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1. INTRODUCTION.

DAVINI [4] and DAVINI & PARRY [5, 6] introduced a model for slightly defective
crystals where non-elastic defect-preserving deformations are called neutral and generally they
involve some kind of rearrangement representing the slip mechanisms of the classic
phenomenological plasticity theories. Neutral deformations can be factorized into components
which are exclusively elastic at the macroscopic level or exclusively dip at the microscopic level.
Essentialy, aneutral change of state of a perfect crystal corresponds to a lattice matrix

L(u(x)) = Vu(x{ Vv(x)}-i,
whereu is the elastic deformation of the reference configuration Q Q [R¥into u(Q) and v represents
the dlip or plastic deformation with det Vv = 1 a. e. in Cl.

Taking the viewpoint that equilibria correspond to some kind of variational principle, in
DAVINI & PARRY [4, 5] and in FONSECA & PARRY [10] the implications of including in the
class of admissible variations the neutral changes of state were analyzed. Precisely, FONSECA &

PARRY [10] considered the minimization of the tota stored energy functional
E(u, v) :=dfw(Vu(x){ Vv(x)}-1) dx (1.1)

where W represents the strain energy density in the class of admissible pairs

& ={(uv) G WAADRAW?*-Ar3)1 y=uoon3Q, det Vu>0 anddet Vv =1 a e. in Q}.
Of course, . includes the elastic deformations in the case where v is the identity map. Formally,
minimizing E(.,.) in & involves variations of the reference domain : indeed, setting co := u (v?)

the integral (1.1) becomes
£‘m W(Vooly))dy.

As it is well known, the bulk energy W for ordered materials is not quasiconvex (see
ERICKSEN [7], , FONSECA [8], KINDERLEHRER [11]) and so, the functional E(.,.) is not
lower semicontinuous. Hence, we cannot use the direct methods of the calculus of variations in
order to obtain existence of minimizers of the energy and in general, such minimizers exist only in
the generalized sense. Using the parametrized probability measures of YOUNG and the theory of
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compensated compactness of MURAT & TARTAR (see TARTAR [12]), FONSECA & PARRY
[10] examined the behavior of minimizing sequences for defective crystals and their state
functions.

In this paper we study the existence and regularity properties for minimizers of (1.1) where
W satisfies some convexity assumption. It should be pointed out immediatly that the direct
methods of the calculus of variations fail to apply to this problem. Indeed, sequential weak lower
semicontinuous of E(.,.) (see Propositions 3.8 and 3.10) is not sufficient to ensure existence of
minimizers. Precisely, setting

W(X) = lIXIi

N
where IIXI12 ;= 2 X?j, we shall establish that minimizers exist if and only if r 2 N (See Theorem
ij=1

2.2 and Proposition 4.1). This is in sharp contrast with the usual Dirichlet problem of minimizing
inf{JIIVu(x)IIf dx | u=ug on 9Q, u € WLr(Q))

which has solutions for every r > 1. Sﬁrprisingly the problem behaves in fact very similarly to
(@ inf{ d[ldet Vu(x)I"N dx | u = ug on 9Q}

(cf. Corollary 2.5 and Proposition 4.3). This is in agreement with the continuum theory for elastic
crystals where it can be shown that, due to the crystallographic material symmetries, the relaxation
of the bulk energy depends only on the determinant of the deformation gradient (see ERICKSEN
[7], FONSECA [8], KINDERLEHRER [11]).

Another interesting feature of this problem is that, under some convexity-type hypotheses
on W satisfied by W(X) = lIXIIF, r 2 N, there are solutions (u*, v*) verifying

Vu*(x){Vv*(x)}-1 =X forevery x € Q,
where Xp is a constant matrix. In the case where W(X) = lIXIIF, r 2 N, it turns out that Xg = AR

where R is an orthogonal transformation and AN = meas ug(Q) / meas Q.



2. THE CASE W(X) = |IX]I.

Although the results obtained in this section are srtictly included on the next, we present
them beforehand for the sake of clarity. We start by introducing some notations.
Notations : i) M™*N denotes the set of NxN matrices and if X € M™*N then adj X denotes the

matrix of cofactors. In particular, if A isinvertible then

wl !ed'[XQT
AT~ detX
and (2.1)

<X, adj X> = N detX

where

<X, Y>:= i X Yij
ij=1
i) Let Q C [R" be abounded, open set with strongly Lipschitz boundary 3Q. If k = 1
is an integer and if 0 < a < 1 then by Diff*i2) we mean the set of diffeomorphisms u : Q-
u(Q) such that u, u™ € C¥¥(Q, u(Q)), where C*»* stands for the usual set of Holder continuous
functions. In the case k = ~w e shall write Diff°°(Q).
iii) With the above notations, if uo e Diff*%(Q) with det Vuo > 0 in Q is given we let
£ka'= {(u, v) G DiffAQ) x Diffc Q) | u=uoon dQ and det Vv(x) = 1 in £1}
and in the case k = «> we write simply £400. Finally, for r > 1 consider the problem

(P inf {E(u, v) := JIVu(X)(Vv(x))-11" dx | (u, v) e #Z,a}-

ad

Remark 2.1. We note that, formally, problem (P) reduces to the minimization of

functional where both the domain and the deformation are varying. Indeed, if v was invertible then
Bl - | T YT T

HVu*(y)H" dx,
o I_:n) v)

where u* (y) = u(v-1(y)).



