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Abstract 

A g e n e r a l i z e d connect ion ne twork (GCN) is a swi tch ing n e t w o r k w i t h N inputs and N 
o u t p u t s that can be set to pass any of the N ^ mappings of inputs onto o u t p u t s . T h i s 
p a p e r d e m o n s t r a t e s an intimate connect ion b e t w e e n the problems of G C N c o n s t r u c t i o n , 
m e s s a g e r o u t i n g on S IMD computers , and " resource part i t ioning." A G C N due to O f m a n 
[ 1 9 6 5 ] is h e r e i m p r o v e d to use less than 8N log N contact pai rs , making it the minimal 
k n o w n c o n s t r u c t i o n . 

A n y G C N c o n s t r u c t i o n leads to a new algorithm for the broadcast of messages among 
p r o c e s s i n g e lements of an SIMD computer , w h e n each process ing element is to r e c e i v e 
o n e message . P r e v i o u s approaches to message broadcast ing have not hand led t h e 
p r o b l e m in its full genera l i t y . The algorithm arising from this paper ' s G C N takes 8 log 
N ( o r 13 N*/^) rout ing s teps on an N element p rocessor of the p e r f e c t shuf f le ( o r 
m e s h - t y p e ) v a r i e t y . 

If e a c h r e s o u r c e in a mult iprocessing envi ronment is assigned one ou tput of a G C N , 
p r i v a t e b u s e s may be p r o v i d e d for any number of disjoint subsets of the r e s o u r c e s . 
T h e p a r t i t i o n i n g cons t ruc t ion d e r i v e d from this paper 's G C N has 6 N log N s w i t c h e s , 
p r o v i d i n g an a l te rnat i ve to "banyan n e t w o r k s " w i th 0 (N log N) sw i tches but incomplete 
f u n c t i o n a l i t y . 



1. Introduction 

A g e n e r a l i z e d connect ion network (GCN) is a switching n e t w o r k w i t h N inputs 
and N o u t p u t s capable of implementing any mapping of inputs onto outputs . In o t h e r 
w o r d s , e a c h o u t p u t may be connected to any one of the inputs , fo r a total of 

N N 
d i f f e r e n t c o n n e c t i o n pat terns . Thus a GCN is more p o w e r f u l than the c o n n e c t i o n 
n e t w o r k s of Benes [1965] et al, for a connect ion network handles o n l y o n e - t o - o n e 
m a p p i n g s of inputs onto outputs (N! sett ings) . An important paramater of any G C N is 
its d e l a y , that is, the maximum number of switches that separate any i n p u t - o u t p u t pa i r . 
F o r e x a m p l e , an NxN crosspo int switch is a GCN with contact pairs and unit d e l a y . 
O fman 's [ 1 9 6 5 ] cons t ruc t ion has 5 log N delay and I O N log N contact pa i rs (all 
l ogar i thms in this paper are base 2). Ofman's construct ion is here i m p r o v e d to 4 log N 
d e l a y and 8 N log N contact pairs. Other GCN results are a const ruct ion w i t h 8 N log N 
c o n t a c t pa i r s but 0 ( N log N) delay (P ippenger [1973]) , a const ruct ion w i t h 0 ( N 5 / 3 ) 
c o n t a c t pa i rs (Masson and Jordan [1972]) , and a n o n - c o n s t r u c t i v e p r o o f ( P i p p e n g e r 
[ 1 9 7 7 ] ) that GCNs need on ly 0(N) more switches than connect ion n e t w o r k s . ( T h e b e s t 
c o n n e c t i o n n e t w o r k cons t ruc t ion has (6/log. 3)N log N = 3.8 N log N contact p a i r s - -
B e n e s [1965] . ) 

A n y G C N const ruc t ion leads to an algorithm for the t ransfer of data among 
p r o c e s s i n g e lements of an SIMD (Single Instruct ion stream Multiple Data s t ream: F l y n n 
[ 1 9 6 6 ] ) c o m p u t e r . This data t ransfer is modeled as the rout ing of messages, e a c h 
o r i g i n a t i n g at a p rocess ing element and dest ined for some subset of the o t h e r 
p r o c e s s i n g e lements . T h e r e have been many papers treating part icu lar message 
r o u t i n g p a t t e r n s on part icular networks (Stone [1971] , Siegel [ 1 9 7 6 ] , O r c u t t 
[ 1 9 7 6 ] , . . . ). T h e algorithm based on the GCN of this paper per forms n e a r - o p t i m a l l y 
o n a n y message d is t r ibut ion pat tern in which each processing element r e c e i v e s at most 
o n e message , on s e v e r a l popular SIMD interconnect ion networks . Fo r an N e lement 
c o m p u t e r , the algor i thm requ i res routing steps on a square m e s h - t y p e a r r a y , 8 
log N r o u t i n g s teps on the per fect shuff le, PM2I, and WPM2I n e t w o r k s , and 4 log N 
r o u t i n g s t e p s on the C u b e (see Section 3 for descr ipt ions of these n e t w o r k s ) . Al l 
o t h e r k n o w n G C N const ruct ions lead to s lower routing algorithms. 

