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1 - Introduction 

W e c o n s i d e r the des ign and analysis of k - p r o c e s s algori thms f o r an 

a s y n c h r o n o u s mul t ip rocessor sys tem, which consists of k o r more p r o c e s s o r s shar ing a 

c o m m o n m e m o r y b y means of a swi tch or connecting network . In addit ion t h e r e is an 

o p e r a t i n g s y s t e m p r o v i d i n g such functions as p rocess c reat ion , schedul ing of 

p r o c e s s e s , a l locat ion of memory , synchron izat ion , etc. A real example of such a s y s t e m 

is d e s c r i b e d in [ 7 ] , and a genera l discussion of asynchronous paral lel a lgor i thms is 

p r e s e n t e d in [ 5 ] . A k - p r o c e s s algorithm will be p r e s e n t e d b y g iv ing the p r o c e d u r e 

e a c h p r o c e s s e x e c u t e s w h e n assigned a p rocessor . We will assume that a p r o c e s s o r is 

a l w a y s ava i lab le f o r any of the k processes that is runnable . 

G i v e n a task w e w i s h to execute on such a sys tem, in o r d e r to exp lo i t para l le l ism 

w e must d e c o m p o s e the task into a set of subtasks. Some subtasks cannot b e g i n unt i l 

o t h e r s w h i c h t h e y d e p e n d upon f inish; this establ ishes a p recedence re la t ion b e t w e e n 

t a s k s . I n e f f i c i e n c y in an algorithm arises w h e n some p rocess must s p e n d too much 

t ime w a i t i n g f o r o t h e r p rocesses to complete subtasks, and again t o w a r d s the e n d o f 

e x e c u t i o n w h e n t h e r e are f e w e r than k subtasks. Attempts to remedy this b y " e v e n l y " 

d i v i d i n g the or ig ina l task are hopeless , since task execut ion time wil l v a r y d u e t o 

v a r i a t i o n s in the input , the ef fects of other users , p roper t ies of the o p e r a t i n g s y s t e m , 

p r o c e s s o r - m e m o r y i n t e r f e r e n c e , and many other causes. A n y eff ic ient a lgor i thm must 

a d a p t to t h e s e var ia t ions . H o w e v e r , this adaptation is e x p e n s i v e , in that it r e q u i r e s 

p r o c e s s communicat ion. Thus the t r a d e - o f f b e t w e e n adaptabi l i ty and p r o c e s s 

c o m m u n i c a t i o n must be cons ide red in the design of mult iprocessor a lgor i thms. In t h e 

a l g o r i t h m s c o n s i d e r e d in this paper , p rocess communication takes place b y means o f 

g l o b a l data access ib le b y all p rocesses . Since in many cases access to this g loba l data 

must b e c o n f i n e d to a cr it ical sect ion, one cause of p rocess communication o v e r h e a d is 

t h e i n t e r f e r e n c e b e t w e e n p rocesses seeking access to this global data. 

T w o methods of decomposi t ion natural ly ar ise: (1) static decompos i t ion , in w h i c h 

t h e se t of sub tasks and thei r p recedence relations are known b e f o r e e x e c u t i o n , and ( 2 ) 

d y n a m i c d e c o m p o s i t i o n , in wh ich the set of subtasks changes dur ing e x e c u t i o n . Stat ic 

d e c o m p o s i t i o n algor i thms o f f e r the possibi l i ty of v e r y low p rocess communicat ion , 

p r o v i d i n g t h e r e are not too many tasks; h o w e v e r , their adaptabi l i ty is l imited. Dynamic 
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d e c o m p o s i t i o n algor i thms can adapt to var iat ions in task execut ion time v e r y w e l l , bu t 

o n l y at the e x p e n s e of high process communication. 

G i v e n a p r o b l e m w h i c h can be decomposed into subprob lems, w h i c h method is 

b e s t ? Is the e x t r a e x p e n s e necessary fo r fast process communication ( thus s u p p o r t i n g 

e f f i c i e n t dynamic algor i thms) justif ied? If a dynamic algorithm is u s e d , h o w far s h o u l d 

d e c o m p o s i t i o n p r o c e e d ? In o r d e r to answer these quest ions w e need techn iques f o r 

f i n d i n g mean e x e c u t i o n times fo r these t y p e s of algorithms. 

