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T h e p r o b l e m of i n t e r s e c t i n g N h a l f - s p a c e s in K s p a c e is t r a n s f o r m e d t o 2*K 
p r o b l e m s o f c o n s t r u c t i n g the c o n v e x hull of N p o i n t s in K s p a c e a n d a s i m p l e 
i n t e r s e c t i o n p r o b l e m . T h i s e n a b l e s one to i n t e r s e c t t h e N K - d i m e n s i o n a l hal f s p a c e s in 
0 < K * H ( N , K ) ) t i m e , w h e r e H(N,K) is the time r e q u i r e d to c o n s t r u c t the c o n v e x hu l l o f N 
p o i n t s in K s p a c e . F o r t w o a n d t h r e e d imens ions t h e a l g o r i t h m takes CKNIogN) t ime in 
t h e w o r s t c a s e , b u t u n d e r f a i r l y r o b u s t c o n d i t i o n s t h e e x p e c t e d t ime is o n l y 0 ( N ) . It is 
a l s o s h o w n t h a t a n a l g o r i t h m f o r i n t e r s e c t i o n of half s p a c e s c a n b e u s e d to c o n s t r u c t 
t h e c o n v e x hu l l o f p o i n t s in K s p a c e . T h u s , the i n t e r s e c t i o n o f hal f s p a c e s a n d c o n v e x 
h u l l o f p o i n t s p r o b l e m s a r e e s s e n t i a l l y e q u i v a l e n t . 

T h i s r e s e a r c h w a s p a r t i a l l y s u p p o r t e d b y the O f f i c e of N a v a l R e s e a r c h u n d e r c o n t r a c t 
n u m b e r N 0 0 0 1 4 - 7 6 - C - 0 8 2 9 . 
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1. Introduction 

T h e r e h a s b e e n much r e c e n t w o r k o n the p r o b l e m of i n t e r s e c t i n g ha l f 
s p a c e s . S h a m o s [ 7 5 ] a n d Shamos and H o e y [ 7 6 ] d e s c r i b e an O ( N l o g N ) t ime a l g o r i t h m in 
t w o d i m e n s i o n s , a n d Z o l n o w s k y [ 7 7 ] and P r e p a r a t a and M u l l e r [ 7 7 ] h a v e d e v e l o p e d 
O ( N l o g N ) t i m e a l g o r i t h m s f o r t h r e e d i m e n s i o n s . T h e s e a l g o r i t h m s a r e o p t i m a l w i t h i n a 
c o n s t a n t f a c t o r b e c a u s e t h e r e is an f l ( N l o g N ) l o w e r b o u n d f o r t w o o r m o r e d i m e n s i o n s 
( S h a m o s [ 7 5 ] ) . 

W e w i l l s h o w that an a lgo r i thm f o r c o n s t r u c t i n g t h e c o n v e x hu l l o f a s e t o f 
p o i n t s i n K s p a c e c a n b e u s e d to i n t e r s e c t half s p a c e s in K s p a c e , a n d v i c e - v e r s a . I n 
f a c t , w i t h i n a f a c t o r o f K, the u p p e r and l o w e r b o u n d s f o r o n e p r o b l e m a p p l y t o t h e 
o t h e r . T h u s , ( m u c h o f ) t h e k n o w l e d g e c o n c e r n i n g c o n v e x hu l l s o f p o i n t s in K s p a c e 
a p p l i e s t o t h e i n t e r s e c t i o n of half s p a c e s in K s p a c e . G r a h a m [ 7 2 ] a n d P r e p a r a t a a n d 
H o n g [ 7 7 ] d e s c r i b e O ( N l o g N ) t ime a lgor i thms f o r c o n s t r u c t i n g t h e c o n v e x hu l l o f N p o i n t s 
i n t h e p l a n e . B e n t l e y a n d S h a m o s [ 7 8 ] and E d d y [ 7 7 ] g i v e fast e x p e c t e d t ime a l g o r i t h m s 
i n t h e p l a n e . P r e p a r a t a a n d H o n g [ 7 7 ] h a v e a lso p r o d u c e d an O ( N l o g N ) t ime a l g o r i t h m 
f o r t h e c o n v e x h u l l o f N p o i n t s in 3 s p a c e . H o w e v e r , in f o u r d i m e n s i o n s t h e r e is a n 
fl(N^) l o w e r b o u n d b e c a u s e t h e c o n v e x hul l c a n h a v e 6 ( N ^ ) e d g e s ( G r u n b a u m [ 6 7 ] > 
p . 1 9 3 ) . C h a n d a n d K a p u r [ 7 0 ] d e s c r i b e a c o n v e x hul l a l g o r i t h m f o r an a r b i t r a r y n u m b e r 
o f d i m e n s i o n s w h o s e c o m p l e x i t y has y e t to b e a n a l y z e d . 

T h i s p a p e r w i l l f i r s t d e s c r i b e the t w o d i m e n s i o n a l p r o b l e m a n d t h e s o l u t i o n 
o b t a i n e d b y u s e o f t h e t r a n s f o r m . T h e n w e m o v e u p to t h r e e d i m e n s i o n s , u s i n g t h e 
t r a n s f o r m t o s o l v e t h e p r o b l e m in O ( N l o g N ) t ime. F i n a l l y , f o u r ( a n d m o r e ) d i m e n s i o n s 

* w i l l b e t a c k l e d , f o l l o w e d b y some fast e x p e c t e d t ime a l g o r i t h m s a n d a p p l i c a t i o n s . A l l 
^ a l g o r i t h m s i n t h i s p a p e r u s e t h e R A M ( w i t h r e a l s ) model of c o m p u t a t i o n . 

2. The two dimensional problem 

^ iL;*^ S h a m o s [ 7 5 ] a n d S h a m o s and H o e y [ 7 6 ] s h o w that t h e i n t e r s e c t i o n o f N h a l f 
p l a n e s h a s t i m e c o m p l e x i t y 9 ( N l o g N ) . T h e i r a l g o r i t h m f o r c o n s t r u c t i n g t h e i n t e r s e c t i o n 

^ i n O ( N l o g N ) t i m e r e l i e s o n Shamos' 1 CXN) t ime a l g o r i t h m f o r i n t e r s e c t i o n o f c o n v e x 
p o l y g o n s . I n t h i s p a p e r a n e n t i r e l y d i f f e r e n t ( X N I o g N ) t ime a l g o r i t h m is d e s c r i b e d . 

! I n F i g u r e 1 t h e i n t e r s e c t i o n of N half p l a n e s is i n d i c a t e d b y t h e s h a d e d 
r e g i o n . T h e h a l f p l a n e s a r e p a r t i t i o n e d in to t w o s e t s , U P P E R a n d L O W E R . A ha l f p l a n e 
i s i n s e t U P P E R if t h e l ine at its b o u n d a r y is a b o v e the r e s t of t h e hal f p l a n e . S i m i l a r l y , 
a h a l f p l a n e is in t h e s e t L O W E R if the l ine at i ts b o u n d a r y is b e l o w t h e r e s t o f t h e h a l f 
p l a n e . ( I f a n y b o u n d a r y l ines a r e v e r t i c a l , t h e n r o t a t e ail N half p l a n e s a smal l a n g l e . ) 
T h e r e a s o n f o r p r o d u c i n g th is p a r t i t i o n w i l l no t b e e x p l a i n e d n o w , b u t it w i l l b e 
a p p a r e n t l a t e r . T h u s , t h e p r o b l e m is n o w d i v i d e d in to t h r e e p a r t s : ( 1 ) t h e i n t e r s e c t i o n 
o f t h e U P P E R ha l f p l a n e s , ( 2 ) t h e i n t e r s e c t i o n o f t h e L O W E R hal f p l a n e s , a n d ( 3 ) t h e 
i n t e r s e c t i o n o f t h e r e s u l t s o f p a r t s ( 1 ) and (2 ) . 
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U P P E R 

L O W E R 

( 1 ) (2) 

F i g u r e 1: I n t e r s e c t i o n of N half p l a n e s . , F i g u r e 2: I n t e r s e c t i o n o f r e g i o n s U a n d L 

A s s h o w n in F i g u r e 2, p a r t ( 3 ) is r e l a t i v e l y e a s y . If U a n d L in F i g u r e 2 h a v e 
O ( N ) v e r t i c e s t h e n t h e i n t e r s e c t i o n ( s h a d e d r e g i o n ) c a n b e c o n s t r u c t e d in 0 ( N ) t i m e . 
T h e a l g o r i t h m is d e s c r i b e d in deta i l in A L G O R I T H M I N T E R S E C T C H A I N S b e l o w . 

A L G O R I T H M I N T E R S E C T C H A I N S 

I n p u t : I n t e g e r s N 1 , N 2 ( w h e r e N = N1 + N2) and rea l v e c t o r s U x [ 0 : N l + i ] , U V [ 0 : N 1 + 1 ] , 
L X [ 0 : N 2 + 1 ] , L y [ 0 : N 2 + l ] s u c h that Y 

- c o - U x f 0 1 < U x [ l ] < . . . < U J N 1 ] < U J N 1 + 1 ] « oo 
-oo - L x [ 0 ] < L x [ l ] < . . . < L X [ N 2 ] < L X [ N 2 + 1 ] - oo. 

O u t p u t : I n t e g e r K ( n u m b e r o f v e r t i c e s o n t h e i n t e r s e c t i o n ) , H X [ 1 : K ] , H V [ 1 : K J 
T i m e : 0 ( N ) , S p a c e : 0 ( N ) . y 

( 1 ) S c a n U a n d L ( v e c t o r s U x , U y , L x , and L y ) f r o m left to r i g h t un t i l t w o s e g m e n t s 

i n t e r s e c t at a p o i n t P. ( I f n o s e g m e n t s i n t e r s e c t t h e n t h e i n t e r s e c t i o n o f U a n d L is 

e m p t y . ) T h e s c a n c a n b e d o n e in 0 ( N ) time in a m a n n e r s imilar t o t h e 0 ( N ) t i m e m e r g e 

i n t h e m e r g e s o r t a l g o r i t h m . 

( 2 ) S c a n U a n d L f r o m r i g h t to le f t unt i l t w o s e g m e n t s i n t e r s e c t at a p o i n t Q . 

( 3 ) I f P Q , t h e n r e t u r n ( i n v e c t o r s H x and H y ) the c o n c a t e n a t i o n o f t h e c h a i n s o f l i n e 

s e g m e n t s o f U a n d L b e t w e e n p o i n t s P a n d Q. 