F ina l l y , any G C N const ruct ion applies to the partrt ioning of m u l t i p r o c e s s o r 
s y s t e m s in the sense of Goke and Lipovski [1973]. If each resource is ass igned o n e 
o u t p u t of a G C N , p r o p e r swi tch sett ings prov ide a pr ivate conduct ive path for each of 
a n y n u m b e r of dis joint subsystems. The banyan networks or ig inal ly p r o p o s e d fo r this 
task do not implement all part i t ions when 0(N log N) swi tches are e m p l o y e d . W h e n 
u s e d fo r par t i t ion ing , 1/4 of this paper 's GCN can be omitted, so that u n r e s t r i c t e d 
p a r t i t i o n i n g may be ob ta ined wi th less than 6N log N sw i tches . . No o ther k n o w n G C N 
c o n s t r u c t i o n leads to smaller part i t ioners . 

T h e n e w G C N const ruct ion is descr ibed in Section 2, its appl icat ion to message 
r o u t i n g is e l a b o r a t e d in Sect ion 3, and its related part i t ioning n e t w o r k is d e r i v e d in 
S e c t i o n 4. 
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2. A GCN Construction 

A G C N may be r e p r e s e n t e d as a g raph wi th two o r d e r e d sets of N v e r t i c e s e a c h 
( " i n p u t s " and "outputs" ) , such that for any sequence Ji,J2'-**»JN U^j j^N) t h e r e e x i s t s a 
s u b g r a p h in w h i c h input v e r t e x i is connected wi th output v e r t e x k iff « i. In this 
m o d e l , v e r t i c e s are w i res and edges are switches; edges included in the s u b g r a p h f o r a 
p a r t i c u l a r j,—*i|SI a r e P r e c ' s e ' y those switches that must be c losed to connect the i th 
input to those outputs k for which = i. A tr ivial GCN const ruct ion is the complete 
b i p a r t i t e g r a p h on 2N nodes, which cor responds to the NxN crosspoint s w i t c h . S ince 
t h e r e are N ^ d i f fe ren t w a y s of choosing the sequence, at least I g (N^ ) = N log N 
c o n t a c t pa i rs ( e d g e s ) are requ i red in any GCN. 

A G C N c o n s t r u c t i o n may be obtained from the fol lowing schema (Ofman [1965]) . 

(N,N) -
general izer 

<N,N)-
connector 

(N,N) -
general izer 

<N,N)-
connector 

o 
o 

o 

(N ,N) -
general izer 

o 
o 

o 

<N,N)-
connector 

o 
o 

o 

(N ,N) -
general izer 

<N,N)-
connector 

F igure 1. Schema for a GCN construct ion. 

T h e l e f t - h a n d n e t w o r k produces the cor rect number of copies of each of t h e 
i n p u t s , w h i c h are then permuted to the p roper outputs b y the. r i g h t - h a n d n e t w o r k . It 
is n o w n e c e s s a r y to examine connect ion and general izat ion networks in more detai l . 

2a. C o n n e c t i o n N e t w o r k s 

A n ( N , N ) - c o n n e c t i o n network is a switching network wi th N inputs and N o u t p u t s 
c a p a b l e of pass ing any of the N! o n e - t o - o n e mappings (permutat ions of inputs o n t o 
o u t p u t s ) . Th is is of course st r ic t ly less power fu l than a GCN, in which the same input 
may be c o n n e c t e d to more than one output at a time. Benes [1965] pub l i shed the 
f o l l o w i n g 4N log N const ruc t ion in which an N- input connect ion n e t w o r k is s y n t h e s i z e d 
f r o m 2 N / 2 - i n p u t connecto rs and AN additional contact pairs. 
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<N,N)-connector ( 2 , 2 ) - c o n n e c t o r 

F igure 2. Benes' connection network . 

T h e p r o p e r sw i tch sett ings for any des i red connect ion pat te rn may be f o u n d b y 
the m e t h o d of Waksman [ 1 9 6 8 ] in 0 ( N log N) time on a serial computer , the best r e s u l t 
k n o w n . T h e author has d e v e l o p e d a d iv ide - .and-conquer approach that w o u l d r u n o n 
m a n y N e lement S IMD computers in 0(N) time, but does not know how to r e d u c e this to 
an a c c e p t a b l e ( sub l inear ) f igure . Thus it would seem that lengthy p r e p r o c e s s i n g time 
wi l l b e r e q u i r e d for each G C N setting. In some cases, it may be feasible to tabu late 
p r e c o m p u t e d G C N set t ings , although it would seem necessary to s to re 0 ( N log N) b i ts 
f o r e a c h se t t ing . 

