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Abstract: We consider functionals of the calculus of variations of the form
1
F(u) = / f(z,u,u)dz
0

defined for u € W1(0, 1), and we show that the relaxed functional F with respect to
weak W11 (0, 1) convergence can be written as

1
F(w) =/ f(z,u,u') dz + L(w),
0

where the additional term L(u), called the Lavrentiev term, is explicitly identified in terms
of F.

1. Introduction

The term Lavrentiev phenomenon refers to a surprising result first demonstrated in
1926 by M. Lavrendeyv in [La]. There it was shown that it is possible for the variational
integral of a two-point Lagrange problem, which is sequentially weakly lower semicon-
tinuous on the admissible class of absolutely continuous functions, to possess an infimum
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on the dense subclass of C! admissible functions that is strictly greater than its minimum
value on the full admissible class. Since that time there have been additional works de-
voted to:

‘(a) simplifying the original example (Mania [Ma], Heinricher & Mizel [HM1]);

(b) demonstrating that the phenomenon can occur even with fully regular integrands

(Ball & Mizel [BM1], [BM2], Davie [Da}, Loewen [Lo])

(c) devising conditions which forestall occurrence of the phenomenon (Angell [An], Ce-
sari [Ce], Clarke & Vinter [CV])

(d) sharpening the specification of the precise dense subclass of admissible functions for
which the Lavrendev gap occurs (Ball & Mizel [BM2], Heinricher & Mizel [HM1]);

(e) presenting an analogous gap phenomenon in stochastic control and in certain (deter-
ministic) Bolza problems (Heinricher & Mizel [HM2], [HM3]).

Ball and Mizel’s investigation [BM2] was undertaken in response to certain previ-
ously unresolved foundational questions in nonlinear elasticity. There remains open the
question of whether in boundary problems of nonlinear elasticity the presence of Lavren-
tiev's phenomenon signals the onset of elastic fracture: the force distribudon associated
with an elastic deformation which provides a global minimum for the elastic energy is then
more singular than that associated with minimizers over subclasses of smooth admissible
deformatons.

The Lavrendev phenomenon also provides a serious obstacle for numerical schemes
of minimization: the cost of any sequence in the smoother admissible class is bounded
away from the true minimum value. Furthermore, when a minimizer over the smoother
admissible class exists, the approximation scheme typically converges to this suboptimal
soluton. Ball and Knowles [BK] (see also [Kn] and [Zo]) have succeeded in the devel-
opment of numerical approximaton schemes which do detect the lower energy singular
minimizers.

As a simple example of a problem in which the Lavrentiev phenomenon arises, con-
sider the functonal

1
F(u) = / (63 (z) —2)*|u'(2) [ dz
0

over the set
A={uew"(0,1) : u(0) =0, u(l) =s}.

Here (see [Mil] or [He]) the global minimum over the set A is given by

{0 if|s] < 1
m](3)= 3 6 10 _5_8 5 6 l .
<5> (s -3 *3s -8 if |s| > 1,

while the infimum over the C! or Lipschitz functions in A is given by

6
mLip(s) = (%) (s‘o - %ss + g-se) Vs eR.

The present article revises the above classical view of the phenomenon. Here we
adopt the viewpoint that the Lavrentiev gap is actually a relaxation phenomenon assigning
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to each admissible function u a Lavrentiev term L(u) > O which specifies the magnimde
of the gap between the value of the variational functional itself on u and the smallest se-
quental lower limit of the values it takes on Lipschitzian admissible functions converging
weakly to u. Accordingly, given a sequentially weakly lower semicontinuous (for short
"Ls.c.”) functional G defined on the class of all admissible functions, we proceed first to
examine the functonal F which coincides with G on the Lipschitz class but is assigned
value + oo on all non-Lipschitzian admissible functions. We seek the L.s.c. envelope F
of F (i.e. the maximal sequentally weakly l.s.c. functional dominated by F) on the full
class of absolutely continuous admissible funcdons. Then L(u) is the quantity (nonneg-
ative because of the L.s.c. behavior of G) defined for all admissible functions u by

F(u) = G(u) + L(u).