Theorem 2.2
Let k = 1 be an integer, 0 < a < 1, let Cl Q [R" be a bounded, open set with C**3'2

boundary and let uo e Diff’\a(a), det Vuo>0in -(5 Then (P) attains its minimum at every (u*,
v*) € SHt, such that

Vur(x)(Vv*(x))-* =X R inQ
where X" = meas uo(n)/meas Q and R is an orthogonal transformation. Thus

inf {E(u, v) | (u, v) G saka} =E(u*, v*) = N~ meas (Q)i*/N (meas u,(Q))".
The proof of Theorem 2.2 is based on the following lemma.

Lemma 2,3

If A G MMM then IIAIIN> NW Idet Al. Furthermore, the equality holds if and only if A =

AR, for some X e IR and some orthogonal transformation R.

Proof. If det A = 0, then the inequality is trivially valid. Suppoée that det A > 0. Using
the polar decomposition, we can write

A = RU,
whereU = U’ > 0 and R is an orthogonal transformation, i. e RTR=R R" = 11, det R = 1. Thus,

U= QT diag(?ii,..., XN) Q, where Q is an orthogonal transformation and A,i,..., "N > 0 and so

X\)12. (2.2)

1-

HAH = IIRUIl = HH = (

1 [

1

AsIn is aconcave function, we have
f N

N N
|n(detA)=|n|JTyT\xi]=%Zmo@s%m[ >3 zﬂ?J (2.3)
Vi=1 i=1 i=1
hence, by (2.2) and (2.3)
N

IAIN
det A< (z A2 =0

i=1



Finally, if det A < 0 choose R' to be an orthogonal transformation such that det R' = -1. Then, as
det (R'A) > 0, by the first part of the proof we have

HAIN = HIR'AIN= NV~ 1det (R'A) = NV« Idet AL
Due to the strict concavity of the logarithmic function, it follows immediatly from (2.3) that
equality holds if and only if X\ = X2 = — = AN» ™ which case A is proportional to an orthogonal.

transformation.

Remark 2.4.

By abuse of language we shall call a matrix A such that IIAIIN = NV/2 |det Al harmonic. In

[R?% amatrix A such that 11 All?= 2 Idet Al is of theform

atha [.,aJd or [p J.

Proof of Theorem 2.2. If (u*, v*) e 4", then, as det Vv*(x) = 1 in ft, asr > N by

Lemma 2.3 and by Hoélder's inequality we have
E(u*,v*):= f HVurX)(Vv*(x)riH dx

- " il ..fN
> meas(Q)' ™" \(J.: IVu*()(VvHX))" d)J]

N
> meas(@)'™ (N"ﬂ j Idet Vu* (X))l dXj
Q .

N
> meas(Q)"™" (NN/ZUQ det Vu* (x) dxl)

_IIN

= N"? meas(@)" ™ ) detVuo(x)dxJ . (2.4)
Let
A meas Q : A uy,
X = meas uO(Q) A Vo (=X o1

As vo e Diff*-°"), meas VQ(Q) = meas Q and since 3Q e C¥*3>% by Theorem 1 jp

DACOROGNA & MOSER [3] there existsv € Diffc” Q, vo(Q)) such that
det Vv(x) =1 in Q.

V(X) =Vo(x) on BQ



and define
.

= ka (D
u: l”NE Cka (Q).

Clearly
U= uoon a2

and we have
E(u,v):={ IVaG)(Vv)) I dx
£

- J_fLmNax

_ N"meas (fl)
- xﬂ‘N
= N2 meas (Q)*-" (meas u,(Q))™

which, together with (2.4), finishes the proof.

Corollary 2.5

Under the hypotheses of Theorem 2.2, and in particular if r > N, then

inf {E(u, v) | (U, v) G £0,0;} = N"? inflIJf Idet Vu()I™ dx I u=~ondQ and u e Diffk‘“(ﬁ)}.
Q

Moreover, if (u*, v*) is a solution then there exist arotation R(.) and a scalar X(.) such that

Vu*(x) = X(X) RX)Vv*(x) for every xeQ.