It s h o u l d be noted that this connector const ruct ion is symmetr ic about a 
h o r i z o n t a l axis . In fact , the top log N layers and the bottom log N l a y e r s c o m p r i s e 
O m e g a n e t w o r k s (see Lawr ie [1973] ) that share a common level of swi tches . 

G e n e r a l i z a t i o n Networks 

A n (N ,N) -g t enera l i ze r passes input i to nij d i f ferent outputs , w h e r e 2 mj = N 
a n d m.j>0. T h u s it p r o v i d e s a part icular number of copies of each input s o m e w h e r e 
among the o u t p u t s . The ex is tence of (N ,N) -genera l i zers wi th 0(N) sw i tches has b e e n 
d e m o n s t r a t e d n o n - c o n s t r u c t i v e l y b y Pippenger [1977] . Const ruc t ion of a g e n e r a l i z e r 
c a n b e accompl ished b y the fol lowing schema, due to Of man [1965] . 
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k 
1 

(N ,N) -
k 2 

(N ,N) -o (N ,N) - o (N ,N) - o 
o h y p e r c o n - o i n f r a - o 
o cent rator o genera l i zer o 

k N 

F igure 3. Schema for a genera l i zer const ruct ion . 

T h e l e f t - h a n d n e t w o r k routes all important inputs to its u p p e r m o s t o u t p u t l ines. 
M o r e p r e c i s e l y , if m of the inputs will not appear on any output of the g e n e r a l i z e r , the 
o t h e r N -m inputs must appear on lines k| through k j s j - m of the h y p e r c o n c e n t r a t o r , 
I he r i g h t - h a n d n e t w o r k is respons ib le for producing the co r rec t number of c o p i e s of 

e a c h of its inputs , but there must exist some integer p such that k j ^ v - ^ p wi l l a p p e a r 
in the o u t p u t at least once, white k p + i . k p + 2 > - ^ N will be ignored . Ofman d e m o n s t r a t e s 
that the fo l lowing n e t w o r k is an inf rageneral izer . 

K 1 K 2 K 3 

( N / 2 . N / 2 ) -
i n f r a g e n e r a l i z e r 

(N/2.N/2) -
inf rageneral izer 

'N 
(N ,N) - in f ragenera l i zer 

F igure 4. Ofman's inf ragenera l i zer . 

( 2 , 2 ) - i n f r a g e n e r a l i z e r 

A more complete specif icat ion of Ofman's network is requ i red . T h e leftmost mq 
o u t p u t l ines wil l bear copies of input k^, the next niq+j outputs bear input k q + j , . . ., 
a n d the r ightmost nip outputs bear input kp, w h e r e mj>0 for l<q<i<p<N, mj=0 fo r i<q o r 
i > p , and J] mj=N. If q is chosen to be 1, this specif ication can be s e e n to sa t i s f y the 
r e q u i r e m e n t s fo r an in f ragenera l i zer . The p roper swi tch sett ings for Ofman's n e t w o r k 
may be o b t a i n e d r e c u r s i v e l y b y using the upper switches to g i v e each h a l f - s i z e d 
i n f r a g e n e r a l i z e r half the input signals. It should be noted that the signals r e q u i r e d b y 
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e a c h h a l f - s i z e d in f ragenera l i ze r form a consecut ive subsequence of the or ig ina l inputs 
( if the lef tmost input is cons idered to " fo l low" the rightmost one) . 

A n ( N , N ) - c o n n e c t i o n ne twork could be used for h y p e r c o n c e n t r a t i o n , s ince a 
h y p e r c o n c e n t r a t o r mere ly permutes its inputs. This is in fact Of man's a p p r o a c h , 
y i e l d i n g an ( N , N ) - g e n e r a l i z e r w i th 6N log N contact pairs . Ofman's c o n s t r u c t i o n can b e 
i m p r o v e d b y using f e w e r switches in the h y p e r c o n c e n t r a t o r p o r t i o n . S o m e w h a t 
s u r p r i s i n g l y , Ofman's in f ragenera l i zer is an "upside d o w n " h y p e r c o n c e n t r a t o r — t h e 
d i r e c t i o n of s ignal f low th rou g h the network is r e v e r s e d b y turning inputs into o u t p u t s 
a n d v i c e v e r s a . Th is equivalence will be ver i f ied b y the demonst ra t ion of a 
c o r r e s p o n d e n c e b e t w e e n any des i red hyperconcent ra t ion funct ion and an 
i n f r a g e n e r a l i z e r funct ion . A hyperconcent ra t ion sett ing may be spec i f ied b y a list of p 
i n t e g e r s , n j ,n2 ,—»Hp w i th l < n j < n 2 < . . . < n p < N , cor responding to the indices of the inputs 
w h o s e s ignals are to appear in the first p output lines. T h e c o r r e s p o n d i n g 
i n f r a g e n e r a l i z e r funct ion is that input i should appear on mj output l ines, w h e r e mj * 
n i " n i - l » n 0 = 0» a n d n p + i = n p + 2 ~ - = n N 5 5 Ofman's in f ragenera l i ze r wi l l c o n n e c t 
i n p u t i to o u t p u t s n j_ j + l th rough njj if switches are o p e n e d to d isconnect all bu t 
o u t p u t number nj for l< i<p, then the requ i red h y p e r c o n c e n t r a t i o n func t ion is 
i m p l e m e n t e d b y the r e v e r s e d inf rageneral izer . 

