing ¥p such that the total complexity of

finding an approximate solution of (2.1) eguals Cfp,a). We summarize the above

results in
Theorem 3.1: Let C(p,a) be the complexity of finding an approximate solution of
(2.1), using the method ep with a(.pp.h) <e™® Then
(3.13) Cilpa) < Clpa) < Cyipm}
where C; and Cyy are given by (3.7) and (3.11). Moreover, if h = h(p,e) is the maximal
step-size for the method ¥p such that a('pp,h) < e ¥ then
{3.19) hy(pe} = hipa) < huipa). B

Next, we consider the problem of optimality. Define the gptimal complexity by
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(3.1%) C*a) := inf {Clp,a): Pp ¢ $}.
We are interested in bounds for C¥(a). These are derived in

Lemma 3.1: Let f| and f) satisfy (2.10) and (2.11), and suppose that f and fy,
respectively yield (via (2.15)) G, and Gy, satisfying (2.15). Then G| and G; have
respective inverse functions p| *, p*: R** 5 R** such that for all p ¢ R**,

(3.16) C Ha) = Cllp Ma)a) s Cllp,a)
and

(3.17) CyMa = Cylpyttada) < Cifpal,
with equality in (3.16) (respectively, (3.17)) if and only if p = pL*(a) (respectively, p =
DU*(a)).

Proof: This is an immediate corollary of Theorem 2.1, B

We call pL*(a) {respectively, pU*(a)) the lower (upper) optimal order, CL*(a)

(respectively, CU*(a)) the lower {upper) optimal complexity, and

(3.18) hy*a) := h (p Ma)a) (respectively, hy¥a) = hyfpy*a)a))

the lower (upper) optimal step-size. Combining (3.13), (3.15), and Lemma 3.1, we have

Theorem 3.2: Let f| and fy be as in Theorem 3.1. Then
CL*(a) < CHa) < CU*(a) N |
Note that if we define p*(a) by
Cip*a)w) = CHa),

we can make no statement relating p*a), p_ ¥(a), and p|*(a). This is because we only
have bounds for C{p,a); we do not know C(p,a} itself. In fact, it is important to realize
what p| *(a) and py;*(a) tell us. First, consider p;*(a). We can achieve a complexity of
CU*(a) by using a step-size of hU*(a), along with the method of order pU*(a). This will

give optimal complexity within the sequence of algorithms for computing ¢, with cost
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per step of ¢p given by c(p). Next, consider pL*(a). It is of perhaps theoretical
rather than computational interest, in that we cannot compute with it. What does
interest us is CL*(a), since it limits the theoretical improvement in CU*(a). Thus, we
are interested in pL*(a) solely as a means of computing CL*(a).

We now consider behavior of these guantities as a increases and tends to
infinity.

Theorem 3.3: Let f; and f|) be as in Theorem 3.1. Then

(1) ppXa), py*a), C ¥a), and Cj¥(a) increase monotonically and tend to
infinity with a.

(2)  If there exists an My > 0 such that «p)!/P < My for all p, then
lim inf 160 hU (e} > O if a/pu*(a) is bounded as aToo,

(3.) It there exists an M, > O such that « (p)“p z M for all p, then
lim inf hL (a) > O onty if a/pL (a) is bounded as ato.

atoo

Proof: To prove (1.), it suffices to apply (1.} and (2.) of Theorem 2.2 to pL* and
C.* and to py* and C_j*. The proof of (2) and (3) is similar to the proof of (3.) in
Theorem 2.2. B

Note that (1.) in Theorem 3.3 does not state how p*(a) varies with a; as we have
pointed out above, no statement about p*(a) may be obtained from the information
available. However, it is easy to see that C¥a) increases monotonically with a and that
fimg1ooCHa) = 400,

Thus, we have extended the optimality theory of Section 2 to a more realistic
situation. In Werschulz [76a], [76b], the techniques of this section are applied to some

important basic sequences of one-step methods; we will see that the conclusions of

Lemma 3.1 and Theorems 3,2 and 3.3 hold for these basic sequences.
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4. Normality and Order-Convergence

Let & be a basic sequence with respect to the error measure o; we say that & is
order-convergent if there exists an hy > 0 such that

(4.1} limme xyip) hP = 0 for hs ho -
Clearly, the order convergence of & implies that “mpToo cr(pp,h) =0 for h 5 hO' We
use the term "order-convergence” rather than "convergence,” since the latter term
appears extensively in the literature (e.g., Henrici [62]) and is always used to mean a

"step-size convergence,” i.e., limp1o eleh) = 0 for a fixed method .

