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1. In t roduct ion 

" D y n a m i c p r o g r a m m i n g is an important technique for the so lu t ion of p r o b l e m s 
i n v o l v i n g t h e op t imiza t ion of a sequence of dec is ions . T h e simple idea u n d e r l y i n g 
th i s t e c h n i q u e is to r e p r e s e n t the p rob lem b y a p rocess w h i c h e v o l v e s f r o m s t a t e 
t o s t a t e in r e s p o n s e to dec is ions . A typ ica l opt imizat ion p r o b l e m t h e n b e c o m e s 
o n e o f g u i d i n g the s y s t e m to a terminal s tate at minimum cost . W h e n t h e c o s t 
s t r u c t u r e is a p p r o p r i a t e , the determinat ion of an optimal po l i cy ( s e q u e n c e o f 
d e c i s i o n s ) may b e r e d u c e d to the so lut ion of a funct ional equat ion in w h i c h t h e 
s t a t e a p p e a r s as an i n d e p e n d e n t va r iab le . " K a r p and H e l d , 1 9 6 7 . 

D y n a m i c p r o g r a m m i n g (DP) is one of s e v e r a l problem solving methods u s e d in c o m p u t e r 

s c i e n c e ( a n d o p e r a t i o n s r e s e a r c h ) . One of the dist inguishing fea tu res of a DP a l g o r i t h m is t h e 

w a y it d e c o m p o s e s a p r o b l e m into subprob lems . A p rob lem of s i ze N ( that is , N stages) 

t y p i c a l l y d e c o m p o s e s to s e v e r a l p rob lems of s ize N - 1, each of w h i c h d e c o m p o s e s to s e v e r a l 

p r o b l e m s o f s i z e N - 2, e t c T o avo id recomputat ion of common s u b p r o b l e m s , a DP a l g o r i t h m 

t y p i c a l l y r e c o r d s the so lu t ions to all subprob lems it e n c o u n t e r s . T h u s , at the e x p e n s e o f 

e x t r a s t o r a g e , a DP a lgor i thm can reduce the time r e q u i r e d to s o l v e the o r ig ina l p r o b l e m . D P 

is m o s t a p p r o p r i a t e l y app l ied to prob lems for w h i c h this table of s u b p r o b l e m s o l u t i o n s h e l p s 

e l i m i n a t e a g r e a t n u m b e r of r e d u n d a n t computat ions. As the quote at the b e g i n n i n g o f t h i s 

c h a p t e r s u g g e s t s , DP is appl icab le pr imar i ly to the t y p e s of p rob lems that c a n b e e x p r e s s e d 

as a s e q u e n c e o f d e c i s i o n s to be made at each of s e v e r a l s tages . 

F o r o t h e r t y p e s of p r o b l e m s t h e r e are c o r r e s p o n d i n g p r o b l e m so l v ing m e t h o d s . T h e s e 

m e t h o d s i n c l u d e d i v i d e - a n d - c o n q u e r , l inear and in teger programming, and b r a n c h - a n d - b o u n d . 

D i v i d e - a n d - c o n q u e r is app l icab le to problems that can be d i v i d e d into s u b p r o b l e m s o f 

( a p p r o x i m a t e l y ) equa l s i z e , the resu l t s of w h i c h can be e f f i c ient l y used to s o l v e t h e o r i g i n a l 

p r o b l e m [ 2 ] . F o r e x a m p l e , a d i v i d e - a n d - c o n q u e r decomposi t ion of a p r o b l e m of s i z e N m a y 

p r o d u c e t w o s u b p r o b l e m s of s i ze N/2. L inear and in teger p rogramming a r e a p p l i c a b l e t o 

p r o b l e m s w i t h l inear op t imiza t ion funct ions and l inear c o n s t r a i n t s . [ 1 1 ] . ( G i l m o r e [ 2 3 ] 

d e s c r i b e s s o m e i n t e r e s t i n g in te r re la t ionsh ips b e t w e e n l inear and i n t e g e r p r o g r a m m i n g a n d 

d y n a m i c p r o g r a m m i n g . ) B r a n c h - a n d - b o u n d is commonly used fo r p r u n i n g of l a r g e t r e e 

s e a r c h e s , a n d is also c l o s e l y r e l a t e d to DP [39 , 49 ] . 

D y n a m i c p r o g r a m m i n g o r i g i n a t e d w i th the w o r k of Bellman [ 5 ] and has b e e n a p p l i e d t o 

p r o b l e m s in o p e r a t i o n s r e s e a r c h , economics, cont ro l t h e o r y , computer s c i e n c e , and s e v e r a l 

o t h e r a r e a s . T h e t h e o r y has e v o l v e d in s e v e r a l d i rec t ions : d i sc re te v s . c o n t i n u o u s s t a t e s , 

f i n i t e v s . i n f in i te ( c o u n t a b l e and uncountab le ) number of s tates , and d e t e r m i n i s t i c v s . 

s t o c h a s t i c s y s t e m s . Not s u r p r i s i n g l y , the l i te rature on dynamic p r o g r a m m i n g is e n o r m o u s . 

T h e s u r v e y p a p e r b y Thomas [ 6 9 ] is a g o o d o v e r v i e w of the s e v e r a l b r a n c h e s o f DP. T h e 

o r i e n t a t i o n o f th is p a p e r is t o w a r d the uses of DP in compute r s c i e n c e , in p a r t i c u l a r 

c o m b i n a t o r i a l p r o b l e m s . T h e DP algorithms fo r these prob lems are t y p i c a l l y d i s c r e t e , f i n i t e , 
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a n d d e t e r m i n i s t i c . T a r j a n ' s [ 6 8 ] recent s u r v e y art ic le on combinator ia l a lgo r i thms i n c l u d e s a 

b r i e f d e s c r i p t i o n of t h e appl icat ions of DP to computer sc ience. 

T h i s p a p e r is i n t e n d e d to be a r e f e r e n c e to the uses of dynamic p r o g r a m m i n g in c o m p u t e r 

s c i e n c e . M a n y p r o b l e m s are c o v e r e d , along w i t h the DP algor i thms and r e f e r e n c e s to r e l a t e d 

p r o b l e m s a n d m o r e a d v a n c e d resu l ts . We in t roduce dynamic programming in the f o r m o f a n 

e x a m p l e in C h a p t e r 2 b e l o w , and in C h a p t e r 3 p r e s e n t some of the t h e o r y o f DP a n d 

s u b s e q u e n t l y a p p l y it to the p r o b l e m of C h a p t e r 2. In the fo l lowing f o u r c h a p t e r s w e 

p r e s e n t a n d a n a l y z e e x a m p l e s f rom s e v e r a l subc lasses of DP p rob lems . T h e s e s u b c l a s s e s a r e 

( f o r t h e most p a r t ) d e f i n e d b y the fo rm of the r e c u r s i o n f o r b reak ing a p r o b l e m i n t o 

s u b p r o b l e m s . C h a p t e r 4 c o v e r s Single S o u r c e Shor tes t Path Prob lems, C h a p t e r 5 d e s c r i b e s 

O p t i m a l P a r e n t h e s i z a t i o n Prob lems, Optimal Part i t ion Problems are a n a l y z e d in C h a p t e r 6, in 

C h a p t e r 7 w e p r e s e n t Opt imal Matching Problems, and ' H a r d ' Combinator ia l P r o b l e m s a r e t h e 

t o p i c o f C h a p t e r 8. E a c h of these chapte rs are independent and can be r e a d s e p a r a t e l y f r o m 

t h e o t h e r s . ( I t is s u g g e s t e d , h o w e v e r , that C h a p t e r s 2 and 3 be r e a d b e f o r e a t tack ing a n y o f 

t h e m a t e r i a l in t h e l a t e r c h a p t e r s . ) 
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2. A n Example 

B e f o r e d i v i n g in to the t h e o r y , it wil l be helpful to g i ve some of the f l a v o r o f DP a l g o r i t h m s 

b y g i v i n g an e x a m p l e . T h e d iagram in F igure 2-1 is a g r a p h w i t h ( n o n - n e g a t i v e ) w e i g h t e d 

e d g e s . T h e s e w e i g h t s a re i n t e r p r e t e d as the "d is tances" along the e d g e s c o n n e c t i n g t h e 

n o d e s . T h u s , t h e d i s t a n c e f rom node (1,1) to node (2,1) is 3 and the d is tance f r o m n o d e ( 2 , 1 ) 

t o n o d e ( 3 , 2 ) is 2. ( T h e d is tance f rom node (2,1) to node (1,1) , o n the o t h e r h a n d , is n o t 

d e f i n e d in t h e g r a p h and can thus be assumed to be infinite.) T h e d is tance a long p a t h ( 1 , 1 ) -

( 2 , 1 ) - ( 3 , 2 ) is 3 + 2 = 5. T h e p r o b l e m is to f ind the shor tes t path f rom node (0 ,1 ) t o n o d e ( 4 , 

1) . 

F i g u r e 2 - 1 : F ind the s h o r t e s t path f rom Node (0,1) to Node (4 ,1 ) 

T h e r e a r e s e v e r a l a p p r o a c h e s that w e can take to so lve this p r o b l e m . O n e a p p r o a c h is t o 

e n u m e r a t e all o f t h e pa ths f r o m node (0,1) to node (4,1) and choose the o n e w i t h minimum 

d i s t a n c e . F o r t h e g r a p h of F i g u r e 2-1 the re are 3 3 = 27 d i f f e r e n t paths f r o m n o d e ( 0 , 1 ) t o 

n o d e ( 4 , 1 ) . Examing all t h e s e paths is somewhat ted ious , but d e f i n i t e l y m a n a g e a b l e . I f , 

h o w e v e r , i n s t e a d of 3 co lumns of 3 nodes t h e r e w e r e K columns of L n o d e s , t h e n t h e r e w o u l d 

b e L K p a t h s t o e x a m i n e ! T h u s , the number of paths g r o w s v e r y r a p i d l y w i t h L and K a n d f o r 

l a r g e p r o b l e m s o f this t y p e a n o t h e r method wil l have to be u s e d . 

A d y n a m i c p r o g r a m m i n g a p p r o a c h tu rns out to be just what w e n e e d . Let 

- the ( n o n n e g a t i v e ) "d is tance" f rom node ( i , j ) to node ( i + l , k ) 
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a n d le t 

Mj j = l e n g t h of the s h o r t e s t path f rom node (0,1) to node ( i , j ) . 

T h e o p t i m i z a t i o n f o r the p r o b l e m in F igure 2-1 p r o c e e d s in fou r stages. In e a c h s t a g e i w e 

f i n d t h e l e n g t h s o f t h e s h o r t e s t paths f rom node (0,1) to the nodes ( i , j ) , f o r ail j , w h i c h w e 

d e n o t e b y M j j . S t a g e 1 is e a s y s ince there is o n l y one path f rom node (0 ,1) t o e a c h o f t h e 

n o d e s ( 1 , 1 ) , ( 1 , 2 ) , and (1 ,3) . T h u s , w e have 

M l l = C 0 1 1 » M 1 2 = C 0 1 2 ' M 1 3 = C 0 1 3 -
S t a g e 2, h o w e v e r , r e q u i r e s some computat ion s ince t h e r e are t h r e e paths f r o m n o d e ( 0 , 1 ) t o 

e a c h o f t h e n o d e s (2 ,1 ) , (2 ,2) , and (2,3) . T h u s , 

M 2 1 = m i n < c 0 1 1 + C l l l > C 0 1 2 + C 1 2 1 > C 0 1 3 + C 1 3 1 * 

M 2 2 = min ( C Q 1 1 + C n 2 , C 0 1 2 + c 1 2 2 ' C 0 1 3 + C 1 3 2 * 

M 2 3 = min ( C 0 1 1 + C 1 1 3 , C Q 1 2 + C 1 2 3 , C Q 1 3 + C 1 3 3 ) 

I n s t a g e 3 w e f i n d the leng ths of the shor tes t paths f rom node (0,1) to n o d e s (3 ,1 ) , ( 3 , 2 ) , a n d 

( 3 , 3 ) . H e r e is w h e r e the g r e a t advantage of dynamic programming becomes a p p a r e n t . I t is 

n o t n e c e s s a r y to e x a m i n e ail paths f rom node (0,1) to nodes (3,1) , (3,2) , and (3 ,3 ) b e c a u s e w e 

c a n u s e t h e r e s u l t s f r o m s t a g e 2 as fo l lows : 

M 3 | = min ( M 2 j^ + C 2 ^ | , M 2 2 * ^ 2 2 1 ' ^ 2 3 **" ^231 ^ 

M 3 2 = min ( M 2 ^ + ^212* ^ 2 2 ^222* ^ 2 3 + ^ 2 3 2 ^ 

M 3 3 = min ( M 2 j^ + C 2 j ^ 3 , M 2 2 + ^223* ^ 2 3 ^ 2 3 3 ^ 

S i m i l a r l y , in s t a g e 4 w e can use the resu l ts f rom stage 3. 

M 4 1 - min ( M 3 1 + C 3 1 1 , M 3 2 + C 3 2 1 , M 3 3 + C 3 3 1 ) 

T h e s o l u t i o n f o r F i g u r e 2 -1 is path (0,1) - (1,1) - (2,2) - (3,3) - (4,1) of l e n g t h 7. N o t e t h a t it 

is s t r a i g h t f o r w a r d to d e t e r m i n e that the length M ^ j = 7, but r e c o v e r i n g the c o r r e s p o n d i n g 

p a t h ( o r p a t h s ) is a s l i g h t l y d i f f e r e n t p rob lem. It is, h o w e v e r , s imply s o l v e d b y s i m p l y 

r e c o r d i n g a p o i n t e r Pj j w i t h each distance Mjj w h i c h points back to the n o d e ( i - l , k ) f r o m 

w h i c h t h e s h o r t e s t p a t h to node ( i , j ) came. 

