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1. Introduction

Recently much attention has been devoted to the study of phase transitions problems
involving singular perturbations. A typical example is the case where equilibria correspond
to minima of a certain energy functional

E(u):/g;W(u(:z))d.?:

and the bulk energy density W supports two or more wells. Depending on the boundary
conditions or constrains, in general there are more than one solution and to resolve this
non-uniqueness one may consider a family of singular perturbations

Ee(u)=/{;W(u(x))dx+62Lg2(Vu(x))dz,

expecting that, when ¢ — 0, minimizers of E.(-) will select the physically reasonable
solution for E(-). The isotropic version of this model, where g = |- |, was first introduced
by Cahn [C] and Carr, Gurtin & Slemrod [CGS] analyzed it in the case where u:Q C
RY - RP, N=p=1. Forp=1and N > 1 Modica [M] identified the limiting energy for
the rescaled functionals J, := 1E,, Kohn & Sternberg [KS], Owen [01], [02], Sternberg [S]
studied the problem in the scalar-valued case and Baldo [Ba], Bouchitté [Bo] and Fonseca
& Tartar [FT1] solved the isotropic vector-valued case.

In 1988 Fonseca and Tartar [FT2] initiated the analysis of the interesting case corre-
sponding to a change of phase in three-dimensional nonlinear elasticity. Here u is a 3 x 3
matrix representing the deformation gradient of a body with reference configuration 2,
W has two potential wells of equal depth at a and b which in order to meet kinematic
compatibility conditions, differ by a rank-one matrix, i.e.

a—-b=cQ®v

for some ¢ € R3, v € S%. Considering the isotropic penalization

Ef(u)z/QW'(u(w))d:c-}-gv/Q||Vu(:v)||2dm

together with the constraint
curl u = 0,

Fonseca and Tartar [FT2] conjectured that the I'-limit of the rescaled functional
1
Je(u) = —e-EE(u)

is given by

C Perq{z € Q:u(z) =a} if curlu =0, u € {a,b} a.e.
400 otherwise.

Jo(u) = {



The constant C is defined as follows. Let {vy,1v,v3 = v} be an orthonormal basis of R?
and let

1 .
Q,:={z eR3|z-y < 5 1= 1,2,3}.

Then
C = int{ /Q W(VEW)) + IDEWI:€ € A} | (1.1)

where A is the subset of W%2(Q; R?) consisting of functions £ such that
(a) the trace of V€ on y3 = 3 is equal to b;

(b) the trace of V¢ on y3 = —3 is equal to g;

(¢) V¢ is periodic in the directions of e;, e; with period 1.

We recall that if curl v = 0 and if u € {a,b} a.e. then the interface 8{z € Q:u(z) =
a} N must be planar with normal v (see Ball and James [BJ]). Some results on the later
constrained problem have been already obtained by Fonseca and Tartar [FT2]. However,
for solids that may undergo a change of phase we expect the surface energy density to be
anisotropic (see Fonseca [Fo|, Taylor [T1], [T2], Wulff [W]) and so the ultimate goal is to
understand the asymptotic behavior of E¢(: ) when g is any convex function.

Owen and Sternberg [OS] showed that the I'-limit in the anisotropic, unconstrained,
scalar-valued case reduces to the Wulff shape (see Fonseca [Fo], Fonseca and Miiller [FM],
Taylor [T1], [T2]). In the vector-valued, unconstrained case the problem is still unsolved.
In order to find a lower bound for the I'-limit Jo(- ) we apply the Cauchy-Schwarz inequality
and obtain

Je(u)Z/Qf(a:,u(z),Vu(:v))dx

where
f(z,u, Vu) 1= 2/ W(u)g(Vu).

Assuming, in a first instance, that f is nondegenerate, and that f(z,u,-) has linear growth
at infinity we want to identify

Flu] := inf{lim_{i_nf‘/ f(z,un(z), Vun(z))dzius € WH(Q;RP), u, — u L}(Q;RP)}
n—-1+0oo Q

where
u € {a,b} a.e. inQ

and the interface, or jump set %, is planar. Aviles and Giga [AG] obtained a lower bound
for F[u], but it is not clear that the resulting functional is indeed the greatest lower bound.
Under the isotropy condition (see Definition 2.5) Ambrosio, Mortola and Tortorelli [AMT]
and Aviles and Giga [AG] identified the integral representation for F|[-] which turns out to
be a generalization of a result of Dal Maso [DM] for the scalar-valued case. Uifortunately,
the isotropy condition is so strong that it implies, essentially, the isotropy of the surface
energy density (see Proposition 5.1).
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Motivated by (1.1) we identify Flu] for u: Q2 — {a,b} C R? such that

_Jb ifzrv>0
u(:r)-—{a ifz-v>0. (1:2)

We show that
Flul= [ (o, ul@),0)de + / K(z,a,b,v)dHy_1(z)
Q z

where X := {z € Q:z-v = 0},

K(z,a,b,v) := inf{ /Q (2, £(v), VE@W))dy: € € Aa,b,v))

where

Aa,b,v) i={¢ € W' (Q,iR?) : £(y) = aif y-v = —1/2, E(y) =bif y-v=1/2

and £ is periodic, width period 1, in the v4,...,vn—; directions},

and f*°(z,u,-) is the recession function of f(z,u,-) .

Recently, we became aware of the work by Ambrosio and Pallara [AP] in which they
obtain an abstract integral representation for F(u] for every u € BV (Q; R?) (see Theorem
5.2). It turns out that our Propositions 3.1 and 4.1 together with Theorem 5.2 provide
a full characterization of the integral representation of F[-] in BV (Q; R?) (see Theorem
5.3).

In Section 2 we state some results on functions of bounded variation. A general
discussion on this subject can be found in Evans and Gariepy [EG], Giusti [G], Federer
[F], Ziemer [Z]. Also, we analyze the implications of our hypotheses on f with respect to
f*° and to K (see Lemmas 2.3 and 2.4). In Proposition 2.6 and 2.7 we study the isotropy
condition in some detail and we conclude that it forces the resulting relaxed surface energy
density to be isotropic.

Setting

I(u) := / f(z,u(z),0)dz +/ K(z,a,b,v)dHNn_1(7),
Q =
where u is a function as in (1.2), in Section 3 we show that
Flu] 2 I(u).

To this end, in Lemma 3.2 we introduce a ”slicing” technique which allows us to
modify a sequence u, — u in L'(Q,;RP) in such a way that the new sequence w, agrees
with u, in most of the cube @, and there are slices near the top and bottom of @, where
wy, is a convex combination of u, and, respectively b and a,

_fb frv=1/2
w"(x)_{a fz-v=-1/2
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and concentrations are avoided so that

liminf/ f(z,un(z), Vup(z))dz Zliminf/ f(z,wn(z), Vwn(z))dz.
Q n—too Jqo

n—<oo

A similar slicing procedure is possible in order to render u, periodic with respect to the
remaining N — 1 directions. We used the same idea again in Section 4, where we show that

Flu] = I(u)

by constructing a sequence u, — u in L! such that

/ f(z,un(z), Vup(z))dz — I(u).
Q.

In Section 5 we conclude that our results, namely our characterization of the surface
density K, together with Ambrosio and Pallara’s theorem yield the integral representation
for Flu], for all u € BV (Q; RP).

2. Preliminaries. The isotropy condition.

In what follows  C R” is an open, bounded, strongly Lipschitz domain, p, N > 1, and
{e1,...,en} is the standard orthonormal basis of RN.

Definition 2.1 A function u € L'(;RP) is said to be of bounded variation (u €

BV(S,;RP))ifforall 7 € {1,...,p}, 5 € {1,..., N} there exists a Radon measure y; ; such
that

94
Atti(x)axj (z)dz = — /9 é(z)dp;,j
for all ¢ € CJ(Q).

The distributional derivative Du is the matrix-valued measure with components y; ;.
If u € BV (Q;RP) then Du can be represented as

Du =Vudzr + (vt —u")®@ vdHn_1|Z + C(u) (2.1)
where Vu is the density of the absolutely continuous part of Du and Hy_; is the N — 1

dimensional Hausdorff measure. Here u™ and u~ denote, respectively, the approzimate
upper and lower limits of u, i.e. for all z € {1,...,p}

. .1
uf(z) :=inf{t e R: Ehrgl+ E—ﬁﬁN[{ui >t} N B(z)] = 0}

and .
u;(z) :=sup{t € R: el_if(r)l+ e—ﬁ,CN[{u,- <t} N Be(z)] = 0}
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where B(z) is the open ball centered at £ and with radius e. The three measures in (2.1)
are mutually singular. In fact, if Hy_-1(B) < 400 then ||C(u)||(B) = 0 and there exists a
Borel set E such that

Ln(E)=0"and [|C(u)|l(B)=||C(u)|(BNE)

for any Borel set B, where Ly is the N—dimensional Lebesgue’s measure. X(u) is called
the singular set of u or jump set and is defined by

S(u) = U{:c € Q:uj(z) < uf(z)}.