It is intuitively plausible that as the order of an approximation increases, the
approximation should improve, especially when one is trying to approximate a very
smooth function. Unfortunately, Gear [71] points out thal an increase in order need
not always decrease the error. This situation appears in other situations in numerical
mathematics; for instance, the family of Newton-Cotes quadrature formulae is not
order-convergent. But suppose there exists a step-size hg > O for which the upper-
bound error is exponentially bounded for p sufficiently iarge; that is, there exists
A >0 and pg € Z** such that

(4.2) xp) hoP < AP forp>py .

If we define
My = max { maX | <p<pg {gu(p)l/P} , Aho'i} '
we then have

(4.3} olpph) s MhP for hshy,peZ* .

Note that the bound in (4.3) is similar to that given by Cauchy’s Integra! Theorem

(Ahlfors [66], pg. 122) on the normalized derivatives of an analytic function. In fact,
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for several classes of methods, the bound (4.3} holds whenever the solution of (2.1} is
analytic.

We also formalize a weakened version of (4.3), which will be important in our
study of one-steb methods. Let & be a basic sequence, and suppose that for each
{(xgiv) € DX, there is a sequence {hy: p ¢ Z**} c 1 and a positive constant M, such
that

(4.4) v(vp,h) < (MyhP ifhg hp i

then & is said to be normal. Note that (4.3) implies (4.4), while (4.4) implies (4.3) only

when the sequence {hp} has non-vanishing support:
(4.5) hg = lim i”proo hp > 0.
If hg =0, normality gives an exponential upper bound on the sequence of principal

error functions (Section 3.3-5 of Henrici [62]), which are an asymptotic measure ot the

error as h 1 0.

There is a simple relation between normaiity and order-convergence.

Proposition 4.1: & is order-convergent if and only if & s normal with
nonvanishing support,

Proof: [f {(4.1) holds, then (in particular) we have ”""pToo « ;{p) hop = 0, s0 that
x(p) hop < 1 for p sufficiently large; i.e., (4.2) holds with A = L. Then {as in the
discussion above) (4.3} holds, implying normality with finite support.

Conversely, if {(4.4) holds with finite support, we pick a positive hg which is less
than

n = min {MU']‘, inf {hp: peZ*y}.

{Note that n > O by (45).) Let h < hy be given, so that for some § with 0 <8 < 1, we
have h = (1 - 8); if we define x by

xu(p} = MUp,
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we find {since h < hp) that
v(wp,h) < (MghP .
Thus
ry(e) hP = (MhP = (M (L - 8P < (1 - )P
(the last step since # < M;™1), so that (4.1) holds. @

We are now interested in normality and order-convergence for a specific error
measure o; we will be interested in o |;, 0| , and e, which are (respectively) defined
to be the maximum local error per unit step, focal error per step, and gioba! error per
step over the grid. It is easy to see that a normal {order-convergent) sequence & =
{ep: P ¢ Z**} with respect to ¢ naturally yields a normal (order-convergent)
sequence ¥ = {§: p ¢ Z**} with respect to g ) by setting Vp = psp for p ¢ z*
We now look at the relationships between oLy and o

Proposition 4.2: Llet v have Lipschitz constant K on IRN, and let & be normal
(respectively, order-convergent) with respect to oLy With My in (4.4) independent of
xo € domain(v). Then ¢ is normal (respectively, order-convergent) with respect to G

Proof: Let p be the exact relative increment function of (2.1} (as defined in

Henrici [62]), so that
x(typ) = x(t) + hoplx(t), h).
Subtract (2.2) (with ¢ replaced by qop) from the above to get
eis1 = e +h [alx(th) - poxh)],

where e; = x(ti) -x;for 0 i <n. Thus

1A

et < lieill + R HeGCtu) = sl Il + b flatxih) - potxihl

1A

(1 + hK) Jlejll + MyP hP*L ifh < hy
this last step follows from the Lipschitz condition and the “uniform" normality with

respect to o). By Lemma 1.2 of Henrici [62] and the condition eg = 0, we have
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1A

el < K1 {1+ hK)F = 11 (Mgh)P

I

k-1 [+ RIOM - 1] (Myh)P

WA

K3 (K - 1) (yhP
for all i; this gives
sglegh) s K1 - 1) (MghP < (MWP it h < b,
for a suitably-defined M > 0. This proves the normality part; the remainder of the
result follows from Proposition 4.1. [l

I it is undesirable to use the “uniform normality” (i.e., the condition that M be
independent of xq ¢ domain{v) in (4.4)), we may use the following result.