Proof. As det Vuo > 0, for al u eDiffc(Q) with u = uo on 3Q we have
. e e

| 10et VUGl de> 11 det Vu() o = | det V() dxz
Ja JQ t

where
a:=inf {Jdet Vu(x)l dx | u=uo ondQ and u € Diff**(Q)}.
-1

Thus, by Theorem 2.2 we obtain
inf {E(u, v) | (u, v) G S&"a) = N'tf measCQ)*-~ alt". (2.5)

On the other hand, asr = N using Holder's inequality we deduce that



/N

ar’N:infjé[ ldet Vu(x)l d)é] | urondQandue Difrtﬁ)}
LN .ad -

< meas(Q™ " inf{J 1det Vu)I™ dx | u=UQondQandu 6 Dift’““(ﬁ)}
el

which, together with (2.5) implies that
inf {E(u, v) | (U, v) 6W .2} <N"infjJ Idet Vu)I”™dx | u=UQon8Qandue Diff*Q)j
LS ;} F

and therever seinequality follows immediatly from Lemma 2.3.
Finally, by Lemma 2.3 if (u*, v*) isa solution then
J 1de Vur()I™ dx 2.infj J 1det Vu(x)™dx | u=UQonBQand u € Difrtf_t)J!
';2 \'01
= N-72inf {E(u, v) | (U, V) e “ysa}
= N ”2& 0 VU (x)(Vv*(x))" I dx

> f IdetVu*(x)I"Ndx

and so
J{Idet Vu*(X)I'/N - N-72 HVu* (x)(Vv*(x))-11"} dx = 0 (2.6)

which, together with Lemma 2.3, implies that
HVU*(x) (VV*(x))-MIN = NV~ Idet (Vu*(x) (Vv*(X)-D)l a e in fi.
Thus
Vu*(x) = X(X) RX)Vv*(x) a.einQ
for some rotation R(.) and some scalar X(.). From (2.6), Theorem 2.2 and using Holder's
inequality we deduce that
N
(measn)!" A ' Idet Vur(x)"™Ndx) =
= N""2 [(meas fi)"*"™ inf{E(u, v) | (u, v) e ~J]"
= { _det Vuo(x) dx
Jg et Vol
I

det Vu*(x) dx < f Ide Vu*(x)l dx

N/r

1-Nx :
< (meas Q) a |detVu* (x)I"dx]

Hence



f [detVu*(x)dx-ldetVu*(x)l]dx =0

which implies that det Vu* >0in Q.

If uo is affine then we can obtain existence of minimizers under less restrictive hypothesis

on BQ, namely

Proposition 2.6.

Let Q be abounded, open set with Lipschitz boundary. Let uo(x) = Ax + b where A €
MNN with det A > 0and b € [R". Then (P) admits a solution (u, v) e S&*.

This result relies on the fact that any affine deformation is harmonic up to a volume

preserving transformation. Precisely

Lemma 2.7.

If det A * O then there exists amatrix B such that det B = 1 and IIABIIN = NN# Idet Al

Proof. Suppose that det A > 0. Asin the proof of Lemma 2.3, we can write

A = RQ'diag("i,..., "N)Q> where R and Q are orthogonal transformations and X\,..., X"
> 0. Set

B:=QTdiag(pi,...,pn)

where
ft fl_- AN)™
Pi = XI ]

Thendet B = 1 and
HABIIN - HM ... A)I/N mN - fa... Xy) HIN = NN/2 det A.

If det A <0, it suffices to multiply A by an orthogonal transformation R* with det R' = -1

and to apply the previous case to the matrix R'A.



Proof of Proposition 2.6. Setting u* : = uo and Vv* := B, as in the proof of

Theorem 2.2 it follows that (u*, v*) is a solution for (P).

3. EXISTENCE AND REGULARITY RESULTS.

Now we show that the results of Section 2 can be generalized in the following way.

Hypothesis (H): Let W : MMM -»[0, +<») be continuous and such that there exist Xe OR and Xo

e MNVN with
, __meas Uy(Q)
detX o= measQ
and

W(X) - X det X = W(Xo) - X det Xo for every X € M™N.

Remark 3.1. (i) In some sense the X appearing in (H) can be seen as a Lagrange

multiplier.
(ii)IfW e CYMNN) then

oW
[ -ay(x()) =X adj X,

(3.1

oW _

<I11(Xo), X$> meas(Q)

A= Nmeasiio(Q.)

Indeed, as Xois aminimum for W(X) - X det X we have
0="(W(X) - Xdet X)lxo

oW
=53 >ﬁ,)./\ adJ Xo

and so, by (2.1) and (H)
<N Xp)hXg>= X N det Xg

_ nmessu
- measQ

which proves (3.1).
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Consider the problem

(P) minimize in &y o the functional

E(, v) := d[W(Vu(x)(vv(x))-l) dx

where the class of admissible pairs is defined by
&y o = {(u, v) € Diffv*(Q) X Diff<%(Q)l u = up on Q and det Vv(x) = 1 a. e. in Q}

and, as in Section 2, ug € Diff%®(Q) is such that det Vup> 0 in Q.