. In s e c t i o n 2 algorithms employing static decomposit ion are c o n s i d e r e d . W e 

d e v e l o p t e c h n i q u e s fo r f inding the probabi l i ty d is t r ibut ion of total e x e c u t i o n time in 

t e r m s of t h e d i s t r ibu t ions of individual task execut ion times, and w h e n t h e s e a re not 

k h o w n , t e c h n i q u e s fo r f inding bounds on the mean execut ion time. In sec t ion 3 , t h e 

m e a n e x e c u t i o n time fo r a simple model of a dynamic algorithm is f o u n d , assuming 

e x p o n e n t i a l l y d i s t r i b u t e d task execut ion times. In sect ions 4 and 5 the resu l t s o f 

s e c t i o n 2 a re app l ied to static general izat ions of quicksort and merge s o r t . C e r t a i n 

p a r t i t i o n i n g s t r a t e g i e s are s h o w n to be unsuitable for a static decomposi t ion v e r s i o n o f 

q u i c k s o r t . In addi t ion , a paral lel merging algorithm is p r e s e n t e d and a n a l y z e d . In 

s e c t i o n 6 a dynamic genera l i zat ion of quicksort is p resented . Using a resu l t of s e c t i o n 

3 , t h e mean e x e c u t i o n time is found, and an e x p r e s s i o n fo r the optimal d e g r e e o f 

d e c o m p o s i t i o n is d e r i v e d . Sect ion 7 contains a summary of the main resu l ts . 

2 - Static Decomposition Algorithms 

G i v e n a set of tasks T j , T 2 » . » T n part ial ly o r d e r e d b y a p r e c e d e n c e re la t ion <, w e 

cal l T j a p r e d e c e s s o r of T j ( T j a successor of T j ) if T j<T j . If t h e r e is no task U s u c h 

t h a t T j < U < T j , T j is said to be an immediate p redecessor of T j ( T j an immediate 

s u c c e s s o r of T j ) . Tasks w i t h no p redecessors are called initial, and tasks w i t h n o 

s u c c e s s o r s are cal led f inal. In the execut ion of the static algor i thm, each p r o c e s s d o e s 

t h e f o l l o w i n g : 

( 1 ) Se lect e i the r an initial task o r a task all of whose p r e d e c e s s o r s h a v e 

b e e n c o m p l e t e d , w h i c h has not a l ready been se lected. Check in the o r d e r 

T 1 , T 2 , . » T n . 
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( 2 ) If no task can be se lected , go to s leep, unless all tasks have a l r e a d y 

b e e n s e l e c t e d , in w h i c h case terminate. When awakened go to (1) . 

( 3 ) E x e c u t e the se lec ted task. 

( 4 ) F o r e a c h immediate successor of the task, r e c o r d that an immediate 

p r e d e c e s s o r has completed , and wake up a s leeping p rocess if poss ib le . 

( 5 ) Repeat f ro m (1) . 

F o r the p u r p o s e s of analysis w e assume that s teps (1),(2),(4), and (5) take z e r o 

t i m e , a n d that the e x e c u t i o n time of task Tj is g i ven b y the random v a r i a b l e t j , w i t h 

c u m u l a t i v e d i s t r i b u t i o n funct ion (c.d.f.) Fj. 

Def in i t ion - T h e t a s k - g r a p h G associated w i th T j , T 2 , . . T n and < is a d i r e c t e d g r a p h w i t h 

n o d e s T j , T 2 , . » T n and a r r o w s f rom Tj to T j if Tj is an immediate p r e d e c e s s o r of T j . 

Note that t h e r e is a o n e - t o - o n e cor respondence b e t w e e n part ia l ly o r d e r e d s e t s 
o f tasks and t a s k - g r a p h s . 

Def in i t ion - G is a chain if the tasks are total ly o r d e r e d . 

T h e l e n g t h of a chain is the number of tasks in the chain. If in a chain the init ial 

t a s k is T j and the final task is T j w e say it is a chain from Tj to T j . A s u b - g r a p h o f a 

t a s k - g r a p h G w h i c h is a chain is said to be a chain in G. 

Def in i t ion - T h e leve l of a task T in a t a s k - g r a p h G is the maximum length of a n y cha in 

in G f r o m an initial task to T . T h e depth of G is the maximum level of any task. 

Def in i t ion - A se t of tasks is independent if for any tasks T f , T j in the se t , n e i t h e r T j < T j 
n o r T j < T j . T h e w i d t h of a t a s k - g r a p h is the maximum s ize of any independent s u b s e t 
o f tasks . 

G i v e n a t a s k - g r a p h G, let t g be the random var iable r e p r e s e n t i n g total e x e c u t i o n 

t ime ( t h e time f ro m w h e n all p rocesses are s tar ted until the last p r o c e s s te rminates ) . 

A s s u m e t Q has c.d.f. F Q . In the fol lowing definit ion a class of t a s k - g r a p h s is d e f i n e d 

f o r w h i c h F Q can be e x p r e s s e d simply in terms of the Fj. 