¥(u) is the complement of the Lebesgue set, i.e.

. 1
Zu)={z€Q:Vze ngrgl+ m B.(2) lu(y) — z|dy # 0}.

It is well known that £(u) is countably N — 1 rectifiable, i.e.

S(u)= |J KnUN
neN

where Hy_1(N) = 0 and K, is a compact subset of a C! hypersurface. Also, for Hn_;
a.e. T € (u) there exists a unit vector v(z) € SN~1, normal to (u) at z, such that

ut(2) = lim, (e + ev(2))

u (z) = EET+ u(z — ev(z))

and 1
lim, < Ju(y) — u* (@) dy
e=0t €7 J{yeB(2):(y—2)v(2)>0} (2.2)
. 1 - - ’
+ lim — lu(y) — u™(z)|NN"1dy = 0.

e—0t+ €V Jiue B (2):(y—z)-w(z) <0}

For a detailed study of the spaces BV (Q2; R?) we refer the reader to Evans and Gariepy
[EG], Federer [Fe], Giusti [G], Ziemer [Z].
Let MP*N denote the space of p x N real matrices and if A € MP*N let
1Al = (tr(AT A)Y2.

Let f:Q x R? x MP*N — [0,+00) be a continuous function such that



(H1) f(z,u,-) is convex for all (z,u) € 2 x R?;
(H2) There exist ¢'; € R and there exist ¢;,¢c; > 0 such that
cil|All = ¢'1 < f(z,u, A) < e2(1 + || A])
for all (z,u,A) € Q x R?P x MP*N,

(H3) For all zo € Q and for all € > 0 there exists § > 0 such that |r — zo| < 6 implies
If(z,u, A) — f(zo,u,A)| < eC(1+ |u| + ||A]|) for every (u,A) € RP x MP*N where
C > 0 is a constant independent of zg;

(H4) There exist 0 < m < 1, to > 0, ¢4 > 0 such that if (z,u,A) € Q x RP x MP*VN,
|A|l =1, t > to then

tA
!i(_a%_l - foo(z,uvA)l < .'tc%

Remark 2.2 If f satisfies (H1) and (H2) then f is globally Lipschitz, i.e.
|f($$uaA) - f(ZZ?,'U.,B)l < C3HA - B“

Let f°:Q x R? x MP*N — [0, 40c0) be the recession function, i.e.

. o flz,u,tA)
fe(z,u,A) := t_lg{l()() r .

Note that, fixing (z,u,4) € 2 x R? x MP*N and setting g(t) := f(z,u,tA) — f(z,u,0),
then g is a convex function, ¢(0) = 0 and so

t— g(t)/t

is increasing. Thus
fo = sup g(t)/t

t—-+oo

t—+o0o t
= t—liI-Eloo flz,u,tA)/t

It is well-known that f°°(z,u,-) is a convex function, homogeneous of degree one. In
addition we have

Lemma 2.3 Under the hypotheses (H2) and (H3) the following hold:



(1) allAll £ f*(z,u,4) < c2||A]|, for every (z,u,A) € Q x RP x MPXN,

(ii) For all zg € 2, € > 0 there exists § > 0 such that for every (u,A) € RP x MP*N
|z — zo| < 6 implies

lfoo(xvu,A) - foo(xoauaA)l < CC”A”

Proof.
(i) By (2.3) and (H2) we have

oz, u, A) 2 f(z,u,A) — f(z,u,0) 2 1|4l — 1 — 2
and so, for allt > 0
15 (2, u, 4) = f(z,u,t4) > eif|tAl] - ¢'1 — ez
Dividing by ¢ and letting ¢ go to infinity, we conclude that
(@, u, A) 2 a4

Also,
Fo(z,u,A) = lim f(z,u,t4) < liming 24D _ cz||Afl-
t—+o0 t t—+o00 t

(1) Fix zo € ©, € > 0 and let § > 0 be such that
|z —zo| < &= [f(z,u,4) — f(zo,u, A)| < C(1+ |u| + || A]).
If0<t<t,then by (H3)

f(x,u,tA) - f(:z,u,O) _ f(xo,u,t'A) —f(.’lto,u,O)
t t'
<f($7u’tA) —f(l','u,,O) _ f(CBo,u,tA) —f(Io,u,O)
- t t
_f(x,u,tA)—f(mo,u,tA) f(:co,u,O)—f(:c,u,O)
- t + t
1+ Jul + 1tAll | f(z0,4,0) = f(z,u,0)
t t

<eC

and so

f(:r,u,tA) —f(:L‘,u,O)
t
Sf(xo,u,t,A)t,—- f(:Co,u,O) + eCl + |ult+ ”tA” + f(xo,u’o)t— f(:E,u’O).
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Letting t' — +o0co0 we obtain

f(z,u,tA) — f(:r,u, O)
14

Sfoo(m01u’ A) + eC

L+ ful + |ItAll | f(zo,4,0) = f(z,u,0)
t t

and if t - 400 then
f(z,u, A) < fP(z0,u,A) + eC|l A

In a similar way we obtain
f=(@o,u, A) < f=(z,u, A) + eC|| 4|
and we conclude that

|75 (2, u, A) = f&(20,u, 4)| < eCJA]l.

We want to find an integral representation for
Flu] :=inf {lim_ii_nf/ f(z,un(z), Vup(z))dz :up, € W, u € BV, u, — u in Ll} ,
n—-10co 0

when u takes only two values across a planar interface.
Given v € SN~1, Q, is the open unit cube centered at the origin with respect to an
orthonormal basis {v1,...,vn-1,v} of RV | i.e.

Q,:={zeR" :|z-1| <1/2, |z-v|<1/2, i=1,...,N —1}.
For (a,b,v) € R? x R? x SNV~1 we define the class of admissible functions

A(a,b,v) i={6 € WHQLiR) : €(y) = aif yrv = —1/2, E&(y) =bif yrv =1/2
and £ is periodic, width period 1, in the vy,...,vn_; directions}

where the boundary value of £ is understood in the sense of trace. A function £ is said to
be periodic with period 1 in the direction of v; if

E(y) = &y + k)

forall k € Z, y € Q,. Our surface energy density K : @ x R? x R? x SN=1 —, [0, +0),
is defined by

K(z,a,b,v):= inf / (z,€&(y), VE&(y))dy (2.4)

£€EA(abv) Jg

8



and our candidate for the relaxation F[-] is given by
I(u) = / f(z,u(z),0)dz + / K(z,a,b,v(z))dHy 1 (z). (2.5)
Q Z(u)

We examine some continuity properties of the surface energy density K.
Proposition 2.4 Under the hypotheses (H1) and (H2) the following hold:
(i) 0 < K(z,a,b,v) < C|b—a| for all (z,a,b,v) € 2 x R? x R? x SN-1;
(i1) For all zg € Q, € > 0 there exists § > 0 such that
|z — 20| < 6 = |K(z,a,b,v) — K(z¢,a,b,v)| < eC(1 + |b— al);
(iii) For some constant ¢ > 0 and for all (z,a,b,v), (z,a,b,v') € 2 x RP x RP x MP*N
|K(z,a,b,v) — K(z,a,b,v")| < c|v -1

Proof.

(i) Fix (a,b,v) € R? x R? x SN~1 and let

) = (b= a)yv) + L.

Clearly ¢ € A(a,b,v) and so, by Lemma 2.3 (i)
1/2
0< K(z,a,b,v) < / Pz, (b—a)t+ (a+b)/2,(b—a) @ v)dt < ca]b— al.
-1/2
(ii) Fix 2o € 2, € > 0 and by Lemma 2.3 (ii) choose § > 0 such that
|z — zo| = |fC(z,u,A) — f(z0,u, A)| < eC||4]|.

For all n € N we choose &, € A(a,b,v) such that

[ 550, al), Ven))dy < K(so,a,b,0) + 1

v

By Lemma 2.3 (i) and by part (i) above we have

K(zg,a,b,v)+1 <C(lb—a+1)
91

/ IVEa(w)ldy <
Q.