A n example should c lar i fy matters. A ( 8 , 8 ) - h y p e r c o n c e n t r a t o r sett ing fo r nj = 
(2 ,3 ,6 ,7 ,8) c o r r e s p o n d s to a (8 ,8) - in f ragenera l i zer sett ing for mj = {2,1,3,1,1,0,0,0). In 
o t h e r w o r d s , the p rob lem of finding the p roper swi tch sett ings to br ing inputs 2, 3, 6, 
7, and 8 to o u t p u t s 1, 2, 3, 4, and 5 (a hyperconcent ra t ion ) may be s o l v e d b y se t t ing 
Ofman 's i n f r a g e n e r a l i z e r to route input 1 to outputs 1 and 2; input 2 to o u t p u t 3; input 
3 to o u t p u t s 4, 5, and 6; input 4 to output 7; and input 5 to output 8. 
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Since Ofman's (N .N) - in f ragenera l i zer has 2N log N contact pa i rs , an (N,N)-* 
g e n e r a l i z e r can be built w i th AN log N contact pairs b y attaching a i n f r a g e n e r a l i z e r to 
a r e v e r s e d in f ragenera l i ze r (a hyperconcent ra to r ) . Since the last s tage of the 
h y p e r c o n c e n t r a t o r is identical to the f irst stage of the in f ragenera l i ze r , the c o m b i n e d 
f u n c t i o n a l i t y of these t w o levels of switches may be obta ined w i t h a s ing le o n e , 
e l iminat ing 2N contact pairs . T h e (8 ,8 ) -genera l i zer obtained in thte w a y is i l l us t ra ted 
b e l o w . 

F igure 7. An (S ,8) -generaJ izer . 
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2c. T h e complete G C N const ruct ion 

T h e astute reader wil l have noticed that the (N ,N ) -genera l i ze r of S u b s e c t i o n 2b 
is q u i t e similar to the (N ,N) -connect ion network of Subsect ion 2a. In fact , one m e r e l y 
n e e d s to " u n s h u f f l e " the inputs and outputs of this (N ,N) -connect ion n e t w o r k to make 
t h e t w o n e t w o r k s identical . T h e n , w h e n concatenating the genera l i za t ion and 
c o n n e c t i o n n e t w o r k s to obta in a GCN, the f irst stage of the latter can be c o m b i n e d 
w i t h t h e last s tage of the former to y ie ld ( for N«=8) 

F igure '8 . A n < 8 , 8 K S C N . 

A s it s tands , t h e r e are 8N log N - 6N contact pairs in this G C N (N a p o w e r of 2) . 
Ho w e v e r , 0 ( N ) contacts may be s t r ipped from the connector (see Waksman [ 1 9 6 8 ] ) and 
t h e g e n e r a l i z e r leaving 8 N log N - 10.5N + 11 contact pairs . T h e s e G C N c o n s t r u c t i o n s 
h a v e 4 log N - 3 de lay . A n al ternat ive const ruct ion based on t h r e e - w a y b r a n c h i n g 
y i e l d s ( N , N ) - G C N s w i t h (12/log 3)N l o g 3 N - (71/6)N + 13.5 contact pairs ( N a p o w e r of 
3 ) , the a u t h o r ' s best resul t (note : 12/log 3 = 7.6). This t h r e e - w a y b r a n c h i n g 
c o n s t r u c t i o n has de lay (4/log 3)iog N - 3, wh ich makes it the fastest k n o w n G C N . 
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3. Message Broadcasting 

A n S I M D computer may be cons idered to consist of th ree major p a r t s : a c e n t r a l 
c o n t r o l uni t , the p rocess ing elements, and an interconnect ion n e t w o r k . Each PE 
( p r o c e s s i n g e lement ) opera tes on data in its o w n local memory accord ing to t h e 
d i c t a t e s of the cent ra l cont ro l unit. Data enters and leaves this local memory v ia t h e 
i n t e r c o n n e c t i o n n e t w o r k , which typ ical ly connects each PE to one of s e v e r a l 
n e i g h b o r i n g PEs. For example, in a m e s h - t y p e computer each PE has at most f o u r 
n e i g h b o r s . T h e s i tuat ion may be depicted as fol lows, w h e r e the boxes are PEs and t h e 
l ines a re poss ib le connect ions . 

I 

1 
Figure 9. A mesh-connected computer . 

Note that PEs on the edges have fewer than four ne ighbors . G i v e n the s t r o n g l y 
l o c a l n a t u r e of the connect ion pat tern , efficient intercommunication algor i thms w o u l d 
s e e m n e c e s s a r y fo r e f fec t i ve use of such a computer. 