Def in i t ion - Let C j , C 2 , . . . C m be all chains from initial to final tasks in G. F o r e a c h cha in 

C j c o n t a i n i n g tasks T j ^ T j ^ , . - . , let Ej be the exp ress ion (XJj"Xj •...), w h e r e x j , x 2 , . . . x n a r e 

p o l y n o m i a l v a r i a b l e s . T h e n G is said to be simple if the polynomial E j + E 2 + . . . + E m c a n 

b e f a c t o r e d so that each var iab le appears exact ly once (see f igure 2.1). 
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F i g u r e 2 .1 

T l T2 

\ / 
T3 T4 T l T ? T l T2 

\ / I X i JN.J. 
T5 T3 T4 T3 T4 

S i m p l e S i m p l e N o n - s i m p I e 

x 1 x 3 x 5 + x 2 x 3 x 5 - f x 4 x 5 X 1 X 3 + X 1 X 4 + X 2 X 3 - H X 2 X 4 K 1 X 3 4 K 1 V / | i x 2 x 4 

= ( ( x j [ + X 2 ^ K 3 * f x 4 ^ x 5 " ( x j + x 2 ) ( x 3 + x ^ ) 

T h e o r e m - If k > w i d t h ( G ) , then \Q can be e x p r e s s e d in terms of the tj usinp, o n l y + and 

max. F u r t h e r m o r e , if G is simple and the tj are independent , then F Q can be e x p r e s s e d 

in t e r m s of the Fj using on l y • (multiplication) and * (convolut ion) . 

P r o o f : Note that since K>width(G) each task begins immediately af t^r its last 

p r e d e c e s s o r completes . Let C j , C 2 » . . . C m be all chains from initial to final task';. T h e n 

t G = max ( t j ) . 

l < i < m T j c C } 

N e x t note that + and max are commutative and associative opera t ions , nnd that + 

d i s t r i b u t e s o v e r max (i.e., max(a,b)+c=max(a+c,b+c)). Thus if G is simple the r e p r e s s i o n 

f o r \Q a b o v e can be fac to red in terms of max and + so that each random v a r i a b l e 

a p p e a r s o n l y once . T h e n , if the tj are independent , the e x p r e s s i o n for l :
G * m a y b e 

f o u n d b y subst i tu t ing Fj for tj , * for +, and • for max in the e x p r e s s i o n Un \Q ( s e e 

f i g u r e 2.2). 

F igure 2.2 

t G = m a x ( m a x ( t 1 , t 2 > + t 3 , t 4 ) + t 5 F G = ( ( ( F 1 F 2 ) * F 3 ) F / , ) * F 5 
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T h u s in the p roo f of this theorem we have a method for calculating I IK* c.d.f. of 

to ta l e x e c u t i o n time for simple task -g raphs with independent task e x e c u t i o n t imes, 

p r 6 v i d i n g w e know the c.d.f. of the execut ion time of each task. When t h r < d.f.s o f 

e a c h task's e x e c u t i o n time are not known, the best we can do is d e r i v e h o u n d s o n 

mean e x e c u t i o n time, such as those of the fol lowing theorem. T h e e x p e c t e d va lue of a 

r a n d o m v a r i a b l e x is d e n o t e d b y E(x) . 

T h e o r e m - G i v e n a t a s k - g r a p h G wi th k>width(G) and wi th the tj i n d e p e n d e n t , let 

C j , C 2 » . . . C m be all chains in G from initial to final tasks. Also let Hj be the sot of all 

t a s k s of l eve l i, fo r l<i<l w h e r e l=depth(G) . T h e n 

max ( ^ E ( t j ) ) < E ( t G ) < ^ E ( max t j ) 

l < i < m T J C C J l < i < l T j c H j ( 2 . 1 ) 

P r o o f : F rom a b o v e , 

max ( 

l < i < m T j c C j 

T h e l o w e r b o u n d then fo l lows from E(max{xj } ) > max{E(xj ) } for any random v a r i a b l e s Xj. 
F o r the u p p e r b o u n d , let tg=0 and define f(i , j)=0 if CjOHj is empty , o t h e r w i s e f( i , j ) is t h e 

i n d e x of the s ingle task in CjHHj. T h e n 

t G - max ( ^ t f ( i f j ) ) < ^ < « n a x ( t f ( i f 

l < i < m l < j < l l < j < ! l < i < m 

f r o m w h i c h the resul t fo l lows. 