9



hence, if |z — z¢| < § by Lemma 2.3 (ii)
K(z,a,b,v) — K(zo,a,b,v) <
< [ 17 i), Va(0) = (o0 £alw), V)l +
< [ civewla+
<eClb—a|+1)+ %
Letting n — 400, we obtain
K(z,a,b,v) — K(z0,a,b,v) < eC(]b—a]+1).
On the other hand, if |z — z¢| < § and if g, € A(a,b,v) is such that

1

g
n

/Q £z, 9 (¥), Vou(¥))dy < K(,a,b,v) +
then due to part (i) and Lemma 2.3 (i) we have
/Q IVen(w)lldy < C(b—a] +1)

and similarly
K(zo,a,b,v) — K(z,a,b,v) <
< [ 10,6n(0), V0a(0) = (2. 00(0). Von(u)ldy +
< cC(lb—al +1)+
which implies that
K(zo,a,b,v) — K(z,a,b,v) < eC(|b— a| +1).

(ii1) We take €, € A(a, b, v) such that
JL e Entw), Veaw)dy < Kz, ab) 4 1
By part (i) and by Lemma 2.3 (i) we have
/Q 6y < O+ (b al)

10
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Let v/ € SN-1 and choose R a rotation of RN such that Rv = ¢/ and Q. = RQ,. Setting
£ (y) = €x(RTy), it is clear that
¢' € A(a,b,v'")

and so, by Remark 2.2 and by (2.6)
K(z,a,b,v") — K(z,a,b,v)
oo T T \pT o 1
< [ 1B, VBT E - [ (e, 60(0), Venw)dy + 2
' Q. n

- / £ (2, En(y), Ven(y) R )dy — / £ (@, n(y), Vén(w))dy + -
Q. Q. n
<C(lb—a| + D)y —v'| + %

If n — +o00 then the previous inequality yields (iii). |

Next, we study some implications of the isotropy condition.
Definition 2.5 A function f : © x R? x MP*N _ [0,400) is said to satisfy the

1sotropy condition if

flz,u, A) > f(z,u, An @ n)
for all A € MP*N n e SN-1,

Ambrosio, Mortola and Tortorelli [AMT] and Aviles and Giga [AG] showed that under
the isotropy condition

Flu] =/Qf(:z:,u(x),Vu(:c))da: +/;( )D(z,u’(:c),u'*'(:r),v(:c))dHN_l
e _dC(u) z u)|[(z
+ [ 12 ute), S B @IcwiE)

for all u € BV(Q;R?); here we used the decomposition (2.1) and (2.2), ||C(u)|| denotes
the total variation of C(u) , i.e.

IC)II(B) = sup{/Q ¢ dC(u): ¢ € Co(B; MP*Y), ||¢llo < 1}
for all Borel sets B C €2, and

D(z,a,b,v) = inf{/o1 Fe(>z,v(2),7'(t) @ v(z))dt : v € Wh 4(0) = a, ¥(1) = b}.

11



D is the obvious extension of the energy density obtained by Dal Maso [DM] to the vector-
valued case. Note that (see Clarke and Vinter [CV])

1
D(z,a,bv) = int{ | f(2,9(0),7'(0) @ v(@))dt s 7 € WM, 3(0) =a, +(1) =b),
0
We extend I(-), introduced in (2.5), to BV (2; R?) as

= z,u(z u(z))dz z,u”(z),ut(z),v(z -1
1) = [ f(a,u(a), Vu(e))d +/z<u>K(’ (2),u* (2), v(2))dHN

oo 4C()  arcw)l(z
+ /Q £, u(@), g @MIC@IE).

In the next proposition we compare D(z,a,b,v) and K(z,a,b,v).
Proposition 2.6 If (H1) holds then
(i) D(z,a,b,v) > K(z,a,b,v);
(ii) If f = f(z,A) then D(z,qa,b,v) = K(z,qa,b,v) = f*(z,(a—b)Q@v) and Flu] = I(u).
(iii) If f satisfies the isotropy condition then
D(z,a,b,v) = K(z,a,b,v)
and Flu] = I(u).

Proof. .
(i) Choose v € W1:1([0,1]; RP), v(0) = a, (1) = b and set £: Q, — RN,

£(y) :=(y-v+1/2).
Then

_Jv0)=a fy-v=-1/2
€(y)_{z(1)=b ifz-v-——l/Z

and
E(y+kvi) =q(y- v+ kviov 4+ 1/2) = y(y- v + 1/2) = £(y)
fori=1,...,N — 1. Thus
K(z,a,b,v) < JQ £ (2, £v), VE@))dy
- /Q £y v +1/2),7 (v v +1/2) ® v)dy

- / (7 (1), 7 (8) ® v)dt.

12



Taking the infimum in 7, we conclude that
K(z,a,b,v) < D(z,a,b,v).

(i1) Suppose that f = f(z,A) and let £ € A(a,b,v). By Jensen’s inequality
[, e vy 2 5, [ Ve = e -y @D

since £ is periodic in the vy,...,vn—; directions. On the other hand, if
v(t):=t(b—a)+a 0<t<I1,
then .
Dz,a,b) < [ 2@y (D) @0)t = (a6~ ) ® )
which, together with (i) yields
D(z,a,b,v) = K(z,a,b,v) = f(z,(b—a) @v).

In this case, it is well-known that (see Goffman & Serrin [GS], Giaquinta, Modica, Soucek
[GMS], Reshetnyak [R])

Flu) = / f(z,u(z), V(=))dz + / (@, (ut (2) — u™(2)) ® v(@))dHn
Q Z(u)

®(z,u(z LEOR u)||(z
+ [ 12 u@), FE S ACWI)
= I(u).

(iii) If f satisfies the isotropy condition and if £ € W11(Q,;RP) is such that {(y) = a
fyv=-1/2¢y)=bifyv=1/2and é(y+ kvi) =€(y), k€Z,i=1,...,.N -1,
then writing y = (y',yn—-1) € Q' X (—=1/2,1/2) with respect to the orthonormal basis
{Vl"">VN—17V},

1/2
/ £, (), VE))dy = / { / f°°(x,e<y),VE(y)>dyN}dy'
Q. Q /2

1/2
Z/Q {/ 2f°°(rv,€(y),V€(y)v®'/)dyw}aly'-

_1/
If y' € Q' is fixed and if we set
v(t) = &(y',t = 1/2),
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then v € WHI([0,1];R?), 7(0) = £(y', —1/2) = a, 7(1) = £(¥',1/2) = b and ¥'(t) = V{v.

Hence

1/2 1 :
/ B (=, €(y), VE(y)r ® v)dyn = /0 f=(z,7(t),7'(t) ® v)dt > D(z,a,b,v)

—1

and we conclude that

K(z,a,b,v) = inf / (2,£(y), VEy)v @ v)dy >
@abw) = ot [ 560, Ve ©v)dy

> | D(z,a,b,v)dy' = D(z,a,b,v)
Q’

which, together with part (i), implies that
D(z,a,b,v) = K(z,a,b,v).
n

We are particularly interested in the characterization of the surface energy density
K(z,a,b,v) (or D(z,a,b,v)), since its anisotropic nature may give some insight in the
geometrical structure of interfaces for phase transition variational problems. Indeed, con-
sidering a family of singular perturbations for a nonconvex bulk energy functional and
using the Cauchy-Schwartz inequality, we obtain a lower bound for the perturbed ener-
gies exhibiting the same structure as F|[-] (see Modica [M], Owen [O1], [02], Owen and
Sternberg [OS], Sternberg [S], Baldo [Bal], Bouchitté [Bo], Fonseca and Tartar [FT1]). For
solid materials, anisotropy plays an important role in the selection of equilibrium states
and so it becomes crucial to analyze functionals F[-| for which the surface energy density
is genuinely anisotropic. As it turns out, for homogeneous materials the isotropy condition
renders the surface tension isotropic, namely if

f: f(u’A)

then

o )D(x,u_(x),u+(a:), v(z))dHn-1(z) = C Perq(XZ(u)). (2.8)

Indeed,

Proposition 2.7 Let g : M?*N — R be differentiable in MP*¥ \ {0}, g(4) = 0
only if A = 0, g is convex and homogeneous of degree one and g(A4) > g(An ® n) for all
A e MP*N 5 e SN-1 Then there exists ¢ : R?> — R convex, homogeneous of degree
one such that g(a ® b) = ¢(a)l|b], for all a € R?, b€ RV,

Hence, if f = f(u, A) satisfies the isotropy condition then by the previous proposition
we have

= (u,a®b) = ¢(u,a) b

14



and so

D(z,a,b,v) = inf{'/o d(v(2),¥'(t))dt: v € wil ¥(0)=a, y(1) =b} =: C

asserting (2.8). The proof of Proposition 2.7 is based on the following result

Lemma 2.8 Let £ : R — R, be differentiable in RN \ {0}, ¢ is convex and
homogeneous of degree one, £(u) = 0 only if u = 0 and

£u) > E(wn)n)  Vne SV, ue RN,
Then there exists ¢ > 0 such that ¢(u) = élul, for all u € RV,

Proof. Let u # 0. As £ is convex, due to the isotropy hypothesis we have for all
n ¢ SN—]
£(u) 2 £((w n)n) 2 €(u) + VE(u)[(u-n)n — ul,

hence

Vé(u) u > (VE(u) n)(u-n). (2.9)

As ¢ is homogeneous of degree one,
E(u) = VE(u) u
which, together with (2.9), implies that
§(u) 2 (VE(u)- n)(u-n). (2.10)
Set G(z) := &(u) — [VE- I—f—’](u ra7) for z # 0. By (2.10) we have

G(z) >0

(u-u)

|ul?