Before stating the main result of this section, we give examples of functions satisfying the

condition (H).

Proposition 3.2
The following functions W : MNXN 5 R verify (H).

i) Let N> 2,let g : R?2 — R be convex, C! and is increasing with respect to the first variable and

set

W(X) = g(IXIIN, det X).
In particular, (H) holds for

W(X) = lIXlI*if and only if r=N.
il) Let N =2 and let

WX) = Z 3k Xjj Xi1
ijkl=1,2

with aj = ay;; and W a strictly rank one convex function, i. e.
WASW) 2 o IA®uli2
for some o > 0 and for all A, p € R2, where A®W);; :=A; yj fori,j=1,2.

Remark 3.3.

There are other examples of functions satisfying (H), namely for N =2
W(X) = IIXIH - 2(det X)? and W(X) = 5(X2, + X2+ X2) + 3X3,.

11



Proof of Proposition 3.2. i) Set
XQ := £R with AN = meas uo(£2)/ meas(Q) and R arotation.

Asg=d(t, s) is convex we have
W(X) - W(X0) 2 [f(HXoll, det Xo)HXIIN - 11XdI™ +~11X ol IV, det Xo)(det X - det X,),

and so, asP-Kz 0 and since by Lemma 2.3

HXIN > \N/2 gerx and 1IXH" = NV# det Xo,
we conclude that

W(X) - W(Xg) = X(det X - det X,)
where

X:= NNIZCQIIXOIIN, det Xo) + %fIIXoIIN, det X,).
If W(X) = IIXII" then (H) is violated if r < N (see also Proposition 4.1). Indeed, in this case (3.1)
reduces to

niXoli~2 X = A adj Xo
and, as Xo must be paralld to its adjugate matrix, Xo is a harmonic matrix and

Xo=%Rfor some% € [R % > 0 and somerotation R.
Ifin(Hweset X =p R, withp € [R p> £, then we obtain

p" NY2- £ NY2> X($F - £V (3.2)
and so, either X< 0 and then (3.2) fallsfor p< £, or X> 0 and (3.2) is fase for p large enough,
(i) SinceW isrank one convex and as N = 2, then W is polyconvex (see DACOROGNA [2]) and

SO
sup{**ldetY<O}<inf{":ldetY> O0}. (3.3
Choose
. o W(Y)
l:mf{dctYldet Y > 0} (3.4)

and observe that the infimum is attained. Indeed, since W is quadratic there is no loss of generdity
in assuming that a minimizing sequence has norm 1 and so, up to the extraction of a subsegquence,

we have

12



W
EE%% S % Yoo X, det Ya> 0 and Yl = 1. 3.5)

Note that det X > 0 otherwise X = a ®b for some unit vectors a, b, and using the strict rank one

convexity and (3.5) we would have for every € >0

WYn W) @
€+detY, €+detX €

Letting € — 0+ we would obtain

W(Yn)
det Y,

— oo

which contradicts (3.3), (3.4), (3.5). Hence det X > 0 and setting

— ,._measug(Q) 1 A measug()
Xo=EX where &2 :=—" 2 "8 der X “W(X) meas Q

it follows from (3.3) that

W(Y)-Adet Y 20=W(Xp) - A det Xj.

and

g o - BEES O

Theorem 3.4,
Letk > 1 be an integer, 0 < a < 1, Q a bounded, open set with Ck+3.% boundary and let ug
e Diffx®(Q) with det Vug > 0 in Q. If (H) holds then (P) admits a solution (u*, v¥) € ¢} o such

that
Vu*(x) (Vv¥(x))1 =X, foreveryx e Q

and
inf {JW(Vu(x)(Vv(x))'l) dx | (u, v) € &y o) = W(Xo) meas Q.

Remarks 3.5.
(i) As it will become clear in Section 4, in some sense the condition (H) is optimal to guarantee

existence of solution.

13



(i) The set S&”, of admissible pairs of functions (u, v) was chosen so as to give immediatly a

regularity result as well as existence of solution.
(iii)If
W(X) = ItXtir

forr 2N, by Proposition 3.2 i) we can take Xo = XR where R is arotation and

YN __Mmeas UQ!Q)

¥ meas Cl
Then, according to Theorem 3.4 we can find aminimizer (u*, v*) such that
Vur(x)(Vv*(x))-'=XR aeinQ
and the minimum value of the energy functiona is given by
W(Xo) meas Q = \\XR\\" meas Q
=X"N"#meas Cl
= N” meas CI** (meas uo(ft))™

which is in agreement with Theorem 2.2 and Corallary 2.5.