T h e u p p e r b o u n d in equat ion 2.1 is useful only if something can be ' a i d about 

E ( m a x { t j } ) . A n appl icable result f rom order statistics (see [ 2 ] ) is that if t h e 

i n d e p e n d e n t random var iab les x ^ , X 2 , . . . x m are identically d i s t r ibuted w i t h mean u and 

s t a n d a r d d e v i a t i o n s, then 

E ( m a x l x j } ) < u + M " 1 - s ( 2 - 2 ) 
V2m-1 

H e n c e the fo l low ing c o r o l l a r y : 



C o r o l l a r y - If k>width (G) , the tj are independent , d e p t h ( G ) » l , and the mj tasks o n l e v e l j 

h a v e ident i ca l l y d i s t r i b u t e d execut ion times w i th mean Uj and s tandard d e v i a t i o n Sj, 

t h e n 

Y u, s E ( t G ) , ^ (uj + z ^ B j ) (2.3) 

Let w « w i d t h ( G ) . W h e n w>k, F Q cannot in general be e x p r e s s e d s imply in te rms o f 

t h e F j , e v e n w h e n G is simple and the tj are independent . Fo r example , let G cons is t o f 

T j , T 2 > T 3 w i t h the set { T j ^ / ^ } independent , and let k - 2 . T h e n 

t Q « m a x ( m i n ( t j , t 2 ) + t 3 , m a x ( t j , t 2 ) ) , and t G cannot be simplif ied f u r t h e r . 

W h e n w>k, the l o w e r bounds for E(tQ> g i ven above still ho ld . F o r an. u p p e r 

b o u n d w e take the fo l lowing approach . It is assumed that w p r o c e s s e s are c r e a t e d , 

a n d e a c h p r o c e s s has a p r o c e s s o r available at least k/w of the time. F o r e x a m p l e , t h e 

b o u n d g i v e n in the c o r o l l a r y becomes 

£ u , *Elt,;> * i £ (u , . - B j z L ) ( 2 - 4 ) 

F ina l l y , w h e n the tj are dependent , in general special techniques must b e u s e d , 

s u c h as t h o s e in the analysis of part i t ioning st rategies (sect ion 4) o r paral le l merg ing 

( s e c t i o n 5 ) . 

3 - A Dynamic Decomposition Algorithm 

G i v e n a task T and a p r o c e d u r e which decomposes a task into t w o tasks w h i c h 

m a y b e e x e c u t e d c o n c u r r e n t l y , w e consider the fol lowing dynamic algor i thm:, F i r s t , 

t h e r e is a d e c o m p o s i t i o n phase , in which each process r e p e a t e d l y r e m o v e s tasks f r o m 

t h e t a s k - q u e u e T Q ( w h i c h init ial ly contains on l y T ) , decomposes the task and i n s e r t s 

t h e t w o n e w tasks in T Q , until the re is a total of M tasks. Next , t h e r e is an e x e c u t i o n 

p h a s e , in w h i c h e a c h p r o c e s s repeated l y removes tasks f rom T Q arid e x e c u t e s t h e task. 
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W e a n a l y z e this algor i thm under the fol lowing assumptions: 

( 1 ) In this sec t ion the time to access T Q is assumed to be 0. 

( 2 ) T h e time to decompose a task is assumed to be e x p o n e n t i a l l y 

d i s t r i b u t e d w i t h mean d j~*, w h e r e i is the cu r ren t total number of tasks. 

( 3 ) T h e time to e x e c u t e a task is assumed to be exponent ia l l y d i s t r i b u t e d 
w i t h mean e y " ^ . 

W e use s t a n d a r d queueing t h e o r y techniques in the analysis ( see f o r e x a m p l e 

[ 3 ] ) . A d o p t i n g as a s tate var iab le the total number of tasks in T Q o r c u r r e n t l y b e i n g 

e x e c u t e d o r d e c o m p o s e d , the s t a t e - t r a n s i t i o n - r a t e diagram is g i v e n b y f i g u r e 3.1. 

F igure 3.1 

T h e mean e x e c u t i o n time is f o u n d to b e : 

T - _ ! ( ! h i + H k W y i 
epj \ k J m i n ( i , k ) d j 

I S i S f l - l 

w h e r e H k - (1 + 1/2 + 1/3 + . . . + 1 / k ) . 



4 

4 - Static Quicksort 

W e c o n s i d e r a static genera l i zat ion of quicksort as g i v e n b y the t a s k - g r a p h o f 

f i g u r e 4.1 ( s e e [ 6 ] fo r a complete discussion of sequential qu icksor t ) : 

F igure 4 1 

p 3 , l P 3 , 2 P 3 , 3 p 3 , 4 

S l S 2 S 2 L - 1 

T h e tasks may b e d e s c r i b e d as fo l lows : 

( 1 ) P j is a par t i t ion of the file to be so r ted . 