" Proposition 4.3: Let v be Lipschitz continuous, let € be normal {respectively,
order~-convergent) with respect to |, and suppose that there exists a A > O such that
for all ¢p €@ and all x, y ¢ IRN,

lleptx) - pptylll < Ap Ix -yl -
Then & is normal (respectively, order-convergent) with respect to ey

Proof: Immediate from Theorem 3.3 of Henrici [621. B

’Thus normality for ec follows from normality for e, 2 Lipschitz condition on v
and the elements of &, and a linear upper bound on the Lipschitz constants for the
elements of &.

We now .discuss the problem of finding uniform lower bounds on the error which
are simitar to the uniform upper bounds which normality provides. This will amount to
a restriction of the admissible problem class DU so as to guarantee that the
problems are "sufficiently difficult.” However, this restriction may be abandoned if we
are interested only in upper bounds. We shall assume throughout the rest of Lﬁg

section that there is an My > O (which will generally depend on &, o, and the problem

(xgv)) such that
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(4.6) olpph) = (MhP forhel.

Note that {4.6) will hold for any situation in which there is no order-convergence, or in
which the order-convergence (if any) is no faster than an exponential decay;
moreover, in the methods we consider in Sections 5 and 6, (4.6} is 2 consequence of
the assumption that all derivatives assume the (sharp) worst-case upper bound
provided by Cauchy’s estimate. It is clear that if (4.6) holds for o , it holds for o (;;
if (4.6) holds for e and if the gradient matrix ¥p has only non-negative entries (with
at least one positive entry), then (4.6} holds for G-

It is possible to present a simplified version of the expressions derived in
Section 3, under the assumption that ¢ is order-convergent. We first look at the
complexity of a single method within an order-convergent basic sequence.

Theorem 4.1: Let ¢ be order-convergent with respect to ¢. Then

Cilpa) < Clpa) s Cyyip,e),
where
Clpa) = M_c (P e®P  and  Cfpa) = My cyfp) e®/P .

Proof: This is an immediate corollary of Theorem 3.1 and the definition of
order-convergence. Jj

We may now do the optimality theory of Section 3, finding that

(47)  GUp) = p? c “(p)ep(p) and Gyip) = p2 cytpleyip) -

Note that the assumptions (2.10) and (2.11) now state that ¢ (p) and ¢|j(p) must be
positive for p > O and tend to infinity with p, which is a natural way to expect the cost
per step to behave. The results stated in Theorems 3.2 and 3.3 hold as before.
Moreover, it should be noted that the My and M needed in (2) and (3.) in the

statement of Theorem 3.3 are precisely the My and M in (4.4) and (4.6). Thus
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lim inf 1 hy*(@) > O if a/py*(a) is bounded as a T o, and a/p *(a) is bounded as
a T o if lim inf 4400 h *a) > 0.

Thus, the order-convergence of a basic sequence is useful in simplifying the
analysis of its complexity. 0Of the three basic sequences studied in
Werschulz [76a], [76b], two are known to be order-convergent, The proof of the
order~-convergence of the class of Taylor series methods is a simple consequence of
the Cauchy estimate; that of the order-convergence of the (non-optimally ordered)
nonlinear Brent-Runge-Kutta methods (based on the iterative methods defined in
pp. 4-7 of Brent [74]} involves using some classical results on orthogonal polynomials
to sharpen the proofs in Brent [74] . We note that it is not known whether the
optimally-ordered nonfinear Brent-Runge-Kutta methods {(based on the iterative
methods defined in pp. 10-13 of Brent [74]) are order-convergent; it does appear
likely that they are normal with vanishing support. However, we do not pursue this
class of methods in Werschulz [76b], because of their high combinatory cost.