Before giving the proof of Theorem 3.4 we state a theorem which is proved exactly as the

preceding one but requires less regularity on dQ (see also Proposition 2.6).

Theorem 3.6.

Let Q. be abounded, open, Lipschitz domain, let uo(x) = Ax + bwhere A e MMNand b €
[RY and assume that W satisfies (H). If det A * 0 then (P) admits a solution (u*, v*) € Sf* with u*

= uo on dQ and det Vv*(x) = 1 in Q. Furthermore, if det A = 0 and if W(X) -> 0 when 1IX11 -> 0

then (P) has no solution unless A = 0.

Proof of Theorem 3.4.

Let X, e M™*™ be a matrix for which (H) holds. By Theorem 1 in DACOROGNA &
MOSER [3], we find a mapping u* e Diffc*Q) such that

14



" det Vu*(x) =det X, inQ

u* (X) = UQ(X) on 3Q.
Setting
V¥ =N U,
we have
detV v*(x) = 1inQ, Vu*(x) (Vv*(x))-! =Xo inQ,
and, by (H), if (u, v) € £0k,awe have

IWEVUCXXVVix))-Y) dx =
d
fw(Vu* (x)(Vv* (x))-1) dx + X J[det Vu(x) - det Vu*(x)] dx. (3.6)

Asu=u* ondQ. we obtain
f (detVu(x)-detVu*(x))dx =0

which, together with (3.6) implies that
f WNUX) (WOX))'D dx >F WV u* (x)(Vv* (X)r)dx = meas(Q)W (Xo).

The proof of Theorem 3.6 requires the following lemma.

Lemma 3.7.
If det A = 0 then there exists afamily of matrices B¢ such that det B;= 1 and IIABdI -» 0 as

£— 0+

Proof. Using the polar decomposition for A we can assume that
A =R diag(Ni, ..., X-y ...s AN)

where R is arotation and X{ = 0. Set
Be := diag(bi(e),..., bn(€))

where

15



1 if X=0,

bJ(E) =
e/ if A,=0
ifj#iand
bi(E) = .

" by(e)...bs_ s (E)byy1 (€)...bp{E)
Clearly detB.= 1 and lIABI < (N-1)*/?e.

Proof of Theorem 3.6. Suppose that det A * 0. Setting u* := uo and v*(x) := sign (det
A) XQ' U*, by (H) it foUows that

det X0 = Idet Al
and so

det Vv* = 1in Q.

Asin the proof of Theorem 3.4, we conclude that
inf {AV(Vu(x)(Vv(x))-1) dx | (u, v) e *1a} = W(Xo) meas Q = E(u*, v*).

1]

Finally, if det A = 0 with A * 0, by Lemma 3.7 consider a sequence {B¢} such that det B;= 1 and
IABdI -> 0 as e -» O+. Setting uz = uo and Vvg = B":; we obtain
E(Ue, ve) = meas (Q) W(ABg) - 0.

Itisclear that in this case (P) admits no solution since, if
E(u*, v¥) =inf {E(u, v) | (u, v) e S} =0,

then Vu*(x) (Vv*(x))"' =0in Q, i. e. Vu*(x) = 0in £1 Hence u* must be constant and as A * 0,

thisis in contradiction with the condition u* = uo on g€.
Finally, we conclude this section with aresult on the weak lower semicontinuity of E(.,.).

However, we insist that this property is not sufficient to ensure existence since, in general, no

weak compactness can be obtained for the minimizing sequences regardless of the coercivity of W.

16



Proposition 3.8
Let Q c [RN be, bounded, open set. Letp>.1, q>N and 1p + (N-1)/q <1. If
(Ug, Ve) -* (u, v) weakly in WA x WA
andifdetVve=1a e inClthendetVv=1a e inQ, and
Vue(x) (Vvex))-! -> Vu(x) (Vv(x))-i weakly in 1A
Consequently, if W : MNN -» [0, -H*>) is convex then
JW(Vu(x)(Vv(x))-l) dx < lim inf JWCVUeCxXVv/x))-1) dx.

&

Conjecture.
In Proposition 3.8 we used the convexity of W to obtain the weak lower semicontinuity of
the energy functional E(.,.). As, formally, Vu (Vv)-* is the gradient of uov', we conjecture that if

W is quasiconvex and if (Ue, Ve) converges weakly to (u, v) then
a]w(Vu(x)(Vv(x))-l) dx < lim inf gw(Vue(x)(Vve(x))-i) dx.