G(u) = €(u) — Ve(u) uted = ¢

hence
VG(u) = 0.

Since VG(u) = —=V¢(u) + EI(:l)zu we conclude that

Vé(u) u

E(u)  [uf?

that is
V[ing(u)] = V(In |u])

15



and so
£(u) = Blul.
]

Proof of Proposition 2.7 Fix a € R? \ {0} and set {(u) := g(a®u). Then {(u) >0
if u # 0, £ is convex, homogeneous of degree one and

{(u)=g(a®u) 2 g((a@u)n®n)
= g(a(u-n) @ n)
=g(a ® (u-n)n)
= {((u-n)n).

By Lemma 2.8 there exists ¢ = ¢(a) such that
9(a®u) = ¢{(u) = ¢(a)lul.
It is clear that ¢ is convex and homogeneous on degree one, and ¢(0) = 0 as ¢(a) =

9(a ® rup)- ;

3. A lower semicontinuity result

In this section we prove lower semicontinuity for the functional I(- ) when the limiting
functions take only two values across a planar interface.

Proposition 3.1 If (H1)-(H4) hold and if u, € W1:1(£; RP) converges in L1(Q; R?)
to a function u such that .
u(z):{b ifrv>a
a fzv<a

for some a € R, a, b€ R?, v € S¥~1 then
/ K(z,a,b,v)dHNn_1(z) < liminf/ f(z,un(x), Vunp(z))de.
{z€Q:z-v=0a} n—+oo Jo
If in addition f(z,u,A4) > f(z,u,0) for all (z,u, A) € Q x RP x MP*N then

I(u) < l’ig_*i_récf)'/nf(a:,un(z),Vun(x))d:c.

To prove this result we start by showing that we can modify slightly a sequence u,,
converging to u strongly in L! on a cube so that u, = b on the top, u,, = a on the bottom
and u, becomes periodic with respect to the remaining directions. This is achieved by
selecting thin slices were concentrations of ||Vuy,|| and of the average of u, are avoided.

16



Lemma 3.2 Assume that f satisfies (H2). Let @ = {z € RN:|z-¢;| < 1/2, i =
., N} and let
b ifzy>0
u(z) = { .

a if.’cN<0

If up, € WH(Q,RP) converges to u in L*(Q;RP) then there exists a sequence w, €
A(a, b, en) such that w, tends to u in L!(Q; R?) and

Ligirg/;f(m,un(x),Vun(x))d:c 2Er&ir;ﬁ/qf(x,wn(:r),an(x)))dm.

In particular, if f does not depend on z and if f(u,-) is homogeneous of degree one then

liminf/ f(un(z), Vun(z))dz > K(a,b,en).
n—-1+00 Q

Proof. First step. We modify the sequence u, in order to meet the boundary
conditions on {z € Q:zny = +1/2}. We can assume, without loss of generality, that

liminf/ f(z,un,Vuy(z))dz = lim / f(z,un,Vuy(z))der < +o00
n—-o0o Q n—-+4oco Q
and so by (H2) there exists 0 < C < 400 such that

[ Ivune)lez < €
Q

for all n. Choose an integer m > 2C and a partition
{ze€Q: —<:cN< }—USi

where S;={z € Q:a; <zny < aiy1},1=1,...,m

1 1
Z=a1<a2<...<am+1=—

2
and LN(Si) = aip1 —a;i = Z]Z (see Figure 1). Then

Z /; [[Vunp(z)|lde < C

and so, for all n € N there exists a slice S; such that

1
[ 9wl <3
Si

17



Since there are only m such slices, there must be a slice S(2) such that

1
| 19un@)is < 5
S(2)

for infinitely many indices n. On the other hand

1
I TR @) Jom M)~ u(@)ldz =0

thus, there exists n(2) such that if n > n(2) then

1

— lun(z) — u(z)|dz < 1/2.
Ln(5@) Jsy ) )
Let ny be the smallest integer such that ny > n(2) and

1 1
S IFuns@lde < 5 g [ fuate) —u(eide <

By induction, if k£ > 5 let

1 1 1.
{.’EEQI’?:—E<IN<§}=£=LJIS,'

where Py is an integer, Py > kC and S; are mutually disjoint slices of the type

{z €Q:ai <zNy < aiy1}

with measure 1 1
ENES) =5 < me

There exists a slice S(k) such that for a subsequence

1
'/S(k) ”Vun(x)nd:r = E’ L (S(k)) / |Un($) U(IL')Id

Choose nyp > ng_1 such that

S IPsn@lde < 3, s [ funaa) = ateld <

Suppose that
S(k)={z € Q:vx < zn < Bi},

18
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where

1 1 1
—-_— - < < -,
5 T F SMm<hBr<3

Let 6x € C*°(R;[0;1]) be a smooth cut-off function such that

_ 1, ift<p
ek(t)“{o, if > e

and

C
Moo € ———0—monex < 2,

Define

b ifzy > B
ve(z) = Ok(zn)un,(2) + (1 = Ok(zn))b if vk < zn < Bk
Un, ifen < k.

Clearly v € Wb, vi(z) = bif zy = § and
llve — ull @) =

_ / i, (2) — w(2)|dz + / 10k(2 ) (tny (2) — u(2))|dz
Qn{zn <7k} S(k)

L2||lun, —ullL1(@) = 0 asn — +oo.

On the other hand,

lim /Q £, un(@), Vun(z))dz >

n—+oc

lim inf f(z,un,(z), Vun,(z))dz >
k=+o0 Jon{zy<w) -

lim inf| /Q (ave(@), Vou(@)iz = [ o J@ 0k (&), Vuu(a)de+

- / f(2,b,0)dz]
Qn{zn2>8:}

=lim inf/ f(z,vi(z), Vo(z))de

because by (H2)

1
/ f(z,b,0)dz < const.(z —PBxk) =0 ask— +oo
Qn{zn 26k} 2
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and due to (H1) and (3.1)

f(z,vk(). Vor(z))dz < C / (IVor(@)]| + 1)dz
S(k) S(k)

C !
<t [, IV @+ 64 )n () - u(@) e
C

C
g UL P+ gy [ o)~ u(@iae)
<Ol +7)

In order to meet the boundary conditions at zy = —3, we modify the sequence {vi} using

the same slicing procedure on {z € Q:—3 <zny < —3+ 1}, K € N.

Second step.We transform the sequence {u,} into a periodic sequence with respect
to the directions {ej,ez2,...,en—1}.
By the first step, we can assume that

lirninf/ f(z,un, Vun(z))dz = 1ir41_1 /f(z,u,,,Vun(:):))dx<+oo
Q nmreeJe

n—-+4oo

where

w(e) = {0 HI=1

a ifzy = %

Let g € BV((—1;1); RP) be given by

_ b ift>0
g(t)_{a ift <O.

Let h, € BV((—=1;1); R?) N C*°((—1;1); R?) be such that

1
hn, — g in L'((-1;1);RP) and / |y (¢)|dt < const,
1

and let 6, 6 € C°(R;[0;1]) be smooth functions such that

e(t):{l ift>1/4 and é(t)z{l ift<—1/4

0 ift<1/8 0 ift>-1/8.
We define
b ift> 1
6(2)b + (1 — 6(t))ha(t) ifl<t<!
gn(t) := { ha(2) if [t] < %
b(t)a+ (1 —8(t)ha(t) if -1 <t< -1
a ift< -1,

4

20



Clearly, the g,’s are in W11((—1,1); R?),

_Ja ift<—;l;
9"(”‘{1; if¢> 1,

gn converge to g in L((—1,1); R?) and
1
/ lgn(t)|dt < const.
~1

We set
Gn(z) := gn(zN).