In Secton 2 a characterization of L(u) is provided in terms of the value function
V associated with the Lagrange problem. This description reveals, in particular, that
the Lavrendev term is local in nature; the quantity L(u) is given as a limiting value of
V(z,u(zx)) as z converges to a critcal abscissa for the integrand (Theorem 2.1). This
descripton is then utilized in Section 3 to provide a rather explicit calculation of L(u) for
integrands satisfying a homogeneity condition (whose relevance to the Lavrentiev phe-
nomenon was pointed out in Heinricher & Mizel [HM1]) as well as for the far larger class
of integrands which only satisfy the homogeneity condition in an asymptotic sense near
the relevant critcal abscissa. In particular, the integrand presented by Mania [Ma] is fully
analyzed by following this approach. Section 4 is devoted to the analysis of the Lavren-
tiev phenomenon in the case of an integrand which is discontinuous in its arguments; here
the Lavrendev term L(u) is again calculated explicitly. Finally, in Section 5 the Lavren-
tiev phenomenon is considered in a very general framework; examples are presented of
condigons under which the Lavrentiev term is identically zero, so that the Lavrentiev phe-
nomenon is forestalled, and an example involving a second order autonomous integrand
is described for which the Lavrentiev phenomenon is present, despite the demonstrated
absence of the phenomenon in the case of first order autonomous integrands (Clarke &
Vinter [CV], Ambrosio, Ascenzi & Buttazzo [AAB]). Moreover, the presentation of cer-
tain mulodimensional problems permits a clear discussion of the Lavrentiev phcnomcnon
for general integral functionals of the calculus of variations.

2. A General Representation of the Lavrentiev Term

In this section we prove a rather general result on the representation of the relaxed
functional associated to an integral of the calculus of variations.
Let Q be the interval ]0, 1[; we consider the following spaces:
W11(0,1) the space of all absolutely continuous functions u : Q — R;
Lip(0,1] the space of all Lipschitz continuous functionsu : Q@ — R;
Lipi]0,1] the space of all functons u :  — R which are Lipschitz continuous on
every interval [§,1] with§ > 0.
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Moreover we set
A= {ueWw!(0,1) NLipk]0,1] : u(0)=0}.

Let f: Q x R x R — R be a function such that
(2.1) f is of Carathéodory type (i.e. f(z,s,z) is measurable in z and continuous in

(s,2));

2.2) f(:r,s), -) isconvexonR forevery(z,s) € Q xR;

2.3) f(z,s,0) =0 forevery(z,s) € Q xR;

(2.4) there exists a functionw :  x R x R — [0,+00[ withw(z,r,t) integrable in z
and increasing inr and t such that

0 < f(z,s,2) <wl(z,|s|,|z]) forevery(z,s,z) € Q xR xR.

For every u € A we define

1
G(u)=/ f(z,u,u')dz
0

G(u) ifu € Lip[0,1]

F(w) = +00  otherwise

and we denote by F the greatest functional on A which is sequentially Ls.c. with respect
to the weak W''1(0, 1) topology and less than or equal to F. Our goal is to give a repre-
sentadon of F on A. Of course, since G is sequentially weakly Ls.c. on W!1(0,1) (see
for instance Ioffe [I0], or Buttazzo [Bu] Chapter 4), we have

F(u) > G(u) foreveryu € A.
Moreover, by the inequality F < F we get
F(u) = G(w) forevery u € Lip[0,1].

In order to characterize the functonal F on .4 we introduce the value functibn
V(z,s) defined forevery (z,s) € Q x R by

V(z,s) = inf {/ fly,u,u’)dy : u€e Lip[0,z], u(0) =0, u(z) = s}
0
and its lower semicontinuous envelope V(z,s) with respect to s
V(z,s) = lim inf V(z,1).

Finally, for every u € A we define the "Lavrentiev term”

(2.5) L(u) = lim inf V(z,u(2)).
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The main result of this section is the following.

Theorem 2.1. Foreveryu € A we have

F(u) = G(u) + L(u).

In order to prove Theorem 2.1 we need some preliminary results.

Lemma 2.2. Letu € A and let u, € Lip[0,1] be such that u,(0) = 0 anduy — u
weakly inW'1(0,1). Then

G(w) + L(w) < lim inf F(up).

Proof. Fix § > 0; forevery A € N we have

1 &
F(Uh)=‘/6 f(z,uh,u';.)dz*-/o f(z,un,up) dz >
1
2/ f(z,un,up) dz + V(6,ur(8)) >
é
1
2/ f(z,un,u}) dz + V(6,u4(8)).
é

Passing to the liminf as A — + o0 and recalling that the assumptions made on the integrand
f provide the weak sequential W!:'(0, 1) lower semicontinuity of the functional v —
f; f(z,v,v') dz, we get

1
l'}.minf F(up) _>_/ f(z,u,u)dz+ lim inf V(6,us(6)) >
—+00 F —+00
1
z/ f(z,u,u')dz + V(6,u(6)),
§

where the last inequality follows from the fact that V(z, s) is L.s.c. with respect 10 s.
Passing now to the liminf as § — 0, we obtain

A—+o0

1
lim inf F(u) Zlirp__ionf/; f(:z,u,u')d::+lirgl_.iglfV(5,u(5)) =
1
=/; f(z,u,u)dz+ L(u) =G(u) + L(u). =
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Lemma 23. The functional G + L is sequentially l.s.c. on A with respect to the weak
w'1(0,1) wpology.