T h e message broadcast ing problem may now be b road l y s tated. In i t ia l ly , e a c h 
PE has g e n e r a t e d a message of interest to some (poss ib ly empty ) subset of the o t h e r 
PEs . Each PE is to rece ive exact ly one interesting message. How long does it take to 
d e l i v e r all the messages, as a function of the total number of PEs and the i r 
i n t e r c o n n e c t i o n pat tern? Time is measured in the number of (paral le l ) u n i t - d i s t a n c e 
m e s s a g e r o u t i n g s , i.e., if the m e s h - t y p e interconnect ion network is set to "up" , in o n e 
time unit each of the PEs may rece ive a copy of the message sent b y its d o w n w a r d -
a d j a c e n t PE. Fo r s impl ic i ty , assume that no time is spent on select ing w h i c h message 
(o f p o s s i b l y s e v e r a l ) will be sent from each PE. This assumption is val id on a c o m p u t e r 
w i t h a su f f i c ien t l y p o w e r f u l control unit (each PE is expl ic i t ly told wh ich message to 
s e n d ) , and is n e a r l y val id w h e n routing decisions are made locally ( fo r example , b y 
e x a m i n a t i o n of " rout ing tags" on the messages). The algorithms of this p a p e r wi l l p lace 
at most t w o messages in a PE at a time, so these rout ing decisions should not be t i m e -
consuming . As ment ioned in Subsect ion 2a, substantial p r e p r o c e s s i n g time wi l l b e 
r e q u i r e d for each d is t r ibut ion pat tern , but will not be included in message d e l i v e r y 
t ime. 

T h e next t h r e e Subsect ions will solve the message broadcast ing p r o b l e m f o r 
s e v e r a l d i f f e r e n t in terconnect ion networks . 
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3a. M e s s a g e broadcast ing on the mesh-connected computer 

R e f e r r i n g to the N element mesh-connected computer of F i g u r e 9, it may b e 
s e e n that 4 ( N * / 2 - l ) t ime units may be needed by some message b roadcas t ing 
p a t t e r n s . It w o u l d take a message 2 ( N ^ 2 - 1 ) time to trave-1 f rom the u p p e r - l e f t m o s t 
PE to the l o w e r - r i g h t m o s t PE. During all that time the in terconnect ion n e t w o r k has 
b e e n set to " le f t " and " d o w n " , so another 2 ( N 1 / 2 - 1 ) time units wou ld be r e q u i r e d to 
s e n d a message along the r e v e r s e route. It is not known w h e t h e r more compl icated 
b r o a d c a s t i n g p a t t e r n s requ i re more routing time. H o w e v e r , a large number of p a t t e r n s 
c a n be comple ted in 4 ( IS|l/2- l ) time - - the so -ca l led Omega permuta t ions 
( O r c u t t [ 1 9 7 6 ] ) . A l so , any o n e - t o - o n e pat tern (each message goes to e x a c t l y one PE) 
c a n b e accompl ished in about 6 N ^ time, w h e n N is v e r y large ( T h o m p s o n and Kung 
[ 1 9 7 7 ] ) . W h e n N is small, 7 ( N 1 / 2 - l ) ti me is suff ic ient, as indicated later in this 
S u b s e c t i o n . T h e main algorithm of this Subsect ion demonstrates that no b r o a d c a s t 
p a t t e r n n e e d take more than 13N*^*t ime units. / 

A re la t ionsh ip b e t w e e n a GCN construct ion and a message rout ing a lgor i thm may 
b e d r a w n in the fo l lowing w a y . Each node of a GCN c o r r e s p o n d s to a PE , and e a c h arc 
to a message rout ing . If each of the N input nodes of a G C N c o r r e s p o n d s to a 
d i f f e r e n t PE, and if the same condit ion holds for the output nodes, then any G C N 
s e t t i n g indicates how to p e r f o r m the cor responding message broadcast : C a r e f u l cho ice 
of the n o d e - P E number ings will result in a fast message broadcast ing a lgor i thm. F o r 
e x a m p l e , on a 4 x 4 p r o c e s s o r , the fol lowing indexing scheme seems n a t u r a l 

0 2 -- 3 

X T 
4 5 6 --- 7 

r 
8 9 10 -- 11 

I X 
- 15 12 13 14 -- 15 

F i g u r e 10. Natural indexing of a 4x4 mesh-connected p r o c e s s o r . 

If the 16 nodes on each level of the (16 ,16) -GCN built according to Sec t ion 2 
a r e n u m b e r e d f rom left (0) to r ight (15), then the cor respond ing rout ing a lgor i thm may 
b e d r a w n as fo l lows . 
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0 1 7 8 9 10 11 12 13 14 15 

(L 1,R 1) 

(L 2,R 2) 

(D 1,U 1) 

(D 2,U 2) 

(D 1,U 1) 

(L 2,R 2) 

(L 1,R 1) 

(L 2,R 2) 

(D 1,U 1) 

(D 2 ,U 2) 

(D 1,U 1) 

(L 2,R 2) 

(L 1,R 1) 

(16 ,16) -GCN Rout ing 
i n s t r u c t o r 

F i g u r e 11. Routing on a 4x4 mesh -connected computer . 