Proof of Proposition 3.8. Asdet Vv = 1 a e. in £2, we have
(Vu(x) (Vv(x))-)ij = (Vu(x) (adj VV(x))T)y = m(x). *(x)
whererl|i is the gradient of the i* component of u and £j is thej” row of adj Vv. Hence
curl rfi=0anddiv £ =0
and by the div-curl lemma (see TARTAR [12]) we conclude that if p = 1, = N and if /p + (N-
l)/g<ithen
Vug(x) (VvAx))-t -> Vu(x) (Vv(x))-* weakly in L* (3.7) -
whenever
e (Ug Ve) -» (U, v) weakly in W* x WA,
Finally, if W is a convex, nonegative function then by (3.7) the functional (u,v) -» E(u,v) is lower

semicontinuous (see DACOROGNA [2]).
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Remark 3.9.
Letp>1 g=N and Up + (N-I)/g < 1 and consider the class of admissible pairs to be

given by
£0pg:={(uV)EWAQ; [RHYXW™; IR)lu=uoonBQ,detVv(x)=1a e inQ

and Jv(x)dx=0= Jx dx}.
Q Q

Suppose that W is convex, W(X) = CiHXII" - Cowith Ci > 0. By Proposition 3.8 (P) has a
solution in £#,4if there is a minimizing sequence { (U, ve)} bounded in WSP X WA, Suppose
thatr = p q_i\'[ and that {v¢} is bounded in W'». Let s be such that

L E

q -1 P
By Holder's inequality
ftol IV ug(x)I1Pdx= an HVUugCxXVVgCxXWV/ v (xiF dx

<1/ 1/5'

s({ JQIIVu,g(x) (VvgCx))" 1A dx)) \(j} ||VV£(X)||&dX}

1/ 1/q
< Congt, ff  HVueCxXVvgCxWAirdxl HVVX)II? dx|
cond, \I’n eC o d / \Qg I d J
and so {ug} isbounded in W”P. We conclude that if there exists aminimizing sequence { (U, Ve)}

where {vg} isbounded in W** then (P) admits a solution in Ettyg-

We next show that the set of solutions is weakly closed.

Proposition 3.10.

Let Q be an open, bounded, Lipschitz domain, let W be a convex function, let uo €
WIpQ; Ft“) andletp=> 1, g= N, Up + (N-I)/g< 1 andr £ 1. If {(u, v,)} is a sequence of
solutions of (P) in S&ya and if (u,, vj converges weakly to (u, v) in WA~ (RY x Wrq(Q; [RY

then (u, v) is also a solution of (P).
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Proof. As g = N standard results imply that

adj Vv, converges weakly in L~-1) to adj Vv.
Moreover, as

det Vv, converges in the sense of distributions to det Vv,

we must have
detVv=1 aeinQ.

and so

(u, v) € Sfpq
Finally, using the div-curl lemmawe deduce that

Vuy(X) (Vvn(x))-* ->Vu(x) (Vv(x))-i weakly inL*
and as W is convex we conclude that

AVVU)(VV(X)-Y) dx < lim inf w(Vun(X)(VVa(X))-) dx
d d

= inf {E(U, v) | (u v) € "}

4. NON EXISTENCE RESULTS.
In this section we present two types of non existence results showing that, despite the

resemblance of our problem to the classic Dirichlet problem of minimizing jl VUIIP, problem (P) is

in fact very different in nature. It turns out to be much closer to
Q) inf {{dfldet VuX)IPdx 1 u=uo on3Q,u€ Diffxe(Q)}

as dready seenin Corollary 2.5 and as it will be illustrated bellow. Indeed, restricting our attention
to

W(X) = X117, >,
Theorem 3.6 provides a first type of non existence result. Namely, if uo(x) = Ax for some A e

MN*N A * 0 with det A = 0, then (P) does not admit a solution. This isin sharp contrast with the

- - - - r
minimization of Jl vulIP.
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We have seen in Theorem 2.2 and Corollary 2.5 that if r >N then (P), as well as (Q) (with
p =r/N = 1), admit solutions. Now we show the second type of non existence result, proving that

if r <N then neither (P) (see Proposition 4.1) nor (Q) (see Proposition 4.3) have solutions.

Proposition 4.1.
LetQ.={x€ [R IIXl <1}, letuo(x) =x andlet0<r<2=N. Then

inf{ JIVU()(Vv(x))-H1"dx I (u, v) e W-(Q)XxW-(Q); u=uoon 9Q, det Vv =1 a. e.in Q} =

0 and hence the infimum is not attained.

Remarks 4.2.
i) In order to avoid some technicalities, in the previous proposition we considered u and v in
WL=(€2). However, the result remains valid if instead we assume that the admissible pairs (u, v) e
Diffko(Q)xDiffko(Q).

i) Similarly, we take the boundary condition uo(x) = x just for the sake of illustration, since it
could be replaced by any UQ € Diffci(Q).