W h y c a n t h e r e s u l t s o f s tage 2 be used to so l ve stage 3, and the r e s u l t s of s t a g e 3 b e 

u s e d t o s o l v e s t a g e 4? T h i s is because of the Markov property of this t y p e of p r o b l e m . T h e 

o p t i m u m p a t h f r o m a n o d e ( i , j ) to node (4,1) does not d e p e n d o n the path t a k e n f r o m n o d e ( 0 , 

1) t o n o d e ( i , j ) . T h i s p r o p e r t y can be e x p r e s s e d as Bellman's Pr inc ip le of O p t i m a l i t y : 

" A n op t ima l p o l i c y has the p r o p e r t y that w h a t e v e r the initial s t a t e and ini t ia l 
d e c i s i o n a r e , the remaining decis ions must const i tute an optimal p o l i c y w i t h r e g a r d 
t o t h e s t a t e r e s u l t i n g f rom the f i rs t dec is ion . " B e l l m a n [ 5 7 ] , p . 8 3 . 
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W e c a n u s e th is p r i n c i p l e f o r the general case of K columns of L n o d e s . T h e d y n a m i c 

p r o g r a m m i n g a p p r o a c h wi l l take o n l y 0(K*L^) time, a s ignif icant i m p r o v e m e n t o v e r t h e 

e x h a u s t i v e a p p r o a c h of examining all L K paths. Both of these methods r e q u i r e 0 ( K * L ^ ) 

s t o r a g e t o s t o r e t h e d i s tances ( C j j k ) . T h e genera l formulas des c r ib ing the o p t i m i z a t i o n f o r 

t h i s t y p e o f p r o b l e m , k n o w n as the functional equations fo r this p r o b l e m , a r e 

M i j = T ( M<i-i),k + c<i-n,k,j > 

w h e r e M n . i t = 0 , f o r all k. In the nex t chapter w e s h o w h o w to d e r i v e this e q u a t i o n . 
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3 . B r i e f S u m m a r y of the T h e o r y 

B e l l m a n ' s P r i n c i p l e of Opt imal i t y , as s h o w n in the example of C h a p t e r 2, is an i m p o r t a n t a n d 

p o w e r f u l p r i n c i p l e f o r dynamic programming. It is, h o w e v e r , lacking in at least t w o w a y s : ( 1 ) 

I t is n o t s t a t e d v e r y r i g o r o u s l y , and (2) the p rob lem of obtain ing the funct iona l e q u a t i o n s is 

n o t e v e n a d d r e s s e d . T o o b t a i n the funct ional equat ions , w e must r e l y on methods b e y o n d t h e 

s c o p e o f t h e P r i n c i p l e of Opt imal i ty . 

B y t h e mid 1960's s e v e r a l peop le had s o l v e d the f i rst p r o b l e m b y s h o w i n g t h a t t h e 

P r i n c i p l e o f O p t i m a l i t y d e r i v e s f rom a monotonic i ty p r o p e r t y of the cost f u n c t i o n s . ( S e e K a r p 

a n d H e l d [ 4 4 ] f o r r e f e r e n c e s . ) Karp and Held s u b s e q u e n t l y made c o n s i d e r a b l e p r o g r e s s o n t h e 

s e c o n d p r o b l e m . In t h e i r fo rmulat ion , a combinator ia l dec is ion p r o b l e m is a s s u m e d t o b e 

e x p r e s s e d in t h e f o r m of a discrete decision process (DDP). T h i s form is u s u a l l y a f a i r l y 

n a t u r a l w a y to e x p r e s s the p rob lem. T h e dynamic programming a lgor i thm to s o l v e t h e 

p r o b l e m , o n t h e o t h e r h a n d , c o r r e s p o n d s to a sequential decision process ( S D P ) . K a r p a n d 

H e l d d e s c r i b e t h e t r a n s f o r m (if it ex i s ts ) f rom a d isc rete dec is ion p r o c e s s to a s e q u e n t i a l 

d e c i s i o n p r o c e s s . 

T h e r e s u l t of K a r p and Held can be used to d e r i v e the funct ional equat ions f o r t h e p r o b l e m 

o f F i g u r e 2 - 1 . T h e i r r e s u l t , h o w e v e r , wil l not be fo l lowed e x a c t l y b e c a u s e it is l o n g a n d 

c o m p l i c a t e d to e x p l a i n (and thus d iscourag ing for readers ) . T h u s , to d e r i v e the f u n c t i o n a l 

e q u a t i o n s as p a i n l e s s l y as p o s s i b l e , a modif ied approach will be d e s c r i b e d w h i c h s h o u l d n ' t g o 

t o o f a r w r o n g . T h e f i r s t s t e p is to def ine the d isc re te dec is ion p r o c e s s . T h e D D P is a 

f o u r - t u p l e D « ( A , S, P, f ) w h e r e 

A = { p r i m i t i v e d e c i s i o n s }, 

S = { f e a s i b l e po l ic ies } = { tuples of pr imit ive decis ions w h i c h t r a n s f o r m t h e 
s t a r t s t a t e to a f inal s tate }, 

P = { s e t s of da ta u s e d b y the cost funct ion f }, and 

f = c o s t f u n c t i o n , d e f i n e d o v e r all x £ A*, 

w h e r e A * is t h e se t of all n - t u p l e s of e lements of A for n > 0. T h e case n = 0 is t h e e m p t y 

s t r i n g a n d is d e n o t e d V \ F o r the p rob lem of F igure 2-1 the DDP D = ( A , S, P, f ) is d e f i n e d 

b y 

A = { a j , a 2 a 3 } w h e r e aj t ransforms the state f rom node ( i - l , k ) to n o d e ( i , j ) , 

S = { a i a j a k a 1 | i,j,k < {1 ,2 ,3} }, 

P = { m a t r i c e s C | C f j k > 0, V i < {0,1,2,3} , j ,k < {1,2,3} }, and 

f is d e f i n e d r e c u r s i v e l y b y : f (e ,p) = 0, f(aj ,p) - C 0 1 j , f ( xa ja j ,p ) - f ( x a j , p ) + C n j j 
w h e r e n = l e n g t h ( x ) + 1, and p * P. 



PAGE 7 

T h e c o n v e r s i o n f r o m DDP to SDP (sequential dec is ion p r o c e s s ) is not e n t i r e l y a u t o m a t i c . 

W e must f i r s t d e f i n e the s ta tes fo r the SDP (and thus the DP algor i thm) o r d o s o m e t h i n g e l s e 

t h a t is e q u i v a l e n t . * Q n c e the states are def ined , the o t h e r components of the S D P c o n v e r t 

f a i r l y a u t o m a t i c a l l y f r o m the DDP. T h e d iscrete decis ion p r o c e s s D is t r a n s f o r m e d t o a 

s e q u e n t i a l d e c i s i o n p r o c e s s W = ( Z, P, h, k ) w h e r e 

Z is a f in i te s t a t e automaton Z = ( A , Q, qQ, F, \ ) w h e r e 

A = a l p h a b e t fo r Z (same A as fo r the DDP a b o v e ) , 

Q = { s t a t e s }, 

q Q = init ial s t a t e , 

F = { f inal s ta tes } , / correspond to S in the DDP 

X = t r a n s i t i o n func t ion , 

P = d a t a f o r t h e cost funct ions h and k (same as P fo r the DDP), 

h = c o s t f u n c t i o n d e f i n e d b y : h(r ,q,a,p) = cost of reaching state X(q ,a) b y f i r s t 
r e a c h i n g s t a t e q at a cost r and then app ly ing the s e q u e n c e of d e c i s i o n s a. T h e 
f u n c t i o n h r e l a t e s to f b y : h(r ,q,a,p) » f (xa,p) w h e r e f ( x ,p ) = r and X (qQ ,x ) - q . 

k ( p ) is t h e c o s t o f the null sequence (of pr imit ive dec is ions) e. 

T h e S D P f o r t h e p r o b l e m of F i g u r e 2-1 is a four - tuple W = ( Z, P, h, k ) w h e r e 

Z is an fsa Z * ( A , Q, qQ, F, X ) w h e r e 

A = { a j , a 2 , a 3 }, 

Q 8 8 ( s 01> s l 1' s 12> s 13> s 21> s 22> s 23> s 31> s 32> s 33> s 4 1 J» 

^ 0 = f s 0 1 

F - { s 4 i } , 

X is d e f i n e d b y : X(sj j ,a^) • s ^ + i ) ^ 

P = { m a t r i c e s C | C j j k > 0, V i * {0,1,2,3} , j ,k ^ {1,2,3} }, 

h is d e f i n e d b y : h ( r ,S j j ,a^ ,p ) = r + C j j ^ , and 

k is d e f i n e d b y : k ( p ) = 0. 

N o w t h a t w e h a v e d e f i n e d the SDP, if the monotone p r o p e r t y ( d e s c r i b e d b e l o w ) is s a t i s f i e d 

t h e n t h e S D P is a monotone sequential decision process (MSDP) f rom w h i c h t h e f u n c t i o n a l 

e q u a t i o n s f o r t h e DP a lgor i thm can be d e r i v e d . 

1 Karp and Hold use a complicated argument that involves a (finite rank) equiresponse relation of an automaton 
w h i c h the states are derived. 
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M o n o t o n e p r o p e r t y : If r^ < r 2 then h ( r j , q Q , x , p ) < h ( r 2 , q Q , x , p ) , V x ( A * . 

( F o r t h e p r o b l e m of F i g u r e 2-1 this is easi ly sat is f ied because of the a d d i t i v i t y o f h ( r , q , a , 

p ) . ) T h e f u n c t i o n a l e q u a t i o n s d e f i n e a funct ion G such that 

G < ^ > - { * | x C > - q } h<k<e>'V<>P>-

T h a t is , G ( q , p ) is t h e minimum poss ib le cost to get to state q , under the cos t f u n c t i o n h. N o w it 

is p o s s i b l e to d e f i n e the funct ional equat ions . 

F u n c t i o n a l E q u a t i o n s : 

G ( q 0 , p ) = m i n ( k(p) , { ( S ( a ) | x ^ ) = q o } h<G<s,p),q,a,p> ) 

G ( q ' p ) = {<s,a)|X<T,a)-q} h<G<s>P>.q»a>P> f o r <* * %• 

F o r t h e p r o b l e m o f F i g u r e 2 -1 this is 

G ( s 0 1 , p ) = 0 

G ( S " P ) = < W i > ( G(S«-WP) + > 

L e t t i n g M y = G ( s j j , p ) , th is is 

M Q 1 = 0 

M i i = t n ( M ( i - l ) , k + C ( i - l ) . K , i ) ' f 0 r ( ^ ^ ( 0 1 ) -

T h i s e q u a t i o n is t h e same as the funct ional equat ion g i v e n fo r this p r o b l e m in C h a p t e r 2. 

T h e r e s u l t s o f K a r p and Held p r o v i d e a p o w e r f u l approach fo r the c o n s t r u c t i o n o f D P 

a l g o r i t h m s b u t s e v e r a l deta i ls are left unso lved . F o r example, Karp and He ld n o t e that a g o o d 

h e u r i s t i c f o r r e d u c i n g the time r e q u i r e d b y a DP algorithm is to minimize the n u m b e r o f s t a t e s 

in t h e S D P . T h e p r o b l e m of minimizing the number of s tates , h o w e v e r , is not in g e n e r a l 

s o l v a b l e in a f in i te n u m b e r of s t e p s [ 3 8 ] . A n o t h e r detail left u n s o l v e d b y K a r p a n d H e l d is 

t h e p r o b l e m o f t r a n s f o r m i n g the p r o b l e m statement to a d i sc re te dec is ion p r o c e s s . G i v e n a 

p r o b l e m s t a t e m e n t , t h e r e may be s e v e r a l w a y s to r e p r e s e n t the c o r r e s p o n d i n g DDP. 

I n t h e f o l l o w i n g c h a p t e r s w e wi l l app ly the techniques p r e s e n t e d in this c h a p t e r t o s e v e r a l 

s u b c l a s s e s o f D P p r o b l e m s . S ince the notat ion is somewhat cumbersome a small c o m p r o m i s e 

h a s b e e n m a d e . T h e cos t func t ions f ( x ,p ) and h(r ,q,a,p) shall be (more c o n v e n i e n t l y , a l t h o u g h 

l e s s c o r r e c t l y ) d e n o t e d b y s imply f ( x ) and h(r ,q,a), r e s p e c t i v e l y . 
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4. S ing le S o u r c e Shortest Path Problems 

T h e p r o b l e m of C h a p t e r 2 is a special case of the single s o u r c e s h o r t e s t p a t h p r o b l e m . B u t 

b e f o r e d e s c r i b i n g t h e g e n e r a l p r o b l e m , w e should f i rs t note some o t h e r i n t e r e s t i n g p r o b l e m s 

t h a t fal l i n t o th is spec ia l case . One of the b e t t e r k n o w n p rob lems of th is t y p e is t h e 

s t a g e c o a c h p r o b l e m ( [ 7 2 ] ] ) , w h i c h is commonly used as an in t roduc t ion to DP in o p e r a t i o n s 

r e s e a r c h t e x t b o o k s . A r a t h e r cur ious example of this t y p e of a lgor i thm is the o r d i n a r y , g r a d e 

s c h o o l a l g o r i t h m f o r long d i v i s ion [ 8 ] . But of more in teres t to c o m p u t e r s c i e n t i s t s is t h e 

V i t e r b i a l g o r i t h m . T h e V i t e r b i a lgor i thm [71, 19] is formal ly a s tagecoach t y p e o f p r o b l e m , s o 

it is n o t n e c e s s a r y to d e s c r i b e it in detai l he re . Its appl icat ions, h o w e v e r , i nc lude n o t o n l y 

e s t i m a t i o n p r o b l e m s in digi tal communications [ 9 ] but also tex t r e c o g n i t i o n [ 1 9 ] and s y n t a c t i c 

p a t t e r n r e c o g n i t i o n [ 6 1 ] . T h e s tagecoach p rob lem has also b e e n e n c o u n t e r e d in s p e e c h 

r e c o g n i t i o n [ 3 ] and in image unders tand ing systems [16] . 

W e w i l l n o w d e s c r i b e the genera l s ingle source s h o r t e s t path p r o b l e m . Let G b e a 

( d i r e c t e d ) g r a p h o f N n o d e s and E edges . T h e edge (if any ) f rom node Nj to n o d e Nj is e d g e 

E j j . T h e c o s t s t r u c t u r e is d e f i n e d b y the we ights C j j > 0 c o r r e s p o n d i n g to the e d g e s E j j . T h e 

p r o b l e m is t o f i n d the s h o r t e s t path f rom node N j to node N^. F o r now w e wi l l a s s u m e t h a t 

t h e g r a p h G is a c o m p l e t e g r a p h . ( F o r each pair of nodes Nj and Nj t h e r e is an e d g e E j j . ) I f a 

p a r t i c u l a r g r a p h is not a l r e a d y complete , w e can easi ly make it so b y a u g m e n t i n g it w i t h 

e d g e s Ej j w i t h w e i g h t s C j j = oo. 