Proof. Take u,u; € A with uy — u weakly in W'1(0, 1); we have to prove that

G(u) + L(v) < lim inf [G(un) + L(u)].

Without loss of generality, we may assume that the liminf at the right-hand side is a finite
limit. Let z, — O be a sequence such that

(2.6) V(zh,uh(zh)) < L(ua) + % forevery h € N;

by the definition of V and by the properties of f we may find a sequence s, — 0 such
that forevery A € N

1
(2.7) |sh — ua(za)| < It
— 1
(2.8) V(zh,s) < V(zh,un(za)) + 7
1 1
, 1
(2.9) / f(:r,uh+s;,—uh(:rh),u;,)d:c§/ f(z,un,up) dz+ e

Finally, let v, € Lip[0,z4] be such that

1

(2.10) wvi(0) =0, vh(Zh) = 8, / f(:r,vh,vi,)dst(:h,sh)-rZ.
0

By property (2.3) of f it is easy to see that v, can be taken monotone; hence, setting

_ Jun(z) +sh—un(zsn) ifz>1zH
- vp( ) ifz <z

we have wy € Lip[0,1], wsy(0) =0, and

Zi
llwy = uhllzron < /o (Jvpl + |uyl) dz =
E Y ZA
=uaw+ [ lulds=se [ lulde
0 0
Since s, — 0 and u}, are equi-integrable on £2, we get
lim |lwy — uhllzro,) =0,
h—+00
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so that wy, — u weakly in W!!(0, 1). Therefore, by using Lemma 2.2 and (2.6)—2.10),
we obtain

G(w) + L(w) < lim inf F(wy) =

1 i
= lim inf [/ f(:r,uh+sh—u;,(:rh),u§,)d:z:+/o f(z, v, v}) d:z} <

h—+o0

! 2
<hmmf[/ f(I,uh,u’h)dJ*V(Ih,sh)+";}S

— h—e+oo

< lim inf [G(u,,) + L(up) + %] = lim inf [G(up) + L(up)]. m

—+00

Proof of Theorem 2.1. It is easy to see that
L(u)=0 forevery u € Lip[0,1], u(0) =0,

sothat G+ L < Fon A. By Lemma 2.3 we have G+ L < F on A, and 5o the proof is
achieved if we prove that

F(u) < G(u) + L(u) forevery u € A.
Letus fix u € A and let z;, — 0 be such that

(2.11) L(y) = lim V(zh,u(zh)).

By the definitdon of V‘and by the propertes of f we may find a sequence s, — 0 such
that forevery A € N

(2.12) |sh — u(za)| < '}1;,
(2.13) V(za,s8) < V(za,ulz4)) + ‘,1';,

1

1 1
(2.14) /f(z,u+sh—u(zh),u’)dzg/f(z,u,u')d:r-#;.
7Y

Za

Finally, let v, € Lip[0, z4] be such that

(2.15) wva(0) =0, va(Zn) = sa, / f(z,vn,v,) dz < V(zh,88) + -:;
0

As in the proof of Lemma 2.3,' setting

_Ju(z)+sh—u(zy) ifz>z)
wi(z) = {vh(z) ifz S Thy



we have wy € Lip[0, 1], ws(0) =0, and

Jim(lwh — /g0 = 0.
—+00

Hence w;, — u strongly in W11(0, 1) and, by using (2.11)—«2.15), we obtain

F(u) < ljgnjnf F(wy) =

1 i
= lim inf [/ f(z,u+ s/,—u.(:z:;,),u')d:z+/ f(z,v;,,v},)d::] <
9y 0

h—+oo

1
< hm inf [/ f(z,u,u)dz+ V(zh,s) + %] <
£

—o*w

h—+00

<11mmf {G(u)-#V(x;,,u(:r;,)) i} G(u)+ L(u). =

3. Some Particular Cases

In this section we discuss some particular cases in which the expression of the Lavren-
tiev term L(u) can be reduced to a simpler form. To begin with, let us consider an inte-
grand f sadsfying conditions (2.1)~«2.4) and the following invariance property (see Hein-
richer & Mizel [HM1]):

(3.1) there existsy €]0, 1[ such thatforcvc:yt >0 and(z,s,z) € Q2 xR xR

tf(tz, 178,871 2) = f(z,s,2).

In this case the following proposition holds.

Proposition 3.1. Foreveryu € A

L(w) = lim iglfV(l, “‘”) .