Proof of Proposition 4.1. Using polar coordinates we define
1 :

E(x,y) ifre (O, e)

un(X, y) =\
Ky ifre (e 1),

where e := (2n)"/*-%) -> 0, and

VnOO-':~\ Tq:-(cosZn9, sin2n9)

wherer = Vx? + y%. A direct computation gives
detVv,(x)"I,
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e}(l ’ f =3y N <r<e
BV, (Vv ()i =
k/2
'r%(%—n) if e<r<1,

and

2(2n)

E(u»,vn) =n(2n +_/\)kf2 2n)* + 1=5—— (1 - (2n)*) = Oas N -> +oo,

Finally, we conclude this section with a similar result on problem (Q).

Proposition 4.3.
If ane C*?for some 0 < a< 1, if uo € DifiP*\CQ) with det Vuo >0inQ and if 0 < B <

lthenfordlpz=1
infj J ldet Vu()I” dx | u=UQon dQ and u € Diff*¥Q)| = 0
a2 ’

and thus the infimum is not attained®.

Proof. Let xo e Q and let §(xo, 2e) C Q. Let gx, be afamily of smooth functions such

thaa0<d* <1 and
(\ ift<1l
Q1) =
o iftze'"
and define

o) 1 1)

Clearly, f, =2 0, f, are smooth and f, = 1. In addition,

B
\$ fC X-XB{o- A o N-
G[ 1T S L |t RNIRZ“dx]

fn(x)dx > |——-rdx >Const.
a J NiX-Xoi<E E ) yJo

""rhe same result holds for u e W, with p =2 PN.
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= Const. 1 4.1)

(N + 2n)B
and
x —
J fn(x)B dx < Const. + J 0208 gy
Q Ix—xgl<€ €
1
= Const. + Const. m,
and so, from (4.1) we conclude that
J £ (x)® dx , ,
. Q . _
lim < lim Const.(l + m)(N +2n)" =0. 4.2)

Using Theorem 1 in DACOROGNA & MOSER (3], we find a sequence u, € Diffl’a(ﬁ) such that

meas uy(Q2)
det Vi (x) = 2 £ (x) in Q
j f.(x) dx
Q
u,(x) = uy(x) if x € 9Q.
From (4.2) it follows that

J’ £ (0f dx
Jim_ | idet Vu, ()P dx = meas u(Q)P lim —= 5=0
(j £,(x) dx)
Q

5. QUALITATIVE PROPERTIES.
We remark that if (P) has one solution then, if dQ is sufficiently smooth2, there are
uncountably many solutions. In fact, if

min E(u, v) = E(uy, v1)

21f the class of admissible functions is &/ o then dQ must be Ck+3.%, If we are considering the set &¢ p.q then we

assume that 0Q2 is Lipschitz.
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and if f is such that3
det VEix)=1 inQ

f(x) =x on 0Q,

then (u; of, vy of) is admissible and, as f(Q2) = Q we obtain
E(ujef, viof) = JW(Vm(f(X))Vf(X) (VE(x)1(Vvi(f(x)))?) dx

= JW(Vul(f(X))(Vvl(f(X)))'l) dx
= r[W(Vul(y)(VVI(Y))'I) dx
f(€2)

= E(uy, v1).

In Remark 3.9 we noted that if W(X) = lIXII', r 2 N, and if there exists a minimizing
sequence {(ug, ve)} where {v,} is bounded in W14 then (P) admits a solution in &/ 4. By the
preceeding remark, it would suffice to show that given a sequence {v¢} in W1.4 then there exists a
sequence fg € W1=(Q, Q) such that

det Vf(x)=1 inQ

f.(x)=x on 0Q,

and{veofe} is bounded in W19, However, such sequence {f;} may fail to exist since (P) has no
solution if ug(x) = Ax + b, be RN, A € MNXN det A =0 and A # 0 (see Theorem 3.6).

As we mentioned before, the minimization of (P) corresponds, formally, to a minimization
of a functional where the domain is varying. Theorem 3.4 provides a sufficient condition under
which there is existence of solution. Here, v({2) becomes the domain of the solution. It is natural to
ask what type of domains may correspond to solutions of (P). The following proposition partially

answers that question.

3Here f € CK© in the case where the class of admissible functions is &k o and f is Lipschitz if we are considering

the class &p q.
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Proposition 5.1.
Let k = 1 be an integer, 0<cc < 1, let Q ~ [R? be a bounded, open set with C**3

boundary and let up € DiffACQ) with det Vuy > 0in Q. Let W(X) = lIXII?> and assume that

3uo(f2) is an analytic Jordan curve. If Y C IR is such that meas Y = meas Q and if 9Y is an

analytic Jordan curve then there exists a minimizer (u, v) of E(.,.) on £#k,a such that v(Q) is a

trandation of Y.