O u r g o a l n o w is to o b t a i n the funct ional equat ions for a DP a lgor i thm that s o l v e s t h i s 

p r o b l e m . T o d o th is , h o w e v e r , the p rob lem will have to r e w o r d e d s l ight ly . I n s t e a d o f d i r e c t l y 

f i n d i n g t h e s h o r t e s t p a t h f rom node N j to node N N , the a lgor i thm wi l l f ind t h e length o f t h e 

s h o r t e s t p a t h . F o r th is p r o b l e m o n l y a t r iv ia l modification of the a lgor i thm is t h e n n e c e s s a r y 

t o o b t a i n t h e actual s h o r t e s t path . F o r some problems in o t h e r c h a p t e r s , h o w e v e r , t h e 

d i s t i n c t i o n is no t s o t r i v i a l . 

T o o b t a i n t h e f u n c t i o n a l equat ions the f i rst s t e p is to def ine the d i s c r e t e d e c i s i o n p r o c e s s 

( D D P ) D = ( A , S , P, f ). F o r the s ingle s o u r c e s h o r t e s t path p r o b l e m this is : 

A = { a a2> }, where "af means "go to node L" 

S = { A*a|vj }, = set of all feasible paths from node 1 to node N 

P = { m a t r i c e s C | C j j > 0, Cjj = 0, i , j=l,2,. . .N }, and 

f , t h e c o s t f u n c t i o n , is d e f i n e d r e c u r s i v e l y b y : f (e ) = 0, f (a j ) - C ^ , f ( x a j a j ) = 

f ( x a j ) + C j j , V x c A*. 

T h e c o r r e s p o n d i n g S D P W - ( Z, P, h, k ) is 
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Z = f sa ( A , Q, qQ , F, X ) w h e r e 

A = same as fo r the DDP, 

Q = { S j , s 2 > . . . S|\j }, where "s^" means "at node i" 

q o = { s l )> 

I 7 = { s N }, 

X ( S j , a j ) = S j , 

P = same as f o r the DDP, 

h ( r , S j , a j ) = r + C j j , and 

M p ) = 0. 

T h e m o n o t o n i c i t y p r o p e r t y is sat is f ied eas i ly b y the addi t i v i ty of the cost f u n c t i o n . T h u s , t h e 

f u n c t i o n a l e q u a t i o n s a r e : 

G(s{) = 0 

G ( s i > - h ( G ( s i V i ) " T <G<si> + C J i> 

L e t t i n g M ( i ) = G ( s j ) th is is 

M(1) = 0 

M(i) = ^ (M( j ) + C,.) 

W e w i l l n o w s h o w h o w to s o l v e these functional equat ions . 

I t is n o t as i n t u i t i v e l y o b v i o u s how to so lve these equat ions as it w a s f o r the s t a g e c o a c h 

p r o b l e m s . T h e s o l u t i o n is k n o w n as Di jkstra 's algorithm [12 , 6, 6 0 ] and r e q u i r e s O ( N ^ ) t ime 

a n d s t o r a g e . ( F o r a g e n e r a l g r a p h this is the best that one can do b e c a u s e t h e r e a r e O ( N ^ ) 

e d g e s a n d a n y s h o r t e s t pa th algor i thm wi l l , in the w o r s t case, have to look at all o f t h e 

e d g e s . ) T h e a l g o r i t h m r u n s in N - 1 stages and in each stage i f inds the i th c l o s e s t n o d e t o 

n o d e N j . . B u t e a c h s t a g e r e q u i r e s a compar ison b e t w e e n 0 ( N ) nodes , s o t h e t o t a l t ime is 

0 ( N 2 ) . 
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A l g o r i t h m f o r S ing le S o u r c e Shor test Path 

I n p u t : C o m p l e t e g r a p h G w i t h i n t e r n o d e distances C ( I , J ) . 
O u t p u t : G ( I ) = d i s t a n c e of s h o r t e s t path f rom Node 1 to Node I. 

H(I> = last node b e f o r e Node I in an optimal path f rom Node 1 to N o d e I. 
T i m e : 0 ( N 2 ) , S t o r a g e : 0 ( N 2 ) 

/ Initialization; 
For I « - 1 t h r u N d o 

b e g i n G ( I ) <- C (1 , I ) ; H(I) <- 1; end ; 
N O D E S <- { 1, 2, 3 , . . . N ); 

! S - set of nodes for which an optimal path has been found; 

S <- { 1 }; N E W <- 1; 

/ Optimization; 
F o r I <- 2 t h r u N do 
b e g i n 

M I N C O S T <- co; 
F o r J < NODES - S do 
b e g i n 

N E W C O S T <- G ( i , N E W ) + C(NEW,J ) ; 
If N E W C O S T < G(J ) then 
b e g i n 

G ( J ) <- N E W C O S T ; H(J) <- NEW; 
e n d ; 
If G ( J ) < M I N C O S T then 
b e g i n 

M I N C O S T <- G( J ) ; MINJ 4 - J ; 
e n d 

e n d ; 
S 4 - S U { M I N J }; NEW <- MINJ ; 

e n d ; 

T h i s a l g o r i t h m can b e modi f ied to r u n in 0 (E logN) time and 0 ( E ) s t o r a g e , w h e r e E is t h e 

n u m b e r o f e d g e s in the g r a p h . (Aho , Hopcro f t , and Ullman [ 2 ] g i v e c r e d i t to J o h n s o n [ 4 2 ] . ) 

F o r g r a p h s w h e r e E < N 2 / l o g N this is be t te r than 0 ( N 2 ) time and s p a c e . F o r e x a m p l e , a n y 

p l a n a r g r a p h o f N n o d e s ( N > 2) has at most 3*N - 6 (und i rec ted ) e d g e s ( o r 6*N - 12 d i r e c t e d 

e d g e s ) [ 2 6 ] . T h u s , the s ing le s o u r c e shor tes t path p rob lem fo r a p lanar g r a p h can b e s o l v e d 

in 0 ( N l o g N ) t ime and 0 ( N ) s t o r a g e . T h e s e and re la ted g r a p h algor i thms are d e s c r i b e d in A h o , 

H o p c r o f t , a n d Ul lman [ 2 ] . A n in terest ing appl icat ion of Di jkst ra 's a lgor i thm s ince 1 9 7 4 is 

d e s c r i b e d in D u n c a n [ 1 4 ] . A recent s u r v e y of fast expected time a lgor i thms f o r t h e s h o r t e s t 

p a t h p r o b l e m ( a n d o t h e r s imple path prob lems) is p r o v i d e d in Per l [ 5 7 ] . F r e d m a n [ 2 0 ] ( a n d 

r e f e r e n c e s ) d e s c r i b e the all points s h o r t e s t path p rob lem. 
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5. Opt imal Parenthesizat ion Problems 

I n th i s c h a p t e r w e p r e s e n t s e v e r a l p rob lems that can be d e s c r i b e d as o p t i m a l 

p a r e n t h e s i z a t i o n p r o b l e m s . That is, t h e y can all be put in the f o r m : 

G i v e n a s t r i n g of N e lements , f ind an optimal ( in some s e n s e ) p a r e n t h e s i z a t i o n o f 
the s t r i n g . 

T h e s e p r o b l e m s inc lude opt imiza t ion of the mult ipl ication of N matr ices , c o n t e x t f r e e l a n g u a g e 

r e c o g n i t i o n , v a r i o u s k inds of optimal s e a r c h t r e e s , and opt imiz ing the s e a r c h f o r N o r d e r 

s t a t i s t i c s . 

T h e o b v i o u s b r u t e f o r c e method fo r so lv ing an optimal p a r e n t h e s i z a t i o n p r o b l e m is t o 

s i m p l y e x a m i n e all of t h e poss ib le complete parenthes i za t ions of N e lements and c h o o s e t h e 

b e s t o n e . U n f o r t u n a t e l y , this rap id l y becomes unmanageable. T h e n u m b e r o f w a y s t o 

c o m p l e t e l y p a r e n t h e s i z e a s t r ing of N elements is the Nth Catalan number 

I t c a n b e s h o w n that X ( N ) > 2 N ~ 2 ( [ 2 ] , p.73). 

T h e DP a l g o r i t h m s f o r these prob lems o f f e r substant ial improvement o v e r the b r u t e f o r c e 

m e t h o d . T h i s is b e c a u s e an opt imal ly p a r e n t h e s i z e d st r ing must be c o m p o s e d of o p t i m a l l y 

p a r e n t h e s i z e d s u b s t r i n g s . ( I f a subs t r ing can be b e t t e r p a r e n t h e s i z e d , t h e n t h e e n t i r e s t r i n g 

c a n b e b e t t e r p a r e n t h e s i z e d . ) DP uses this p r o p e r t y of optimal p a r e n t h e s i z a t i o n p r o b l e m s t o 

a c h i e v e f u n c t i o n a l e q u a t i o n s of the form 

M., = m , n 

ik = i<j<k f i jk ( M i j ' M ( j* l ) ,k >• 

T h e o p t i m a l p a r e n t h e s i z a t i o n fo r the subst r ing (i,k) is determined b y examining the k - i p a i r s 

o f M j j a n d + ( w h i c h h a v e a l ready b e e n computed) . Since t h e r e are 0 ( N 2 ) s u b s t r i n g s ( i , 

k ) , t h e t o t a l t ime is 0 ( N 3 ) , much less than 0 ( X ( N ) ) . 

F o r t w o o f t h e p r o b l e m s , optimal alphabet ic encoding and optimal s e a r c h f o r N o r d e r 

s t a t i s t i c s , t h e 0 ( N 3 ) t ime can be i m p r o v e d to 0 ( N log N) time. U n f o r t u n a t e l y , th is s p e e d u p 

r e l i e s o n p r o p e r t i e s that are pecul iar to these individual p rob lems and c a n n o t b e a p p l i e d t o 

all o f t h e p a r e n t h e s i z a t i o n p rob lems. A nice decomposi t ion into parallel c o m p u t a t i o n s , 

h o w e v e r , is a v a i l a b l e f o r a n y optimal pa ren thes i za t ion p rob lem. Guibas , Kung , and T h o m p s o n 

[ 2 5 ] h a v e s h o w n h o w ( N + 1) ( N + 2) / 2 - 0 ( N 2 ) m e s h - c o n n e c t e d para l le l p r o c e s s o r s c a n 

s o l v e an o p t i m a l p a r e n t h e s i z a t i o n p rob lem in 0(N) time. ( In g e n e r a l , a K b y K t r i a n g u l a r 

m e s h - c o n n e c t e d p r o c e s s o r can improve the time to 0 ( N 3 / K 2 ) . ) 
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5*1 Optimizing the Multiplication of N Matrices 

T h e f i r s t p r o b l e m that w e wil l d e s c r i b e in this chapter is the p r o b l e m of o p t i m i z i n g t h e 

m u l t i p l i c a t i o n o f N mat r i ces . Since matrix multipl ication is assoc iat ive , the mul t ip l i ca t ions c a n 

b e g r o u p e d as d e s i r e d and (mathematical ly ) the resul t wil l still be the same. C o m p u t a t i o n a l l y , 

h o w e v e r , it m a y make a t remendous d i f f e r e n c e . Fo r example , c o n s i d e r t h e f o l l o w i n g 

m u l t i p l i c a t i o n p r o b l e m : 

M = M 1 x M 2 x M 3 x M 4 x M 5 . 

[ 5 x 1 0 ] [ 1 0 x 1 0 0 ] [ 1 0 0 x 2 ] [ 2 x 2 0 ] [ 2 0 x 5 0 ] 

W e w i l l a s s u m e in this d i scuss ion that the multipl ication of a p x q matrix and a q x r m a t r i x 

c o s t s p q r o p e r a t i o n s . ( P r o b e r t [ 6 2 ] genera l i zes this p rob lem to a l low S t r a s s e n m a t r i x 

m u l t i p l i c a t i o n as w e l l as t h e o r d i n a r y block multiplication.) If the mult ip l icat ions a r e g r o u p e d 

. M = M 1 x ( M 2 x ( ( M 3 x M 4 ) x M 5 ) ) 

t h e n t h e mu l t ip l i ca t ion wi l l cost 156,500 operat ions . I f , h o w e v e r , the g r o u p i n g is 

M = ( M 1 x ( M 2 x M 3 ) ) x ( M 4 x M 5 ) 

t h e n t h e mu l t ip l i ca t ion wi l l cost o n l y 4600 opera t ions . 

W e w i l l n o w d e s c r i b e the genera l p rob lem and the c o r r e s p o n d i n g O ( N ^ ) t ime DP a l g o r i t h m . * 

L e t 

M = M j x M 2 x . . . x Mjvj 

w h e r e M j is a c q b y c± matr ix , M 2 is a c j b y c 2 matrix , etc . T h e d i s c r e t e d e c i s i o n p r o c e s s 

D - ( A , S , P, f ) is d e f i n e d b y 

A = { a j j k | l < i < j < k < N } , where a^ means "multiply the result of M± x M^+j 

x ... x Mj by the result of Mj+i % x x 

S = { s e q u e n c e s of a ^ c o r r e s p o n d i n g to complete p a r e n t h e s i z a t i o n o f the N 

. m a t r i c e s } , 

P = { c <E ( I + ) N + 1 } , and 

f ( e ) = 0 , f ( x a j j k ) - f ( x ) + C j . j * Cj * c k . 

W e m u s t f i r s t d e f i n e the s ta tes Q b e f o r e const ruct ing the SDP. T h e most n a t u r a l s e t o f s t a t e s 

f o r t h i s p r o b l e m is the set of all part ial parenthes i za t ions of N e l e m e n t s . T h e S D P 

W = ( Z, P, h , k ) is t h e n d e f i n e d b y 

^ h i n [10] describes a non-DP O(N) time approximation algorithm that is never worse than a factor of 5/4 f rom 

optimal. 
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Z = ( A , Q , q Q , F, \ ), ( T h e components are obv ious . ) 

P = same as f o r the DDP, 

h ( r , q , a j j ^ ) = r + c , _ i * Cj * c^, and 

k ( p ) = 0. 