Ll

Proof. Let us fix (z,s) € Q x R and u € Lip[0, z] with u(0) = 0 and u(z) =
Setting y = tz and v(t) = 27 7u(tz) we get '

z 1
/of(y,u(y),u’(y))dyf—'/o zf(zt,u(zt),v'(zt)) dt =
1 1
=/ zf(zt,z7v(t),27'v'(1)) dt-/ Ft,v(t),v'(1)) dt
0
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" Therefore

V(z,s) =inf {F(v) : v € Lip[0,1], v(0) =0, v(1) = .s:r"’} =V(1l,sz7")
and the conclusion follows from formula (2.5) for the Lavrentiev term. B
Example 3.2. Letp > 1, €]0, 1[, and let

f(z,s,2) = |s — z%||2/P.

It is easy to see that, if a = (p — 1) /(p + 1), then f satsfies all conditions (2.1)—(2.4)
and the invariance condition (3.1) with 4 = a. By Heinricher & Mizel [HM1], for every
s € R we have

inf {F(v) : ve Lip[0,1], v(0) =0, v(1) = s} = G(u,)

where u, is the function

u,(z) = szf <B= P )
Therefore, an easy calculation gives

_ Bp—lsp(l_ﬁs) ifsgl
V(l,s) = {@.1[2(1 _,3)_89(1_53)] ifs > 1.

Note that in this case, if u(z) = 2%, we have G(u) = 0 whereas

L(v) =V(1,1) = B~1(1 = B).

We consider now a larger class of integrands which only satisfy the homogeneity
condiion in an asymptotic sense near the relevant singular abscissa. Letp > 1, leta €
[1,p[, and suppose the integrand f : Q x R x R — R has the form

f(z,s,2) = 2% a(z,s)|2|P

where a(z, s) is a nonnegative continuous function such that, setting v = (p — a) /p, for
every y € Q the funcdons my, M, : R — [0, +00] defined by

m,(s) = inf {a(z,27s) : z < y}
My(s) = sup {a(z,27s) : z< y}

are locally bounded.



For every z,y € Q with 2 < y we consider the functionals

F:(U)=/ f(tru’u’)dt

0

Fozy(u) =/ t*lm (t77u) |u'|P dt
0

F; (u) =/ o My (t77w) |u'[P dt
0

and the respective value functions

V(z,s) =inf {Fz(u) : u€ A(z,s)}
Vu(z,y,8) =inf {Fuzy(uw) : u € A(z,s)}
V*(z,y,8) =inf {F (v) : u€A(z,9)}

where A(z, s) is the set
A(z,s) = {u € Lip[0,2] : u(0) =0, u(z) = s}.
It is immediately seen that forevery s € R andeveryz,y € Q withz < y
(3.2) Vu(z,y,8) < V(z,8) <V*(z,9,8).
Hereafter we shall suppress the parameter y in expressions such as V.(z,y,s) and
V*(z,y,s) when no confusion can arise.

We now proceed to evaluate the functions V, and V* by using a verification argument
based on the study of variational problems of the form

(3.3) inf { / te-! m(t""u)lu'l”dt}
0

where m : R — R is a locally bounded Borel functon. If I(u) denotes the integral in
(3.3) and W(z, s) is its value function, we will show that

W(z,s) =inf {I(u) : u € A(z,8)} = I(uo)

where uo(t) = (t/z2)P/P Vs Indeed, setting for simplicity k = py/(p — 1), the fol-
lowing proposition holds.

Proposition 3.3. The function

S
ws = ot | [ m(E)IEi”“dé‘
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is the solution of the Hamilton-Jacobi equation

(3.4) {'1Sh'(5') = sup {QK'(S) - m(D)|QP : Q €R)
' h(0) =0

and forevery (z,s) € Q xR

W(z,s) = h(z778) = I(uop).

Proof. By explicitly carrying out the maximization, the Hamilton-Jacobi equation (3.4)

becomes
{ h'(S) = pkP~'m(S)|S|P2S
h(0) =0

that is

S
h(S) = pkP~! /; m(f)lEI”"d£l-

Now let u € A(z,s); from (3.4), taking S(t) = t™u(t) and Q(2) = t!~7u/(t), we have

t='m(S(t) QP > t7TA'(S(1)) (Q(t) —4S(t)) =
= h'(S(1))S'(t) = (ho S)'(1)

where the last equality follows from the chain rule for composition with Lipschitz func-
tions (see for instance Marcus & Mizel [MM1]). Integrating on ]0, z{[ yields

(3.5) I(u) 2/ (ho 8)'(t) dt = h(S(z)) = lim A(S(1)) = h(z77s)
0

where we have used the fact that y € Lip[0, z] implies that
}i_rpo t77u(t) = 0.
Taking the infimum on u in (3.5) we obtain
W(z,s) > h(z7s).