( 2 ) P j j ( j o d d ) is a par t i t ion of the left subfi le p roduced b y 

( 3 ) Pj j ( j e v e n ) is a par t i t ion of the r ight subfi le p r o d u c e d b y P j - i j / 2 * 

( 4 ) S j ( j o d d ) is a qu icksor t of the left subfi le p roduced b y PL -1,(J+1)/2-

( 5 ) S j ( j e v e n ) is a quicksort of the r ight subfi le p r o d u c e d b y PL- I J/2 -

F i r s t c o n s i d e r the simplest case, w h e r e k is a p o w e r of 2 and L » l + l g ( k ) ( w h e r e 

Ig is l o g 2 ) . In this case the w id th of the task g r a p h is k. T h e ques t ion ar ises as t o 

w h a t p a r t i t i o n i n g s t r a t e g y to use, that is, how should the part i t ion ing e lement b e 

s e l e c t e d in t h e P tasks? F i rs t a def init ion of asysmptotic mean s p e e d u p : 

Def in i t ion - G i v e n an algor i thm for k p rocesses , let the mean total e x e c u t i o n time b e 
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T k ( N ) , w h e r e N is the s i ze of the input. Then the asymptot ic mean s p e e d u p S k is 
d e f i n e d to b e 

N->« T k ( N ) 

W e w o u l d p r e f e r a part i t ioning s t r a t e g y which g ives asymptot ic mean s p e e d u p o f k 

e v e n in t h e s implest case ; s t rateg ies which depend on large L f o r s p e e d u p a r e 

u n s u i t a b l e s ince the number of tasks increases exponent ia l l y w i t h I , and o n e of t h e 

main a d v a n t a g e s of stat ic algorithms is low o v e r h e a d . 

It is n o w n e c e s s a r y to make some assumptions about the e x e c u t i o n t imes o f 

t a s k s . In t h e sequent ia l analysis of quicksort it is found that part i t ioning a f i le o f s i z e 

N t a k e s 0 ( N ) time w i t h s tandard dev iat ion 0(N) , and that sor t ing a f i le of s i z e N takes 

0 ( N l g ( N » t ime w i t h s tandard dev iat ion 0(N) (see [6] ) . Thus in analyz ing a s y m p t o t i c 

m e a n s p e e d u p it is o n l y n e c e s s a r y to consider the sor t ing task times. 

( 1 ) W h e n the part i t ioning element for a part i t ion of a file of s i ze M is s e l e c t e d at 

r a n d o m , it is natura l to assume that e i ther subfi le s ize is uni formly d i s t r i b u t e d b e t w e e n 

0 a n d M. T h i s , t o g e t h e r w i t h the fact that the sum of the subf i le s i zes is M, g i v e s an 

e x p e c t e d maximum subf i le s i ze of 3M/4. Using this, it is e a s y to s h o w that of t h e k 

s u b f i l e s to b e s o r t e d in the sor t ing tasks, the e x p e c t e d maximum subf i le s i ze is at least 

(3/4 ) 'g< k ) IM , w h i c h implies S ^ k ' s W 3 * . 

( 2 ) If the median of t h r e e method is used to select the part i t ioning e lement , and 
if it is assumed that the final posi t ion of each of the th ree elements in the subf i le is 
u n i f o r m l y d i s t r i b u t e d b e t w e e n 0 and M, then the probab i l i t y dens i t y func t ion f o r t h e 
s i z e o f e i t h e r subf i l e is : 

f ( x ) - .§ /l -iA* 
M\ M/fl 

T h i s g ives an expected maximum subfile s ize of 11M/16. As in (1) , it can be s h o w n 
that the expected maximum size of the subfiles to be sorted is larger t h a n 
< l l / 1 6 ) ' g < k > N . It follOWS Si, 

s k l g ( 1 6 / i n 

( 3 ) If the par t i t ion ing elements fo r all part i t ioning tasks are f o u n d us ing t h e 

- 9 -



m e t h o d of samplesor t ( f i rs t pick k-1 elements 

1 P tasks ) , and if the final posi t ion of each 

u n i f o r m l y d i s t r i b u t e d b e t w e e n 0 and N, then 

s i z e o f t h e l a r g e s t subf i le to be s o r t e d is; 

( - 1 ) M k 
lSj*lN/xJ 

randomly, so r t , and use these f o r t h e k -

of the k-1 elements is assumed to b e 

the probab i l i t y dens i t y func t ion f o r t h e 

( S e e t h e d i s c u s s i o n o n the random div is ion of an interva l in [2 ] ) . It f o l l o w s t h e 

e x p e c t e d maximum s i ze of the subf i les to be so r ted is: 

xf(x)dx - JL M- - i ^ N . 
K ZL i Vj-l/j k 

lsjsk 

H e n c e S k « k / H k . 

( 4 ) F ina l l y w e t u r n to the part i t ioning s t ra tegy of f i rs t f inding the median ( in 

O ( M ) t ime, w h e r e M is the s i ze of the subf i le) in each P task, and using the median as 

t h e p a r t i t i o n i n g e lement . Th is does g i ve S ^ - k , but it should be n o t e d that median 

f i n d i n g r e p r e s e n t s a large o v e r h e a d . Unless process communication is e x t r e m e l y 

e x p e n s i v e , a dynamic genera l i za t ion of quicksort (such as the one p r e s e n t e d in s e c t i o n 

6 ) is p r o b a b l y b e t t e r . 