M o n o t o n i c i t y o f t h e SDP is a s s u r e d b y the addi t iv i ty of h. T h u s the funct ional e q u a t i o n s a r e 

G ( q Q ) » 0, and 

G < « > = { (s ,a )|Ms ( a)= q } h ( G ( s ) ' S ' a ) 

T h e o p t i m i z a t i o n p r o c e d u r e s u g g e s t e d b y these equat ions wil l c e r t a i n l y p r o d u c e an o p t i m a l 

p a r e n t h e s i z a t i o n . T h e time s p e n t , h o w e v e r , wil l be p r o h i b i t i v e . Th is is b e c a u s e t h e n u m b e r 

o f s t a t e s tha t w i l l h a v e to be examined is the number of part ia l p a r e n t h e s i z a t i o n s o f N 

e l e m e n t s , w h i c h is at least as g r e a t as the Nth Catalan number X ( N ) . Th is d o e s not c o m p a r e 

w e l l w i t h t h e 0 ( N 3 ) t ime that was promised a b o v e . O b v i o u s l y , the choice o f s t a t e s w i l l h a v e 

t o b e made m o r e c a r e f u l l y . T h e natural choice is not a lways the bes t . 

L e t ' s r e - e x a m i n e the s i tuat ion . T o p r o d u c e a faster DP algor i thm the n u m b e r o f s t a t e s 

m u s t b e r e d u c e d . T h e r e is no genera l p r o c e d u r e fo r this. In fact , Ibarak i [ 3 8 ] has s h o w n 

t h a t t h e p r o b l e m is in g e n e r a l unso lvab le . T h u s , to reduce the number of s t a t e s w e m u s t 

e x p l o i t p r o p e r t i e s p e c u l i a r to this par t icu lar p rob lem. In this case a c lue is p r o v i d e d b y a 

c l o s e r e x a m i n a t i o n of the pr imi t i ve o p e r a t o r s a ^ in the set A. If the s u b s t r i n g s (Mj,Mj + j,...Mj) 
a n d ( M j + | , M j + 2 > — ^ K ^ a r e a ' r e a c * y ^ u " y p a r e n t h e s i z e d , then appl icat ion of the o p e r a t o r a ^ w i l l 

m a k e (Mj ,Mj + | , . . .Mj, . . .M^) a fu l l y p a r e n t h e s i z e d subst r ing . Th is implies that t h e s t a t e s s h o u l d 

b e o f t h e f o r m S j j , l < i < j < N w h e r e s y has the i n t e r p r e t a t i o n "subs t r ing (Mj,Mj+^,...Mj) is f u l l y 

p a r e n t h e s i z e d . " 

U n f o r t u n a t e l y , t h e r e is no w a y that a parenthes i za t ion such a s ( ( M x M ) x ( M x M ) ) c a n 

b e p r o d u c e d b y t h e p r i m i t i v e o p e r a t o r s w i t h on l y these states S j j . T h u s , a n o t h e r p r o p e r t y 

p e c u l i a r t o p a r e n t h e s i z a t i o n p rob lems wil l have to be pul led out of a hat. T h i s o n e is a k i n d 

o f decomposition p r o p e r t y and it looks more like divide-and-conquer [ 2 ] t h a n d y n a m i c 

p r o g r a m m i n g . T h e p r o p e r t y is that the parenthes i za t ion of a s u b s t r i n g ( i , j ) is i n d e p e n d e n t o f 

t h e p a r e n t h e s i z a t i o n of a s u b s t r i n g (k,Z) iff i < j < k < L o r k < L < i < j . T h u s , the p r o b l e m o f 

p r o d u c i n g a s t a t e , call it (S j j u S g + j ^ ) , for w h i c h a j ^ fu l l y p a r e n t h e s i z e s s u b s t r i n g ( i ,k ) ( a n d 

p r o d u c e s s t a t e S j^ ) can be d e c o m p o s e d into the p rob lem of so lv ing Sjj and s o l v i n g S ^ j + i ) ^ -

S i n c e t h e c o s t f u n c t i o n is add i t i ve , 

G < < s i j u s ( j + l ) , k > > - G < s i j > + G < S ( j + i ) , k > -
T h u s , t h e f u n c t i o n a l e q u a t i o n s become 
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A l g o r i t h m F o r C o m p u t i n g Optimal Multiplication of N Matrices 

I n p u t : i n t e g e r N > 0, array C [ 1 : N + 1 ] of pos i t i ve in tegers 
O u t p u t : A r r a y G w h e r e G( i , j ) = minimum cost of parenthes i z ing s u b s t r i n g (i,j>. 

A r r a y H w h e r e H(i , j ) = subsc r ip t K w h e r e optimal p a r e n t h e s i s f o r s u b s t r i n g ( i , j ) is 

l o c a t e d . 
T i m e : 0 ( N 3 ) , S t o r a g e : 0 ( N 2 ) 

F o r L <- 1 t h r u N do 
G ( L , L ) 4 - 0 ; 

F o r L <- 2 t h r u N do / L = length of substrings optimized 

F o r I 4 - 1 t h r u N + l - L do 
b e g i n 

M I N C O S T <- oo; 
J 4 - I + L - 1 ; 

F o r K 4 - I t h r u J - l do / Find optimal paren for substring (IJ) 

b e g i n 
C O S T 4 - G( I ,K) + G(K+1,J ) + C ( I - l ) * C ( K ) * C ( J ) ; 
If C O S T < M I N C O S T t h e n 
b e g i n 

M I N C O S T 4 - C O S T ; 
G( I , J ) 4 - C O S T ; 
H(I ,J ) 4 - K 

e n d 
e n d 

e n d ; 

G ( q Q ) = 0, and 

G < S i k > = (S, u1" M , k ) G ( ( S i i U S < M > ^ + C - i * C i * C * 

- m j n G ( S j j ) + G ( S ( M ) > k ) + c M * c, * c k . 

L e t t i n g G j j - G ( S j j ) , th is b e c o m e s 

G H = 0, and 

G., = m i n G-. + G/- n . + c , * c. * c . . ik j u <j*l ),k i - l j k 

w h i c h is t h e t y p e o f r e c u r r e n c e d e s i r e d . Here is a p s e u d o - A l g o l a lgor i thm that s o l v e s 

f u n c t i o n a l e q u a t i o n s : 
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5.2 Context Free Language Recognition 

C o n t e x t f r e e l a n g u a g e r e c o g n i t i o n is a wel l s tud ied p rob lem. Y o u n g e r [ 7 5 ] s h o w e d t h a t a 

T u r i n g m a c h i n e c a n r e c o g n i z e a genera l contex t f r e e language in 0 ( N 3 ) t ime, w h e r e N is t h e 

l e n g t h o f t h e s t r i n g b e i n g r e c o g n i z e d . Kasami and T o r i i [ 4 5 ] c o n s t r u c t e d an 0 ( N 2 ) t ime ( R A M ) 

a l g o r i t h m f o r unambiguous c o n t e x t f ree language recogn i t ion and E a r l y [ 1 5 ] p r o d u c e d an 

a l g o r i t h m t ha t no t o n l y r e c o g n i z e s genera l contex t f ree languages in O ( N ^ ) t ime, b u t a l s o 

u n a m b i g u o u s l a n g u a g e s in O ( N ^ ) time, and some f u r t h e r r e s t r i c t e d c lasses of l a n g u a g e s ( s u c h 

as L R ( k ) ) in 0 ( N ) t ime. S ince then Valiant [ 7 0 ] c o n s t r u c t e d an 0 ( N ^ 1 ) 1 time g e n e r a l c o n t e x t 

f r e e r e c o g n i t i o n a l g o r i t h m ( b y using S t rassen matrix mult ipl icat ion) , and G r a h a m , H a r r i s o n , a n d 

R u z z o [ 2 4 ] p r o d u c e d an 0 ( N ^ / l o g N ) time o n - l i n e algor i thm f o r g e n e r a l c o n t e x t f r e e 

r e c o g n i t i o n . In th is p a p e r w e d e s c r i b e the simplest O ( N ^ ) time a lgor i thm f o r g e n e r a l c o n t e x t 

f r e e l a n g u a g e r e c o g n i t i o n . 

T h e DP a l g o r i t h m f o r g e n e r a l context f r e e recogn i t ion that is p r e s e n t e d in th i s p a p e r 

r e q u i r e s t h e c o n t e x t f r e e grammar to be put in Chomsky normal fo rm [ 3 2 ] . ( E a r l y [ 1 5 ] d o e s 

n o t r e q u i r e C h o m s k y normal f o r m , but his algor i thm is more compl icated , too . ) T h e g r a m m a r is 

a 4 - t u p l e 

G = (Nontermina ls , Terminals , P roduct ions , S tar t symbo l ) . 

N o n t e r m i n a l s y m b o l s a r e ind icated b y u p p e r case le t te rs (A , B, C , . . .) and te rmina l s y m b o l s 

a r e i n d i c a t e d b y l o w e r case le t te rs (a, b, c, . . .). T h e p roduc t ions are all of the f o r m A - » B C 

o r A - » a ( C h o m s k y normal form) . If m, n, and q are s t r ings of terminals and n o n t e r m i n a l s , 

t h e n m A n -> m q n iff A - » q is a p r o d u c t i o n . T h e language g e n e r a t e d b y the g r a m m a r is t h e s e t 

o f s t r i n g s o f t e r m i n a l s w s u c h that S -** w w h e r e - » * is the t rans i t i ve c l o s u r e of 

T o c o n s t r u c t t h e DP a lgor i thm w e must f i rs t def ine the DDP. T h e DDP makes u s e o f a 

f u n c t i o n c a l l e d " P r e f i x " d e f i n e d as fo l lows : 

L e t t h e i n p u t s t r i n g be Z = z^Z2— z|\j» a n c * ' e * x ^ e a s * r ' n S °f p r imi t i ve o p e r a t o r s 
a j ^ . P r e f i x ( x , a j j k ) = the s t r ing x minus all o p e r a t o r s to the r ight o f a ^ . If a ^ 
d o e s n o t o c c u r in x t h e n Pre f i x ( x ,a j j^ ) = e. 

F o r e x a m p l e , if x « a 2 3 3 a 1 2 3 a 4 5 5 a 1 3 5 > t h e n P r e f i x f o a ^ g ) - a 2 3 3 a 1 2 3 a 4 5 5 * T h e D D P i s 

D - ( A , S , P, f ) : 

A = { a f j k | 1 < i < j < k < N } w h e r e a j j k p r o d u c e s the set { B | B - » C D a n d 
c ^ * z i z i + l ~ z j a n d D - > * z j + l z j - f 2 - z k }» 

S - { A * a l j N }, 

N o w improved to 0 < N 2 ' 7 9 ) with tho new matrix multiplication algorithm of Pan [54]. 
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P = { p r o d u c t i o n s }, and 

f ( e ) = e , f < x a j j k ) = { B | B->CD w h e r e 3p C ( f ( P r e f i x ( x , a j p j ) ) and 3 q D ( 

f ( P r e f i x ( x , a ( j + 1 ) > q > k ) ) }. 

T h i s is a most c u r i o u s w a y to def ine a DDP. T h e pr imit ive o p e r a t o r s and, e s p e c i a l l y , t h e c o s t 

f u n c t i o n r e t u r n sets r a t h e r than scalars . T h e r e a s o n for re tu rn ing sets is that in th is p r o b l e m 

w e a r e i n t e r e s t e d in f ind ing all of the nonterminals that p r o d u c e the s u b s t r i n g s Z j Z j + j . . . Z j . I f 

t h e r e a r e t w o o r m o r e nontermina ls that can g e n e r a t e a subs t r ing Z j Z j + j . . . Z j it is no t s u f f i c i e n t 

t o k e e p o n l y o n e nonte rmina l and t h r o w the o t h e r s away because the p r o d u c t i o n s d o n o t 

t r e a t t h e n o n t e r m i n a l s e q u i v a l e n t l y . T h u s , if f ( x a j p k ) = { B, D, E } and f ( x a j q k ) = { D, E } , t h e n 

a i p k w ' " c e r ^ a ' n ' y b e p r e f e r r e d o v e r a | q k . If , h o w e v e r , f ( x a j p k ) = { B, D, E } a n d f ( x a j r k ) = { C 

} t h e n w e c a n n o t s a y w h i c h is b e t t e r because the t w o sets are not c o m p a r a b l e . T h i s 

s i t u a t i o n is d e s c r i b e d as a partial order re lat ion . It is def ined b y 

f ( x a j p k ) < f ( x a j q k ) iff f ( x a j p k ) c f ( x a j q k ) . 

F u r t h e r m o r e , t h e o b j e c t is to maximize r a t h e r than minimize f u n d e r the par t ia l o r d e r in t h i s 

p r o b l e m . ( A c c o r d i n g l y , w e wi l l rep lace "min" w i t h " u n i o n " in the funct ional e q u a t i o n s . ) 

N o w it is t ime t o p r o d u c e the SDP. Let the state Sjj be i n t e r p r e t e d as " z j Z j + j . . . Z j has b e e n 

p a r s e d " . T o p r o d u c e an ef f ic ient a lgor i thm, w e use p s e u d o - s t a t e s (S j j U S k p as in t h e 

p r e v i o u s p a r e n t h e s i z a t i o n p r o b l e m . T h e SDP is W = ( Z, P, h, k ) w h e r e 

Z = f s a ( A , Q , qQ , F, X ) w h e r e 

A » same as f o r the DDP, 

Q =» { S j j , ( S j j U S k Z ) }, 

qo - ( e Jt 
F = { S 1 N } , 

X ( (S j j U S ( j + 1 ) > k ) , a j j k ) = s i k , 

P = same as f o r t h e DDP, 

h ( r , ( S j j u S ( j + 1 ) ) k ) , a j j k ) = f ( x a j j k ) w h e r e X ( q 0 , x ) = (Sj j u S ( j + 1 ) > k ) , and 

k ( p ) = e . 

B e f o r e w e d e r i v e t h e funct iona l equat ions w e must f i rs t s h o w that the m o n o t o n i c i t y p r o p e r t y 

is s a t i s f i e d . N o t e that t h e cos t funct ion is not s imply addit ive as in the p r e v i o u s p r o b l e m s s o 

m o n o t o n i c i t y d o e s not come qui te as automatical ly . T h u s , w e must s h o w that if x , y « A* , t h e n 

If X ( q 0 , x ) - X ( q 0 , y ) and f ( x ) > f ( y ) then f ( x w ) > f ( y w ) , Vw<A*. 