On the other hand, the functions

_l@/nks ift>e
ue(t) {tss""/z" ift<e

belong to A(z, s), so that for € small enough

W(z,s) < I(u,) =/ t"'IM(t"u,)lu',I”df. +/ t"'lm(t"’uo)lu() [P dt.
0

[ 4
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Passing to the limit as € — 0 it is easily seen that the first integral goes to 0, hence
W(z,s) < I(uo). |
An easy calculation shows that I(ug) = A(z77s), and this achieves the proof. &
We can now evaluate the functions V, and V*. From Proposition 3.3 we get
Vu(z,8) = ho(z775) V*(z,s) = h*(z77s)

where

S
h(S) = ph?! /o M, () feP! dsl.

S
fo m(f)lfl"‘dsl h*(S) = pkP~!

Therefore, from inequalities (3.2), since the functions h, and A” are continuous,
(3.6) ho(z77s) < V(z,5) < h*(z77s).
Recalling Theorem 2.1, formula (3.6) yields for every u € A

(3.7 lim (i)r}f h.(z77u(z)) < L(u) < lim gr}f h*(z77u(z)).

Finally, taking in (3.7) the limit as y — O, and applying the monotone convergence theo-
rem, we obtain the following result.

Theorem 3.4. Under the assumptions above on f(z,s,z), foreveryu € A we have

pkP~! lim inf
z—0"*

27 7u(2)
/o mo (E) €171 de| < L(w) <

< pkP~! lim inf
- z—0°*

- Tu(z)
/0 Mo ()€ dfl

where the functions mq, My are given by

mo(s) =sup {my(s) : y>0} =yl£rg' my(s)
Mo(s) = inf {M,(s) : y>0} =ylirg‘ My(s).

Remark 3.5. The same sort of analysis can be carried out whenever
f(z,s,2) =z a(z,8)p(z'2)

12



where p is a nonnegative superlinear convex function satisfying ¢(0) = 0. In the case
considered here p(z) = |z|P.

Example 3.6. Consider the functonal studied by Mania (see for instance Mania [Ma],
Cesari [Ce])

1
F(u) =/ (¢ =2)?|WPPdz (p>3).
0
The integrand f has the form
f(z,s,2) = (s° - z)zlzl” =12(s2z7! - 1)2|z]”

sothata =3,y =(p—3)/p,anda(z,s) = (s*z~! — 1)2.
When p > 9/2, which corresponds to 4y > 1/3, one finds easily

mo(s8) = Mo(s) =1 forevery s € R.

Therefore, from Theorem 3.4

_(p=3 =l u(o)P
L(u) = <_—T> lx;nmf e

P- ~0 z

In particular, L(u) = +ooif u(z) = z!/3.

When p = 9/2, which corresponds to 4 = 1/3, one has
mo(.'s)=Mo(3)=(s3-—l)2 foreverys € R

whence

1 (3\"? .
L(u)=§(:l-> hin_’(l)r}fH(Z(z))

with Z(z) = v’(z)/zand H(Z) = |Z|*/2 (1522 — 422 + 35). In particular, if u(z) =

L173
8 3 7/2
L(u) = 35 (;) X

When p €]3,9/2[, which corresponds to vy < 1/3, Theorem 3.4 does not apply because
the functions m, and M, are not locally bounded. However, it is possible to show that in
this case the Lavrentiev phenomenon does not occur, that is

1
L(u)=0 whenever / f(z,u,u') dz < +00.
0

Indeed, if u € A and

p+6
lim lu(zt)' =0
=

13



for a suitable sequence z, — 0, taking

u(z) ifz >z,
ut(z) = {Iu( I;)/z; ifz < I;
we get
. ol aud(z,) 2lu(ze) P
L(u) < hrp_’xonf‘/; ( p :r) dz =

= lim

e—0

720! 3787 52072

On the contrary, if there exists ¢ > 0 such that

[|u<-.re)1v+° , luzaP 2|u(z,)l’*3]

(3.8) [u(z)| > cx(P=D/(p+6)

for all z small enough, we have

/ f(z,u,u)dz > 2/ 6 6(:»-1)/(9%)]“,',,dl:2

Eys(p—l)/(p%)lu (ye )lp >

IV

2

c® 6(p—1 6
> (p~1)/(p+6)

ey U(I;)
4

Ze

for suitable 0 < z, < y. < &. Therefore,

U(Iz) P
6

Iﬁp-l)/(x» )

€ C6
/ flz,u,u)dz > =
0 4

which is in contradiction with (3.8) if f(z,u,u’) € L'(Q).

4. An Example with a Discontinuous Integrand

Let us fix a real number p > 1 and a funcdon ¢ € W1(0, 1) such that p(0) =
and p € W'?(§,1) for every § > 0. Define the mappings a, :]0,1[ xR — R and
F:w4(0,1) = [0,+00] by

_J0 ifs=yp(2)
a,(z,s)-{l if s # p(1)

1

F(u) = /“v(z,u)lu'l’dz ifu e W=(0,1), u(0) =

0
+00 otherwise,
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and consider the relaxed functional F : W'1(0,1) — [0, +0o] defined by
F=sup {G:W"(0,1) = [0,+00] : G < F, G sequentially weakly Ls.c.}.