If the mean and s tandard dev iat ion of the time to quicksort a file of s i z e M a r e 

>(M) and b q M , and the mean and standard deviat ion of the time to f ind the median 

o f a f i le of s i z e M and part i t ion the file using the median as part i t ioning e lement a r e 

a p M 

t h a n 

a q M l g ( M ) and b q M , and the mean and standard deviat ion of the time to f ind the median 

) f a f i le of s i z e f< 

a p M and b p M , t h e n f rom equat ion 2.3 w e find that the mean total e x e c u t i o n time is less 

lSjSlg(k)-l 

W h e n L is g r e a t e r than l + l g ( k ) a similar resul t may be fognd using equat ion 2.4. 
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5 - Static Merge Sort 

C o n s i d e r a stat ic genera l i zat ion of merge sor t as g i v e n by f i gu re 5.1 ( s e e [ 4 ] f o r 

d i s c u s s i o n of sequent ia l merge so r t ) : 

F igure 5.1 

S j S2 ^ 2 ^ " " ^ - l ^ L - l 

M 2 , l M 2 , 2 L " 2 

M L - 2 , 1 M L - 2 , 2 M L - 2 , 3 M L - 2 , 4 

M L ~ 1 , 1 M L - 1 , 2 

T h e tasks may be d e s c r i b e d as fo l lows, assuming the file to be s o r t e d cons is ts o f 
r e c o r d s 1 t h r o u g h N: 

( 1 ) Sj is a merge so r t of all the records b e t w e e n ( i - l ) (N/2 ' - " "*) and 
i ( N / 2 L ' 1 H l . 

( 2 ) is a merge of the t w o s o r t e d files p roduced b y ^ x . \ and S2,. 
( 3 ) M j j ( i>2) is a merge of the two so r ted files p roduced b y M j - i ^ j - l a n c ' 

M i - l , 2 j -

W h e n k is a p o w e r of 2 and L= l+ lg (k ) , the w id th of the task g r a p h is k and 

e q u a t i o n 2.3 may be appl ied. Assuming the time to merge so r t a fi le of s i ze N has 

m e a n a $ N lg (N) and s tandard dev iat ion bgfT, and that the time to merge t w o f i les o f 

s i z e s M and N has mean a m ( M + N ) and standard deviat ion b m ( see [4 ] ) , w e f ind that the 

m e a n tota l e x e c u t i o n time is less than 
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a si 

l<;j*lg(k)-l 

W h e n L is l a r g e r than l + l g ( k ) a similar result holds, using equat ion 2.4. 

In t h e remainder of this sect ion w e consider one poss ib le i m p r o v e m e n t : 

r e p l a c i n g the merg ing tasks w i th parallel merges. A t w o task merge of t w o f i les is 

p o s s i b l e b y let t ing each task be an instance of the usual sequent ial t w o - w a y m e r g e 

( s e e [ 4 ] ) , e x c e p t that in one task merging begins w i th the t w o smallest items of t h e 

t w o f i les (a m e r g e f rom the left ) , and in the other task merging begins w i t h the t w o 

l a r g e s t items (a merge f rom the r ight) . In addition the t w o tasks are in te r l inked as 

f o l l o w s : in sequent ia l t w o - w a y merge, the pointers to the files are c o m p a r e d to t h e 

e n d s of the f i les ; in a t w o task merge, the pointers of one task are c o m p a r e d t o t h é 

p o i n t e r s of the o t h e r task. Because of this, the t w o tasks f inish t o g e t h e r almost 

e x a c t l y , p r o v i d i n g one has not al ready f inished be f o re the o ther s ta r ts . W e n o w 

a s s u m e a sequent ia l t w o - w a y merge of two files each of s ize N takes time 2 a m N . 

H e n c e a t w o p r o c e s s merge using the above method would take time a m N . 

N e x t c o n s i d e r the merging algorithm g i ven b y f igure 5.2, fo r k « 4 : 

A s s u m e t h e e lements to be merged are xi < X2 <X3 <- <X|sj and y i < y 2 < y 3 < — y f l - ^ e ^ a s ^ s 

a r e : 

F igure 5.2 

w 

l ir 

R i L 3 
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I j : I n s e r t X(JM/^J ' n ^° * n e y j ' s -

I2: I n s e r t y[js|/2J , n *° Xj's. 

Z : T h e r e s u l t s of the insert ions determine th ree pai rs of subf i les , as 

s h o w n in f i g u r e 5.3, Z determines the subfi le pairs and init ial izes the L| 

and Rj tasks . 

LJ : M e r g e f ro m the left of the i'th subfi le pair . 