( 4 ) I f P « Q , t h e n t h e i n t e r s e c t i o n is u n b o u n d e d ( o r j u s t t h e p o i n t P » Q ) . I n t h e c a s e 
o f a n u n b o u n d e d i n t e r s e c t i o n o n e must d e t e r m i n e w h e t h e r t o r e t u r n t h e c h a i n s t o t h e 
l e f t o f P o r t h e c h a i n s to the r i g h t of P. T h i s c a n b e d e t e r m i n e d b y c o m p a r i n g t h e 
s l o p e s o f t h e r a y s b o u n d i n g the le f t and r i g h t s i d e s o f U and L. If t h e s l o p e o f t h e l e f t 
r a y o f U is l e s s t h a n t h e s l o p e o f the lef t r a y o f L, t h e n r e t u r n t h e c h a i n s t o t h e l e f t o f 
P. O t h e r w i s e , r e t u r n t h e c h a i n s t o t h e r i g h t of P. 
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T h i s l e a v e s p a r t s ( 1 ) and ( 2 ) , t h e i n t e r s e c t i o n o f the U P P E R ha l f p l a n e s a n d 
t h e i n t e r s e c t i o n o f t h e L O W E R half p l a n e s . O n l y ( 1 ) wi l l be d e s c r i b e d s i n c e ( 2 ) c a n b e 
s o l v e d s i m i l a r l y . A s s u m e that the N half p l a n e s are all U P P E R half p l a n e s . S o m e o f 
t h e s e h a l f p l a n e s , s u c h as half p l a n e k in F i g u r e s 3a and 3 b , d o no t b o u n d a n y s i d e o f 
t h e r e g i o n o f i n t e r s e c t i o n . H w o u l d b e n ice to b e able to f ind all s u c h hal f p l a n e s a n d 
t h r o w t h e m a w a y s i n c e t h e y d o no t c o n t r i b u t e to the f inal r e s u l t . O n c e t h a t is d o n e 
o n e c a n f i n d t h e i n t e r s e c t i o n of the U P P E R half p lanes r a t h e r e a s i l y . A s o n e c a n s e e in 
F i g u r e 2 , t h e s l o p e s o f the s i d e s o f t h e c h a i n U are rnonoton ic d e c r e a s i n g as o n e 
t r a v e l s f r o m l e f t t o r i g h t . T h u s , g i v e n the l ines d e t e r m i n e d b y t h e s i d e s , o n e n e e d o n l y 
s o r t t h e l i n e s b y s l o p e to d e t e r m i n e the o r d e r in w h i c h t h e y i n t e r s e c t to f o r m t h e 
s i d e s . T h e s o r t c o s t s O ( N l o g N ) t ime so o n c e all the r e d u n d a n t half p l a n e s , s u c h as k in 
F i g u r e s 3 a a n d 3 b , a r e r e m o v e d , the i n t e r s e c t i o n of the U P P E R ha l f p l a n e s c a n b e 
d e t e r m i n e d i n O ( N l o g N ) t ime. 

F i g u r e 3 : (a ) & ( b ) - k is r e d u n d a n t , ( c ) - k is n o n r e d u n d a n t . 

H o w d o e s o n e d e t e r m i n e w h i c h half p lanes are r e d u n d a n t a n d w h i c h a r e n o t ? 
T h e r e a r e t w o c o n d i t i o n s w h i c h n e e d to be c h e c k e d . 

( 1 ) L i n e k ( F i g u r e 3 ) roust b e a b o v e the p o i n t P w h e r e l ines i a n d ] m e e t . 

( 2 ) T h e s l o p e o f l ine k must l ie b e t w e e n t h e s l o p e s of l i n e s i a n d j . T h a t i s , 
s l o p e ( i ) < s l o p e ( k ) < s l o p e ( j ) o r s l o p e ( j ) < s l o p e ( k ) < s l o p e ( i ) . T h i s is t r u e if i a n d 
j h a v e s l o p e s o f d i f f e r e n t s i g n ( F i g u r e 3 a ) o r of the same s i g n ( F i g u r e 3 b ) . 

F i g u r e 3 c s h o w s w h a t w i l l h a p p e n if the f i r s t c o n d i t i o n is s a t i s f i e d b u t t h e s e c o n d is 
n o t . A h a l f p l a n e k is t h e r e f o r e r e d u n d a n t iff t h e r e ex is t half p l a n e s i a n d j s u c h t h a t 
t h e t w o a b o v e c o n d i t i o n s a r e s a t i s f i e d . 

H o w f a s t c a n o n e d e t e r m i n e ( n o n ) r e d u n d a n c y f o r e a c h o f t h e N U P P E R ha l f 
p l a n e s ? C e r t a i n l y o n e a p p r o a c h is to tes t all p a i r s of half p l a n e s i a n d j f o r e a c h 
h a l f p l a n e k. T h a t c o s t s O ( N ^ ) t ime, t h o u g h , w h i c h is not g o o d . O n e c o u l d , p e r h a p s , 
m o d i f y t h i s a p p r o a c h a n d o b t a i n a f a s t e r a l g o r i t h m . H o w e v e r , t h e r e is an e n t i r e l y 
d i f f e r e n t w a y o f l o o k i n g at th is p r o b l e m that is c l e a r l y b e t t e r a n d that is t h e a p p r o a c h 
w h i c h w i l l b e t a k e n . 
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3. The Transform 

T h e t r a n s f o r m e x p l o i t s a n a t u r a l d u a l i t y b e t w e e n p o i n t s a n d l i n e s in t h e 
p l a n e . F o r a n a r b i t r a r y p o i n t ( x , y ) , c o n s i d e r the set of all l ines in s l o p e - i n t e r c e p t f o r m 
w h i c h p a s s t h r o u g h t h e p o i n t . ( T h u s th is w o n ' t w o r k f o r v e r t i c a l l i n e s . ) I f a l i ne is 
r e p r e s e n t e d b y an o r d e r e d pa i r o f t h e f o r m ( s l o p e , i n t e r c e p t ) , t h e n t h i s s e t is 
{ ( a , b ) I y « a*x + b }. N o l e lhat th is t r a n s f o r m s a po int ( x , y ) to a l ine b » - x * a + y . 
N o t e a l s o t h a t t h e r e p r e s e n t a t i o n of a l ine y * a*x 4- b in t h e f o r m ( a , b ) is a n a t u r a l 
t r a n s f o r m o f a l ine t o a p o i n t . T h u s , p o i n t s t r a n s f o r m to l ines a n d l i n e s t r a n s f o r m t o 
p o i n t s b y t h e f o r m u l a s 

y » a*x + b -* (a ,b ) , and 
( x , y ) -+ b » - x * a + y . 

T h i s t r a n s f o r m has an i n t e r e s t i n g p r o p e r t y : D i s t a n c e s in the y-coordinate 

b e t w e e n p o i n t s a n d l ines a r e p r e s e r v e d . * T h e d i f f e r e n c e in y c o o r d i n a t e b e t w e e n 
p o i n t ( c , d ) a n d l ine y = e t x + f is d - (e*c + f ) . T h e d i f f e r e n c e in t h e t r a n s f o r m s b = -
c*a + d a n d ( e t f ) is { - c * e + d ) - f , w h i c h is the same. It f o l l o w s f r o m t h i s t h a t i n c i d e n c e 
is p r e s e r v e d . ^ I f p o i n t ( c ,d ) is o n l ine y = e*x • f, t h e n it h o l d s a l so f o r t h e i r 
t r a n s f o r m s - p o i n t ( e , f ) is. o n l ine b * - t * a + d . Note f u r t h e r that n o t o n l y is t h e 
m a g n i t u d e o f t h e d i s t a n c e ( in the y - c o o r d i n a t e ) p r e s e r v e d b u t a l so i ts s i g n . T h u s , 
a b o v e / b e l o w - n e s s is p r e s e r v e d . If ( c ,d ) is a b o v e ( b e l o w ) l ine y * e*x + f , t h e n t h e 
t r a n s f o r m o f ( c , d ) is a b o v e ( b e l o w ) the t r a n s f o r m of y = e*x + f. 

T h e r e is a n o t h e r p r o p e r t y o f the t r a n s f o r m w h i c h s h o u l d b e m e n t i o n e d . T h e 
t r a n s f o r m is n o t i n v o l u t o r y , but c o m p o s i t i o n of it four t imes p r o d u c e s t h e f o l l o w i n g : 

( x , y ) - » b = - x * a 4- y ( - x , y ) -* b » x*a + y -> ( x , y ) 

O n l y ; a s l i g h t c h a n g e is r e q u i r e d t o make the t r a n s f o r m its o w n i n v e r s e . E x p r e s s l i n e s 
i n t h e f o r m y + a*x + b « 0 r a t h e r t h a n y « a*x + b. T h e n it is t r u e t h a t y + a*x + b « 
0 «* ( a , b ) . B u t t h i s has t h e u n f o r t u n a t e s ide e f f e c t that a b o v e / b e l o w - n e s s b e t w e e n 
p o i n t s a n d l i n e s is no t p r e s e r v e d ; it is r e v e r s e d . If point ( c ,d ) is a b o v e l ine y + e*x + f 
« 0 t h e n t h e t r a n s f o r m of (c ,d ) w i l l b e below the t r a n s f o r m of l ine y • e*x + f » 0 . 

* T h e r e s t r i c t i o n in the y coordinate is impor tant b e c a u s e it c a n b e s h o w n t o 

b e i m p o s s i b l e t o p r e s e r v e t h e Euclidean d i s t a n c e b e t w e e n a p o i n t a n d a l i n e u n d e r a 

d u a l i t y t r a n s f o r m . 

^ T h e r e a r e o t h e r d u a l i t y t r a n s f o r m s w h i c h p r e s e r v e i n c i d e n c e , s u c h as 

P l u c k e r ' s t r a n s f o r m [ S h a m o s 7 7 J 
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4. Application of the transform to the two dimensional problem 

N o w it w i l l b e s h o w n h o w the t r a n s f o r m e n a b l e s o n e to i n t e r s e c t t h e U P P E R 
( o r L O W E R ) ha l f p l a n e s f a s t . M o r e s p e c i f i c a l l y , the t r a n s f o r m e n a b l e s an e f f i c i e n t 
m e c h a n i s m f o r e l i m i n a t i n g t h e " r e d u n d a n t " half p l a n e s . Recal l t h e t w o c o n d i t i o n s f o r 
r e d u n d a n c y o f a n U P P E R half p l a n e : a half p lane k is r e d u n d a n t i f f . t h e r e e x i s t ha l f 
p l a n e s i a n d j s u c h that ( 1 ) l ine k is a b o v e the po in t P w h e r e l ines i a n d j i n t e r s e c t , 
a n d ( 2 ) t h e s l o p e o f k is b e t w e e n the s l o p e s of l ines i and j . I n the ab p l a n e t h e r e is a 
c o r r e s p o n d i n g i n t e r p r e t a t i o n . 

i 

F i g u r e 4: T r a n s f o r m of a r e d u n d a n t half p l a n e . 