The main result of this secton is the following.

Theorem 4.1. Foreveryu € W11(0,1) withu(0) = 0 we have

[u(2) P A le(2) [P
zP-! '

1
(4.1 F(u)=/ 6yp(z,u)|u'|P dz + lim inf
0 z—0*

The proof of Theorem 4.1 will be obtained by means of some preliminary lemmas.
Let us define A(0,1) = {u € W'(0,1) : u(0) =0} and, for every u € A(0,1)

1
G(u) =/ ap(z,u)|u'|Pdz.
0
[u(2) P A lp(2) [P
zr-!

F(u)={G(“) ifu € W'(0,1)
4 +00  otherwise.

L(u) = lim inf
z—0°*

Since
. Ju(2)? 1 '
(4.2 lim ——1—=0 forevery u € WHP(0,1) with u(0) =0,
z—=0* P
we have

G<G+L<F,<F  onA0,l).
Moreover, since G is sequentially weakly W'1(0,1)-Ls.c.,

(4.3) G<F<F on A(0,1).

Lemma 4.2. Letu € A(0, 1) be such that G(u) < +oco. Thenu € W'P(§,1) forevery
§>0.

Proof. Setting E = {z €]0,1[ : u(z) = p(z)}, forevery § > 0 we get

1
/ |u'|Pdz = / |u'|Pdz + / |u'|Pdz =
) JBANE 16,1[\E

=/ Iso'l’d:c+/ 6,(z,u)|u'[Pdz <
161 (NE 161\E

1
g/; @' |Pdz + G(u) < +oo.
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Therefore u € W!P(§,1). ®

. Lemma 43. Foreveryu € A(0,1) andeverye > O there exists u, € W1>(0, 1) such
thatu,(0) = 0, u, — u strongly in W'*(0,1), and

(4.4) hmmfF(u;) < G(u) +hrn 1nf lu (I)'p

Proof. Let u € A(O, 1) be such that the right-hand side of (4.4) is finite; then, by Lemma
42,ue Whe(§, 1) forevery § > 0. Let z. — 0 be such that

P
lu(zo)] = lim inf

(4.5) em0®  gPl 2-0°

(@
P!

It is known (see for instance Liu [Li] or Marcus & Mizel [MM2] Lemma 1) that for every
£ > 0 there exist an open subset A, of ]z,, 1[ and a Lipschitz function v, (actually Ve
can be taken in C'(R)) such that

meas(A,) < ¢, ve=uonlz,, I[\A,, Hve — ullwracz,1) < €.
Moreover, possibly refining the sequences (A,) and (v,) we may also assume that

pe(zIP _ JuCzolP| |

T ol

(4.6) /|v;|f’dzgs and
A,

Define now

ve( 1) ifz >z,
ue(z) = { ve(ze) z ifz < z,.
Te =7

We have u, € W!*(0,1), u, — u strongly in W!1(0, 1), and

¢
F(ug) =/ a,,(:,u;)]u'el”dz+/ ao(z,ue) |u [P dz+
0

+/ ap(z,u.)|u,[Pdz <
1z, l[\A‘

1
Sl_v,_(_:_:;_)_l_ / |v¢|sz+/ ap(z,u)|u'Pdz.
[ e

5

Passing to the limit as ¢ — 0*, and recalling (4.5) and (4.6), we obtain (4.4). B

Remark 4.4. From Lemma 4.3 we obtain immediately

lu(2) [P
zr-!

(4.7 F(u) < G(u) + lim inf for every u € A(0,1).
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Therefore, by (4.2) and (4.7) we have

F<F, onA(0,1).
Hence F < 'F_‘, which, together with (4.3) gives

F=F, onA(0,1).

Thus, in what follows, we shall use the functional Fj, instead of F'; this allows us to use
W1® functons instead of Lipschitz functions in the approximations.

Lemma 4.5. Foreveryu € A(0,1) and everye > O there exists u, € W1P(0,1) such
thatu,(0) = 0, u, — u strongly in W'1(0,1), and

le(@)lP

(4.8) li:n_.oir}f Fo(ue) < G(u) + li;n_.oiqf 1

Proof. Let u € A(0, 1) be such that the right-hand side of (4.8) is finite; then by Lemma
42u e W'P(8,1) forevery 6 > 0. If u # p in ]0, §{ for a suitable § > 0, we have

5 &
/ |u'|Pdz = / ap(z,u)|u'[Pdz < +o0,
0 0

andsou € W'®?(0,1). In this case it is enough to take u, = u to satsfy our requirements.
Otherwise, let y, — 0 be such that u(y,) = p(y,), and let z, — 0 be such that