It follows immediately that G, is periodic in the directions ¢, 1 =1,...,N — 1,

1/2
/Q Ga(z) — u(z)|de = /Q | / | Jon(®) = g(Olde}d’ =0 s m — too

and 12
[196u@lds = [ o) @exlide= [ lgh@)lde < const

Q Q -1/2

where
Q ={z€Q:zny =0}
As a result of (H2) we have
/ {IIVun(2)|| + ||VGr(z)||}dz < const =C (3.2)
Q

for all n and so, choosing P; € N such thatP; > 2C we decompose (see Figure 2)

1 i
{xGQ:—§<x1 §0}=US;'

=1

where

and

It follows from (3.2) that there exists a slice S7(2) and a subsequence {(un/,Gn/)} such
that

(3.3)

N

[ 9@ + 196 () <
5-(2)
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for all n'. Similarly, writing
1 &
. -1 — +
{re@:0<z; < 2} = Lll S;

1
SH={ceQaf <z <af,}, LN(S?)za't”“a?:EI;{’

there exists a slice ST(2) such that

RO OTE MO EE

for infinitely many indices n'. (3.4)

ml»—-l

On the other hand, if n is large enough then

1
LN(S*(2) Jst(2)

By (3.3), (3.4) and (3.5) we can find n; such that

1

1
fun(@)—ul@)ldz < 50 70065 @) Josea

|G n(2)—u(z)|dz < % (3.5)

1
L (1T (@l + 9@} e < 5,
5:!:
1 P! 1 !
T EETo ns Py — — G, de < L
ERTSHE) Jow re@) 4Ol < 5 oy [ 16l ~ e < 5
By induction, if k¥ > 3 then
Py
1 11
[Jp—— < - -} = -
{re@-5<ns-5+7} L=Jls
with 1 1
ﬁN(Si ) = m < 7(7—26‘
P > kC, P e N,
1 1 1, [ 1
= - =< - = + + = —
{ze@:3 L_x1<2} ys Ln(SH) iP
and we choose slices S*(k) and nj > nx_; such that
1
Lo (¥ @I 419Gl < 5.
S (k
1 [un, (2) — u(e)ldz < - 3.6
—_— Un,(z) —u(z < = .
Ln(SE(k)) Js= ) K’ (3.6)
1 1
- Gnk — S —
xS Js-go l (2) —u(e)ldz < -
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Let
SEE) = {z € Q:7F < 21 < BE),

where
1 1 1 1 1 1 1
—Z < ~T - < _Z 4= s <At <= Y [P
2—7k<'Bk—- 2+k, 2 k_7k<ﬂk_2’ |:Bk 7kl<k2c
Let us consider 6, 9}: smooth cut-off functions such that
- f1, ift> B0 o 1, ift<yt
6'=(t)"{o, ift <+p 6 (1) = 0, ift>py
and define
Gn,(z) if £ <y
07 (21 )un,(2) + (1 = 67 (21))Gmy(2) i @ € S—(k)
vi(z) = ¢ un,(2) if By <1 <Af
0% (21 )uny (2) + (1 = 6} (21))Gmy(3) i © € S*(k)
G, () if z; > 67 .
Because )
_Jb ifzy >3
Gn(z) = {a fzn < —1—,
it follows that .
b ifzy =3
1,1 — N =3
vk € W, vk(w)-{a 1f$N——-%
In addition, if z; = :t% then
ve(z1,.-,2N) = Guy(21,. .., 2N) = Gn,(—21,22,...,2N) = Vp(—2Z1,...,ZN)

l.e. vy is periodic in the e; direction. Also,

vk — ull1(Q) <

<

/ ] luny (z) — u(z)|dz + / (Juns(z) = u(2)] + |Gny(2) ~ u(z)|)dz
QN{B; <z1<77} S*(k)

+ / |Gy (2) — u(z)ldz + / |G (2) — u(z)|da
Qn{z:1<; } Qn{z:1>8}
<llun, —ullzr@) + IGnx — ullLr(@) = 0 as k — +oo.

We show that

lim /Qf(:c,un(m),Vun(x))da:2lggilgg/;f(a:,vk(m),Vvk(z))dx.

n—+oco
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Indeed, as f is nonnegative

lim /Qf(:c,un(z),Vun(:c))d:cZ

n—-4oo

> liminf f(z,un,(z), Vun,(z))dz
k=+oo Jon{by <z1<})

=timint( | f(e,00(e), Vuutede = [ flovn(a), Ver(e)iz

_ / £(2, Gy (2), V Gy (2)dz — / £(2, Gy (), VG, (2))dz)
Qn{z1<v, } QN{BF <=1}

=liminf/ f(z,vi(z), Vur(z)dz
k—4o0 Q

because by (H2)

/ £(2, G (), VG (2))dz < O + (1 + [ 16 (01t}
Qn{z1<v; } -%

1
SC(’)/;—}—E)—»O as k — +o0,

and by (H2) and (3.6)
/ f(z,vi(z), Vur(z))dz < C’/ (14 ||Vuk(z)||)dz
S (k) S%(k)

<C {/ 6 (@) Vun, || + [V Gny(2)])de +/ 165 (21)' [fun, (2) - Gnkldw}
S (k) s+

(k)
+00
<Cl+ [, (Il + 196, ) hds
1
Y ENEER) Jos gy (1) — 8@+ u@) = G (@))de)
<O(1/k).

Denoting the sequence {vi} thus constructed by {uﬁf) } and using a similar slicing
procedure in the z3-direction, we construct a sequence {ugcl’z)} as

[ Gr,(2) if 2o < g
6 (22)uiil (2) + (1 = 65 (22))Gy (z) if z € S~ (k)
u® = { W D(2) if B < z2 <A}
6F (22)ull)(2) + (1 = 6} (22))Gm, () if 2 € S*(k)
Gn, () if zo > By
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Because usllk) and G,, are periodic in the z;-direction, then u£1’2) is periodic in the z; and

T9-directions and
u(l’z)(x) _Jb ifzn= %

k " la ifzy=-

™

1,2,..,N— T
(120 N—1) periodic in

By induction we repeat the process to construct a sequence w), := un
the directions ej,...,en—1,
wa(z) = b if:vN=%
YT e fzn=-3,
W, — u in LI(Q)
and
liminf/ f(z,un(z), Vup(z))dz > liminf/ f(z,wn(z), Vwu(z))dz.
n—+oo Q n—+oo Q

Proof of Proposition 3.1 Without loss of generality we assume that v = en, a = 0.

Suppose that we show that

liminf/ flz,wn(z), Vwu(z))dz > / K(z,a,b,en)dHN_;. (3.7)
n—+oo Jo Qn{zn=0}
If we set
g(z,u, A) := f(z,u, A) — f(z,u,0)
then g satisfies (H1)-(H3). If in addition g is nonnegative, obviously we have
gw(z, u’ A) = fx(x’u,A)
and the assumptions (H2) and (H4) on f yield
g(x?'l;'t‘A') _ goo(x’u’t‘4)|
tA 0
Sl‘f(x,;‘, ) "‘foo(l',u,tA)l'i"f(m,tu’ )
1 1
< - 4z
SC{m+3!
for t > tp; note that as m <1
1,1 2
tm T~ tm
and so g verifies (H4). Hence, by (3.7)
(3.8)

liminf | g(z,un(z), Vun(z))dz 2/ K(z,a,b,en)dHN_1
Qn{zn=0}

n—<+oo Q
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and, as u, — u in L! strong and by (H2)
0< f(m,u,O) < C2;

by Lebesgue’s Dominated Convergence Theorem we obtain

/Szf(x,ﬁn(x),O)dx—»v/ﬂf(a:,u(z),O)d:c,

which, together with (3.8), yields

liminf/ﬂf(:c,un(:c),Vun(z))d:r > /Qf(ar:,u(:c),O)daz:+/Q K(z,a,b,en)dHn-1.

n—>+oo n{IN=0}

Next, we prove (3.7). We assume that

lgrilirg/nf(m,un(:c),Vun(m))d:r = ng$wAf(z,un(x),Vun($))dx < +o00

which, by (H2) implies that
/Q [[Vup(z)||dz < const. (3.9)
Fix € > 0 and consider the open subset of RV 1!
Q' :={z€Qzny=0]}.
By (H3) if z € Q' then there exists §(z) > 0 such that
' € 2+ 6(2)Q = |f(z,u, A) — f(z',u, A)| < eC(1 + |u| + ||A]]) (3.10)

for every (z,u, A), (z',u, A) € Q x R? x MP*N where Q = (-%, %)N Since for all k € N

Q= U @+rQ),

zeQ’ 0< r<min{é(z), ‘,\‘-}
z+rQC

where Q' := {y € Q:yn = 0}, by Vitali’s Covering Theorem there exists a countable
disjoint subcollection such that

Hy(\ | J@=F + 6@ =o0.

g=1

As f is nonnegative we have

n—-4oo

lim /Qf(a:,un(:v),Vun(a:))dx > -
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because, by (3.9), (3.10) and as ||un||z1 £ C,

S [ 1@ un(@), Vun(@)) - £(2h,un(e), Vun(a))ldz

<> [ @+ un@)] + [Vun(@)l)de <

g=1YzE+65Q

SeC/s;(l + |lun(z)| + ||Vun(z)||)dz < eC.