I n F i g u r e 4, l ine k is a b o v e po in t P in the x y p l a n e . T h i s is t r a n s f o r m e d t o a 
point k w h i c h is a b o v e line P in the ab p lane , ( A b o v e / b e l o w - n e s s b e t w e e n l i n e s a n d 
p o i n t s is p r e s e r v e d b y t h e t r a n s f o r m . ) T h e s l o p e of a l ine in t h e x y p l a n e is t h e a 
c o o r d i n a t e o f t h e c o r r e s p o n d i n g p o i n t in the ab p l a n e . T h u s , as in F i g u r e 4, l ine k w i t h 
a s l o p e b e t w e e n t h e s l o p e s o f l i nes i and j t r a n s f o r m s t o a p o i n t k w i t h a c o o r d i n a t e 
b e t w e e n t h e a c o o r d i n a t e s o f p o i n t s i a n d j in the ab p lane . F i g u r e 5 s h o w s t h e r e s u l t 
o f a p p l y i n g t h i s p r o c e d u r e to s e v e r a l half p l a n e s . In t h e ab p l a n e t h e p o i n t s 
c o n n e c t e d b y l i n e s e g m e n t s a r e t h e t r a n s f o r m s of t h e " n o n r e d u n d a n t * ha l f p l a n e s . T h e 
p o i n t s a b o v e t h e s e s e g m e n t s c o r r e s p o n d to the r e d u n d a n t half p l a n e s . 

F i g u r e 5 : T r a n s f o r m of N U P P E R half p l a n e s . 

L o o k c l o s e l y at t h o s e l ine s e g m e n t s in the ab p l a n e . T h e y a r e e x a c t l y t h e 
b o t t o m p a r t o f t h e convex hull of the p o i n t s in the ab p l a n e ! T h e p r o b l e m o f 
i n t e r s e c t i n g N U P P E R hal f p l a n e s has b e e n r e d u c e d to the p r o b l e m o f c o n s t r u c t i n g t h e 
( b o t t o m p a r t o f t h e ) c o n v e x hul l o f N p o i n t s . T h e c o n v e x hul l o f N p o i n t s in t h e p l a n e 
c a n b e c o n s t r u c t e d in O ( N l o g N ) t ime ( G r a h a m [ 7 2 ] ) . T h i s l e a v e s o n l y t h e d e t a i l o f 
s e p a r a t i n g t h e t o p f r o m the b o t t o m p a r t of the hul l . T o d o t h a t , f i n d t h e l e f t m o s t p o i n t 
o f t h e h u l l i n 0 ( N ) t ime. T h e n t r a v e r s e the hul l o n the bottom s ide unt i l t h e r i g h t m o s t 
p o i n t is r e a c h e d . 
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T h e p r o b l e m of i n t e r s e c t i n g N half p l a n e s has b e e n b r o k e n i n t o t h r e e p a r t s . 
P a r t ( 1 ) , t h e i n t e r s e c t i o n o f t h e U P P E R half p l a n e s , has j u s t b e e n s h o w n to c o s t o n l y 
O ( N l o g N ) t i m e . P a r t ( 2 ) , the i n t e r s e c t i o n of the L O W E R half p l a n e s , is e q u i v a l e n t to p a r t 
( 1 ) s o it c a n a l s o b e d o n e in O ( N l o g N ) t ime. Par t ( 3 ) , the i n t e r s e c t i o n o f t h e r e s u l t s o f 
p a r t s ( 1 ) a n d ( 2 ) , h a s b e e n s h o w n to cost o n l y 0 ( N ) t ime. T h u s , t h e e n t i r e p r o b l e m c a n 
b e s o l v e d i n O ( N l o g N ) t ime. 

It is i n t e r e s t i n g to n o t e that o n e c a n also u s e an i n t e r s e c t i o n o f h a l f p l a n e s 

a l g o r i t h m t o p r o d u c e a c o n v e x hul l of p o i n t s a l g o r i t h m . F i r s t t r a n s f o r m all N p o i n t s t o 

U P P E R h a l f p l a n e s b y t h e f o r m u l a 
(x ,y> -* b =* x*a + y 

a n d i n t e r s e c t t h e hal f p l a n e s . T r a n s f o r m back to o b t a i n the l o w e r p a r t o f t h e h u l l . 
T h e n t r a n s f o r m all N p o i n t s to L O W E R half p l a n e s and i n t e r s e c t t h e h a l f p l a n e s . 
T r a n s f o r m b a c k f o r t h e u p p e r p a r t of t h e hu l l . M e r g i n g t h e u p p e r a n d l o w e r p a r t s is 
t r i v i a l , s i n c e t h e l e f t m o s t a n d r i g h t m o s t p o i n t s w i l l b e in e a c h o n e . T o t a l t ime is 
O ( N l o g N ) . 

5. The three dimensional problem 

T h e t e c h n i q u e jus t u s e d in t w o d i m e n s i o n s can b e e x t e n d e d t o t h r e e 
d i m e n s i o n s . T h e ha l f s p a c e s a r e , as b e f o r e , f i r s t p a r t i t i o n e d in to t h e t w o s e t s U P P E R 
a n d L O W E R . A h a l f s p a c e is in the U P P E R set if the p lane at i ts b o u n d a r y is a b o v e t h e 
r e s t o f t h e ha l f s p a c e . S imi la r l y f o r L O W E R . T h e p r o b l e m of i n t e r s e c t i n g t h e ha l f 
s p a c e s is t h e n b r o k e n i n t o t h e s u b p r o b l e m s ( 1 ) i n t e r s e c t t h e U P P E R ha l f s p a c e s , ( 2 ) 
i n t e r s e c t t h e L O W E R hal f s p a c e s , and ( 3 ) i n t e r s e c t the r e s u l t s of ( 1 ) a n d ( 2 ) . T h i s 
s c h e m a w i l l s t i l l w o r k in t h r e e d i m e n s i o n s , but t h e a lgo r i thm f o r p a r t ( 3 ) is m o r e 
c o m p l i c a t e d a n d d o e s not s e e m to g e n e r a l i z e w e l l to h i g h e r d i m e n s i o n s . T o a v o i d t h e s e 
c o m p l i c a t i o n s a s l i g h t l y d i f f e r e n t m e t h o d f o r i n t e r s e c t i n g hal f s p a c e s i n t h r e e 
d i m e n s i o n s w i l l b e p r e s e n t e d . • 

R e c a l l t h a t the p a r t i t i o n o f the half s p a c e s in to the s e t s U P P E R a n d L O W E R is 

d e t e r m i n e d b y a c o m p a r i s o n in the z c o o r d i n a t e . T h e cho ice o f t h e z c o o r d i n a t e is 

t o t a l l y a r b i t r a r y . A n y o f t h e 3 c o o r d i n a t e s wi l l d o jus t as w e l l . * T h u s , t h e r e a r e 3 

p o s s i b l e s e t s U P P E R a n d L O W E R . T o d i s t i n g u i s h t h e m f r o m e a c h o t h e r , u s e t h e n o t a t i o n 

U P P E R J a n d L O W E R J f o r t h e f i r s t ( x ) c o o r d i n a t e , U P P E R 2 and L O W E R 2 f o r t h e s e c o n d 

( y ) c o o r d i n a t e , a n d UPPER3 and LOWER3 f o r the t h i r d ( z ) c o o r d i n a t e . A l s o , U a n d L, t h e 

i n t e r s e c t i o n s o f t h e U P P E R a n d L O W E R s e t s , w i l l n o w b e w r i t t e n Uj a n d Lj f o r t h e i t h 

c o o r d i n a t e . T h e n e w m e t h o d f o r s o l v i n g t h e i n t e r s e c t i o n of U a n d L ( t h a t i s , U 3 a n d 

1.3), u s e s al l 3 of t h e p a i r s U j a n d L j . ( S e e F i g u r e 6 f o r an i l l u s t r a t i o n o f t h e t h r e e s e t s 

U a n d L for an o c t a h e d r o n . ) It wi l l b e s h o w n h o w the e x t r a U j a n d Lj m a k e t h e 

I n t e r s e c t i o n m u c h s i m p l e r . T h e n it w i l l b e s h o w n h o w t o c o n s t r u c t U 3 , L 3 , U 2 , L 2 , U j , 

a n d L j . 

A I n f a c t , s o w i l l a n y l i near c o m b i n a t i o n of the c o o r d i n a t e s . 
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X C O O R D I N A T E Y C O O R D I N A T E Z C O O R D I N A T E 

F i g u r e 6 : T h e t h r e e s e t s U and L f o r an o c t a h e d r o n . 

A n e x a m p l e o f the t w o d imens iona l case is s h o w n in F i g u r e 7. T h e c u r v e s 

U 2 a n d 1-2 o f F i g u r e 7 a meet at t w o p o i n t s , P and Q. O n c e P and Q a r e f o u n d , it is 

e a s y t o c o n s t r u c t t h e e n t i r e p o l y g o n d e f i n i n g the i n t e r s e c t i o n of regions U2 a n d l_2-

( S e e t h e las t p a r t o f I N T E R S E C T C H A I N S in S e c t i o n 2.) T h e le f tmost i n t e r s e c t i o n p o i n t P 

o f U 2 a n d L2 i n 7 ( a ) is s i m p l y t h e le f tmost po in t of L j in 7 ( b ) . T h u s , r a t h e r t h a n u s i n g 

a l g o r i t h m I N T E R S E C T C H A I N S ( S e c t i o n 2) to f ind po in t P, o n e c a n s i m p l y c o n s t r u c t L j 

a n d f i n d t h e l e f t m o s t p o i n t . ( S i m i l a r l y f o r po in t Q.) D o e s th is a l w a y s w o r k ? N o , b u t t h e 

e x c e p t i o n s a r e n o t a s e r i o u s p r o b l e m . 

F i g u r e 7: A n e a s y w a y to f i n d P a n d Q. 

S u p p o s e that p o i n t P is not o n l y the le f tmost p o i n t of t h e s h a d e d r e g i o n , b u t 
a l s o t h e h i g h e s t ( o r l o w e s t ) po in t ( F i g u r e 8). T h e n P wi l l b e o n e o f t h e t w o 
i n t e r s e c t i o n p o i n t s f o r not o n l y U2 and L2, but also f o r U j a n d L j . S u c h p o i n t s w i l l b e 
c a l l e d extreme intersection points. ( T h e cases of u n b o u n d e d o r nul l i n t e r s e c t i o n s w i l l 
b e t r e a t e d l a t e r . ) I n f a c t , as s h o w n in F i g u r e 8, P a n d Q c a n b e e x t r e m e i n t e r s e c t i o n 
p o i n t s s i m u l t a n e o u s l y . T h u s , in t h e t w o d imens iona l w o r s t c a s e , t h e u s e o f li± a n d L j 
t o f i n d P a n d Q d o e s n o t s e e m e n t i r e l y s u c c e s s f u l , s i n c e t h e t w o e x t r e m e i n t e r s e c t i o n 
p o i n t s m a y s t i l l b e l e f t u n k n o w n . H o w e v e r , in h i g h e r d i m e n s i o n s t h e s i t u a t i o n l o o k s 
r e l a t i v e l y b e t t e r . 
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(a ) ( b ) 

F i g u r e 8: P and Q a re e x t r e m e i n t e r s e c t i o n p o i n t s . 