In g e n e r a l , this approach on an N element computer w o u l d r e q u i r e 3 (L 1,R 1) 
r o u t i n g s , 4 (L 2,R 2) rout ings , 4 (L 4,R 4) rout ings 4 (L Nl/2/2M N * / 2 / 2 ) r o u t i n g s , 
4 (D 1,U 1) r o u t i n g s , 4 (D 2,U 2) rout ings, . . ., 4 (D N 1 ' / 2 ' / ^ N 1 / 2 ^ ) rou t ings , and 2 (D 
N 1 / 2 / 2 , U N^2/2) rout ings . Note that there are four rout ings of e v e r y t y p e in the l ist 
e x c e p t the f i rs t and the last. This list sums to 1 4 N ^ ^ - 1 8 time units. H o w e v e r , the 
r e s u l t can be i m p r o v e d to 13N^/^~16 b y renumbering the nodes of the G C N . S ince 
t h e f i r s t r o u t i n g t y p e in the list above only occurs 3 times, it should be a r e l a t i v e l y 
long o n e , f r e e i n g a quick uni t -d istance routing for a step that is r e p e a t e d 4 t imes. F o r 
e x a m p l e , the G C N nodes may be indexed from left to r ight as 
(0,2,1,3,4,6,5,7,8,10,9,11,12,14,13,15) on each level . This sequence was o b t a i n e d f r o m 
the b i n a r y r e p r e s e n t a t i o n of the natural sequence b y exchanging the least s ign i f icant 
b i t w i t h the ( log N)/2 th least significant bit. 
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If a par t i cu la r message distr ibut ion pat tern happens to be o n e - t o - o n e ( e a c h 
m e s s a g e g o e s to exact l y one PE), then the full p o w e r of a G C N simulation is not 
r e q u i r e d . Ins tead , a simulation o f the connect ion network imbedded in the last half o f 
t h e G C N can be accompl ished in - 8 time units, using the natural c o r r e s p o n d e n c e 
s c h e m e . 

T h e author cannot resist noting that Batcher 's bitonic sort ing n e t w o r k is a G C N 
w h e n r u n " b a c k w a r d s " ( p r o o f suppl ied upon request ) . This leads to an a l t e r n a t i v e 
a l g o r i t h m f o r message d is t r ibut ion that runs in time bounded b y ( T h o m p s o n 
a n d Kung [ 1 9 7 7 ] ) . 

3 b . M e s s a g e broadcast ing on a per fect shuffle computer 

T h e p e r f e c t shuff le interconnect ion (Stone [1971]) is nicely su i ted for message 
b r o a d c a s t i n g . A G C N may be simulated in 8 log N - 7 time units , g i v ing a 
c o r r e s p o n d i n g l y low upper bound for the time requ i red b y any message d i s t r i b u t i o n 
p a t t e r n . 

Let the PEs of a ' p e r f e c t shuff le computer be numbered from 0 to N - l . E a c h 
i n d e x can be r e p r e s e n t e d in log N = m binary bits, b m b m _ j . . . b 3 b 2 b j . T h e p e r f e c t 
s h u f f l e i n t e r c o n n e c t i o n n e t w o r k has just three sett ings, so that PE b m . . . b j is c o n n e c t e d 
t o b m b m _ 1 . . . b 2 B i ( "exchange") , to b

m - i b
m - 2 - - b 2 b l b m ("shuff le" ) , and to 

b | b m b m _ j . . . b 3 b 2 ("unshuff le" ) . 

A n optimal number ing of the nodes of Section 2's G C N cons t ruc t ion is e a s i l y 
d e r i v e d . Let the input nodes be labeled 0 ( left) th rough N - l ( r ight ) . T h e label ings of 
t h e n e x t log N - 1 r o w s of G C N nodes are obtained b y unshuff l ing the b i n a r y 
r e p r e s e n t a t i o n of the labels of the prev ious row. For example, if N « 8, the f i rs t r o w 
is (0,1,2,3,4,5,6,7) , the second row is (0,4,1,5,2,6,3,7), and the t h i r d r o w is 
(0,2,4,6,1,3,5,7) . T h e (log N)th through the (2 log N - l ) t h r o w s are labe led b y 
s h u f f l i n g the indices in the p rev ious row. In the present example, the f o u r t h r o w is 
(0,4,1,5,2,6,3,7) and the f i f th r o w is (0,1,2,3,4,5,6,7). The (2 log N - l ) t h t h r o u g h the ( 4 
log N - 3 ) t h r o w s are labeled identically to the 1st th rough the (2 log N - l ) t h r o w s , 
w h i l e the o u t p u t r o w (the (4 log N - 2)th) is numbered natural ly . 