It is not known whether the linear Runge-Kutta methods found in Cooper [69]
and in Cooper and Verner [72] are order-convergent; the best result known is the
My log{p+e))P result given in Werschulz [76a), which involves strengthening the
original proof with other estimates from the theory of orthogonal polynomials. But it
should be pointed out that there does exist a class of order-convergent linear Runge-
Kutta methods; this is the sequence given by using the weights and abscissae for
Gauss quadrature in the methods defined on page 144 of Stetter {[73]. The problem
with this class of methods is that each step of ¥p requires 2 P(p+1)! function
evaluations; the prohibitive cost per step outweighs by far any advantage to be gained

from the order-convergence. Thus, the question of whether there exist any order
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convergent linear Runge-Kutta methods which are more efficient (i.e., have smaller cost

per step) remains open.
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5. Numerical Results

In the previous sections, we showed that the optimal order increases as the
error criterion s decreases, tending to infinity as ¢ tends to zero. Here, we consider
actual numerical results of optimal order and minimal cost for various test problems
and classes of methods; these results show that the optimal order does indeed exhibit
the behavior indicated. (The optimal order for a given error criterion was determined
by finding, for each method implemented, the coarsest mesh that allowed the error
criterion to be satisfied; the resulting complexities were then compared to determine
the optimal order.) The error measure used was the “endpoint error," i.e., the co-norm
(see e.g., Stewart [73], pg. 164) of the difference between the true and computed
solutions, evaluated at the endpoint of the interval of interest (the unit interval I). All
testing was carried out on the Carnegie-Melion University Computer Science
Department’s PDP-10 in ALGOL and FORTRAN, using double precision.

The first problems considered were of the form

(5.1) x{t) = A «x(t) x(0) = 1
on the unit interval 1. Aithough this problem is easy to handle analytically, any general
problem of the form (2.1) may be locally approximated by a linear system of ordinary
differential equations (see e.g., Hindmarsh [74], pp. 17-18). If the coefficient matrix of
this linear system is diagonalizable, an uncoupled set of scalar equations of the form
(5.1} will result.

These problems were solved via Taylor series methods; the optimal order is
given in Table 5.1 for the choices of A indicated. Here the optimal order was taken to

be that order which minimizes the number of evaluations of the right-hand side of (5.1}
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required to attain the desired error criterion. As expected, the number of evaluations
required increases as the error criterion ¢ decreases. Moreover, the optimal order
also increases monotonically as ¢ decreases, just as the theory predicts.

We next turn to the solution of the test problem

(5.2) (1) = cos®(t)  x(0) = O .

For this problem, we searched for the optimum “unmodified" Brent-Runge-Kutta
methed. For this problem, the optimal order was taken to be that for which the actual
CPU time (in milliseconds) required to solve the problem to within a given s was
minimized. Since there is a certain amount of randomness in such a measure, the mean
time for ten runs. was analyzed. Not surprisingly, it turned out that the order which
minimized the CPU time also minimized the number of evaluations of the right-hand
side of (5.2). Since the (n + 2)!"-order method requires the zeros of the Jacobi
polynomial G,(2, 2, ), and the best set of values available only contained the zeros
for 1 = n s 8 (Table 25.8 of Abramowitz and Stegun [64]), only the methods of order
not exceeding ten were implemented,

The results for problem (5.2) are given in Table 5.2. Here, the optimal order p*
the optimal number of mesh points n* the minimal number of evaluations C:, and the
minimal mean CPU time Ct* are given. Note that these all behave as predicted. In
addition, we computed the ratio of the mean CPU time for a fourth-order method
C:('ﬂ, *) to the minimal mean runtime. As the theory predicts, this ratio appears to be
increasing without bound as s tends to zero. (The same behavior was found for the
ratio Co(4, " ) / C: ; where C(4, - ) is the number of evaluations required by a fourth-
order method.}

Finally, we looked at the "hard" problem

G = 22w xmx 0  (sis?)
(5.3)
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i) = v fio explw; tt- N2 e lsinede (150 )s2)
{where "exp" denotes the exponential function), with initial conditions
x1(0) = xp(0) = 1
The vjj were all taken to be one, while the vij were taken to be
711 =1 s P12 = '22 = 10-6, ll21 = 10-3
{This system of differential equations is similar to the system governing a two-species
gas chemical reaction; see e.g., Finlayson [71])

Since the system (5.3) is nonscalar and nonautonomous, the Brent-Runge-Kutta
methods are not appropriate. Since the derivatives of x;(t) are not readily available,
the Taylor series methods are not particularly easy to apply. Thus we used linear
Runge-Kutta methods for the solution of (5.3), The particular methods RKp ot order p
{1 < p £ 8) used were as follows.