RJ: M e r g e f rom the r ight of the i'th subfi le pair . 

F igure 5.3 

s 2 ' 

-4— 

1 
• 

If p r o c e s s 1 e x e c u t e s L j and process 2 executes L 2 and then R j , p r o c e s s 1 

f i n i s h e s b e f o r e o r w i t h p rocess 2. Let the sizes of the subf i les in the s e c o n d s u b f i l e 

p a i r b e X and Y. T h e execu t ion time for process 2, start ing at the complet ion of Z, is : 

ammax 

s i n c e (X+Y)/2sN/2. T h e same result holds for the p rocess execut ing R 2 and L3. I n 

o r d e r t o f ind the d i s t r ibu t ion of |X-Y|, it is assumed all elements Xj, y ( a re d is t inc t , and 

t h a t all p e r m u t a t i o n s are equal ly l ikely. T h e n the p robab i l i t y of inser t ing In 

p o s i t i o n i i s : 

P ( y i < x a N < y i + l ) 

i + ccN -1\ /N(2 -a ) - i \ 

aN - 1 ) [ (l -o )N j 

ft) 

-'0(1) 
Vi+aN/ 

( i+aN) 
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2 s U e - ( i - c c N ) 2 / N 
(i-»-ocN)VNn" 

u s i n g t h e normal approx imat ion to the binomial d is t r ibut ion. Th is d i s t r ibu t ion is again 

a p p r o x i m a t e l y normal , w i t h mean ccN and standard deviation*fuf2. Assuming X and Y 

a r e ac tua l l y d i s t r i b u t e d normal ly , the mean of |X-Y| can be calculated to b e V 2 N / n . 

H e n c e , 

w h e r e t h e OOg(N) ) te rm is f rom the insert ion tasks. 

O t h e r merg ing algorithms for k « 4 and for higher k can be d e v i s e d b y us ing 

v a r i o u s e lement inser t ion s t rateg ies . Similar techniques may be used in the i r ana lys is . 

W e may use the dynamic algorithm of sect ion 3 for sor t ing , w h e r e tasks a r e 

c o n s i d e r e d to b e subf i les , the decomposit ion of a task is a par t i t ion of the subf i le in to 

t w o s u b f i l e s , and the execut ion of a task is a sort of the subf i le . In ana lyz ing th is 

a l g o r i t h m w e make the fo l lowing assumptions, w h e r e the file to be s o r t e d conta ins N 

r e c o r d s : 

( 1 ) If M is the total number of subfi les to be p r o d u c e d dur ing the 

d e c o m p o s i t i o n s tage, the total number of task -queue accesses is 3 M - 2 , 

and e a c h p r o c e s s makes an approximate average of 3M/k such accesses . 

W e t h e r e f o r e assume the o v e r h e a d due to process communication is l inear 

in M, and is g i v e n b y w(k)*M. 

( 2 ) W h e n t h e r e are i subf i les , the mean subfi le s ize is N/i. It is assumed 

t h e time n e e d e d to part i t ion a subfi le is exponent ia l ly d i s t r ibu ted , and that 

w h e n t h e r e is a total of i subfi les the mean time is aN/i. 

6 - Dynamic Quicksort 
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( 3 ) Dur ing the task execut ion phase, the average subf i le s i ze is N/M. It is 

assumed the time to sor t one of the M subf i les p r o d u c e d b y 

decompos i t i on ing is exponent ia l l y dis t r ibuted , w i t h mean b(N/M)ln(N/M). 

F r o m e q u a t i o n 3,1, the mean execut ion time T(M,N,k) is: 

T ( M , N , k ) - w ( k ) M + b p l j l n ^ i i j l^l± + H k j +• 

l s i i k - l k< i< ; t1 - l 

- w ( k ) M + i l ( b I n N - a H k _ ! + a H ^ - b I n M) 

+ b / N ) l n f i i \ ( H k - 1) + a № k ^ ( 2 ) 

\M/ \f1/ 

G i v e n N a n d k, w e seek to f ind M so as to minimize T(M,N,k). If w e approx imate H| 
b y l n ( M ) , t h e n M must sat i s fy 

i l - w ( k ) + N ( a ~ b ) + b N ( H k - l ) / I n h - I n N - 1 \ 
3M kfl V M z / 

- 8 . 

L e t A = " ( k ) a n d B - ( a - b ) , , 
b N ( H k - 1) b k ( H k - l ) 

t h e n t h e opt imal va lue of M is the solut ion of 

n . e ( A M 2 + B M - l ) „ N > 

A s h o r t tab le of the optimal integer value of M for var ious values of w ( k ) / b f o l l o w s , 
f o r t h e c a s e k=4, a=b, N - 1 0 6 : 
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w ( 4 ) / b M 
938 

313 

195 

35 

11 

T h u s , g i v e n a,b,N, and k, the optimal d e g r e e of decomposit ion is de te rmined b y w(k), 
t h e p r o c e s s communicat ion o v e r h e a d . 