T h m : I n K d i m e n s i o n s t h e r e a r e at most t w o e x t r e m e i n t e r s e c t i o n p o i n t s o f N h a l f 

s p a c e s . 

P f : T o b e a n e x t r e m e i n t e r s e c t i o n p o i n t , t h e v e r t e x must b e e x t r e m e in al l K 
c o o r d i n a t e s . ( T h a t i s , g r e a t e s t o r smal lest of alt the v e r t i c e s in e a c h c o o r d i n a t e . ) It is 
a s s u m e d t h a t n o v e r t i c e s h a v e a n y c o o r d i n a t e s in c o m m o n , s ince t h e p r o b a b i l i t y o f t h a t 
h a p p e n i n g is z e r o . A s s u m e that P, Q, and R a re d is t inc t e x t r e m e i n t e r s e c t i o n p o i n t s . 
S i n c e P a n d Q a r e e x t r e m e i n t e r s e c t i o n s , t h e n if t h e i th c o o r d i n a t e o f P is t h e s m a l l e s t 
( l a r g e s t ) o v e r t h e v e r t i c e s , t h e n the i th c o o r d i n a t e of Q is t h e l a r g e s t ( s m a l l e s t ) . 
H o w e v e r , t h e i t h c o o r d i n a t e of R must also b e t h e l a r g e s t o r smal les t i c o o r d i n a t e a n d 
t h a t c a n ' t b e b e c a u s e p o i n t s P and Q e x h a u s t b o t h o f t h o s e p o s s i b i l i t i e s . T h u s t h e r e 
a r e at m o s t t w o e x t r e m e v e r t i c e s . Q E D . 

T h e f a c t that t h e r e a r e at most t w o e x t r e m e i n t e r s e c t i o n p o i n t s is u s e d i n 
t h e a l g o r i t h m ( b e l o w . ) f o r i n t e r s e c t i n g half s p a c e s in t h r e e s p a c e . T h i s a l g o r i t h m 
a s s u m e s t h a t o n e c a n c o n s t r u c t U j , L j , L^ , 1-2, U3, and L3 in ( X N I o g N ) t i m e . T h a t w i l l 
b e p r o v e n l a t e r i n th i s p a p e r , but f o r n o w s i m p l y assume that s u c h a n a l g o r i t h m e x i s t s 
a n d It w i l l b e s h o w n h o w to c o n s t r u c t the i n t e r s e c t i o n of U3 a n d L3 ( a n d t h u s t h e 
i n t e r s e c t i o n o f al l N hal f s p a c e s ) in 0 ( N ) add i t iona l t ime. 

A L G O R I T H M T O I N T E R S E C T H A L F S P A C E S I N T H R E E D I M E N S I O N S 

I n p u t : I n t e g e r N > 0 , r e a l v e c t o r s X [ 1 : N ] , Y [ 1 : N ] , Z [ 1 : N ] . 
O u t p u t : I n t e g e r s K ( n u m b e r o f v e r t i c e s o f the p o l y t o p e ) , E ( n u m b e r o f e d g e s ) , F 

( n u m b e r o f f a c e s ) , rea l v e c t o r s H X [ 1 : K ] , H y [ l : K ] , H 2 [ 1 : K ] , i n t e g e r a r r a y s 
E n d P o i n t s O f E d g e s [ l : E , l : 2 1 F a c e s 0 f E d g e s [ l : E , i : 2 ] , E d g e s O f F a c e s P o i n t e r [ l : F ] , 
E d g e s O f F a c e s [ l : 2 * E ] . 

T i m e : C X N I o g N ) , S p a c e : O ( N ) . 

( 1 ) C o n s t r u c t U 3 l L 3 , U 2 , L 2 , U j f and L j in ( X N I o g N ) t ime. ( S e c t i o n 6 o f t h i s p a p e r . ) 

( T h e s e s t r u c t u r e s a r e r e p r e s e n t e d the same as the o u t p u t f o r t h i s a l g o r i t h m . ) 

( 2 ) F o r t h e m o s t p a r t , t h e e d g e s w h e r e U3 and L3 meet h a v e a l r e a d y b e e n c o n s t r u c t e d 

as e d g e s o f U 2 a n d L2 ( a n d U j and L j ) . F o r e a c h of the O ( N ) f a c e s o f U 2 a n d L 2 

o n e c a n d e t e r m i n e in 0 ( 1 ) t ime w h e t h e r it b e l o n g s in UPPER3 o r LOWER3. T h u s , 



(a) (b) 

F i g u r e 9 : D a s h e s ind ica te b o u n d a r i e s o f (a ) U3 and L3 and ( b ) U2 a n d L 2 

i n 0 ( N ) t i m e o n e c a n s e a r c h all of t h e faces of U 2 and L 2 a n d d e t e r m i n e w h e r e 
t h e U P P E R 3 f a c e s o f U 2 a n d L 2 meet the LOWER3 f aces . T h e e d g e s w h e r e t h e s e 
f a c e s m e e t a r e e d g e s of the i n t e r s e c t i o n of U3 and L3. ( S e e F i g u r e 9.) 

( 3 ) C o m p a r e U 3 a n d L3 w i t h U j a n d L j as in (2) in 0 ( N ) t ime. B y t h e a b o v e t h e o r e m , 

t h e r e w i l l b e at most t w o v e r t i c e s o f U3 n L3 w h i c h h a v e n o t y e t b e e n 
d e t e r m i n e d in s t e p s (2) and (3) . 

( 4 ) I f t h e c h a i n o f e d g e s c o n n e c t i n g U3 a n d L3 ( c o n s t r u c t e d in s t e p s (2) a n d ( 3 » is a 

c l o s e d l o o p t h e n t h e r e a r e n o e x t r e m e v e r t i c e s and t h e i n t e r s e c t i o n o f U3 a n d L 3 

i s c o m p l e t e . 

( 5 ) I f t h e c h a i n o f e d g e s c o n n e c t i n g U3 and L3 is o p e n at o n e e n d t h e n e i t h e r ( a ) t h e 

i n t e r s e c t i o n o f U3 a n d L3 is an u n b o u n d e d r e g i o n , o r ( b ) t h e r e is o n e e x t r e m e 
i n t e r s e c t i o n . I f t h e c h a i n is b r o k e n in to t w o p a r t s t h e n e i t h e r ( c ) t h e r e a r e t w o 
e x t r e m e i n t e r s e c t i o n s , o r ( d ) t h e r e is o n e e x t r e m e i n t e r s e c t i o n a n d t h e 
i n t e r s e c t i o n o f U3 a n d I 3 is u n b o u n d e d . F o r t h e s e c a s e s o f o n e o r t w o b r e a k s in 
t h e c h a i n , a p p l y s t e p (6) to f i n d a n y r e m a i n i n g v e r t i c e s . 

( 6 ) T o d i s t i n g u i s h an e x t r e m e i n t e r s e c t i o n po in t f r o m an u n b o u n d e d i n t e r s e c t i o n : ( a ) 
f i n d t h e t w o e d g e s at t h e t w o e n d s of the cha in and call t h e m A a n d B, ( b ) f i n d 
t h e f a c e s a b o v e a n d t h e f a c e s b e l o w A and B w h i c h h a v e A o r B as e d g e s . C a l l 
t h e m A y , A^, Bu, a n d B j . ( c ) F i n d t h e ( i n f i n i t e ) faces at the i n t e r s e c t i o n o f A u a n d 
A j , a n d B u a n d B^. Ca l l t h e m A j a n d B j . ( d ) I n ( X N ) t ime f i n d t h e i n t e r s e c t i o n , if 
a n y , o f A j a n d B j . 

I t h a s j u s t b e e n s h o w n that g i v e n U3, L3, U 2 , L 2 , U j , a n d L j , t h e i n t e r s e c t i o n 

o f U 3 a n d L 3 c a n b e c o n s t r u c t e d in 0 ( N ) t ime. N o w it must b e s h o w n h o w t o c o n s t r u c t 

U 3 , L 3 , U 2 , L 2 , U j , a n d I ] in O ( N l o g N ) t ime. S ince c o n s t r u c t i n g o n e o f t h e s e s i x 

i n t e r s e c t i o n s is e s s e n t i a l l y the same as c o n s t r u c t i n g a n y o t h e r , t h e f o l l o w i n g t e x t w i l l 
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d e s c r i b e j u s t t h e i n t e r s e c t i o n of a set of half s p a c e s ca l led U P P E R a n d t h e i n t e r s e c t i o n 

w i l t b e c a l l e d U . 

T h e a l g o r i t h m f o r c o n s t r u c t i n g U in t h r e e d i m e n s i o n s is a n a l o g o u s t o t h e t w o 
d i m e n s i o n a l c a s e . I n b r i e f , th is is h o w it w i l l p r o c e e d : F i r s t t r a n s f o r m t h e N U P P E R h a l f 
s p a c e s t o N p o i n t s in abc s p a c e . C o n s t r u c t the ( b o t t o m p a r t of t h e ) c o n v e x hu l l o f t h e 
p o i n t s i n C X N I o g N ) t ime. T h e p o i n t s a b o v e t h e b o t t o m p a r t of t h e c o n v e x h u l l 
c o r r e s p o n d t o " r e d u n d a n t " half s p a c e s and c a n b e d i s c a r d e d . T h e b o t t o m p a r t o f t h e 
h u l l is t h e n t r a n s f o r m e d back to f o r m U, the i n t e r s e c t i o n of t h e U P P E R ha l f s p a c e s . 
T h i s w i l l n o w b e d e s c r i b e d in d e t a i l . 

M 

F i g u r e 10: A r e d u n d a n t half s p a c e . 

A s s u m e that t h e r e a r e N U P P E R half s p a c e s . S o m e of t h e s e ha l f s p a c e s 
c o n t r i b u t e t o t h e i n t e r s e c t i o n U and some a r e " r e d u n d a n t , " s u c h as half s p a c e M i n 
F i g u r e 1 0 . F o r t h e p l a n e t h e r e a r e t w o s imple c o n d i t i o n s f o r r e d u n d a n c y o f a h a l f 
p l a n e . I n t h r e e d i m e n s i o n s t h e r e a r e t w o a n a l o g o u s c o n d i t i o n s f o r a hal f s p a c e . T h e 
f i r s t c o n d i t i o n f o r r e d u n d a n c y o f a half s p a c e M is that p l a n e M b e a b o v e t h e p o i n t P 
w h e r e p l a n e s I , J , a n d K i n t e r s e c t , as in F i g u r e 10. T h e s e c o n d c o n d i t i o n , t h e 
" b e t w e e n n e s s o f s l o p e s " c o n d i t i o n , is m o r e c o m p l i c a t e d to e x p r e s s . T h e p u r p o s e o f 
t h e " b e t w e e n n e s s o f s l o p e s " c o n d i t i o n is to i n s u r e that a p lane a b o v e t h e p o i n t P c a n ' t 
d r o p d o w n f a s t e n o u g h to e n t e r the r e g i o n b e l o w p l a n e s I , J , a n d K. B u t th i s is i n s u r e d 
b y r e q u i r i n g t h a t p l a n e M r e m a i n a b o v e the r a y s r j j , r j j < , a n d r « j w h i c h d e f i n e t h e 
e d g e s o f t h e t h r e e f a c e s b o u n d i n g the e n c l o s e d r e g i o n . 