P P
(4.9) lim -—--“p("‘l)' - lim inf £2F
€—~0°* zg- z—0* Pl
Possibly refining the sequence (z,) we may assume that z, < y, for every ¢ > 0. Define

now )
u(z) ifz >y,

(1) fze<z<ye
'P(z:)z

Ze

We have u, € W!'®(0, 1), u, — u strongly in W!(0, 1), and

Ue(z) =

ifz < z,.

z, 1 P
Fy(ue) < _/o Jutl? dz + / ap(z, 0P dz < 2P, gy,

Ve Te

Passing to the limit as € — 0*, and recalling (4.9), we obtain (4.8). m

We are now in a position to prove Theorem 4.1.
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lo(ye)| _ fu(ye) | |u(:r,)| l/p < I“(Is)l 1/p

1 - D/p = (p=1 1 £
yﬁ”' )/p yﬁ"‘ )/p y‘p- )/p (p- “(—1/p

which contradicts (4.14) and (4.15).
Let us prove the last inequality in (4.13) by contradiction. Assume

lu(2) P le(2)|P
(4.17) hT_.mp 1 h;n_;u =
and let z, — 0 be such that
P P
(4.18) lim |u(z,l)| = lim sup lu (I)‘ .
e=0°* Ip z—0°* Ip-l

From (4.17) and (4.18) it follows that |p(z.)| < |u(z,)| for € small enough. As before,
if o(0) # 0, since u(0) = 0 and G(u) < +00, we would obtain u € W'®(0,1) which
contradicts our assumptons. Then ¢(0) = 0, so that, setting

ye=max {z € [0,z,] : u(z) = p(z)}

a,(z,u) = 1in]y,, z.[. Then, as in the previous part, setting

w,:/ .a,,(:z,u)lu']’dx,

Vs

we have w, — 0 and

P e Ze
Te) —u
(zt—yt) u( t) (y‘) S / 'ullpdzr'/ av(z’u)lu'lpd"r:wh
- Ve Ye Ve
that is
u(ze) < ulye) + wl/P|ze — y | PD/P.
This implies
lu(zadl _ 1wl | e l0ly] Wil < lw(yc)l +uwlle
(p=D/p = _(p=1)/p € —(-1)/p = “(p-1)/p
Te Te Te yt

which contradicts (4.17) and (4.18). @

Remark 4.7. By Proposidon 4.6 we may write

otherwise.

_ G(u) ifu e W'?(0,1)
F(u) “{

.. (D) ]P
G(u)+h£n_.(x)r3f pr—
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Moreover, when |p(z)|P/zP! tends (as z — 0*) to a limit (finite or not), taking into
account (4.2) and Proposition 4.6 we get

lu() [P
1

F(u) = G(u) + lim inf forevery u € A(0,1).
m 1in

5. Further Remarks

We may consider the Lavrentiev phenomenon in a very abstract framework: given a
topological space X, a dense subsetY C X, and a functional F' : X — [0, +o00] define

Fx=sup{G:X —[0,+00] : Gislsc.,G< FonX}
Fy=sup{G:X —[0,+00] : Gislsc,G< FonY}.

It is clear that Fx < Fy, hence the Lavrendev term L(u) defined for every u € X by
L(u) = Fy(u) = Fx(u) (L(uw) =0 if Fx(u) = +o0)

turns out to be nonnegative. In particular, L = Fy — F whenever Fis Ls.c..
Consider now the case when X = WH(Q:R™),Y = WI*(Q;R™), and

. F(u)=/f(:1:,u,Du)d:r (u € X).
0

Here Q is a bounded open subset of R* with a Lipschitz boundary, X is endowed with
the weak convergence, and f(z, s, z) is a nonnegative Borel integrand.

In some situations, it may occur that L(u) = 0 whenever Fx(u) < +00, so that
the relaxed functional Fy coincides with Fx. This is the case, for instance, when the
integrand f is of Carathéodory type (in the sense of (2.1)) and satisfies a condition of the
form

(5.1) c1(]z]P +61(2)) < f(z,8,2) < c2(Jz|P + b(s) + a2(2))

withp > 1,0 < ¢; < ¢2,01,02 € L'(Q),b € C(R). Indeed. in this case the following
proposition holds.

Proposition 5.1. The functionals Fy and F x coincide.