W e h a v e c lassi f ied asynchronous mult iprocessor algorithms w h i c h e m p l o y 

p r o b l e m d e c o m p o s i t i o n as static and dynamic. Static decomposit ion algor i thms r e q u i r e 

l i t t le p r o c e s s communicat ion and wou ld be w e l l - s u i t e d f o r sys tems w h e r e p r o c e s s 

c o m m u n i c a t i o n is e x p e n s i v e , e.g., " loose ly^coupled" computer n e t w o r k s . 

A stat ic decompos i t ion algorithm is descr ibed b y a t a s k - g r a p h . Simple t a s k -

g r a p h s h a v e the p r o p e r t y that there is a simple e x p r e s s i o n fo r the p r o b a b i l i t y 

d i s t r i b u t i o n of total execut ion time in terms of the p robab i l i t y d is t r ibut ions of e a c h 

t a s k , p r o v i d i n g the resul t of one task does not affect the execut ion time of a n o t h e r . If 

t h e p r o b a b i l i t y d i s t r ibut ions of each task's execut ion time are u n k n o w n , it is st i l l 

p o s s i b l e to b o u n d mean total execut ion times prov id ing the means and v a r i a n c e s o f 

t a s k e x e c u t i o n t imes are k n o w n . 

R e g a r d i n g the u p p e r bound g i v e n b y equation 2.3, the b o u n d is t ight in that 

task^ -graphs and task execut ion time probabi l i ty d ist r ibut ions may be c o n s t r u c t e d s o 

t h a t e q u a l i t y ho lds , using d ist r ibut ions d e r i v e d in [2 ] . A n y i m p r o v e d b o u n d w o u l d 

r e q u i r e e i t h e r more detai led information about the part ial o r d e r i n g of the tasks in t h e 

e x p r e s s i o n of the b o u n d , o r additional assumptions about the p r o b a b i l i t y d i s t r i b u t i o n s 

o f task e x e c u t i o n t imes. 

7 - Summary 
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W h e n p r o c e s s communication is inexpens ive , dynamic decomposi t ion a lgor i thms 

a r e s u i t a b l e . One technique for analyz ing these algorithms is b y means of a q u e u e i n g 

m o d e l . Q u e u e i n g models may be used in analyz ing o ther t y p e s of a s y n c h r o n o u s 

p a r a l l e l a lgor i thms as wel l (e.g., in [ 1 ] a queueing model is used to a n a l y z e 

a s y n c h r o n o u s i t e r a t i v e methods) . 

F o r some stat ic decomposi t ion algorithms the bounds d e r i v e d in s e c t i o n 2 may 

b e d i r e c t l y app l ied , such as static quicksort w i th median f inding and static m e r g e s o r t . 

I n o t h e r cases w h e r e task execut ion times are dependent o ther techniques must b e 

u s e d . T h i s is the case fo r static quicksort w h e n median f inding is not u s e d and in t h è 

p a r a l l e l m e r g i n g a lgor i thm p r e s e n t e d . T h e s e algorithms have dependent task e x e c u t i o n 

t imes s ince t h e r e are tasks w h e r e the input s ize depends on the resul t of a p r e v i o u s 

task . 

T h e assumpt ion that p rocess communication o v e r h e a d is negl ig ib le in s tat ic 

d e c o m p o s i t i o n algor i thms is val id on ly if the total number of tasks is not v e r y l a r g e . 

F o r th is r e a s o n w e have g i v e n bounds on mean execut ion time o n l y f o r t h o s e 

a l g o r i t h m s in w h i c h the w i d t h of the t a s k - g r a p h is k (al though a technique fo r g r e a t e r 

w i d t h t a s k - g r a p h s has also been presented) . These bounds g i v e an indicat ion of t h e 

p e r f o r m a n c e that can be e x p e c t e d w h e n process communication o v e r h e a d is h igh 

e n o u g h to w a r r a n t the use of static decomposit ion. H o w e v e r , in dynamic d e c o m p o s i t i o n 

a l g o r i t h m s w e may choose the d e g r e e of decomposit ion, wh ich should ideal ly b e c h o s e n 

s o as to ba lance p r o c e s s communcication o v e r h e a d and adaptabi l i ty to va r ia t ions in t h e 

e x e c u t i o n t imes of tasks. Fo r example, b y apply ing a queueing model to a dynamic 

g e n e r a l i z a t i o n of qu icksor t , w e have d e r i v e d an e x p r e s s i o n re lat ing p r o c e s s 

c o m m u n i c a t i o n o v e r h e a d and the optimal degree of decomposit ion. 
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