T h i s G C N number ing may be motivated b y consider ing the c o r r e s p o n d i n g p e r f e c t 
s h u f f l e n e t w o r k set t ings . In the example above, the f irst t w o r o w s are (0,1,2,3,4,5,6,7) 
a n d (0,4,1,5,2,6,3,7). Thus , after the first stage of G C N simulation, each of PE 0 and P E 
4 has o n e of V e messages or ig inal ly in PE 0 a n d P E 1; PE 1 and PE 5 h a v e messages 
f r o m e i t h e r PE 2 or PE 3; PEs 2 and 6 have messages from PEs 4 and 5; and PEs 3 and 
7 h a v e messages f rom PEs 6 and 7. This result may be obta ined with, o n l y t w o u n i t -
d i s t a n c e rou t ing s teps : an exchange and an unshuff le. The exchange t ransmits 
m e s s a g e s b e t w e e n PEs 0 and 1, PEs 2 and 3, PEs 4 and 5, and PEs 6 and 7. At this 
p o i n t e a c h PE has t w o messages, one of which is se lected to be sent out o n the 
u n s h u f f l e c o n n e c t i o n , whi le the other is ignored (des t royed ) . T h e message r e c e i v e d b y 
e a c h PE d u r i n g the unshuff le operat ion is in the des i red place, r e a d y f o r the n e x t 
s t a g e of G C N simulation. Succeeding stages of the G C N simulation are hand led 
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s imi la r l y . T h e complete G C N simulation consists of (log N - 1) repet i t ions of ( e x c h a n g e , 
u n s h u f f l e ) , ( log N - 1) repet i t ions of (exchange, shuff le) , ( log N - 1) r e p e t i t i o n s of 
( e x c h a n g e , unshuf f le ) , (log N - 1) repet i t ions of (exchange, shuff le) , and one f inal 
e x c h a n g e , for a total of 8 log N - 7 time units. 

T h e opt imal i ty of this GCN numbering fol lows from the fol lowing' c o n s i d e r a t i o n s . 
E a c h s tage of the G C N consists of. N/4 complete bipart i te g raphs on 4 nodes . T h e 
s h u f f l e and unshuf f le n e t w o r k connections are not in themselves suff ic ient to simulate 
a n y s t a g e of the G C N since, for example, PE 0 is only connected to itself. T h u s at least 
o n e e x c h a n g e s tep must be executed during the simulation of each G C N s tage . 
H o w e v e r , a shuf f le or an unshuff le must occur be tween consecut ive e x c h a n g e s t e p s (if 
n o t , the s e c o n d exchange is superf luous) . Since there are 4 log N - 3 s tages in this 
p a p e r ' s G C N c o n s t r u c t i o n , a simulation requires 4 log N - 3 exchanges i n t e r l a r d e d w i t h 
4 log N - 4 shuf f les or unshuff les. This Subsection's numbering and assoc iated r o u t i n g 
a l g o r i t h m rea l i zes this lower bound. 

F o r the special case of o n e - t o - o n e message dist r ibut ion pat te rns , 4 log N - 3 
t ime units are suff ic ient to simulate the last half of the GCN (a connect ion n e t w o r k ) . 

3c- M e s s a g e broadcast ing on Cube , PM2I, and WPM21 computers 

T h e nomenclature of this sect ion is due to SiegeJ [1976] . The C u b e n e t w o r k is 
s imilar to the one implemented in Staran, the PM2I network is similar to Feng 's Data 
M a n i p u l a t o r , whi le the WPM2I is SiegeTs brainchild. 

As b e f o r e , let the PEs be numbered from 0 to N - l in m = log N b i t s : 
b m b m _ j . . . b 2 b j . T h e cube has m sett ings, w h e r e sett ing i connects b m . . . b j to 
b m . . . b j + b j . Using the natural left (0) to right ( N - l ) numbering fo r the nodes 
o n e a c h leve l of the GCN, it should be clear that simulation of any stage of the G C N 
takes o n l y one time unit, so that at most 4 log N - 3 time units are r e q u i r e d b y a n y 
m e s s a g e d i s t r i b u t i o n pat te rn on the Cube. 

T h e PM2I n e t w o r k has 2 log N = 2m sett ings, co r respond ing to the addit ion o r 
s u b t r a c t i o n mod N of 21 for 0<i<m. The WPM2I connections are similar to those of the 
P M 2 I n e t w o r k , e x c e p t any " c a r r y " or " b o r r o w " will "wrap a r o u n d " to the bj_2*h bi t . 
E i t h e r n e t w o r k can simulate a natural ly numbered GCN in two time units p e r s t a g e , 
g i v i n g a total of 8 log N - 6 time units for w o r s t - c a s e message broadcast ing . 