By (3.11) we deduce that

q:l Iq qQ (312)
+1iminf§:/ If(::;",un(:r),Vun(x)) - fw(xg,un(z),Vun(x))ld:c
n—<o0o =1 I§+6:Q
+ O(e).
Defining
Fi ==k +6Q),
g=1
clearly
F. C {z € Q:dist(z,9') < ?lc-}
and so
Ln(F) =Y (65N —o.
g=1
Indeed,
1 & E\N—-1 __ 1 !
Ln(Fi) < - ;(Q) = THy-1 (). (3.13)
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By (H2), (H4), Lemma 2.3 (i), (3.9), (3.13) and Hélder’s inequality we have

i_o:‘/;:-'_&:Q |f(z§,un(x),§7un(x)) - fw(xgaun(x),Vun(x)Ndz <

62(1 -+ 2to)£N({$ € Fy: I]Vu,,(:c)n < to}-}-

Vun(z)
2 / IV un) gy /(@) IV n(@) T 50)
= (ks un(o), [ Vun(a) oo
1 1
<O(p)+ /Fk C4||Vun($)HWd$

<O(7)+ Cal [ IVun(@)ds)! =™ (Ln(P)"

< O(%) + C(Ln(Fi))™ < O(Z‘l,;

where
= (a% + 65Q) N {z € Fyt [ Vun(2)]| 2 to}.

Thus, (3.12) reduces to

n—-+00

lim /Qf(:c,un(:c),Vun(m))d:cZ

liming 3 (65" /Q F=(2k,vh 1 (v), Vb 1 (1)dy + O( 1) + O(e),

n—-+4oo

where
Vn o(y) = un(zg +65y).
Since, for fixed :z:zc € ', it is clear that

: b ifyn >0
k YN
vn,q(y)_){a lny<0 as n — 400

in L(Q,R?), by lemma 3.2 we have
+ / f(z,un(z), Vup(z))dz >

S (6"~ mint [ £2(eh ok, (00, 9k o)y + 0 + 00 2

q—l

. 1
Z(«%)N‘IK (25,a,b,en) + O(757) +O(e).

g=1
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By Proposition 2.4 (ii), the function z — K(z, a, b, v) is continuous and so, letting k — +oc0
we conclude that

lim /S;f(a:,un(m),Vun(x))d:z: 2/9 K(z,a,b,en)dHn-1(z) + O(e).

n-—-400 ﬂ{xn:O}

Now, it suffices to let e — 0F. i

4. A continuity result.

In section 3 we showed that if u takes only two values across a planar surface X(u) then
I(u) < Flu).
Next we prove that the equality holds.

Proposition 4.1 Let f:(ao+2Q,) x R? x MP*N — [0, 4-00) satisfy (H1)-(H4), where
ag ERM, A>0,ve SN-1 andlet

_Jb if(z—ap)v>0
u(:c)—{a if(:c—az)~v<0.

Then there exists a sequence u, € Whl(ag + AQ,; R?) such that up, — u in L(ag +
Q. R?) and

lim f(z,un(z), Vunp(z))dz = I(u).
n—+oo a0+AQv

We start by considering the case where f does not depend on =z.

Lemma 4.2 Assume that f:R? x MP*N — [0,+00) satisfies (H1) and (H2). Let
ve SN, AeR, aq € RV,

u(x):{b if (z—ao)v>a

a f(z—a)v<a.
There exists a sequence u, € W'1(ay + AQ,; R?) such that

_Ja fzv=—a/2
u"(z)_{b fzv=a/2

un(z) =un(z + kavy), 1=1,...,N—-1, keZ

where {v1,...,vN—1,7} is an orthonormal basis of RV,
un = u in L'(ag + AQ,;RP)
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and

[ (e, Vunede = 1) = [ f(u,0)dz + XK @)
ao+AQ, ao+2Q,

Proof of Lemma 4.2. Step 1. We assume that ap = 0, A = 1 and, without loss
of generality, we set v = en. We claim that for all £ € A(a,b, en) there exists a sequence

€n € A(a,b,en) such that

I€n — ullzr(@g) = 0 asn— 400

/ F(€n(2), Vén(z))dz — / £(u,0)dz + / £ (E(=), VE(=))dx.
Q Q Q

We denote by ¥ the set {z € Q:2ny = 0}. For k£ € N we label the elements of (Z N

[—k, k)M~ x {0} by {a,~}(-2k+l)N_1 and we observe

=1

(2k+1)N -1
2k+1)T= |J (+3)
i=1
with
(a;i +Z)N(a; +Z)=0 if i #j.

(See Figure 3). Extending £(-,zn) to RV ™! by periodicity we define

b if zn > 1/(2(2k + 1))
Eaka1(z) = { E((2k +1)z) if |zn| < 1/(2(2k + 1))
a if oy < —1/(2(2k + 1)) .

Clearly £2r41 € A(a,b,en) and

@D
s —ul = [T [ le@k +1)2) - u(o)lde'den =

T 2(2k+1) YV~

0
2k:—1/__1L15((2k+1)x',xN)_aldx'dl.N

=3
2k +1 J,

Due to the periodicity,

o

+

/ |E((2k + 1)z’ 2 n) — bldz'dzy.
=

0 0
/ / E((2k + 1)’ 2) — alda’den — / / €(z) — alde'dzx
FJ/z 5 Js
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and so we conclude that

b2k+1 — v in L'(Q; R?).
Also,
/ f(é2k+1(2), VE2k41(z))dz

/2(2k+1) / FIE((2K + 1)z), (2K + 1)VE((2k + 1)z)dz

2(2k+1)

/ L sotazy+ 7 D [ fa,0yaz'dzn (42

2(2k+1)

1
/ /2L+1)2 2k + 1)N v [E(), 2k + 1)VE(y))dy' dyn

/ / f(b,0)dz'dz + / D / f(a,0)dz' dzx.

2(2k+1)

On the other hand, due to periodicity of €, by (H2) and by Lebesgue’s Dominated Con-
vergence Theorem we have that

3 1 /
L Gt o FE0 @ DT E i

2k+1)V -1

> / F(Ew), (2K + D)VEW))dy'dyn

o

/ (2k i )N

[N

/ STy L A6 2k + 1))y dun
- /Q F=(EW), VEW)dy as k — +oo
which, together with (4.2) yields
[ #eauir(@), Vearn (@)de - [ #w 0+ [ =), vew)ay
Q Q Q

thus proving (4.1). Next, let {n.} C A(a,b,en) be a minimizing sequence for K(a,b,en),
i.e.

K(abew) = Jim_ [ F=(ra(o), T ()

By (4.1), for all n we can choose u, € A(a,b,en) such that

1
llun —ullye) < -
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and

[ #un@), Vun(e))dz - [ @), 0z - [ 5% 1n(@), Tra(a))iz
Q Q Q
By Theorem 3.1 we conclude that

I(u) < 11m1nf f(un(:c) Vup(z))de < hmsup/ f(un(z), Vup(z))dz

n—-+oco

n— 00

< tm { [ s, + | 7 (1n(2), Vna(aNds + £
- /Q F(u(z),0)dz + K (a,b,en) = I(u)

and so

I(u) = lim / f(un(z), Vun(z))dz.
n—-oo Q
Step 2. Let A > 0, and define
A
(u, A) == f(u, :\-)
Setting

wo(z) = b ifz-en>0
N7 Va ifzren <0,

by Step 1 there exists v, € A(a,b,en) such that
Vp — Ug 1D LI(Q; R?)

/ I(vn(z), Vog(z))dz — / Fa(uo(z),0)dz + Ka(a,b,v).
Q. Q

Let ag € RN and set
T — ap

Un(2) 1= vy S ), € ap+ AQ.