Proof. Since Fx < Fy and since F is finite only on W'®(Q; R™), in order to conclude
the proof it is enough to show that

(5.2) Fy(u) < F(u) foreveryu € W!P(Q:R™).
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Letu € WIP(Q;R™) and let (us) be a sequence in Lip[ 0, 1] converging to u strongly
in W1?(Q;R™). Using the lower semicondnuity of Fy and the fact that by the second
inequality of (5.1) F is continuous in the W norm (cf. e.g. [ET]), we get

Fy(u) < Lim inf Fy(us) < lim inf F(u) = F(u)
thatis (5.2). ®

_ Another class of functionals for which the Lavrentiev term L(u) vanishes whenever
Fx(u) < +oois given by all integrals of the form (heren=m = 1)

1
(5.3) F(u)=/ f(z,u) dz (v e Ww(0,1))
0

where f : Q x R — [0, +00] is a Borel function such that

(5.4) f(z,-) isconvexandls.c. onR forae z € Q;

(5.5) there exists up € Lip[0, 1] with F(up) < +00.

Then F is sequentially weakly l.s.c. and the following proposition holds (see De Arcan-
gelis [De]).

Proposition §.2. Let f : Q x R — [0,+00] be a Borel function satisfying (5.4) and
(5.5), and let F be given by (5.3). Then we have

Fy(u) = F(u) foreveryu € WhH1(0,1).

Proof. By considering the function
9(z,2) = f(z,2 + up(2))

we may reduce ourselves to the case up = 0 in (5.5). Moreover, the assumptions made
on f imply that the functional F is sequentially weakly l.s.c. on W11(0,1). Therefore

we have _
Fy(u) > F(u) for every u € W11(0,1).

In order to prove the opposite inequality, fix u € W'!(0,1), and for every h € N and
z € Q define

ua(z) = u(0) + / (w'(t) AR) V(=h)adt.
0

We have that u, € Lip[0,1] and

1
flu’h—u’!d='=/ [k = [u]] dz <
0 {lv'|>h}

< f (h+ |u']) dz < 2 'l dz.
(1>} (w158}
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Hence u) — u strongly in W11 (0, 1), and so, by the convexity of f(z, ),

?y(u) < lim_”mf F(up) =
= lim inf U f(z,u) dx+/ f(z,h)dz+
h—+eo | J{w'ich) {w'>h}

+f f(z,~h) dz] <
{u'<=h}

< lim inf {/ f(z,u') dz+
h—roo | J{jwigh}

h h
_ ! 1] - — ,0) | dz
* /{...,.»} [!u'lf(”“ I < Iu’l) iz ’] } S

g/f(z,u')dx-f»liminf/ f(z,O)d:c=/f(:r,u')dx,
Q {lv'|>h} o)

h—+o0

where the last equality follows from the fact that f(z,0) has been supposed integrable
and meas({|u| > h}) — O as h — +oo. Therefore the proof is completely achieved. B

It is known (see Proposition 5.2 and also Clarke & Vinter [CV], Ambrosio, Ascenzi
& Buttazzo [AAB]) that if n= m = 1 then in order to have the Lavrentev phenomenon
(thatis L(u) # O for some u € X) the integrand f must depend on all its variables z, s, z.
If n> 1 and m = 1, on the contrary, we may have the Lavrentev phenomenon even for
integrands of the form f(z,z) (see De Arcangelis [De]), whereasifn > 1 and m > 1
an example in which the Lavrendev phenomenon occurs has been provided by Bethuel,
Brezis & Coron [BBC] and by Giaquinta, Modica & Soucek [GMS] with

f(s,2) = {Mz if |s| = 1

+00 otherwise.

In the case n > 1, m > 1 the Lavrentiev phenomenon may occur even with integrands
of the form f = f(z); indeed Miiller [Mii] (see also Marcellini [Marl], [Mar2]) showed
thatifn=m=2,p €]4/3,2[, and

F(u)=/ |det Du|dz (v e w'?(Q,R?))
Q
with the weak W'® convergence, one has

Fx(u) < Fy(u) for some u € W!P(Q ,R?).

The problem of determining whether forn > 1, m > 1, f = f(2) the Lavrendev
phenomenon can occur in general with Ls.c. functionals of the form

F(u)=/ f(Du)dz
Q
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* is, as far as we know, still open (except in the case f( z) convex, where L = O under some
mild assumptions on f oron £2).
In view of the result of Clarke & Vinter [CV] forestalling the presence of a Lavren-
tiev gap in the case of first order autonomous integrands, it seems useful to present the
following example.

Example 5.3. The autonomous second order two-point Lagrange problem with regular
integrand given by

1
F(u) = /0 [('(2) = [w(D %) ¥ [ ()| + elu"(2) 2] dz

exhibits the Lavrentiev phenomenon on
A={uew?(0,1) : w(0) =v'(0) =0, w(1)=6>0,u'(1)=a>0}
That is, for € small enough,
inf {F(u) : u€ A} <inf {F(u) : u€e ANW?>>(0,1)}.

In fact, it can be shown (see Mizel [Mi2]) that in this example the critical dense subclass
of A is the subclass consisting of all W2:3(0, 1) admissible functions.
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