P l a n e M c a n b e w r i t t e n in the f o r m z « a*x • b*y + c. ( N o v e r t i c a l p l a n e s 

s a t i s f y i n g t h e t w o c o n d i t i o n s a r e p o s s i b l e , s o th is f o r m w i l l a l w a y s w o r k . ) P l a n e I c a n 

b e w r i t t e n z - a j*x + b j * y + c j . S imi la r l y f o r p l a n e s J and K. T h e t h r e e r a y s r j j , r j ^ , 

a n d r j^ j c a n b e e x p r e s s e d as v e c t o r s o r i g i n a t i n g at the po in t P. T h e c r o s s p r o d u c t s o f 

n o r m a l s t o p l a n e s 1, J , a n d K g i v e v e c t o r s a long t h e l ines d e t e r m i n e d b y t h e s e t h r e e 

v e c t o r s . T h u s , 
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S i m i l a r l y f o r r j| ( a n d r ^ j . T h e f i r s t c o n d i t i o n , that p lane M b e a b o v e ( o r o n ) p o i n t P « 

( P x , P y , P 2 ) i s 

( 1 ) a * P x + b*Py + c ^ P z . 

T h e s e c o n d ( b e t w e e n n e s s o f s l o p e s ) c o n d i t i o n d e p e n d s o n l y o n t h e s l o p e s a a n d b , n o t 
t h e i n t e r c e p t c . T h g s , it is t h e same f o r a p lane M w h i c h p a s s e s t h r o u g h p o i n t P as 
o n e w h i c h is s t r i c t l y a b o v e P. T h e c o n d i t i o n that M not d r o p b e l o w v e c t o r s r j j , r j ^ , o r 
r ^ j i s t h e r e f o r e 

a * o£,j + b * fiu > y u 

( 2 ) a * c * J K + b * $ K > y J K 

a * b mfi^ £ y K L . 

T h e f o u r i n e q u a l i t i e s in ( ] ) a n d ( 2 ) h a v e an e q u i v a l e n t i n t e r p r e t a t i o n in t h e t r a n s f o r m e d 

( a b c ) s p a c e . 

6. Application of the transform to the three dimensional problem 

T h e t r a n s f o r m u s e d in t h r e e d imens ions is a s t r a i g h t f o r w a r d e x t e n s i o n o f t h e 
t w o d i m e n s i o n a l t r a n s f o r m . P l a n e s t r a n s f o r m to p o i n t s a n d p o i n t s t r a n s f o r m to p l a n e s . 
T h e f o r m u l a s f o r t h e t r a n s f o r m a r e : * 

z « a*x + b*y + c (a ,b ,c ) 
( x , y , z ) -* c - - x * a + - y * b + z . 

A D a n t z i g [ 6 3 ] u s e s t h e a b o v e t r a n s f o r m in the c o n t e x t o f l i n e a r p r o g r a m m i n g 
a n d H u f f m a n [ 7 7 ] u s e s an a lmost ident i ca l t r a n s f o r m f o r an a n a l y s i s of p o l y h e d r a l 
s c e n e s . 
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T h e d i s t a n c e b e t w e e n a po in t and a p l a n e in the z coordinate is p r e s e r v e d b y t h i s 
t r a n s f o r m . A n d , most i m p o r t a n t l y , the s e n s e of a b o v e / b e l o w - n e s s ( in t h e z c o o r d i n a t e ) 
b e t w e e n p o i n t s a n d p l a n e s is p r e s e r v e d also. 

P l a n e M ( z « a*x + b*y 4 c ) o f F i g u r e 10 t r a n s f o r m s to t h e p o i n t ( a , b , c ) in 

a b c s p a c e , a n d p l a n e s 1, J , and K t r a n s f o r m to t h e p o i n t s P j » (a j ,b [ ,C j ) , P j = ( a j , b j , c . j ) , 

a n d P|< • ( a K ^ K , c K ^ ^ n c i n e c l u a , ^ y ( 1 ) (o f the p r e v i o u s s e c t i o n ) f o r r e d u n d a n c y o f ha l f 

s p a c e M ( a n d p o i n t (a ,b ,c ) ) is i n t e r p r e t e d in abc s p a c e as a half s p a c e w h o s e b o u n d a r y 

p l a n e p a s s e s t h r o u g h all t h r e e p o i n t s P j , P j , and P^. T h u s c o n d i t i o n ( 1 ) r e q u i r e s t h a t 

t h e p o i n t ( a , b , c ) b e a b o v e th is p l a n e . I n e q u a l i t i e s ( 2 ) (o f t h e p r e v i o u s s e c t i o n ) d e f i n e 

t h r e e v e r t i c a l p l a n e s , e a c h of w h i c h p a s s e s t h r o u g h t w o of the t h r e e p o i n t s P j , P j , a n d 

P j^ . T h u s , t h e s e t of half s p a c e s M ' w h i c h half s p a c e s I, J , and K make r e d u n d a n t is 

r e p r e s e n t e d in a b c s p a c e b y t h e s e t o f all p o i n t s (a ,b ,c ) w h i c h a r e directly above s o m e 

p o i n t i n ( o r o n ) t h e t r i a n g l e d e t e r m i n e d b y p o i n t s P j , P j , and P « . W h e n c o n d i t i o n s ( 1 ) 

a n d ( 2 ) a r e a p p l i e d o v e r all N p o i n t s in abc s p a c e , the o n l y p o i n t s (ha l f s p a c e s ) w h i c h 

a r e n o t m a d e r e d u n d a n t b y some p o i n t s (ha l f s p a c e s ) I, J , and K a r e t h o s e p o i n t s o n 

t h e b o t t o m p a r t o f t h e c o n v e x hul l o f t h e N p o i n t s . 

H o w l o n g d o e s it fake to c o n s t r u c t t h e ( b o t t o m p a r t o f t h e ) c o n v e x h u l l o f N 
p o i n t s i n t h r e e d i m e n s i o n s ? P r e p a r a t a a n d H o n g [ 7 7 ] d e s c r i b e an a l g o r i t h m to c o n s t r u c t 
t h e ( e n t i r e ) c o n v e x hul l in O ( N l o g N ) t ime. O n e w a y to s e p a r a t e t h e b o t t o m o f t h e hu l l 
f ronrv t h e t o p r e q u i r e s one to augment P r e p a r a t a and H o n g ' s a l g o r i t h m b y m a i n t a i n i n g 
w i t h e a c h f a c e o f the c o n v e x hul l a v e c t o r p e r p e n d i c u l a r to t h e f a c e w h i c h p o i n t s 
t o w a r d t h e i n s i d e (as o p p o s e d to t h e o u t s i d e ) of the hu l l . T h e b o t t o m f a c e s of t h e hu l l 
a r e t h o s e f a c e s w h o s e v e c t o r s p o i n t u p w a r d . T h e v e c t o r s f o r t h e f o p f a c e s p o i n t 
d o w n w a r d . ( N o t e that t h e r e w i l l b e some vertices in b o t h t h e t o p a n d b o t t o m p a r t s o f 
t h e h u l l . T h e s e a r e the v e r t i c e s w h i c h b o u n d b o t h t o p and b o t t o m f a c e s . ) T h e b o t t o m 
a n d t o p p a r t s o f t h e c o n v e x hul l a r e t h e r e f o r e s e p a r a b l e in 0 ( N ) t ime. 

F i g u r e 11: T r a n s f o r m of a c o n v e x hu l l . 

T o f i n d t h e i n t e r s e c t i o n of the U P P E R half s p a c e s , t h e b o t t o m p a r t o f t h e 
c o n v e x h u l l m u s t b e t r a n s f o r m e d b a c k to x y z s p a c e . T h e 0 ( N ) v e r t i c e s t r a n s f o r m , o f 
c o u r s e , t o p l a n e s . Bu t t h e r e ' s m u c h m o r e i n f o r m a t i o n t h a n that in t h e c o n v e x h u l l . F o r 
i n s t a n c e , d e f i n i n g e a c h face of the hul l t h e r e are t h r e e c o p l a n a r v e r t i c e s 1, J, a n d KJ 
T h e p l a n e w h i c h t h e s e v e r t i c e s d e f i n e is t r a n s f o r m e d to a po in t in x y z s p a c e . T h i s 
p o i n t is w h e r e planes 1, J , and K (of x y z s p a c e ) i n t e r s e c t . ( T h i s f o l l o w s f r o m t h e fac t 
t h a t t h e t r a n s f o r m p r e s e r v e s i n c i d e n c e b e t w e e n p o i n t s and p l a n e s . ) A l s o , as i l l u s t r a t e d 

1 A s s u m i n g that t h e v e r t i c e s a r e in g e n e r a l p o s i t i o n . I f n o t , t h e n t h e r e m a y 

b e f o u r o r m o r e c o p l a n a r v e r t i c e s . 
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i n F i g u r e 11 , if f a c e s F^ and F^ of t h e ( b o t t o m par t of t h e ) c o n v e x hut l s h a r e an e d g e 
V J V J , t h e n i n x y z s p a c e faces V j a n d V j s h a r e an e d g e F ^ F ^ . I n f a c t , e v e n t h e 
u n b o u n d e d f a c e s of U in x y z s p a c e c a n b e o b t a i n e d f r o m the t r a n s f o r m . T h e s e f a r e s 
o f U c o r r e s p o n d t o v e r t i c e s at the b o u n d a r y b e t w e e n the t o p a n d b o t t o m p a r t s o f t h e 
c o n v e x h u l l i n a b c s p a c e . T h u s , l i t t le c o m p u t a t i o n wi l l be r e q u i r e d to c o n s t r u c t U a f t e r 
t h e t r a n s f o r m f r o m a b c s p a c e s ince all the faces , v e r t i c e s , e d g e s , e t c . a r e d i r e c t l y 
o b t a i n a b l e f r o m t h e t r a n s f o r m . S i n c e t h e t r a n s f o r m c o s t s o n l y 0 ( N ) t i m e , t h e t o t a l t ime 
t o c o n s t r u c t U is d o m i n a t e d b y t h e t ime to c o n s t r u c t the c o n v e x hu l l in a b c s p a c e , 
w h i c h is O ( N l o g N ) t ime . 