Proof. By the Riemann Mapping Theorem there exists a conformal equivalence f e
DiffA~(Y, Uy(£2)). Thus we have f = (fi, fi) where

o _ 3%

§Y_1 dy,

of, 3,

=" o (5.1

Set
vorsfruoiQ”"BCO, R).
As Vo € Diff“(ii), we have
meas vo(Q) =measY = meas Q
and since dQ e C**3-2 by Theorem 1 in DACOROGNA & MOSER [3] there exists vi €

Diff<%(S; Y) such that
{ detVv!(x)=l inQ

Vo(X) =Vo(X)  onaQ.
Finally, set

\‘/.(x) = vi(x) + C, where the constant C is such that
| v(x)dx =0,

and define
u :=fo(v - C) € Ca(ld),

Clearly
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u=uoon 9%
and asvisinvertible (see BALL [1], Theorems 1 and 2), we have
r
E(u, V) = 1 HVU)(VV(x) 12 dx

= f 1IVUGOOfyGOrVdx
I wvaeile) wilet ay

=f  HVftvjtvrty))) Vvi(v7i(y))Vv7iy)lI? dy

=f  1Viy)*dy.
v,(Q)
Therefore, by (5.1) we deduce that

(G0 (5]
E(u,v)=2 ( . y)| + 373 ()| |dy
=2f det Vf(y)dy
=2 f det Vu(v7*(y)) det Vv ty) dy
=2 f det Vu(x) dx

= 2ﬂfdet VUuo(x) dx.

From (2.4) and (5.2) we deduce that (u, v) is a solution of (P) and
V(Q) =vo(Q)+C=Y +C.

(5.2)

Next, and pursuing the discussing of the nature of the set of solutions of (P), we give some

uniqueness results.

Proposition 5.2.

Let Q be an open, bounded, Lipschitz domain in [RY, letr=N andletp=r=N, g= N.

W(X) = IIXII" and if (ui, v) and (U2, v) are solutions of (P) in Pf,qthen ui = U2 a e. in Q.
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Proof. Clearly, if 6 e (0, 1) then (Oui + 8u,, v) is admissible and
JIV (eui+eu2)(x)(Vv(x))-11"dx < 6 JIVui(x)(VVv(x))-1I"dx

d d
+(1-0) dIIVuz(x)(Vv(x))-iHrdx

unless Vui(x)= Vuy(x) a. e. in Q, and so, as ui = u, on dQ. we conclude that ui =u, a. e. in Q.

Proposition 5.3.
Let Q be an open, bounded, Lipschitz domainin [R", letr =N and letp=r =N, g> N. If

W(X) = lIXII" and if (u, vi) is a solution of (P) in £0pq such that vi is invertible and vi(Q) is a

Lipschitz domain?, then (u, v,) is another solution of (P) if and only if there exist a constant
rotation R and aconstant C € [R" such that v,(x) = Rvi(x) + Ca e. in Cl.

Proof. Suppose that v,(x) = Rvi(x) + C a. e. in Q. By Corollary 2.5
Vu(x) = A(x) Qx)Vvi(x) a.e.inQ

for some rotation Q(.) and some scalar X(.). Hence,
Vu(x) = X(X) Q(X)RVva(x) a e inQ

and so
JIVUX)(Vvo(X)-i[lI" dx = N2 JIA.(X)I" dx

hd »E

= JIVUG)(VVi(X))-[I"dx

and so, (u, v;) is also aminimizer. Conversely, if (u, vi) and (u, v,) are solutions of (P) then by
Corollary 2.5 we must have det Vu > 0, Vu(x) = Xi(X)Qi(x)VVi(x) and Vu(x)=X2(X)Q2(X)VVz(X)
a. e. in £2, where X\, X, € [R and Qi, Q2 are rotations. Thus X\g X2 > 0, '

*Here we will use the fact that if v e W™, g > N, v isinvertible, v(ft) is a strongly Lipschitz domain and if detVv
=1a e then

(i) V! € WH*Ah) \W(y) = (Vv(x)"! a. e, wherey = v(X);

(i) Wev €W ! and V (wov)(x) = Vw(v(x)) VV(X) a. e. in Q, whenever w € W p > g/(qg-1).
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VVi(x) = M)X()Qy(X)Q2(X)VVa(x) a. e inQ

and as det Vvi(x) = 1 we have
X\(x) =200 a e in Q.
We conclude that
VV,(X)(Vvi(X))-i = Ro(x) (5.3)

for somerotation R(.). Setting
0)a(y) :=Va(v;'(y)) and Rofy) := RoOV'QY))

(5.3) reduces to
Vo>2(y) = Ro(y) a ey € vi(Q)

and we conclude that (see FONSECA [9], Proposition A.l)
ﬁo(.), and therefore Ro, must be constantly equal to afixed rotation R
which, together with (5.3) implies that

Vo(X) =Rvi(x) + Ca e in Q.
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