RK1 ... Euler’s method

RK2 ... Ralston [66] (5.6-40) "modified Euler"

RK3 ... Ralston [66] (5.6-45)

RK4 ... Ralston [66](5.6-48) "classical method”

RKS ... Cassity [66]

RK6 ... Butcher [64] (first method on page 192)

RK7 ... Shanks [66]

RK8 ... Cooper and Verner {72]
The methods of order less than eight have the optimal number of stages per step,
while the method of Cooper and Verner has the minimum number of stages of all
eighth-order methods known.

Most of the work involved in solving (5.3} was in evaluating aij(t). An obvious
change of variable reduces this to a Gauss-Hermite quadrature; a twenty-point
quadrature (Tablé 25.10 of Abramowitz and Stegun [64]) was used for maximal
accuracy. The Chebyshev rational function approximation given on page 356 of

Friberg [69] was used to compute (sin #) / = for jr] < 1; the system double-precision

sine routine was used for |r| > 1.
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Since so much of the time required to solve (5.3) was spent in evaluating "‘ijm'
the measure of cost was the number of evaluations of the set {aij(t): 15,152}
that is, we measured the number of evaluations of the (vector) right-hand side of {56.3).
{Moreover, the amount of computer time required to search for the optimum was so
great as to preclude running the problem a large number of times and averaging the
results, as was done in the previous example.} Results are given in Table 5.3, where
p*, n*, and C: (defined as for (5.2)) are given as a function of the error criterion. The
table stops at s = 10'5, since the eighth-order method {i.e., the highest-order method
implemented for testing) was reached at that level. Again, note that the theoretical
results predicted are confirmed in this difficult example.

So, our three numerical examples yield data which agree with the theoretical
result that the optimal order p*(a) increases with @ = In oL Moreover, in
Werschulz [76a), {76b], we show that p*a) = Ola) as a T o for these classes of

methods; i.e., the optimal order increases linearly with a. The data in Tables 5.1-5.3

support this result,



TABLE 5.1

Taytor Series Methods for Test Problem

x(1) = Ax(t) x(0) = |

-logjos | A=-e { A=-1} A=-lfe A=l/e | A=]1 | Awe
1 2 3 1 1 3 8
2 9 4 2 2 4 9
3 11 b 3 3 6 11
14 12 7 4 4 7 12
5 14 8 5 5 8 14
B 15 3 B 6 9 15
7 16 18 7 7 18 16
8 17 11 8 8 11 18
9 15 12 9 9 12 19

fes:
1. In all cases except A = -e, ¢ = 10'1, the optimal mesh-size was

h = 1.0; for this exceptional case, it was h = 0.5 .

2. Entry in table is the optimal order for the given A and e. This equals
the minimal number of function evaluations required to solve the
problem on the entire unit interval, except for the exceptional case
noted above, where four was the minimal number of evaluations.



TABLE 5.2

Brent-Runge-Kutta Methods for Test Problem

(1) = coslx(t) x(0) = O
-logjge | P* | n* | C] ct Cy(4, - )G}
1 1 |2 2 2.789 3.93
2 2 |2 4 7.824 3.28
3 4 |2 B | 23.144 1.09
4 5 |2 8 | 32.401 1.38
5 8 |2 |10 | 46,837 1.87
6 7 |2 {12! ee.970 2.15
7 8 12 |14 | 75.813 3.18
8 9 12 |18 s2.852 4,58
9 18 |2 |18 | 188.632 6.85

33
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TABLE 6.3

Linear Runge-Kutta Methods far Test Problem

MO = IL XM x0) =1 (1sis2)
"ij(t) = 7 jf;: eXp(-vij t-rdelsine dr (1sijs2
~log ot p* | nt c:

1 3 8 | 26
2 6 | 18 | 40
3 4 | 15 | o8
4 7 s | 81
5 8 3 | 99
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