It h a s j u s t b e e n s h o w n that the time to c o n s t r u c t U , t h e i n t e r s e c t i o n o f t h e 

U P P E R h a l f s p a c e s is CXNIogN) . T h u s , U3, L3, U2, U j , and L j c a n b e c o n s t r u c t e d in 

O ( N l o g N ) t i m e . O n c e t h e Uj a n d Lj a r e c o n s t r u c t e d , it c o s t s o n l y 0 ( N ) m o r e t ime t o 

i n t e r s e c t U 3 a n d L3. T h u s , t h e tota l t ime to i n t e r s e c t N half s p a c e s in 3 s p a c e is 

O ( N l o g N ) . 

T h e r e is o n e m o r e i tem of i n t e r e s t in the t h r e e d i m e n s i o n a l p r o b l e m . A s 
w i t h t h e t w o d i m e n s i o n a l c a s e , an i n t e r s e c t i o n o f half s p a c e s a l g o r i t h m c a n b e u s e d as 
a c o n v e x h u l l ( o f p o i n t s ) a l g o r i t h m a lso . S i m p l y t r a n s f o r m all N p o i n t s to U P P E R 
( L O W E R ) h a l f s p a c e s , i n t e r s e c t the half s p a c e s , and t r a n s f o r m b a c k t o o b t a i n t h e 
b o t t o m ( t o p ) p a r t o f t h e c o n v e x hu l l . M e r g i n g t h e top and b o t t o m p a r t s o f t h e hu l l i s , 
a g a i n , t r i v i a l s i n c e t h e y w i l l s h a r e s e v e r a l v e r t i c e s at the b o u n d a r y o f t h e t o p a n d 
b o t t o m p a r t s . 

7. Intersecting half spaces in four or more dimensions 

S u p p o s e that in K d i m e n s i o n s the c o n v e x hull of N p o i n t s c a n b e c o n s t r u c t e d 

i n H ( N , K ) t i m e . T h e n t h e i n t e r s e c t i o n o f N half s p a c e s can b e c o n s t r u c t e d in 0 ( K * H ( N , K ) ) 

t i m e . T h e p r o b l e m is s o l v e d b y a s t r a i g h t f o r w a r d e x t e n s i o n of t h e t h r e e d i m e n s i o n a l 

s o l u t i o n . T h e U j a n d Lj a r e f i r s t c o n s t r u c t e d in 0 (K*H(N,K) ) t ime a n d t h e n U « a n d L « 

a r e i n t e r s e c t e d w i t h t h e aid of t h e o t h e r Uj and Lj as in the t h r e e d i m e n s i o n a l c a s e . T o 

c o n s t r u c t t h e U j a n d ' L j , o n e t r a n s f o r m s the UPPERj ( L O W E R j ) hal f s p a c e s to p o i n t s , 

c o n s t r u c t s t h e c o n v e x hul l of the p o i n t s in H(N,K) t ime, p a r t i t i o n s t h e t o p f r o m t h e 

b o t t o m p a r t s o f t h e h u l l , a n d t r a n s f o r m s the b o t t o m ( t o p ) p a r t o f the hu l l b a c k . 

B e f o r e p r o v i n g that th is ac tua l l y w o r k s in K d i m e n s i o n s s o m e t e r m i n o l o g y 
w i l l f i r s t h a v e t o b e i n t r o d u c e d . Let t h e U P P E R set of half s p a c e s , r e f e r , b y d e f a u l t , t o 
t h e U P P E R j s e t o f ha l f s p a c e s . T h a t is , " u p " w i l l b e m e a s u r e d in t h e X|< c o o r d i n a t e . 
A l s o , l e t a M j - f a c e " o f a K d i m e n s i o n a l p o l y t o p e b y d e n o t e d as f o l l o w s : a v e r t e x is a 0 -
f a c e , a n e d g e ( a l ine s e g m e n t ) is a 1 - f a c e , e t c . 

T h e o r e m : L e t S b e a s e t of N U P P E R , K - d imens iona l half s p a c e s Hj d e f i n e d b y 

H i : a i k * 2 * a i i * x i - *k» i " l » ~ N 
j « i , k - l j 1 
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a n d l e t T b e t h e c o n v e x p o l y t o p e f o r m e d b y the i n t e r s e c t i o n of t h e s e N ha l f s p a c e s . I f 
t h e t r a n s f o r m o f ha l f s p a c e Hj < S is 

H i ~* A i = ( a i l » a i 2 » " a i k ) » i a s l > - N > 

t h e n t h e n o n r e d u n d a n t hal f s p a c e s of S c o r r e s p o n d to the p o i n t s o n t h e b o t t o m hal f o f 
t h e c o n v e x h u l l o f t h e p o i n t s A j . F u r t h e r m o r e , t h e j - f a c e s o f t h e c o n v e x h u l l 
c o r r e s p o n d t o t h e K - j - 1 f a c e s o f T . 

P r o o f : T h e p r o o f is d i v i d e d in to f i v e p a r t s : 

(1) F o r e a c h r e d u n d a n t half s p a c e Hj t h e r e is a set G{ c ( S - H { ) o f ha l f s p a c e s s u c h 
t h a t [ I N T E R S E C T ( x < G t ) x ] c H t a n d |G t | - K ( i f the half s p a c e s a r e in g e n e r a l 
p o s i t i o n ) . 

(2) T h e a l g e b r a i c d e s c r i p t i o n o f the r e d u n d a n c y o f H j w i t h r e s p e c t t o G j . 

( 3 ) T h e i n t e r p r e t a t i o n of the a l g e b r a i c d e s c r i p t i o n in the t r a n s f o r m e d s p a c e . 

( 4 ) T h e i n t e r p r e t a t i o n in ( 3 ) impl ies that the n o n r e d u n d a n t hal f s p a c e s c o r r e s p o n d t o 
t h e p o i n t s o n t h e b o t t o m p a r t o f the c o n v e x hul l o f the p o i n t s A j . 

( 5 ) T h e j - f a c e s o f the c o n v e x hul l c o r r e s p o n d to the K - j - 1 faces o f T . 

P A R T (1): T is a c o n v e x p o l y t o p e b e c a u s e it is an i n t e r s e c t i o n o f ha l f s p a c e s . If a 
h a l f s p a c e H.j is r e d u n d a n t t h e n i ts b o u n d a r y p lane l ies c o m p l e t e l y a b o v e T . L e t V j b e 
t h e p o i n t o f T w h i c h is c l o s e s t to t h e b o u n d a r y p l a n e of H{. ( I f t h e c l o s e s t p o i n t to t h e 
b o u n d a r y o f H{ is n o t u n i q u e , t h e n let V j b e a n y v e r t e x in the s e t o f c l o s e s t p o i n t s . ) 
S i n c e T is a c o n v e x p o l y t o p e , V j is ( o r c a n b e c h o s e n to b e ) a v e r t e x o f T . L e t G j c S 
b e t h e s e t o f h a l f s p a c e s o f S w h o s e b o u n d a r i e s meet at v e r t e x V j . I f t h e ha l f s p a c e s 
o f S a r e i n g e n e r a l p o s i t i o n t h e n t h e set G j w i l l c o n t a i n e x a c t l y K hal f s p a c e s . S i n c e T 
is c o n v e x , o n e c a n t r a v e l f r o m V | a long T in a n y d i r e c t i o n a n d t h e d i s t a n c e t o t h e 
b o u n d a r y o f H t w i l l b e n o n d e c r e a s i n g . It f o l l o w s that [ I N T E R S E C T ( x < G t ) x ) c H , . T h a t 
i s , H f is r e d u n d a n t w i t h r e s p e c t to t h e half s p a c e s in G j . A s i n t w o a n d t h r e e 
d i m e n s i o n s , r e d u n d a n c y c a n b e e x p r e s s e d b y t w o s e t s o f c o n d i t i o n s : (1) t h e b o u n d a r y 
o f is a b o v e v e r t e x V j , a n d ( 2 ) the " b e t w e e n n e s s of s l o p e s " c o n d i t i o n . T h e s e 
c o n d i t i o n s w i l l n o w b e s h o w n a l g e b r a i c a l l y . 

P A R T (2): L e t H, b e t h e half s p a c e 

a t K • Z V X j - x * 
J «1|K -1 

a n d l e t t h e h a l f s p a c e s in G j b e , w i t h o u t loss in g e n e r a l i t y , the half s p a c e s 1 t h r o u g h K: 

a i k 4 Y a^xj < x K , i - U K . 

T h e p o i n t V j » ( V u , V j 2 , • • • ^ tk^ c , o s e s * *° ' n e b o u n d a r y p l a n e o f Hj is d e f i n e d as t h e 
s o l u t i o n t o t h e s e t o f e q u a t i o n s 
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L e t t i n g 

a i K • . I a j j t V j j - V t k , i « l , . . . K . 
j - l . K - 1 

r 

a l l a 1 2 a l , k - l _ 1 

^ 1 a 2 2 ^ . k - l _ 1 . 
a n d B 

/ 
a k l a k 2 a k , k - l _ 1 

' l k 

2 k 

a kk 

t h i s c a n b e r e w r i t t e n 

A * V t ' - B, 

w h e r e V f is t h e t r a n s p o s e of V j . 

N o w t h e t w o c o n d i t i o n s f o r r e d u n d a n c y o f Hf c a n b e d e s c r i b e d . T h e 

c o n d i t i o n t h a t t h e b o u n d a r y of H j is a b o v e po int V { is 

< D a t k • . Z V v U 2 V t K -
j - l , K - l 

T h e " b e t w e e n n e s s o f s l o p e s " c o n d i t i o n s are 

(2) X M j j t C j f c O . i - U K . 
j « l , K 

w h e r e M j j « ( - 1 ) K * c o f j j ( A ) * S G N ( c o f J K ( A ) ) a n d 
C j = a j j f o r j < K - l and - - 1 . 

E q u a t i o n ( 1 ) is s t r a i g h t f o r w a r d and b e l i e v a b l e , b u t (2) r e q u i r e s s o m e 
e x p l a n a t i o n . D e s c r i b i n g (2) , t h e " b e t w e e n n e s s of s l o p e s " c o n d i t i o n , is d i f f i c u l t t o d o b y 
d i r e c t l y c o m p a r i n g s l o p e s of the K f lats of G ( . I n s t e a d , t h e a l t e r n a t i v e d e v e l o p e d f o r 
t h e t h r e e d i m e n s i o n a l c a s e w i l l n o w b e a p p l i e d to the K d i m e n s i o n a l p r o b l e m . I n t h r e e 
d i m e n s i o n s o n e c o n s t r u c t s t h e t h r e e r a y s ryy r ^ , and r ^ d e t e r m i n e d b y t h e v e r t e x P 
w h e r e t h e t h r e e p l a n e s meet and the i n t e r s e c t i o n of p a i r s of p l a n e s I a n d J , I a n d K, 
a n d J a n d K, r e s p e c t i v e l y . C o n d i t i o n (2) is s a t i s f i e d if the r e d u n d a n t p l a n e s t a y s a b o v e 
t h e s e r a y s . I n K d i m e n s i o n s o n e c o n s t r u c t s the K r a y s d e t e r m i n e d b y t h e v e r t e x V j 
a n d t h e K s e t s o f K - l e l e m e n t s o f G j . T h e n o t a t i o n u s e d f o r t h e K d i m e n s i o n a l c a s e 
w i l l b e s l i g h t l y d i f f e r e n t t h a n f o r the t h r e e d imens iona l c a s e . R a t h e r t h a n d e n o t i n g a 
r a y b y t h e s e t o f K - i f la ts w h i c h d e t e r m i n e it , the r a y w i l l i n s t e a d b e d e n o t e d b y t h e 
o n e f l a t w h i c h is not u s e d to d e t e r m i n e it. If ( c ^ j j , © ^ . . . . oi^) is a v e c t o r p a r a l l e l t o 
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r a y i ( t h e r a y w h i c h d o c s not i n c l u d e flat i ) , t h e n r a y i may b e w r i t t e n in p a r a m e t r i c 

f o r m as 

(x j ,x 2 , . . . x K ) = ( V t l , V t 2 , . . . V , k ) + u * ( ^ ¡ 1 ^ 2 , . . . « : i k ) . 