T h i s is t r u e b e c a u s e if f ( x ) => f ( y ) then cer ta in l y Vw<=A* f ( x w ) f ( y w ) . W e c o n c l u d e t h a t t h e 

f u n c t i o n a l e q u a t i o n s a r e 
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G ( q Q ) = e , and 

G ( S ^ = ,o ,c U , W G(SiiUS(i*i),K>> <VS<M),k>> a , j k , p ) 
<VS(M>,k'aijk> 

U f ( x 1 x 2 a j j k ) w h e r e M q ^ ) = S j j and X C q ^ ) = S ^ 

H e r e is an a l g o r i t h m f o r s o l v i n g the funct ional equat ions : 

A l g o r i t h m F o r G e n e r a l C o n t e x t F r e e Language Recognition 

I n p u t : N o n t e r m i n a l s = { A j , A 2 , . . . A ^ j } / = start symbol 

T e r m i n a l s = { t i » t 2 » • • • *T^ 
F i n i t e s e t o f p r o d u c t i o n s of the fo rm: Aj ->AjA^ or A j - » t j 
S t r i n g Z = Z2Z2».Z|\j w h e r e Zj ( Terminals 

O u t p u t : A r r a y M w h e r e M( I ,K) = { A | A - »* z j Z j + 1 . . . z k } 
T h u s , Z is r e c o g n i z e d iff s tar t s y m b o l « A j ( M(1,N). 

T i m e : 0 ( N 3 ) , S t o r a g e : 0 ( N 2 ) . 

F o r I « - 1 t h r u N do 
M ( I , I ) 4 - { A | " A - ^ a f < Product ions } 

F o r L *- 2 t h r u N do / L = length of string; 
F o r I <- 1 t h r u N + l - L do 
b e g i n 

K « - I + L - 1; 
M( I ,K ) « - e ; / e = empty set 
F o r J <- I t h r u K - l do 

M( I ,K) <- M(I ,K) u { A | 3^M( I , J ) , /S€M(J+1 ,K ) ( A ^ / S ) } 
e n d ; 

N o t e t h a t t h e i n n e r l o o p is not implemented the same here as f o r the p r e v i o u s t w o a l g o r i t h m s . 

T h i s is b e c a u s e t h e pa r t ia l o r d e r re lat ion fo rces us to use the un ion o p e r a t i o n r a t h e r t h a n a 

m i n . S i n c e t h e s e t o f nontermina ls is f in i te , the s i ze of each of the sets M( I ,K ) is b o u n d e d b y 

a c o n s t a n t . T h u s , t h e e n t i r e a lgor i thm stil l r e q u i r e s o n l y O (N^ ) t ime. 

5.3 Optimal Alphabetic Encoding and Optimal Search Trees 

T h e r e a r e m a n y k inds of optimal s e a r c h t rees and optimal a lphabet ic e n c o d i n g c o r r e s p o n d s 

n a t u r a l l y t o o n e of t h e s impler kinds. A n optimal a lphabet ic encod ing b e a r s s e v e r a l 

s i m i l a r i t i e s t o a H u f f m a n c o d e [ 3 4 ] . We are g i v e n an a lphabet A L P H of N c h a r a c t e r s a n d t h e 

p r o b a b i l i t i e s pj t h a t a r a n d o m l y c h o s e n charac te r is charac te r i. Each of t h e c h a r a c t e r s m u s t 
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b e r e p r e s e n t e d b y a prefix code c h o s e n from a set of r symbols .* F u r t h e r m o r e , f o r a n 

a l p h a b e t i c e n c o d i n g , the c o d e s f o r the le t te rs of A L P H must be in inc reas ing n u m e r i c a l o r d e r . 

( F o r a H u f f m a n e n c o d i n g the codes are not r e s t r i c t e d to be o r d e r e d . ) Let l{ « l e n g t h o f t h e 

e n c o d i n g o f c h a r a c t e r i. T h e o b j e c t i v e is to minimize the e x p e c t e d length of a m e s s a g e , t h a t is 

N 

min T\Di 
{alphabetic encodings} "\ i" 1 = 1 

G i l b e r t and M o o r e [ 2 2 ] w e r e the f i rst to use DP to so l ve the p r o b l e m of c o n s t r u c t i n g a n 

o p t i m a l a l p h a b e t i c e n c o d i n g . T h e i r a lgor i thm is v e r y similar to the a lgor i thms f o r t h e o t h e r 

o p t i m a l p a r e n t h e s i z a t i o n p r o b l e m s , and it requ i res O(IM^) time and O ( N ^ ) s t o r a g e . 

T h e t r e e c o r r e s p o n d i n g to an optimal a lphabet ic encoding is i l l us t ra ted in F i g u r e 5 - 1 . A 

" 0 " in t h e e n c o d i n g c o r r e s p o n d s to a left b ranch of the t r e e and a "1" c o r r e s p o n d s t o a r i g h t 

b r a n c h . E a c h leaf o f t h e t r e e c o r r e s p o n d s to one of the le t te rs of the a l p h a b e t . T h e i n t e r n a l 

n o d e s d o n o t r e p r e s e n t l e t t e r s of the alphabet . A genera l b i n a r y s e a r c h t r e e , o n t h e o t h e r 

h a n d , m a y h a v e e l e m e n t s at in terna l nodes as wel l as the leaves . 

C H A R A C T E R P R O B A B I L I T Y 

A 
B 

C 

D 

E 

F 

G 

H 

0.15 
0.10 

0.15 

0.10 

0.20 

0.05 

0.10 

0.15 

O P T I M A L 
A L P H A B E T I C 

C O D E 

000 
001 , 

010 

Oil 
10 

1100 
1101 

111 

OPTIMAL ALPHABETIC TREE 

F i g u r e 5 - 1 : E x a m p l e of Optimal A lphabet ic Encoding and Related D e c i s i o n T r e e 

K n u t h d e s c r i b e s t h e c o n s t r u c t i o n of a genera l optimal s e a r c h t r e e in 0 ( N 2 ) t ime ( a n d 

s t o r a g e ) ( [ 4 6 ] , [ 4 7 J , p . 4 3 3 - 4 3 9 , [ 2 ] , p . l 19 -123) . Not o n l y does this s e a r c h t r e e i n c l u d e 

e l e m e n t s at i n t e r n a l n o d e s bu t it also is e x t e n d e d to al low ( n o n z e r o ) p r o b a b i l i t i e s t h a t 

lFor this presentation we will assume that r - 2, thus making the codes binary codes. 
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u n s u c c e s s f u l s e a r c h e s are made in the t ree . That is, the s e a r c h k e y may b e less t h a n A , 

b e t w e e n A a n d B, b e t w e e n B and C, etc . Hu and T u c k e r [ 3 6 ] p r o d u c e d a much d i f f e r e n t ( a n d 

c o m p l i c a t e d ) a l g o r i t h m to c o n s t r u c t an optimal a lphabet ic t ree in 0 ( N 2 ) time a n d 0 ( N ) s t o r a g e 

( s e e a l s o H u [ 3 3 ] ) , w h i c h K n u t h [ 4 7 ] i m p r o v e d to O(N logN) time and 0 ( N ) s t o r a g e . S i n c e t h e n , 

I ta i [ 4 0 ] has p r o d u c e d DP so lu t ions for s e v e r a l cons t ra ined var ia t ions of the p r o b l e m . P a y n e 

a n d M e i s e l [ 5 6 ] d e s c r i b e an in te res t ing DP algor i thm fo r an optimal m u l t i - d i m e n s i o n a l b i n a r y 

t r e e . W e w i l l p r e s e n t the opt imal a lphabet ic encoding algor i thm of G i lber t and M o o r e . ( F o r 

t r e a t m e n t s o f t h e g e n e r a l opt imal s e a r c h t r e e the r e a d e r is r e f e r r e d to t h e t e x t s o f K n u t h 

a n d A h o , H o p c r o f t , and Ul lman c i ted above . ) 

T h e f i r s t s t e p t o w a r d s o l v i n g the optimal a lphabet ic encoding p r o b l e m is t o d e f i n e t h e D D P . 

L e t t h e a l p h a b e t A L P H = ( z j , z 2 , . . . z N ) . T h e DDP D = ( A , S, P, f ) is 

A = { a ^ | 1 < i < j < k < N } w h e r e a - ^ appends a " 0 " to the front of t h e c o d e 

f o r Z j , Z j + j , . . . Z j and appends a "1" to the f ront of the code fo r Z j + j f Zj+2> • 

• • z k > 

S = { s e q u e n c e s of a ^ c o r r e s p o n d i n g to total pa ren thes i za t ions of N e l e m e n t s } , 

P = { ( p x , p 2 , . . . p N ) « ( R e a l s + ) N }, and 

f ( e ) = 0 , f ( x a j j k ) = f ( x ) + X P m . 
m=i,k 

N o t e t h a t t h e c o s t f u n c t i o n f does not seem to d e p e n d on j at all. T h e d e p e n d e n c e o n j 

c o m e s f r o m t h e c o n s t r a i n t o n the legal parenthes i za t ions in S , as wi l l b e s h o w n in t h e 

f u n c t i o n a l e q u a t i o n s . 

T o c o n s t r u c t t h e SDP w e must f i rs t def ine the s tates . Let the s tate Sjj b e i n t e r p r e t e d as 

" a n o p t i m a l a l p h a b e t i c c o d e has b e e n c o n s t r u c t e d f o r ZjZj+j...Zj". T o p r o d u c e an e f f i c i e n t 

a l g o r i t h m , w e w i l l use p s e u d o - s t a t e s (Sj j U S k |) as in the p r e v i o u s opt imal p a r e n t h e s i z a t i o n 

p r o b l e m s . T h e S D P is W = ( Z, P, h, k ) w h e r e 
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Z = ( A , Q , q Q , F, X ) w h e r e 

A = same as f o r the DDP, 

Q - { S j j , (S j j u S K I ) | l<i<j<k<l<N } U { e }, 

% = e ' 
F = { S 1 N } , 

X ( ( S j j U S ( j + 1 ) > k ) , a j j k ) = s i k , 

P = s a m e as f o r the DDP, 

h( r, ( S . . u S ( > U k ) f a . j k ) = r + S P m , and 

k ( p ) = 0. 

T h e m o n o t o n i c i t y p r o p e r t y is sat is f ied b y the addi t i v i ty of the cost f u n c t i o n a n d t h u s t h e 

f u n c t i o n a l e q u a t i o n s a re 

G ( e ) = 0, and 

« V - ( S 8 U S "i"k),a,ik) * « V W V W '*> 
k 

= 1" G i i + W + 2 P m . 
m=i 

L e t t i n g G j j = G ( S j j ) th is b e c o m e s 

Gjj - 0, and 

k 

G i K - T G i i + G ( M ) . K + 2 P m -

T h e s e f u n c t i o n a l e q u a t i o n s can be s o l v e d in O (N^) time because the summat ion f r o m m=i t o 

m = k o f p m c a n b e c o m p u t e d in 0 ( 1 ) time after some p r e p r o c e s s i n g . T h e f o l l o w i n g a l g o r i t h m 

• s h o w s h o w t h a t is d o n e . 
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A l g o r i t h m f o r Opt imal A lphabet ic Encoding 

I n p u t : i n t e g e r N > 0, a r r a y P [ 1 : N ] of pos i t i ve reals 
O u t p u t : G ( I , K ) = c o s t of opt imal encod ing of 2jZj+^...z«. 

H( I ,K ) = s u b s c r i p t J fo r optimal par t i t ion of ZjZj+̂ ...z^. 
T i m e : 0 ( N 3 ) , S t o r a g e : 0 ( N 2 ) 

/ Initialization of G and C; 
C ( 0 ) 4 - 0 ; 
F o r I « - 1 t h r u N do 
b e g i n 

G ( I , I ) « - 0; C ( I ) «- C ( I - l ) + P(I ) 
e n d ; 
/ Optimization over all pairs (I>K).; 
F o r L *- 2 t h r u N do / L = length of string; 

F o r I « - L t h r u N + l - L do 
b e g i n 

K <~ I + L - 1; 
M I N C O S T <- oo; 
F o r J « - I t h r u K - l do 
b e g i n 

C O S T «- G( I , J ) + G(J+1,K) + C (K ) - C ( I - l ) ; 
If C O S T < M I N C O S T then 
b e g i n 

M I N C O S T <- C O S T 
G(I ,K) <- C O S T ; 
H(I ,K) *- J ; 

e n d 
e n d 

e n d ; 

5.4 Optimizing the Search for N Order Statistics 

O p t i m i z i n g t h e s e a r c h f o r N o r d e r stat ist ics is v e r y similar to optimal a l p h a b e t i c e n c o d i n g . 

T h e p r o b l e m is d e s c r i b e d as f o l l o w s : 

L e t X b e a se t o f M real numbers Xj. We want to f ind N ( N < M) o r d e r s t a t i s t i c s 
Sj w h e r e Sj e q u a l s the aj ' th smallest element of X. For example , if X = { 1 , 5 , 2 , 9 , - 2 } , 
M = 5 , N = 1, and a^ = 4 , t h e n s^ = 5. T h e p r o b l e m is to f ind the N o r d e r s t a t i s t i c s 
Sj as q u i c k l y as p o s s i b l e . 

O n e w a y t o f i n d t h e o r d e r stat ist ics is to so r t the M elements of X in O ( M l o g M ) t ime a n d 

t h e n o b t a i n t h e N o r d e r s tat is t ics in 0 ( N ) time ( b y using the aj as indices in to t h e s o r t e d s e t 

X ) f o r a t o t a l t ime of O ( M l o g M ) ; F o r large M w e can do be t te r . F o r the c a s e N = 1, t h e o r d e r 

s t a t i s t i c s Sj c a n b e f o u n d in 0 ( M ) t ime[7, 63] . Pohl [ 5 9 ] d e s c r i b e s a spec ia l c a s e o f N « 2 , . t h e 
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min a n d t h e max, and s h o w s h o w t h e y can be found in | 3M/2 - 2 | c o m p a r i s o n s , w h i c h is 

b e t t e r t h a n t h e o b v i o u s 2 M - 2 compar ison algor i thm. T h e DP a lgor i thm that w e d e s c r i b e i n 

t h i s p a p e r makes opt imal use of a l inear time se lect ion algor i thm. It d o e s not a t t e m p t t o d o 

a n y o p t i m i z a t i o n o f the k ind d e s c r i b e d b y Pohl . 