Of c o u r s e , these bounds are cut almost in half for the special case of o n e - t o - o n e 
m e s s a g e d i s t r i b u t i o n pat terns . Only 2 log N - 2 time units are r e q u i r e d for a C u b e 
s imulat ion of a connect ion ne twork (4 log N - 4 time units on the PM2I o r W P M 2 I ) , 
us ing the natura l numbering scheme. 
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4. Partitioning 

T h e use of swi tching networks in the part it ioning of a mult iprocessing s y s t e m is 
t r e a t e d in Goke and L ipovski [1973] . T h e y p ropose connect ing N r e s o u r c e s to a 
n e t w o r k f lex ib le e n o u g h to p rov ide pr ivate buses for disjoint " s u b s y t e m s " of the 
r e s o u r c e s . F o r example , if a part icular terminal, processing unit, and memory d e v i c e 
a r e to be f o r m e d into an independent subsystem, the part i t ioning n e t w o r k is i n s t r u c t e d 
to f o r m a p r i v a t e connect ion b e t w e e n their respect i ve I/O por ts . T h e par t i t ion ing 
n e t w o r k s c o n s i d e r e d in this paper wilt merely connect appropr ia te I/O p o r t s ; 
management of the bus t h e r e b y created for each subsystem w i l l - b e the r e s p o n s i b i l i t y 
of t h e member r e s o u r c e s . T h e most s t ra ight fo rward part i t ioning n e t w o r k is b a s e d o n 
an N b y N/2 c rosspo in t sw i tch : each- of the N resources can be i n d e p e n d e n t l y 
c o n n e c t e d to any of N/2 internal buses. .While this network is simple to c o n f i g u r e and 
has o n l y constant de lay , it requ i res O(N^) switches. Another n e t w o r k c o n s i d e r e d b y 
G o k e and L ipovsk i is an (N ,N) -connector whose inputs are connected to its o u t p u t s . 
A l t h o u g h this d e v i c e has on ly 0 (N log N) switches, its delay may be 0 ( N log N). G o k e 
a n d L i p o v s k i se t t l ed on "banyan ne tworks" wi th 0 (N log N) swi tches and QOog N) d e l a y , 
bu t incomple te funct ional i ty (not all part it ions could be achieved) . It shou ld be c lear 
that an ( N , N ) - G C N p r o v i d e s unrest r i c ted freedom of connect ion b e t w e e n any of its N 
o u t p u t s . Th i s p a p e r ' s G C N const ruct ion thus immediately g i v e s - a complete par t i t ion ing 
n e t w o r k w i t h CXN log N) swi tches and Odog N) delay. 

A c t u a l l y , a G C N is an unnecessar i ly complex part i t ioning network . T h e r e s o u r c e s 
wi l l o n l y be c o n n e c t e d to the outputs of the GCN, so that the o r d e r i n g of the inputs is 
c o m p l e t e l y a r b i t r a r y . In terms of Section 2's const ruct ion , this implies that t h e 
h y p e r c o n c e n t r a t o r " f ront e n d " is superf luous and may be removed . Since at most N/2 
s u b s y s t e m s can have more than one resource , half of the inputs to the i n f r a g e n e r a l i z e r 
may b e d e l e t e d . Th is and similar optimizations to the in f ragenera l i ze r , c o u p l e d w i t h 
c o n n e c t o r opt imizat ions (Waksman [1968]) , y ie ld a part i t ioning n e t w o r k w i t h 6N log N -
8 . 5 N + 8 s w i t c h e s . For example, the fol lowing is an (S ) -pa r t i t i oner . 
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F igure 12. An (S ) -par t i t ioner . 

S e t - u p algor i thms for this network are re lat ive ly t ime-consuming, limiting its 
p r a c t i c a l i t y ( b a n y a n ne tworks can be essentiafly se l f - conf igur ing , in O( log t ime). 
W h e n a n e w s u b s y s t e m wi th k resources ( k > l ) comes into ex is tence , it is ass igned the 
le f tmost u n u s e d in f ragenera l i ze r input and the k leftmost unused connec to r inputs . 
T h e i n f r a g e n e r a l i z e r can be conf igured in Odog N) time, since it is a b a n y a n . H o w e v e r , 
the c o n n e c t o r set t ing may need radical changes for which the best k n o w n a lgor i thm 
(Waksman [ 1 9 6 8 ] ) requ i res 0 (N log N) time on a serial computer . 

T h e t h r e e - w a y branching construct ions mentioned in Sect ion 2 lead to a n o t h e r 
p a r t i t i o n e r w i t h (9/log 3)N log N - (59/6)N + 10.5 swi tches , the best c o n s t r u c t i o n 
k n o w n to the author (no te : 9/log 3 = 5.7). 

T h e a u t h o r is i ndebted to Nicholas Pippenger for severa l stimulating d iscuss ions . 
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p r o v i d i n g an a l t e r n a t i v e to "banyan n e t w o r k s " w i t h 0 ( N log N) sw i t ches bu t i n c o m p l e t e 
f u n c t i o n a l i t y . 
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