It is clear that u, meets the boundary conditions, u, is periodic in the ej,...

directions with period A,

[|un — u”Ll(ao_,.)\Q;Rp) —0 as n— 4o

/ f(un(2), Vin(2))dz
ao+AQ
=[5, 1B e
ap+AQ
AN / Fr(on(¥), Von(y))dy — AN / Fa(uo(y), 0)dy + AN K x(a, b, v).
Qv Q"
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However,

N —
A /Q Saluo(w), 0y = / @) 00

and since

Kiy(a,b,v) = %K(a, b,v),

we deduce that

/ f(un(z), Vunp(z))dz — I(u) = / f(u(z),0)dz + AN K(a,b,v).
ao+2Q ao+AQ
|

Proof of Proposition 4.1. Without loss of generality, we may assume that ag = 0,
A =1, v = en. In the subsequent constructions we will use (H3). In order to make sure
that this property is satisfied uniformly we will work on compact subsets of Q. Since as
the proof will show it suffices to construct the desired sequence only on compact sets in a
thin neighborhood of the set

Y={z€Q:zny =0}.

Fix € > 0 and let
l1—c¢

Ye={z ez < , t=1,...,N—1}.

Since I, is compact, by a standard argument we can find § > 0 such that (H3) is satisfied
uniformly in ¥, x [-6/2,6/2] i.e.

',z € Be x [-6/2,68/2],le —2'| <6 = |f(z,u,A) = f(z',u, A)| < C(1+[u|+]|All) (4-3)
for every (u,A) € R? x MP*N_ Let k € N be such that

1—e€
k

<6 (4.4)

and partition ¥, into kN ~! (N —1)-dimensional cubes, aligned according to the coordinate
axis and with mutually disjoint interiors

k}\'—l 1
— €—
Te= !=LJ1 (a; + A 2).

Note that £ \ . can be covered by at most
o(N)ekN-1 (4.5)
non-overlapping (N — 1)-dimensional cubes of size 17¢. After we set

1—c¢€ 1—e€
k Q’ 77_ k )

Qi=ai+
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Lemma 4.2 guarantees the existence of a sequence {gﬁ,‘)} c W1(Q;; RP) such that

) b if (ZL‘ 1) EN = -2

() — 2
3 (x)—{a if (z —a;)-en =2
ED(z + kney) = EP(2) k€2, =1,...,N -1, (46)
€9 — win L'(Qs;R?)

and
/ f(a;, €9(z), VEWD (2))dz — / f(ai,u(z),0)dz + nV 1K (a;,a,b,en).
Qs Qi

We can assume that for all n and for all ¢ € {1,...,kN "1}

. €
169 = ulli@ume < 7R (&.7)

and

A ‘/Q.- f(ai, €9(2), VEYD (2))dz — ‘/;i flas,u(z),0)dz — V1K (ai,a,b,en)| < k;_l.

(4.8)
By (4.8), (H2) and Proposition 2.4 (1) there exists a constant ¢* such that
| IveD@dz < e, (4.9)
Q:

We want to piece together the functions E,(:) in order to obtain a sequence on the cube
converging to I(u). Firstly, we show that due to the periodicity of E,(f) we can avoid
concentrations near the boundaries of the (N — 1)-dimensional cubes a; + nX.

Step 1. Fix i € {1,...,kV"1}. We claim that it is always possible to assume the
existence of slices S,(l';)i such that (see Figure 4)

; 7
Sr(zt,)-}- ={z EQi:%"an <zy—a; < g},

S(i)_ = {m € Qii—z <r —a; < —’g‘ +an},

2
() < €
EvlSna) < 1 . (4.10)
(1)
Joo, IVE0@de <
1 A 1
m/ €5(2) — u(z)ldz < NI
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Moreover, the width of the slices is the same for all i = 1,...,kN~1, Indeed, let Q* :=
Qi U Q. where Q] is a translation of Q; in the z;-direction, (see Figure 5),

Q' = (a; + ne1 + Qi),

and by (4.6) extend €8 periodically to Q!. Choose M > 2¢*(1 —€)V~1, M € N and slice
Q* orthogonally to the z; direction into M slices of width %} By (4.9) there exists a slice
S, such that

1 2 1
JL IV @I < prmr, £n(5) = 3] < g <

?rln

for infinitely many indices n. Assume that {ES)} is the subsequence thus extracted and
choose n; large enough such that

1
(4) — < -
£I\ Sl) / l£ ($ u l')ldl' sz_l

By induction, let M € N be such that A > 2mc*(1—€)V~! and partition Q* orthogonally
to the z;-direction, into M slices of width %,'} There exists a slice S,, such that

() 1
19l @ld < e

for infinitely many indices 7 and so, we can find
Nm > Nm—1 > ... >N2 >Ny

such that

. 1 1 . 1
(¥) (¥ — -
/Sm (V&L (z)|ldz < RN (S /S,,. |6 (z) — u(z)|dz < SN (4.11)

with
1 c

< — = *, .
mc*k(l — 6)N—z = mk’ Sm {a: EQMam <z < ,Bm}

2
Ln(Sm) = —Ag <

Set
_ Om + ,Bm

Ym = 2
and define , .
ws,',)(z) = .fg',l(m + Ame1), z € Qi,

n
Am = Ym — (ai1 + 5),

. Bm — a
5,(,3_ = {z € Qi:ai, —-Z 1 < ai, 727+ dde > =1,
W, = {z € Qirai, + g—ﬂ"‘; <z <ai+ =}



It is clear that w( D satisfies (4.6)1,2,3- Also, since u does not depend on z; and 55,')(- ,IN)
is periodic in the directions of ej,...,en—1 with period 7,

[ 1@ - u@da = [ 1692+ der) — u(z + de)ld
Q: Q:
= / lffl"l(x) —u(z)|dz - 0 asm — +oo.
Qi
Similarly,

. fawl @), Vol @de = | flen, g8 (21, Ve (@)

Finally, if z € S(z) — Xe; then apm < Yym < 71 < Bm, and if z € S,(n)+ — Ae; then
am <1 < Ym < ﬁm and so, by (4.11)

. 1
< (¥)
/ o 1782 [ IvE @l <

and
-
LN(S(i) )

; 1
<t . @) —u@lde <

/() (@) u(z)l = (Sm)/() 69,2 + der) — u(a)ldz

Step 2. We consider {gﬁ,i)} as in (4.10) and we are going to piece them together row
by row, in the z;-direction. Suppose that the first row in the z;-direction is

k
R, = U(ai + Q).

We define (see Figure 6)

(1)( ) if——<$1 <ay — 121
01,n(21)E0 (2) + (1 = 61,(21))EP(2) ifz € ST, USE
vM(z) := ¢ (2)(:10) ifz €@y \(5(2) U 5(2_,_)
~ (k)(ﬁr) far+2<z <3,

where 0 < 6;, < 1, ||6; .|[z < Ckn. Clearly, the vg)(z)’s are periodic in z2,...,TN—1
and

: k k-1
’0(1) z) — ulzx T ©) z) — ulz)ldz (1) 2) — ulz .
>, e —u@lde < 3 [ 1606 - wtode + 3 [, 167 ~uied
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and so by (4.7) and (4.10) we obtain

k

€ C 2¢
> /Q (@) —u@)ldz <t + R < v (4.13)
=1 s

for n large. Also, by (4.8), (4.3), (4.4), (H2) and Proposition 2.4 (i), (ii)

k ) k
x,vfll x,VvSll):c dz — z,u(z),0)dz
IZ;/Q‘f( (), Vo{(2)) ;/Qf( (2),0)
k

-y / K(z,a,b,en)dHy_y|
i=1 YeitnZ

<

: (3) (1) - : N
a;, ni z),V ni z))dx — ai,u(z),0)dz — “1K(ai,a,b,
;/Q‘f( £9(2), VED (2)) ;/Qf( (2),0)dz = 30" K e osben)
k
3 [ 15060,V E) - flan €0(@), VD @)lde
i=17Y Qi
k . .
+3° [ 18 0(@), VoD (@) = f,60(0), VED @)z
i=175Sn+

k
+;/Q.- |f(a;i,u(z),0) — f(z,u(z),0)|d=z

k
+ Z/ |K(z,a,b,en) — K(ai,a,b en)|dHn_1
a;+nZ

i=1

€

k
v+ D Ce [ a+ @@ v

<

k k
+.-§=:1/S£‘,L C(1+ ||[Vo(2)|| + ||VEP (2)|])dz +;ce/62i(1+|u(z)|)dx

+CeHn_1(Z)(1 + |b— a]).