N o w it m u s t b e s h o w n h o w to c o n s t r u c t s u c h a v e c t o r ( o d j j . c ^ , . . . <*jfc)- R a y 1 is a l s o 

t h e i n t e r s e c t i o n o f t h e o t h e r K - l half s p a c e s of G^. T h u s , 

B y c o m b i n i n g t h e s e t w o e q u a t i o n s o n e o b t a i n s 

T h e p r o b l e m is n o w to f ind a g e n e r a l s o l u t i o n to th is s y s t e m o f K - l e q u a t i o n s in K 

u n k n o w n s . R e c a l l t h e f o l l o w i n g p r o p e r t y of c o f a c t o r s : 

X a i j * c o f m j < A ) " d e t ( A > i f i m m 

J - i f K » 0 if i + m. 

I t f o l l o w s t h a t t h e g e n e r a l s o l u t i o n is 

< o d i l » o i i 2 » * • • * i k * c o n s t a n t * ( c o f i l ( A ) , c o f i 2 ( A ) , . . . c o f j K ( A ) ) . 
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T h e c o n s t a n t is c h o s e n as ( - 1 ) K * S G N ( c o f J k ( A ) ) s o that the v e c t o r s a l w a y s p o i n t 

d o w n w a r d . I t c a n n o w b e s e e n that the i n e q u a l i t y e x p r e s s e d in c o n d i t i o n ( 2 ) is s i m p l y 

a g e n e r a l i z a t i o n of t h e f o r m u l a s f o r t h e t h r e e d imens iona l c a s e . 

P A R T ( 3 ) : I n t h e t r a n s f o r m e d s p a c e , half s p a c e H| b e c o m e s a p o i n t H{ - ( a j [,a\2> • 

. . a ^ ) a n d t h e e l e m e n t s of G j t r a n s f o r m to p o i n t s s imi la r l y . V e r t e x V j t r a n s f o r m s t o a 

f l a t V j d e f i n e d b y 

V f k " • n? i v , j * Z j ' Z k * 
S i n c e i n c i d e n c e is p r e s e r v e d b y the t r a n s f o r m , flat V j p a s s e s t h r o u g h all o f t h e p o i n t s 

G^ a n d i s , i n f a c t , d e t e r m i n e d b y t h e m . A l s o , s ince a b o v e / b e l o w - n e s s i n t h e x k 

c o o r d i n a t e is p r e s e r v e d , p o i n t Hj is a b o v e flat V j in the t r a n s f o r m s p a c e . U s i n g t h e 

f o r m u l a f o r f la t V . j , t h i s c a n b e e x p r e s s e d as 

V t K - Z V t j . a t j s a t k f 

j * l f K - l 

w h i c h is e q u i v a l e n t to c o n d i t i o n ( 1 ) f o r r e d u n d a n c y of H j ! C o n d i t i o n ( 2 ) d e f i n e s K 

" v e r t i c a l " h a l f s p a c e s w h i c h f u r t h e r c o n s t r a i n po in t H j to be not o n l y a b o v e f lat V^ b u t 

a l s o d i r e c t l y a b o v e s o m e p o i n t in the ( K - l d imens iona l ) simplex o f t h e p o i n t s G j . ( T h e 

K h a l f s p a c e s a r e d e s c r i b e d as " v e r t i c a l " b e c a u s e t h e i r f o r m u l a s d o n o t i n c l u d e t h e 

t e r m a ^ k a n d t h u s t h e K c o o r d i n a t e is f r e e . ) 

P A R T ( 4 ) : I n P a r t s ( 1 ) t h r o u g h ( 3 ) a t t e n t i o n has f o c u s e d o n l y o n t h e c o n d i t i o n s f o r 
r e d u n d a n c y o f a p a r t i c u l a r half s p a c e H{. G i v e n the i n t e r p r e t a t i o n o f p a r t ( 3 ) a b o v e , 
w h a t c a n n o w b e s a i d o v e r all N of t h e half s p a c e s of S? It has b e e n s h o w n that if 
h a l f s p a c e H j is r e d u n d a n t w i t h r e s p e c t to a set of K half s p a c e s G j , t h e n in t h e 
t r a n s f o r m s p a c e p o i n t H| is d i r e c t l y a b o v e some po in t of the ( K - l d i m e n s i o n a l ) s i m p l e x 
o f t h e p o i n t s G f , a n d c o n v e r s e l y . T h u s , a half s p a c e Hj i S is r e d u n d a n t iff t h e r e e x i s t s 
a s e t G j c S - H j o f K half s p a c e s s u c h that in the t r a n s f o r m s p a c e point Hj is d i r e c t l y 
a b o v e a p o i n t o f t h e ( K - l d i m e n s i o n a l ) s implex of the points o f G j ! B u t th i s e l i m i n a t e s 
all p o i n t s e x c e p t t h o s e o n the b o t t o m of the convex hall o f t h e N p o i n t s H j . T h i s 
p r o v e s t h e main p a r t of t h e t h e o r e m . N o w it must b e s h o w n that t h e c o n v e x h u l l 
p r o d u c e s n o t o n l y t h e n o n r e d u n d a n t half s p a c e s b u t a lso the e d g e s , f a c e s , e t c . o f T 
a l s o . 

P A R T ( 5 ) : T o s h o w that a j - f a c e of the b o t t o m p a r t of t h e c o n v e x h u l l o f t h e 

p o i n t s Hj c o r r e s p o n d s to a K - j - 1 face of T , a g e n e r a l i z e d v e r s i o n o f t h e t r a n s f o r m m u s t 

f i r s t b e d e s c r i b e d . T h e g e n e r a l t r a n s f o r m maps a j - s p a c e to a K - j - 1 s p a c e . 

G e n e r a l T r a n s f o r m : T h e t r a n s f o r m of a j d imens iona l s u b s p a c e o f K 
s p a c e is t h e s e t of all f lats w h i c h c o n t a i n it . T h i s is a K - j - 1 d i m e n s i o n a l 
s u b s p a c e o f f la ts . H o w e v e r , s i n c e e a c h flat c a n b e r e a d i l y r e p r e s e n t e d as 
a p o i n t , t h e t r a n s f o r m o f t h e j d imens iona l s u b s p a c e is r e p r e s e n t e d as a 
K - j - 1 d i m e n s i o n a l s u b s p a c e o f p o i n t s . 

T h e o r e m : T h e g e n e r a l t r a n s f o r m p r e s e r v e s i n c i d e n c e . In o t h e r w o r d s , if a j j 
d i m e n s i o n a l s u b s p a c e of K s p a c e is a s u b s p a c e of a j 2 d imens iona l s u b s p a c e , t h e n t h e 
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t r a n s f o r m o f t h e ¡2 d i m e n s i o n a l s u b s p a c e is a s u b s p a c e of t h e t r a n s f o r m o f t h e j j 

d i m e n s i o n a l s u b s p a c e . 

P r o o f : S i n c e t h e ¡2 d i m e n s i o n a l s u b s p a c e c a n b e i n t e r p r e t e d as an i n t e r s e c t i o n of K -J2 

f l a t s , i t w i l l b e s u f f i c i e n t to s h o w that if a K - j d imens iona l s u b s p a c e is a s u b s p a c e o f a 
f l a t , t h e n t h e t r a n s f o r m of the flat is a ( z e r o d imens iona l ) s u b s p a c e o f t h e t r a n s f o r m o f 
t h e K - j - s p a c e . L e t t h e K - j - s p a c e b e r e p r e s e n t e d as an i n t e r s e c t i o n o f j f l a t s 

T h e t r a n s f o r m o f t h e K - j s p a c e is a j - 1 s p a c e w i t h p o i n t s 

I t i s e a s y t o s e e tha t th is j - 1 s p a c e c o n t a i n s the p o i n t s 

( a i l ' a i 2 ' • • • a i , k - l ' a i k > > i a s l > ~ J 

w h i c h a r e t h e t r a n s f o r m s of t h e j f la ts . 

S i n c e t h e g e n e r a l t r a n s f o r m p r e s e r v e s i n c i d e n c e a n d j - s p a c e s t r a n s f o r m t o K - j - 1 
s p a c e s , i t f o l l o w s that j - f a c e s o f t h e c o n v e x hul l t r a n s f o r m t o K - j - 1 f a c e s o f T . Q E D . 

A s w i t h t h e t w o a n d t h r e e d imens iona l c a s e s , an a l g o r i t h m f o r i n t e r s e c t i n g N 
h a l f s p a c e s i n K d i m e n s i o n s c a n b e u s e d to c o n s t r u c t the c o n v e x hul l o f N p o i n t s i n K 
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d i m e n s i o n s . T h e p r o c e d u r e is a s t r a i g h t f o r w a r d e x t e n s i o n of t h e t h r e e d i m e n s i o n a l 
c a s e : T r a n s f o r m all N p o i n t s to N U P P E R ( L O W E R ) half s p a c e s in K s p a c e . I n t e r s e c t t h e 
h a l f s p a c e s , t h e n t r a n s f o r m back to the L O W E R ( U P P E R ) p a r t o f t h e c o n v e x h u l l . 
J o i n i n g t h e U P P E R a n d L O W E R p a r t s of t h e hull s h o u l d b e e a s y b e c a u s e of t h e v e r t i c e s 
w h i c h t h e y h a v e in c o m m o n o n t h e i r b o u n d a r i e s . 