T o c o n s t r u c t t h e DP a lgor i thm w e s ta r t , as a l w a y s , w i t h the d i s c r e t e d e c i s i o n p r o c e s s 

D - < A , S , P, f ) : 

A = { aQ, a ^ , a2> . . . ajvj, ajvj+j }, / where a^ 1 < i < N finds the order statistic 

si* a0 ~ ^» anc^ aN+l = M + i . 

S = { x € A * | all aj a re in x }, 

p = { a < M N }, and 

f ( e ) = 0 , f (a j ) = M, f ( xa j ) = f ( x ) + a k - aj w h e r e j = max s u b s c r i p t o f a in x that is 

l e s s t h a n i, and k = min s u b s c r i p t of a in x that is g r e a t e r than i. 

W h e n c o n s t r u c t i n g the S D P w e encounte r exac t l y the same p r o b l e m s w i t h t h e n u m b e r o f 

s t a t e s as w i t h t h e p r o b l e m of optimal mult ipl ication of N matr ices . F o r t u n a t e l y , t h e 

d e c o m p o s i t i o n p r o p e r t y sti l l appl ies so the tr ick of const ruc t ing " s t a t e s " (S j j U S k p w i l l w o r k . 

S i n c e t h e d e t a i l s a r e bas ica l l y the same here as fo r the p r e v i o u s p a r e n t h e s i z a t i o n p r o b l e m s , 

w e w i l l p r e s e n t o n l y t h e r e c u r r e n c e re lat ion and the algor i thm. 

F u n c t i o n a l E q u a t i o n s f o r Opt imiz ing the Search fo r N O r d e r Stat ist ics 

G(i , i+1) = 0 

G(i,K) = G(i , j ) + G( j ,k) 
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A l g o r i t h m f o r Opt imiz ing the use of a Linear Selection A lgor i thm 
t o F i n d N O r d e r Statist ics 

I n p u t : V e c t o r A s u c h that 0 = A ( 0 ) < A ( l ) < A (2 ) < . . . A (N ) < A ( N + i ) = M + l 
O u t p u t : A r r a y G w h e r e G( I ,K) = minimum cost of f inding all o r d e r stat is t ics A ( J ) , 

I < J < K, g i v e n that A ( I ) and A (K ) have a l ready b e e n d e t e r m i n e d . 
A r r a y H w h e r e H(I ,K) = s u b s c r i p t J of optimal A ( J ) fo r s u b d i v i d i n g 
t h e i n t e r v a l [ A ( I ) , A ( K ) ] . 

T i m e : 0 ( N 3 > , S t o r a g e : 0 ( N 2 ) 

F o r L <- 0 t h r u N do 
G ( L , L + 1 ) <- 0; 

F o r L <- 2 t h r u N + l do / L =» Length of substrings optimized 
F o r I <- 0 t h r u N + i - L do 
b e g i n 

M I N C O S T <- oo; 
K <- I + L; 
/ Find optimal paren for substring (7,K;) 
F o r J *- 1+1 t h r u K - l do 
b e g i n 

C O S T <- G( I , J ) + G(J ,K) + A (K ) - A ( I ) - 1; 
If C O S T < M I N C O S T then 
b e g i n 

G( I ,K) <- M I N C O S T f - C O S T ; 
H(I ,K) <- J 

e n d 
e n d 

e n d ; 

W e c a n i m p r o v e th is a lgor i thm to O(N logN) time and 0 (N ) s t o r a g e . Th is is b e c a u s e it c a n b e 

p u t it in t h e f o r m o f an opt imal a lphabet ic encoding p r o b l e m . In the f u n c t i o n a l e q u a t i o n s 

a b o v e , t h e q u a n t i t y G( i ,k) is i n t e r p r e t e d to equal the minimum cost o f f i n d i n g all o r d e r 

s t a t i s t i c s a j , i < j < k, g i v e n that aj and a k have a l ready b e e n d e t e r m i n e d . C h a n g e th is t o 

G ( i ,k ) = minimum c o s t of f inding all o r d e r stat ist ics a j , i < j < k, g i v e n that aj a n d 
a k + l h a v e a l r e a d y b e e n d e t e r m i n e d . 

A l s o r e w r i t e t h e q u a n t i t y a ^ j - a } as the sum ( f rom m=i to m=k) of ( a m + j - a m ) . T h e n e w 

f u n c t i o n a l e q u a t i o n s a re 
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N = 4 
M = 100 G 0 1 2 CO

 
4 5 H 0 1 2 3 4 5 

ORDER 
STATISTICS 

0 0 34 103 177 229 0 1 2 2 2 
ORDER 

STATISTICS 
1 0 49 118 159 l 2 3 3 

ORDER 
STATISTICS 

2 0 54 95 2 3 3 

20 3 0 30 3 4 

35 4 0 4 
70 5 5 

F i g u r e 5 - 2 : Example of f inding optimal use of a l inear se lec t ion a l g o r i t h m . 

G(i , i ) = 0, and 
k 

G(i,k> = G( i , j ) + GCJ+1.K) • X ( a m + 1 - a m > - 1. 
J m=i 

T h e f u n c t i o n a l e q u a t i o n s a re n o w in the same form as the funct ional e q u a t i o n s f o r a n 

o p t i m a l a l p h a b e t i c e n c o d i n g . T h u s , the O(NlogN) time and 0 (N ) s t o r a g e a lgo r i thm f o l l o w s . 
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6. Opt imal Part it ion Problems 

O p t i m a l p a r t i t i o n p r o b l e m s are not e n t i r e l y unlike optimal p a r e n t h e s i z a t i o n p r o b l e m s . T h e y 

b o t h i n v o l v e a p a r e n t h e s i z a t i o n of a s t r ing of N e lements . T h e p a r t i t i o n p r o b l e m , h o w e v e r , 

d o e s n o t p r o d u c e a complete p a r e n t h e s i z a t i o n of the N e lements . I n s t e a d , it p a r t i t i o n s t h e 

s t r i n g i n t o K s e t s of c o n s e c u t i v e elements (w i th K sets of u n n e s t e d p a r e n t h e s e s ) f o r s o m e 

v a l u e o f K. T h e v a l u e of K may be a g i v e n constant o r it may be left u n s p e c i f i e d . 

P e t e r s o n , B i t n e r , and H o w a r d [ 5 8 ] d e s c r i b e a p rob lem for w h i c h the n u m b e r of p a r t i t i o n s K 

is u n s p e c i f i e d . T h e p r o b l e m is to select optimal tab set t ings to minimize the n u m b e r o f b l a n k s 

i n a d o c u m e n t . N is the n u m b e r of columns and K is the number of tabs s e t . T h e f u n c t i o n a l 

e q u a t i o n s , h o w e v e r , a re o f the fo rm 

G Q = 0, and 

G. = m a x G. + C 

i l l ! ) 
w h i c h is v e r y s imi lar to the so lu t ion io r the single source s h o r t e s t path p r o b l e m d e s c r i b e d in 

C h a p t e r 4. B e c a u s e of th is s imi lar i ty this p rob lem wil l not be d i s c u s s e d f u r t h e r . T h e 

r e m a i n d e r o f t h i s c h a p t e r w i l l ins tead desc r ibe an example w h e r e K is a g i v e n c o n s t a n t . 

T h e a u t h o r k n o w s of t w o nont r i v ia l p rob lems wh ich are of the optimal p a r t i t i o n t y p e ( w i t h 

a g i v e n v a l u e f o r the r e q u i r e d number of part i t ions K). One is the r e s o u r c e a l l o c a t i o n 

p r o b l e m ( [ 1 3 ] , c h . 3 ) , b u t the bes t example of this t y p e of p r o b l e m is the o n e s o l v e d b y 

F i s h e r ' s a l g o r i t h m [ 1 7 , 2 7 ] . * T o d e s c r i b e the p rob lem w e wil l f i r s t have to i n t r o d u c e s o m e 

n o t a t i o n . L e t t h e input s t r i n g of N elements be d e n o t e d x j , x 2 , X 3 , . . . X|\j, w h e r e Xj is a r e a l . 

A cluster ( i , j ) is s i m p l y the s u b s t r i n g (xj,Xj + j , . . . X j ) . C o r r e s p o n d i n g to e a c h c l u s t e r ( i , j ) is a 

diameter D ( i , j ) > 0 that is a func t ion of ( x j , X j + j , . . . X j ) . T h e d iameter func t ion that w i l l b e u s e d 

in t h i s d e s c r i p t i o n is 

D( i , j ) = jL ( x . - x ) 2 , w h e r e x » ^ 
k=i k " " k - i ( J - , + 1 ) 

L e t a K - partition of t h e N e lements be r e p r e s e n t e d b y a K + l - tup le (Io*'l*^2* • " • W w ^ e r e 

0 = Iq < I | < I2 < • • • < I « - l < I « = N. T h e i n t e r p r e t a t i o n is that the f i rst c l u s t e r is ( Iq+I ,^) , 
t h e s e c o n d c l u s t e r is ( I j + 1 , I 2 ) I e t c - T h e optimal par t i t ion p r o b l e m ( w h i c h F i s h e r ' s a l g o r i t h m 

s o l v e s ) is 

Vast algorithms for several special cases of Fisher's clustering problem will be presented by Shamos, B r o w n . Saxe 
and Weide [66]. ' 
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k 
m , n ^ D( I +1 I ) 

{ K - p a r t i t i o n s } ~ u ^ j + i ' 1 j . l ; -

O n e m e t h o d o f s o l u t i o n is to s imply g e n e r a t e all poss ib le K - par t i t ions and c h o o s e t h e o n e 

w i t h min imum c o s t . But t h e r e a re 

(ID-
(N - 1)! 

(N - K)! * (K - 1)! 

p o s s i b l e p a r t i t i o n s , w h i c h f o r la rge K and N wil l be p r o h i b i t i v e . Dynamic p r o g r a m m i n g 

p r o v i d e s c o n s i d e r a b l e i m p r o v e m e n t . T o p r o d u c e the DP algor i thm w e f i rs t c o n s t r u c t t h e D D P 

D - ( A , S , P, f ) : 

A = { a j j | 1 < i < j < N } w h e r e ajj def ines the subs t r ing ( x jX j + i...Xj) as o n e o f t h e 

K s e t s o f t h e p a r t i t i o n , 

S = { s e q u e n c e s of K a^'s that p r o d u c e legal par t i t ions }, 

P = { N - t u p l e s of rea ls }, and 

f ( e ) = 0 , f ( x a j j ) = f ( x ) + D(i , j ) fo r all legal sequences xa j j . 

T o d e f i n e t h e S D P w e must f i rs t def ine the states. One w a y to do this is to let S ^ j j b e 

i n t e r p r e t e d " s u b s t r i n g ( i , j ) is pa r t i t i oned into h sets of consecut i ve e lements . " T h i s l eads t o a 

D P a l g o r i t h m that c o s t s 0 ( K N 3 ) time and 0 ( K N 2 ) s t o r a g e . A n o t h e r cho ice of s t a t e s is a v a i l a b l e , 

h o w e v e r , that n a t u r a l l y leads to a DP algorithm that costs on ly O ( K N ^ ) time and 0 ( K N ) s t o r a g e . 

T h e i m p r o v e m e n t is to c o n s i d e r o n l y states S^j = S ^ i j , wh ich are i n t e r p r e t e d as " s u b s t r i n g 

( l , j ) is p a r t i t i o n e d into h sets of c o n s e c u t i v e e lements." T h u s , the SDP W = ( Z, P, h, k) is 

Z = ( A , Q , q Q , F, X ) w h e r e 

A = same as fo r the DDP, 

Q = { S h j | 1 < h < k, 1 < j < N } u { e }, 

qo = e> 
F - { S K N }, 

x ( s h i ' a ( i + l ) , j ) = S ( h + l ) , j ' 

P = s a m e as f o r the DDP, 

h ( r , S h i , a ( j + 1 ) j ) = r + D( i , j ) , and 

k ( p ) = 0 . 

M o n o t o n i c i t y o f t h e SDP f o l l o w s f rom addi t i v i ty of the cost funct ion D and t h e fact t h a t D ( i , j ) > 

0 . T h u s , t h e f u n c t i o n a l e q u a t i o n s are 
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G ( e ) = 0, and 

G ( S ^ = <Vui"(i . l>,i> h ( G ( V l > , i > . W a(i.D,i> 

- 1 " G < V n , i > + °< i + 1 ' i> 

L e t t i n g G h j = G(S| 1 j ) > th is b e c o m e s 

F i s h e r ' s v e r s i o n of the a lgor i thm for so lv ing these equat ions f i rs t c o m p u t e s all o f t h e 

d i a m e t e r s D ( i , j ) a n d s t o r e s them in an a r r a y , cost ing O (N^ ) s t o r a g e . T h e a l g o r i t h m b e l o w 

c r e a t e s v e c t o r s S U M and S U M S Q , w h i c h enable the diameter to b e c o m p u t e d in 0 ( N ) s t o r a g e 

at n o e x t r a e x p e n s e in t ime. ( T h i s tr ick does not w o r k fo r ail d iameter f u n c t i o n s , t h o u g h . ) 
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A l g o r i t h m f o r C o n s t r u c t i n g an Optimal K-Part i t ion with the Sum of Squares 
A b o u t t h e M e a n D iameter Funct ion 

I n p u t : X « N - t u p l e of rea l s , K = no. of sets in the par t i t ion . 
O u t p u t : A r r a y G s u c h that G(h , j ) = minimum cost for part i t ioning x j X 2 . » X j into h sets 

c o n s e c u t i v e e lements . A r r a y H such that H(h, j ) = s u b s c r i p t k f o r t h e h ' th 
s e t o f t h e opt imal pa r t i t i on of x^x^y-y 

T i m e : 0 ( K N 2 ) , S t o r a g e : 0<KN) 

/ Define statement function; 
D ( I , J ) = (SUMSQ(J> - S U M S Q ( I - l ) ) - ( S U M ( J ) - S U M ( I - l ) ) 2 / ( J - I + 1) 

/ Compute partial sums and sums of squares of X(I\) 

S U M ( O ) <- S U M S Q ( O ) <- 0; 
F o r J <- 1 t h r u N do 
b e g i n 

S U M ( J ) <- S U M ( J - l ) + X ( J ) ; 
S U M S Q ( J ) <- S U M S Q ( J - l ) + X ( J )*X(J ) ; 
G (1 , J ) « - D(1 , J ) ; H ( 1 , J ) « - J ; 

e n d ; 
/ Optimization; 

F o r L <- 2 t h r u K do / L = no. of sets in partition; 
F o r J « - L t h r u N do 

M I N C O S T <- oo; 
F o r I <- L - l t h r u J - l do 
b e g i n 

C O S T <- G ( L - 1 , I ) + D( I+1,J ) ; 
If C O S T < M I N C O S T then 
b e g i n 

M I N C O S T 4 - C O S T ; 
G(L ,J ) <- C O S T ; 
H(L,J) 4 - I; 

e n d 
e n d ; 

W e c a n f u r t h e r r e d u c e the s t o r a g e r e q u i r e d b y this a lgor i thm to 0 (N) . T o f i n d t h e cost o f t h e 

o p t i m a l p a r t i t i o n in 0 ( N ) s t o r a g e and 0 ( K N 2 ) time is fa i r l y s imple, but the r e c o v e r y o f t h e 

o p t i m a l p a r t i t i o n i tse l f ( w i t h i n the same time and space bounds ) is more d i f f i cu l t . F i r s t , w e 

c o n s i d e r f i n d i n g t h e cost of the optimal par t i t ion in 0 ( N ) s t o r a g e and 0 ( K N 2 ) t ime. 