Since

[ Ave@@) + IVEP@l)ez

el (D7) —
=3 o V6 + / o 16700 = el

L'N(Sg,)i)
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by (4.7), (4.9), (4.10) we conclude that

k k
I3 [ fe @), o @nde =Y [ steu@) 00

k
_Z/ K(z,a,b,en)dHN_1|
i+nZ

=1

_ \N-1 (4.14)
<kN2+Ce( )Nl+k,\,2+C(1k;)_2 )+
k k k Ce Ce
+C kn + EN-1p, + LN-1p, + EN-1 + kN-2
< 2€
—kN—2

for n sufficiently large.

Step 3. Having pieced together the functions {{S,i)} in every row R;, 1 = 1,...,k
corresponding to z; = constant, we obtain as in step 4 the sequences

{vg)}, {vff)},...,{vg,k)}.

Now, we connect them in the z,-direction (see Figure 7). Since {vn)} is periodic in the
zo-direction, using a similar argument as in (4.7), (4.8), (4.9) and (4.10) which involves

extending vf,i) to R;4+1 by periodicity, we can assume that there are slices S,(:,)i orthogonal
to the z,-direction, where concentrations are avoided,

(i) c
Ex (S +) < kn’
1 1 . 1
(1) < (7) —
/S Vo (2)lldz < = n(5, )/SE,” [ (2) = u(2)ldz < T

Using convex combinations of vn)(a:) and vt across S, (5) ‘3 in the z2-direction, we con-
struct w, such that

Z [, on(e) = ulelde < 5
and

[Z/ f(z,wn(z), Vwgp(z))dz — Z/ f(z,u(z),0)dz

k2
3¢
—Z/a-+n K(z,a,b,ex)dHn-1] < ooy

1=1
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By induction, we obtain finally a sequence
kN- 1
va: ) Qi > R?

1=1

such that vp(z) =bif 2y =1, vp(z) = a if zy = —7,

z / lvn(z) — u(z)|dz < < 5~ = Ne, (4.15)
and
EV-1 2t
| Z / f(z,vn(z), Von(z))dz — Z / f(z,u(z),0)dz
- (4.16)
k
-y /+ _K(@,aben)dHy(2)| < Ne.

We now extend v, to the whole cube Q. Using the periodicity assumption, we consider
¢ (., zn) defined in RN-1 x (-2 2,2) and we set

b ifzy > 12
_ Un(:z:) ifze 26 X ( 77) 77)
uﬂ(x) - {}n(:z) if 2 \ Ee X ( 27, f’?)
a if IN S "él

where 0, is the natural extension of v, as a W! function on the layer £\ =, x ( 217, 21})
Using Figure 8 as a reference, by (4.5) and (4.10) we can see that E \ Ze x (—1n,1n) is

kNl

formed by at most o(N)e cubes on which v, is equal to some {,, and by slices of the

total measure of order + where 9, is a convex combination of some ¢$)s. Thus, by (4.7),
(4.10), (4.15) we have

/Q [un(z) — u(e)|dz

(Nt (4.17)
1
<% /Q Ton(z) = w(e)lde + o (N s +0( ) = 0(e) + 0()
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and

I/Qf(x,un(r),Vun(:B))d:c-—/Qf(:c,u(:c),O)d:c—/E:K(z,a,b,eN)dHN_l(g;)

kN—l kN—l

z,v,(z),Vou(z))dz — z,u(z),0)dr

SIZ;/Q'_f( (), Voa(a)) ;/Qﬂ (2),0)
kN—l

_ Z /.+ EK(a:,a,b,eN)dHN_l(:v)l

N-1
+3 / (2,60 (2), Vin())dz + / f(z,u(z),0)dz
“ J\s)x(=n/2,/2) (E\S)x(=n/2,1/2)
+/ K(z,a,b,en)dHn-1(x).
(BE\Zo)

(4.18)
From (H2) and Proposition 2.4 (i) it follows that

/ f(z,u(z),0)dz +/ K(z,a,b,en)dHNn_1(z) = O(e), (4.19)
(E\E)x(=n/2,1/2) I\Z.

and by (4.9) and (4.10) we obtain

_ e)N—l

f(z,9n(z), Vin(z))dz < o(N)ekN 1 g—l—kw + O(l)

—/(X\Ee)x(—nﬂ,n/?) " (4.20)
1

By (4.16)-(4.20) it suffices to choose n = n(¢) so large that

/ fungey(z) — u(z)ldz = O(e)
Q

| / F(@ tn(e) (@), Vitngey(2))dz — I(w)| < O(e).
Q
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5. Relaxation on BV (Q; RP?)

As mentioned in Section 1, our initial goal was to find the greatest lower bound for

/ f(z,un(z), Vup(z))dz
Q

when u, — u in L(; R?) and u takes only two values across a planar interface ¥. We
accomplished this in Propositions 3.1 and 4.1 where we showed that

Proposition 5.1 Let f satisfy (H1)-(H4) and let

_Jb if(z—ap)v>0
u(x)—{a if (z—ag)v<0 (5.1)

a € R, a,beR?, v e SN~ XA >0.
(i) If up — u in L}(Q; R?) then

hmmf/ f(z,un(z), Vup(z))dz > / K(z,a,b,v)dHNn_1(z)

where ¥ = {z € Q:(z — ag)-v = 0};
(i1) There exists u, € Wh1(aq + AQ,; RP) such that up — u in L'(ap + AQ,; R?) and

/ f(z,un(z), Vup(z))dz — f(z,u(z),0)dz
ag+AQ,

a0+AQv

+ / K(z,a,b,v)dHNn-1(z).
(ao+2Q,)NE

We recall that (see Section 2)
K(z,a,b,v) = inf{ /Q £, €(y), VE))de: € € Aa,b,v)}.

In order to find the specific form of the surface energy density K, we drew our inspiration
from the conjecture of I. Fonseca and L. Tartar [FT2] concerning the I'-limit for a phase
transition problem in nonlinear elasticity (see Section 1). Later, we became aware of the
work by Ambrosio and Pallara [AP] where they proved

Theorem 5.2 Under the hypotheses (H1) - (H4), the relaxation F[-] on BV(§; R”)
admits the integral representation

f[u]=/Qf(3:,un(:z:),Vun(z))dx+/ vi(z,ut(z),u™(z),v(z))dHN-1(x)

Z(u)
®(z,u(z dC(u) w)|l(z
[ 1@ ute), A EIcwiE),
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where
vi(z,a,b,v) := inf{/ f(z,un(y), Vun(y)dy: un — v in L'(Q,;R?)}
Qy
- [ feu), 0,
Qy

where u is given by (5.1) for ag = 0. It is now clear that Proposition 5.1 and Theorem 5.2
provide the final integral representation for Flu] .

Theorem 5.3 If f satisfies (H1) - (H4) then

uj| = T, U\T ulr T .'L"U.+.'E U—:L' VT —-1\T
Flu) /Qf(,(),V())dﬁ“/E(u)K(, (2),u™(2), v(z))dHy-1(2)

*®(z,u(z _dC(u)_ T u)l|(z
[ 1= u@), gz @ IcwiE)

Proof. By Theorem 5.2, it suffices to show that
vf(z,a,b,v) = K(z,a,b,v).

Fix z9 € Q, € > 0 and by Theorem 5.2 let u, € W11(eQ,; R?) be such that

lim /Q f(zo,un(y), Vua(y))dy = f(zo,u(y),0)dy + vf(z0,a,b,v)eN 1,

n—+oo €Q,
By Proposition 5.1 (i) we have

eN—lK(a:o,a,b,v)S liI—E / f(zo,un(y), Vun(y))dy
n—+oo [0,

EN €N N
=7f(x0, b,0) + ?f(xo,a,O) +e€ 'l'yf(xo,a,b, v).

Dividing the inequality by eV ~! and letting ¢ — 0% yields
K(zo,a,b,v) < v¢(z0,a,b,v).

On the other hand, by Proposition 5.1 (ii) let up, € W11(Q,; R?) be such that u, — u in
L'(Q,;RP) and

/ f(zo,un(y), Vun(y))dy ——»/ f(zo,u(y),0)dy + K(zo,a,b,v).
Q. Qv

By Theorem 5.2

n—-+4oo

lim '/Qy f(l'o,un(x)av’Un(fL'))dl' > /;v f(-’l!o,u(y),())dy+7f($0’a,b,y)
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and so we conclude that
K(zo,a,b,v) > v¢(z0,a,b,v).
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