8. Fast expected time algorithms 

T h e r e h a v e b e e n r e c e n t a d v a n c e s in a lgo r i thms f o r c o n s t r u c t i n g t h e c o n v e x 
h u l l of a s e t o f p o i n t s in fast expected t ime. S ince the t ime to i n t e r s e c t N hal f s p a c e s 
is d o m i n a t e d b y t h e t ime to c o n s t r u c t the c o n v e x hul l o f N points, t h e s e fas t c o n v e x 
h u l l a l g o r i t h m s l e a d to fas t i n t e r s e c t i o n of half s p a c e a l g o r i t h m s . B e n t l e y a n d 
S h a m o s [ 7 8 ] h a v e s h o w n that w h e n the e x p e c t e d n u m b e r of p o i n t s o n t h e c o n v e x h u l l 
i s O ( N P ) f o r s o m e p < 1, t h e c o n v e x hul l of N p o i n t s in t w o and t h r e e d i m e n s i o n s c a n 
b e c o n s t r u c t e d i n 0 ( N ) e x p e c t e d t ime, w h i l e mainta in ing ah ( X N I o g N ) w o r s t c a s e t i m e . 
T h u s , N h a l f p l a n e s o r N half 3 - s p a c e s ( u n d e r the a b o v e c o n d i t i o n s ) c a n b e i n t e r s e c t e d 
i n O(N) e x p e c t e d t ime a n d O ( N l o g N ) w o r s t case t ime.* In f o u r o r m o r e d i m e n s i o n s t h e 
w o r s t c a s e t ime is at least H(N^). H o w e v e r , it is a n t i c i p a t e d that o n e m a y s t i l l 
c o n s t r u c t f a s t e x p e c t e d t ime a l g o r i t h m s . 

9. Applications 

( A ) L i n e a r p r o g r a m m i n g . 

T h e f e a s i b l e r e g i o n o f a l inear p r o g r a m m i n g p r o b l e m in K v a r i a b l e s a n d N 
c o n s t r a i n t s is a n i n t e r s e c t i o n o f N K -d imens ional half s p a c e s . F o r l a r g e K, t h e t i m e 
0(K*H(N,K)) t o c o n s t r u c t th is m a y not b e an i m p r o v e m e n t o v e r t h e s i m p l e x m e t h o d . B u t 
f o r K < 3 , t h e f e a s i b l e r e g i o n c a n b e c o n s t r u c t e d in O ( N l o g N ) t ime w o r s t c a s e a n d 
( u n d e r t h e c o n d i t i o n s d e s c r i b e d in S e c t i o n 8 ) CKN) e x p e c t e d t ime. T h u s , t h e t o t a l t ime 
t o s o l v e t h e l i n e a r p r o g r a m m i n g p r o b l e m is o n l y O ( N l o g N ) w o r s t c a s e a n d O(N) 
e x p e c t e d t i m e . S h a m o s a n d H o e y [ 7 6 ] h a v e p r e v i o u s l y s h o w n that a l i n e a r 
p r o g r a m m i n g p r o b l e m - in t w o v a r i a b l e s ( t w o d i m e n s i o n s ) c a n b e s o l v e d in O ( N l o g N ) t ime . 
B e n t l e y a n d S h a m o s [ 7 8 ] l a t e r s h o w e d the 0(N) e x p e c t e d t ime f o r t h e t w o d i m e n s i o n a l 
c a s e . 

F o r K > 3 d i m e n s i o n s a d i f f e r e n t a p p r o a c h is r e c o m m e n d e d . T o s o l v e a 
l i n e a r p r o g r a m m i n g p r o b l e m it is not r e a l l y n e c e s s a r y to c o n s t r u c t t h e e n t i r e f e a s i b l e 

1 B e n t l e y a n d S h a m o s [ 7 8 ] s h o w e d th is r e s u l t f o r t h e t w o d i m e n s i o n a l c a s e 
u s i n g a d u a l i t y r e s u l t o f Z i e z o l d [ 7 0 J . 
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r e g i o n . C e r t a i n l y t h e s i m p l e x m e t h o d a v o i d s do ing a n y s u c h th ing . D a n t z i g [ 6 3 ] a p p l i e s 
t h e d u a l i t y t r a n s f o r m to a s t a n d a r d l inear p r o g r a m m i n g p r o b l e m o f K e q u a t i o n s in N 
v a r i a b l e s . ( T h e i n t e r p r e t a t i o n of a l inear p r o g r a m m i n g p r o b l e m as an i n t e r s e c t i o n o f N 
h a l f s p a c e s in K d i m e n s i o n s is s h o w n e q u i v a l e n t to th is s t a n d a r d f o r m b y t h e d u a l i t y 
t h e o r e m o f l i n e a r p r o g r a m m i n g . ) T h e o b j e c t i v e f u n c t i o n is t r a n s f o r m e d to a v e r t i c a l l i n e 
i n K s p a c e a n d t h e N v a r i a b l e s a r e e a c h t r a n s f o r m e d to p o i n t s in K s p a c e . T h e 
o p t i m i z a t i o n p r o b l e m is t r a n s f o r m e d to the p r o b l e m of d e t e r m i n i n g w h e r e t h e v e r t i c a l 
l i n e i n t e r s e c t s t h e c o n v e x hul l o f the N po in ts . T h e s i m p l e x m e t h o d p r o v i d e s o n e w a y 
t o d e t e r m i n e t h i s i n t e r s e c t i o n w i t h o u t c o n s t r u c t i n g the c o n v e x hul l o f t h e N p o i n t s . It 
r e m a i n s t o b e d e t e r m i n e d w h e t h e r o r not m o d e r n a l g o r i t h m t e c h n i q u e s c a n p r o d u c e a n 
i m p r o v e m e n t o v e r t h e s i m p l e x a l g o r i t h m in the K d imens iona l c a s e . 

( B ) I n t e r s e c t i o n o f c o n v e x p o l y h e d r a 

A c o n v e x p o l y h e d r o n o f N faces can b e d e s c r i b e d as an i n t e r s e c t i o n o f t h e N 
h a l f s p a c e s w h i c h d e t e r m i n e t h e faces ( a n d w h i c h i n c l u d e t h e p o l y h e d r o n ) . T h u s , a n 
i n t e r s e c t i o n o f t w o c o n v e x p o l y h e d r a of N faces c a n b e s o l v e d as an i n t e r s e c t i o n o f 
2 * N h a l f s p a c e s , w h i c h c a n b e d o n e in ( X N I o g N ) t ime. ( S e e M u l l e r a n d P r e p a r a t a [ 7 7 ] 
f o r a d i f f e r e n t O( IMIogN) t ime a l g o r i t h m fo r i n t e r s e c t i o n o f c o n v e x p o l y h e d r a . ) B u t it 
r e m a i n s a n o p e n q u e s t i o n w h e t h e r o r not the a l g o r i t h m c a n b e i m p r o v e d t o r u n in 0 ( N ) 
t i m e . ( I t c e r t a i n l y c a n in t w o d i m e n s i o n s . ) 

10« Conclusion 

T h e u s e o f a g e o m e t r i c t r a n s f o r m has b e e n s h o w n to b e v e r y u s e f u l f o r 
c o n s t r u c t i o n o f a fas t a l g o r i t h m f o r i n t e r s e c t i o n of half s p a c e s . T h i s a l g o r i t h m , in t u r n , 
h a s b e e n u s e d in a l g o r i t h m s f o r a fast expected t ime a l g o r i t h m f o r i n t e r s e c t i o n o f ha l f 
s p a c e s , i n t e r s e c t i o n of c o n v e x p o l y h e d r a , and l inear p r o g r a m m i n g in t h r e e v a r i a b l e s . 
T h e g e o m e t r i c t r a n s f o r m is a p p l i c a b l e to many more p r o b l e m s . T h e u n i o n o f a se t o f 
( t h e i n t e r i o r s o f ) N a r b i t r a r y p l a n a r c i r c l e s c a n b e c o n s t r u c t e d b y t r a n s f o r m i n g t o a s e t 
o f N h a l f 3 - s p a c e s w h i c h a r e t h e n i n t e r s e c t e d in O ( N l o g N ) t ime. T h e E u c l i d e a n 
d i a m e t e r o f a s e t o f N p o i n t s in 3 - s p a c e can b e d e t e r m i n e d in O ( N l o g N ) t ime t h r o u g h 
u s e o f a t r a n s f o r m v e r y s imi lar to the o n e in th is p a p e r . T h e n e a r e s t a n d f a r t h e s t 
p o i n t V o r o n o i d i a g r a m s of N p o i n t s o n a s p h e r e o r o n a E u c l i d e a n p l a n e c a n b e 
c o n s t r u c t e d i n O ( N l o g N ) t ime t h r o u g h use of i n v e r s i o n a n d t h e m e t h o d s in t h i s p a p e r . 
A l s o , s e v e r a l t w o d i m e n s i o n a l p r o b l e m s w i t h l ines h a v e b e e n s o l v e d q u i c k l y t h r o u g h 
u s e o f t h i s t r a n s f o r m ( B r o w n [ 7 7 J ) . In addi t ion to the d u a l i t y t r a n s f o r m d e s c r i b e d i n 
t h i s p a p e r , o t h e r t r a n s f o r m s s u c h as i n v e r s i o n , r o t a t i o n , a n d v a r i o u s k inds of p r o j e c t i o n 
( g n o m o n i c , o r t h o g r a p h i c , s t e r e o g r a p h i c ) h a v e b e e n s u c c e s s f u l l y u s e d t o c o n s t r u c t f a s t 
g e o m e t r i c a l g o r i t h m s . It is a n t i c i p a t e d that the u s e o f g e o m e t r i c t r a n s f o r m s w i l l 
b e c o m e a s t a n d a r d t o o l in t h e c o n s t r u c t i o n o f g e o m e t r i c a l g o r i t h m s . 
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The p r o b l e m o f i n t e r s e c t i n g N h a l f - s p a c e s in K s p a c e is t r a n s f o r m e d t o 2*K 
p r o b l e m s o f c o n s t r u c t i n g t h e c o n v e x hul l o f N p o i n t s in K s p a c e a n d a s i m p l e • • 
i n t e r s e c t i o n p r o b l e m . T h i s e n a b l e s o n e to i n t e r s e c t t h e N K - d i m e n s i o n a l ha l f s p a c e s i n 
0 < K * H ( N , K ) ) t i m e , w h e r e H (N ,K ) is t h e time r e q u i r e d to c o n s t r u c t t h e c o n v e x hu l l o f N 
p o i n t s i n K s p a c e . F o r t w o a n d t h r e e d i m e n s i o n s t h e a l g o r i t h m t a k e s C X N I o g N ) t ime i n 
the w o r s t c a s e , b u t u n d e r f a i r l y r o b u s t c o n d i t i o n s t h e e x p e c t e d t ime is o n l y 0 ( N ) . It is 
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a l s o s h o w n t h a t a n a l g o r i t h m f o r i n t e r s e c t i o n of half s p a c e s c a n b e u s e d t o c o n s t r u c t 
t h e c o n v e x hu l l o f p o i n t s in K s p a c e . T h u s , the i n t e r s e c t i o n o f hal f s p a c e s a n d c o n v e x 
h u l l o f p o i n t s p r o b l e m s a r e e s s e n t i a l l y e q u i v a l e n t . 
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