T h e o n l y t r i c k is to e l iminate u n n e c e s s a r y s t o r a g e that is be ing u s e d . T h e d i a m e t e r 

f u n c t i o n is a l r e a d y c o m p u t e d in 0 (N ) s to rage . On l y the a r r a y G cos ts 0 ( K N ) s t o r a g e . ( F o r g e t 

a b o u t H f o r n o w s i n c e o n l y the optimal cost is be ing computed. ) But in the i n n e r t w o l o o p s o f 

t h e a b o v e a l g o r i t h m o n l y the v e c t o r s G ( l - 1 , * ) and G(L,*) are r e f e r e n c e d . T h a t is , at s t a g e L 

o n l y t h e v e c t o r s G ( L - 1 , * ) and G(L,*) are needed . T h u s , the K x N a r r a y G c a n b e r e p l a c e d b y 

t w o v e c t o r s o f l e n g t h N and the cost of the optimal par t i t ion can be c o m p u t e d in O ( N ) s t o r a g e 
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a n d 0 ( K I \ n t ime. 

T h e r e c o v e r y o f the opt imal par t i t ion i tself , ra ther than just the cos t , in 0 ( N ) s t o r a g e a n d 

0 < K N 2 ) t ime c a n b e accompl i shed b y combining d iv ide - and - c o n q u e r w i t h d y n a m i c 

p r o g r a m m i n g . T h e m e t h o d is similar to the algor i thm of H i r s c h b e r g [ 2 9 ] that s o l v e s t h e 

l o n g e s t c o m m o n s u b s e q u e n c e p rob lem (to be d e s c r i b e d later in th is p a p e r ) in 0 ( N ) s t o r a g e 

a n d 0 ( N 2 ) ti me. 

R e c a l l that t h e s t a t e S^j is i n t e r p r e t e d to mean " x ^ X 2 » . X j a re p a r t i t i o n e d in to h s e t s o f 

c o n s e c u t i v e e l e m e n t s . " De f ine a new set of states S'^j that are i n t e r p r e t e d " x j X j + j . . . x j n j a r e 

p a r t i t i o n e d i n t o h s e t s of c o n s e c u t i v e e lements ." Let G'(h,i) = the minimum cos t t o r e a c h s t a t e 

S ' h j . A l s o , assume f o r c o n v e n i e n c e that K is a p o w e r of 2. H e r e is h o w t h e 

d i v i d e - a n d - c o n q u e r a lgo r i thm w o r k s : 

1. C o m p u t e G(K/2, i ) f o r all i in 0(K/2 * N 2 ) time and compute G' (K/2, j ) f o r all j in 
0 ( K / 2 * N 2 ) t ime f o r 0 ( K N 2 ) total time. 

2 . F i n d t h e s u b s c r i p t i that minimizes G(K/2,i) + G'(K/2,i + i ) . T h i s s u b s c r i p t i e q u a l s 
t h e I « / 2 ' n the K + i - tup le (Iq,I|,I2,...I|<) that r e p r e s e n t s the optimal p a r t i t i o n o f 
t h e N e l e m e n t s . 

3. N o w f i n d and I3K/4 b y app ly ing s teps 1. and 2. to the r e s p e c t i v e 
s u b p r o b l e m s . ( T h i s is the d iv ide s tep - so lv ing t w o s u b p r o b l e m s of half t h e 
s i z e . ) 

4. R e p e a t t h e d i v i d e s t e p of s tep 3. That is, f ind I|</g, l3K/8> *5K/8> a n c * *7K/8> e * c * 
A f t e r l o g K i t e r a t i o n s w e wil l have determined the ent i re opt imal p a r t i t i o n . 

T h e t o t a l t ime to r e c o v e r the optimal par t i t ion may at f i rst a p p e a r to be 0 ( K N 2 * l o g K ) . W i t h 

c a r e f u l a n a l y s i s , h o w e v e r , w e can s h o w it to be o n l y 0 ( K N 2 ) . Let U(K,N) b e t h e t ime t o 

c o n s t r u c t t h e op t ima l K - p a r t i t i o n of N elements and let T(K,N) = 0 ( K N 2 ) be the t ime t o f i n d t h e 

cost o f t h e o p t i m a l K - p a r t i t i o n s for all the c lus ters (1,N), ( 1 , N - 1 ) , ( l , N - 2 ) , e t c . T h e a b o v e 

d i v i d e - a n d - c o n q u e r a l g o r i t h m leads to the fo l lowing equat ions : 
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T ( I , J ) = I J 2 

logK 2 1 ' 1 

U(K,N> = I I [ 2 T ( | . W ' " lQ-W->) + ° ( I i M 2 ' - ' " ^ j -Dk/a-) ] 

logK [" 2 j l "J 

i = l L J = l 2' J 
l ogK 

< S |"o<N> + - ^ T N21 - 0 ( K N 2 ) 

T h e t ime U(K,N) d e p e n d s s o m e w h a t o n the optimal par t i t ion (Iq,Ij,...Ik) bu t in t h e w o r s t c a s e 

t h e t o t a l t ime is st i l l 0 < K N 2 ) . 
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7. Opt imal Matching Problems 

O n e o f t h e major d i f f e r e n c e s b e t w e e n optimal matching p r o b l e m s and o p t i m a l 

p a r e n t h e s i z a t i o n o r p a r t i t i o n p rob lems is that instead of just one s t r ing of e l e m e n t s , t w o ( o r 

m o r e ) a r e i n v o l v e d . T h e a u t h o r Knows of t w o prob lems in this c lass. T h e f i r s t , a n d m o s t 

i m p o r t a n t , is t h e l o n g e s t common subsequence (LCS ) p rob lem (and its v a r i a t i o n s ) , f o r w h i c h 

D P p r o d u c e s a g o o d (if not opt imal ) algor i thm. T h e s e c o n d p r o b l e m is the game of N I M , f o r 

w h i c h a m u c h f a s t e r a lgor i thm is k n o w n and thus wil l not be d e s c r i b e d f u r t h e r [ 2 1 ] . W e w i l l 

n o w d e s c r i b e t h e L C S p r o b l e m . 

L e t Y = y 1Y2 • • • y N a n c * ^ - z i z 2 • • • be * w 0 s t r ' n S s °* leng th N w h o s e e l e m e n t s y- f a n d 

Z j a r e c h o s e n f r o m a f in i te a lphabet ALPH. ( T h e s t r ings Y and Z are c h o s e n to b e t h e s a m e 

l e n g t h o n l y f o r c o n v e n i e n c e in p resentat ion . ) A s t r ing B is a subsequence o f Y if B c a n b e 

o b t a i n e d b y d e l e t i n g c h a r a c t e r s f rom Y. For example, if Y = "dyanamic p r o g r a m m i n g " , t h e n B = 

" m a i n " is a s u b s e q u e n c e of Y. T h e longest common subsequence p r o b l e m ( f o r the t w o s t r i n g s 

Y a n d Z) is to f i n d the (not n e c e s s a r i l y unique) longest s t r ing B that is a s u b s e q u e n c e o f b o t h 

Y a n d Z. 

T h e L C S p r o b l e m can be s o l v e d in 0 ( N 2 ) time and space [29] . T h e s t r ing e d i t i n g p r o b l e m , a 

g e n e r a l i z a t i o n o f the L C S p r o b l e m , is to determine the minimum number of c h a n g e s , i n s e r t i o n s , 

o r d e l e t i o n s to t r a n s f o r m a s t r ing Y to a st r ing Z. Th is p rob lem can also b e s o l v e d in 0 ( N 2 ) 

t i m e a n d s p a c e [ 7 3 ] . T h e r e h a v e b e e n s e v e r a l e f f o r t s to i m p r o v e these a l g o r i t h m s a n d / o r 

' - h o w l o w e r b o u n d s f o r the p rob lems . H i rschberg [ 2 9 ] r e d u c e d the s p a c e f o r t h e L C S 

p r o b l e m f r o m 0 ( N 2 ) to 0 ( N ) wh i le maintaining the b o u n d of 0 ( N 2 ) t ime. P a t e r s o n [ 5 5 ] 

p r o d u c e d an 0 ( N 2 l o g l o g N / l o g N ) time algorithm for the LCS p r o b l e m [ 3 0 ] ) , w h i c h M a s e k a n d 

P a t e r s o n [ 5 2 ] h a v e r e c e n t l y i m p r o v e d to 0 ( N 2 / l o g N ) time w i t h the i r s o l u t i o n to t h e s t r i n g 

e d i t i n g p r o b l e m . Hunt and Szymansk i [ 3 5 ] have c o n s t r u c t e d an a lgor i thm that s p e n d s 0 ( ( R + N ) 

l o g N ) t ime w h e r e R is the total number of pairs of charac te rs at w h i c h the t w o s e q u e n c e s 

m a t c h . T h u s , R may be as large as N 2 but if it is small, then the a lgor i thm takes o n l y 0 ( N 

l o g N ) t ime. W o n g and C h a n d r a [ 7 4 ] s h o w e d an fl(N2) l o w e r (t ime) b o u n d of t h e s t r i n g e d i t i n g 

p r o b l e m f o r a model o f computat ion al lowing o n l y equal / unequal c o m p a r i s o n s b e t w e e n 

e l e m e n t s o f s t r i n g s . A h o , H i r s c h b e r g , and Ullman [ 1 ] s h o w e d the ft(N2) l o w e r b o u n d f o r t h e 

L C S p r o b l e m ( w i t h o n l y equal / unequal compar isons) . H i r s c h b e r g [ 3 1 ] has p r o d u c e d a n 

O ( N l o g N ) l o w e r b o u n d f o r the LCS prob lem w h e r e l e s s - t h a n - o r - e q u a l c o m p a r i s o n s a r e 

a l l o w e d . H i r s c h b e r g [ 3 0 ] p r o v i d e s an o v e r v i e w of the resu l ts fo r the L C S a n d r e l a t e d 

p r o b l e m s a n d S e l k o w [ 6 5 ] d e s c r i b e s an ex tens ion of these s t r ing p rob lems to t r e e s . I t a k u r a 

[ 4 1 ] g i v e s an i n t e r e s t i n g app l icat ion of the LCS p r o b l e m to s p e e c h r e c o g n i t i o n . F i t c h a n d 

M a r g o l i a s h [ 1 8 ] a p p l y the s t r i n g edit ing p rob lem to determinat ion of the muta t ion d i s t a n c e o f 

t h e D N A o f s e v e r a l s p e c i e s . 
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W e w i l l n o w p r e s e n t t h e 0 ( N 2 ) time and 0 ( N 2 ) space algor i thm f o r the L C S p r o b l e m . T h e 

t w o s t r i n g s a r e , as b e f o r e , Y and Z, each consist ing of N c h a r a c t e r s f r o m t h e a l p h a b e t A L P H . 

T h e D D P D - ( A , S , P, f ) is d e f i n e d b y 

A = { aj j } w h e r e aj j c o m p a r e s y j and Z j fo r equa l i t y , 

S = { e } U { a } j | i,j < N } U { x a j j a k j I x « S and i<k and ]<L }, / The subscripts of 

the a — must be strictly increasing.; 

P = { 2 * N - t u p l e s of e lements in the alphabet A L P H }, and 

f ( e ) = 0 , f ( a j j ) = C ( y j , Z j ) , f ( x a j j a w ) = f(xajj> + C ( y j , Z j ) for x € A L P H * and i<k a n d j<Z, 

w h e r e C ( y j , z j > = 1 if y j = Z j and C ( y j , Z j ) = 0 o t h e r w i s e . 

N o t e that t h e c o s t f u n c t i o n f is w r i t t e n so that the object ' is to maximize f r a t h e r t h a n 

m i n i m i z e it . L e t t h e s t a t e s of the SDP be w r i t t e n Sjj and be i n t e r p r e t e d " ( y i , y 2 > — Y j ) has b e e n 

c o m p a r e d w i t h ( Z | Z 2 - . . Z j ) b y a sequence ending in a j j . " T h u s , the SDP is W = ( V , P, h , k ) 

w h e r e 

V = ( A , Q , q Q , F, X ) w h e r e 

A « same as f o r the DDP, 

Q = { Sj j | i,j = 1,2,...N } u { S 0 0 }, 

^ 0 = soo> 
F = { S N N }, 

X < S j j , 3 K Z > = S k / f o r k>i, Z>j, 

P = same as f o r t h e DDP, 

h ( r , S j j , a k i ) = r + C ( y k , z j ) f o r i<k, j<Z, and 

k ( p ) = 0 . 

T h e S D P is m o n o t o n e b y a d d i t i v i t y of the cost funct ion . T h u s , the funct iona l e q u a t i o n s a r e 

G ( S 0 0 ) = 0 , and 

G ( S i i > = { ( S ^ ) |mK3<i and K j J G ( S M > + C ^ i ' z i > -

T h i s g i v e s an 0 ( N 4 ) t ime a lgor i thm. H o w e v e r , a monotone p r o p e r t y of the f u n c t i o n G c a n 

m i n i m i z e t h e s e a r c h f o r max in the equat ion a b o v e . Since the s u b s c r i p t s o f t h e aj j a r e 

r e q u i r e d t o b e s t r i c t l y i n c r e a s i n g in each legal sequence of compar i sons , it f o l l o w s t h a t 

If i < k and j < /, then G(S j j ) < G(S k/>. 

T h u s , t o f i n d G ( S j j ) it is su f f i c ient to compute 
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G ( S j j ) = max ( [™* * S K ( h l ) ) ] , [ ™ G ( S ( , 1 ) > k ) ] ) + C(y.^. 

T h e t ime is n o w r e d u c e d to O ( N ^ ) but f u r t h e r improvement is poss ib le . T h e max(k<i ) a n d t h e 

m a x ( k < j ) c a n b e p r o p a g a t e d t h r o u g h o u t the computat ion of all G (S j j ) so that o n l y c o n s t a n t 

t i m e p e r s t a t e Sj j is r e q u i r e d . One w a y to do this is to c r e a t e an a r r a y M A X G ( i J ) t o 

p r o p a g a t e t h e s e max's . Let G( i , j ) = G(Sj j ) . When G(i , j ) is d e f i n e d , p r o p a g a t e t h e m a x ' s 

t h r o u g h t h e s t e p s 

G ( i , j ) <- M A X G ( i - l , j - l ) + C ( y j , z : ) 
M A X G ( i J ) <- G( i , j ) 
M A X G ( i + l , j ) <- max( MAXG( i + l , j ) , G(i , j ) ) 
M A X G ( i , j + l ) <- max( MAXG( i , j + l ) , G(i , j ) ). 

A n o t h e r w a y t o accompl ish the p r o p a g a t i o n is to make a small change in t h e d e f i n i t i o n o f G 

s o t h a t it a c c o m p l i s h e s the same task as M A X G , thus sav ing one a r r a y [ 2 9 ] . T h i s is w h a t is 

d o n e in t h e f o l l o w i n g a lgor i thm. 

A l g o r i t h m f o r t h e Longes t Common Subsequence of T w o Str ings 

I n p u t : i n t e g e r N > 0, a r r a y s Y [ 1 : N ] , Z [1 :N] 
O u t p u t : A r r a y G s u c h that G( I , J ) = length of longest common s u b s e q u e n c e of ( y j , y 2 > — Y j ) 

a n d ( z j , Z 2 , . » Z j ) . ^rray H such that H(I,J) = po in te r to e i t h e r ( I , J - 1 ) o r 
( I - 1 , J ) , w h i c h e v e r has the largest va lue of G. 

T i m e : 0 ( N 2 > , S t o r a g e : 0 ( N 2 ) 

/ initialization; 
F o r I <r- 0 t h r u N do 

F o r J 4 - 0 t h r u N do 
G ( I , J ) <- H(I ,J ) 4 - 0; 

/ optimization; 
F o r I <- 1 t h r u N do 

F o r J « - 1 t h r u N do 
b e g i n 

If Y ( I ) = Z ( J ) then 
G( I , J ) G ( I - 1 , J - 1 ) + 1 

e lse 
G( I , J ) <- max( G ( I , J - 1 ) , G ( I - 1 , J ) ); 

If G ( I , J - 1 ) > G ( I - 1 , J ) then 
H(I ,J ) <- ( I , J - 1 ) 

e l se 
H(I ,J ) « - ( I - 1 . J ) 

e n d ; 
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B A B B A 
\ \ \ I 

A B A B A 

G B A B B A H B A B B A 

A 0 1 1 1 1 A 0,0 0,0 1,2 1,3 1,4 

B 1 1 2 2 2 B 0,0 2,1 2,2 2,3 2,4 

A 1 2 2 2 3 A 2,1 3,1 3,2 3,3 3,4 

B 1 2 3 3 3 B 3,1 3,2 4,2 4,3 4,4 

A 1 2 3 3 4 A 4,1 4,2 4,3 5,3 5,4 

F i g u r e 7 - 1 : T h e matr ices G and H p roduced fo r the s t r ings A B A B A and B A B B A . 
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8. ' H a r d 1 Combinator ial Problems 

T h e p r o b l e m s d e s c r i b e d in the p r e v i o u s sect ions can all be s o l v e d in 0 ( N 2 ) , O ( N ^ ) , o r m o r e 

g e n e r a l l y t ime that is b o u n d e d a b o v e b y a polynomial in N. T h e p r o b l e m s in th is s e c t i o n h a v e 

n e v e r b e e n s o l v e d in less than 0 ( 2 ^ ) time. Many of these p rob lems are N P - C o m p l e t e [ 4 3 , 2 ] . 

( T h e o t h e r p r o b l e m s a p p e a r to be at least this hard. ) F o r p rob lems w h e r e a n a i v e a l g o r i t h m 

c o s t s 0 ( N ! ) t i m e , DP can t y p i c a l l y b r ing an improvement to 0 ( P ( N ) * 2 N ) t ime w h e r e P ( N ) is a 

p o l y n o m i a l in N. F o r e x a m p l e , the t rave l ing s a l e s p e r s o n p rob lem ( T S P ) r u n s in t ime 0 ( N ^ 2 ' v 

[ 2 8 , 6 ] . A n i m p r o v e d DP algor i thm for the T S P and knapsack p r o b l e m s that u t i l i z e s 

b r a n c h - a n d - b o u n d is d e s c r i b e d b y Mor in [ 5 3 ] . Cons t ruc t ing optimal dec i s ion t r e e s f r o m a s e t 

o f y e s / n o t e s t s is N P - c o m p l e t e [ 3 7 ] and the DP algor i thm runs in 0 ( 3 ^ ) time and s p a c e [ 6 4 ] . 

( L e w [ 5 0 ] d e s c r i b e s a s o l u t i o n to a genera l i za t ion of this problem.) B a y e s [ 4 ] d e s c r i b e s a d i s k 

f i l e p l a c e m e n t p r o b l e m - a v a r i a t i o n of the module placement p r o b l e m in K a r p a n d H e l d [ 4 4 ] -

f o r w h i c h a D P a l g o r i t h m s p e n d s 0 ( 2 N ) time and 0(C(N,N/2) ) s t o r a g e . Koh ler and S t e i g l i t z [ 4 9 ] 

a n d K o h l e r [ 4 8 ] d e s c r i b e DP (and b r a n c h - a n d - b o u n d ) solut ions of N P - C o m p l e t e s c h e d u l i n g 

p r o b l e m s . G i l m o r e [ 2 3 ] s h o w s in te rconnect ions b e t w e e n cutt ing s tock , l inear p r o g r a m m i n g , 

k n a p s a c k i n g , d y n a m i c p r o g r a m m i n g , and in teger programming. S h a p i r o [ 6 7 ] s h o w s h o w t h e 

k n a p s a c k p r o b l e m can b e r e d u c e d to a (huge) shor tes t path p r o b l e m , and L l o y d [ 5 1 ] 

d e s c r i b e s a DP a l g o r i t h m f o r the minimum we ight t r iangulat ion p r o b l e m . 

T h e r e a r e f a r too many p rob lems to d e s c r i b e them all in full deta i l . But to g i v e s o m e o f 

t h e f l a v o r o f w h a t a DP a lgor i thm for this t y p e of p rob lem can be l ike, w e w i l l n o w d e s c r i b e 

t h e t r a v e l i n g s a l e s p e r s o n ( T S P ) p r o b l e m . 

T h e s a l e s p e r s o n must t r a v e l to each of N cit ies, s tar t ing and ending at c i t y n u m b e r o n e . 

T h e d i s t a n c e s Dj j b e t w e e n the cit ies are g i v e n . T h e p r o b l e m is to f ind t h e r o u t e w i t h 

m i n i m u m to ta l d i s t a n c e t r a v e l e d . T h e naive solut ion is to s imply compare all ( N - l ) ! p o s s i b l e 

r o u t e s a n d c h o o s e the minimum. Use of a DP algor i thm, h o w e v e r , can r e d u c e th is t o C X N ^ ^ ) 

t i m e . 

T h e f i r s t s t e p in c o n s t r u c t i o n of the DP algor i thm is to de f ine the DDP D = ( A , S , P, f ) 

w h e r e 

A = { aj } w h e r e aj means "go to c i t y i", 

S = { p e r m u t a t i o n s of the aj end ing in a^ }, 

P =* { m a t r i c e s Djj | Djj > 0, Vi, j }, and 

f ( e ) = 0 , f ( a j ) = Du> f ( xa ja j ) = f (xa j ) + Dj j . 

T o c o n s t r u c t t h e SDP w e must f i rs t def ine the states . It is tempt ing to let t h e s t a t e s b e Sj 

w h e r e Sj is i n t e r p r e t e d "at c i t y i". But s ince w e must t r a v e l to all of the N c i t i e s , n o t j u s t t h e 
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c l o s e s t o n e , th i s w o n ' t w o r k . Ins tead , w e must cons ider the cit ies a l r e a d y v i s i t e d b y t h e t i m e 

t h e s a l e s p e r s o n r e a c h e s c i t y i. Let C = { cit ies } = { 1, 2, 3, . . . N }. If M is a s u b s e t o f C 

r e p r e s e n t i n g t h e c i t ies that h a v e b e e n v i s i ted b y the s a l e s p e r s o n and i £ M is t h e c i t y w h e r e 

t h e s a l e s p e r s o n is c u r r e n t l y located , then the state is Sj^jj. W i th th is d e f i n i t i o n t h e S D P is 

W - ( Z, P, h , k > w h e r e 

Z = ( A , Q , q Q , F, \ ) w h e r e 

A = same as f o r the DDP, 

Q - { S M > i | M c C and i (• M }, 

^ 0 = S { 1 } , 1 ' 

F - « s c , i }, 
x ( s M , i ' a j ) = S M u { j } , j ' 

P = s a m e as f o r the DDP, 

h ( r , S M > j , a j ) - r + D y , and 

k ( p ) - 0 . 

M o n o t o n i c i t y o f t h e SDP f o l l o w s f rom the addi t i v i ty of the cost func t ion . T h u s , the f u n c t i o n a l 

e q u a t i o n s a r e 

G ( S { 1 } ) » 0, and 

G ( S M , ) = m j n G ( S M . { i } i J ) • D j f 

H e r e is an a l g o r i t h m to s o l v e the funct ional equat ions : 
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A l g o r i t h m f o r T r a v e l i n g Sa lesperson Problem 

I n p u t : " D i s t a n c e " mat r i x D( I , J ) , VI ,J=1,. . .N 
O u t p u t : ( L e t M b e a s u b s e t of {1,2,.. .N}.) A r r a y G such that G(M,I ) = minimum c o s t 

o f t r a v e l i n g to the c i t ies of M and ending at c i t y I. A r r a y H s u c h that 
H (M, I ) = last c i t y r e a c h e d b e f o r e c i ty I in the optimal s u b t o u r c o r r e s p o n d i n g 
to G ( M , I ) . 

T i m e : 0 ( N 2 2 N ) , S t o r a g e : 0 ( N 2 N ) ( T h e analysis is in [28] . ) 

/ MINIMIZE finds the best subtour for (M,ti) 
p r o c e d u r e MINIMIZE* G, H, D, M, I ) 
b e g i n 

M I N C O S T « - oo; 
F o r all J < M - { I } do 
b e g i n 

C O S T <- G ( M - { I } , J ) + D(J , I ) ; 
If C O S T < M I N C O S T then 
b e g i n 

G(M, I ) <- M I N C O S T <- C O S T ; 
H(M, I ) *- J ; 

e n d 
e n d 

e n d ; 

/ main routine; 
! Initialization; 
C « - { 2, 3 , 4, . . . N }; 
F o r I *- 1 t h r u N d o 

G ( { I } , I ) « - D(1 , I ) ; 
/ Optimization; 

F o r K « - 2 t h r u N - l do / K = size of subsets; 
F o r all M c C s u c h that |M| = K do 

F o r all I c M do 
M I N I M I Z E ( G , H , D M I ) j 

M I N I M I Z E ( G , H A C u { ! } , ! ) ; 
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9. Conc lus ion 

D y n a m i c P r o g r a m m i n g is a usefu l p rob lem so lv ing method f o r many p r o b l e m s in c o m p u t e r 

s c i e n c e . In t h i s p a p e r w e h a v e d e s c r i b e d prob lems in seve ra l c a t e g o r i e s of D P : S h o r t e s t 

P a t h P r o b l e m s , Opt imal P a r e n t h e s i z a t i o n Problems, Optimal Par t i t ion P r o b l e m s , O p t i m a l 

M a t c h i n g P r o b l e m s , and ' H a r d ' Combinator ia l Problems. T h e a p p r o a c h taken in th is p a p e r 

t o w a r d s o l u t i o n o f t h e s e p r o b l e m s is a modif ication of the t reatment in K a r p and H e l d [ 4 4 ] . 

E a c h a n a l y s i s o f a p r o b l e m p r o c e e d s in the fo l lowing s t e p s : 

1. P r o d u c e t h e d i s c r e t e dec is ion p rocess for the p rob lem, 

2. D e c i d e w h a t are the r e l e v a n t states and cons t ruc t the c o r r e s p o n d i n g s e q u e n t i a l 
d e c i s i o n p r o c e s s , 

3 . C h e c k t h e m o n o t o n i c i t y condi t ions and (if sat isf ied) p r o d u c e the f u n c t i o n a l 
e q u a t i o n s , and 

4. F r o m t h e func t iona l equat ions const ruc t a dynamic programming a lgo r i thm that 
s o l v e s t h e p r o b l e m . 

I n t h i s p a p e r w e h a v e also p r e s e n t e d new prob lems and resu l ts inc luding o p t i m i z i n g t h e 

s e a r c h f o r N o r d e r s tat is t ics and a more space ef f ic ient v e r s i o n of F i s h e r ' s a l g o r i t h m f o r a n 

o p t i m a l p a r t i t i o n . 

A c k n o w l e d g m e n t s 

J o n B e n t l e y s u g g e s t e d dynamic programming as the topic fo r my area q u a l i f i e r a n d h a s 

g i v e n n u m e r o u s h e l p f u l comments that have i m p r o v e d the qual i ty of th is p a p e r . 
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