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1 Introduction Variational Principles which lead to Parametrized

Measure Solutions

The use of variational methods to study equilibrium configurations of crystalline solids has
led us to consider energy functionals which lack the property of lower semicontinuity.! In these
circumstances the infimum of energy is achieved only in some generalized sense while a
minimizing sequence may develop finer and finer oscillations, reminiscent of a finely twinned
microstructure. The weak limit of a minimizing sequence for such a functional need not by itself
characterize sufficiently many properties of the configuration, at least not in an obvious way. We
trace the origins of this theory in thermoelasticity theory to Ericksen [24 - 35]. Our approach has

! Transitions and Defects in Ordered Materials. Supported by the NSF and the ASOFR through grant DMS 871-8881 and
the ARO through grant DAALO3 88 K 0110 at the University of Minnesota.
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been to study the parametrized measures, or Young measures, generated by minimizing sequences
whose function is to serve as an accounting device to summarize their oscillatory properties. The
primary objective in this note is to characterize these measures.

The oscillatory properties of a weak* convergent sequence of gradients may be decoupled
from its deformation properties, a localization property easily shown, cf. §2. Of greater interest is
that oscillations may be coupled to a sequence and limit deformation assuming only a kinematic
condition and technical condition. The possibility of assembling or coupling oscillations to a
deformation in this generality was asked us by Richard James. This suggests the question of what
measures, that is to say, ordinary measures not parametrized measures, may occur as limits of
sequences of gradients. They are necessarily probability measures. It turns out that they may be
characterized by a form of Jensen's inequality for a special class of quasiconvex functions, cf. §5.
This is not quite the characterization we set out to prove, which would be in terms of continuous
quasiconvex functions. The consequences of this disparity are of some interest in understanding
the sort of approximations, or processes, which lead to complicated microstructures and are
relevant to the nature of approximation by Lipschitz functions in general. We give a complete
discussion of this at the end of §6.

The point of view we adopt here is similar to Ball and James [5,6] and [16,42].
Additional material about this and relaxation of functionals is given in Ball [3,4], Ball and Murat
[7], Fonseca [37,38], and [45]. Ball and Zhang [9] have recently studied the relationship between
lower semicontinuity and Young measures based on Chacon's Biting Lemma, cf. also Ball and
Murat (8]. A complimentary point of view is adopted in [47], where the relationship between
functional convergence and the Young measure representation is examined. Our investigation here
was stimulated by the examination of Young measures which are supported on energy wells,
which we discuss separately in [46). In [55] parametrized measures are studied in connection to
rank one convex and polyconvex functions. They are used to study questions about
ferromagnetism in [43,44]. The relationship of Young measures to other types of compensation
operators is discussed in [56]. Recent developments also include the role of Young measures in
the numerical analysis of nonconvex functionals, especially by Luskin, Collins, and Chipot
(15,18-21] and in the o-B transition in quartz by Matos [49]. Fonseca provides and interesting
view of surface phenomena in [39,40]. Availaable microstructures and self accomodation in
martensite are studied by Battacharya [11,12], who employs among his methods the averaging
device we intorduce here in §2.

Young discovered that parametrized measures could serve as solutions to control problems
which lacked classical solutions. There is an extensive literature about them, cf. Berliocchi and

University Libraries
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Lasry [13], Warga [60], and Balder [2]. A recent application in control theory is given by
Capuzzo Dolcetta and Ishii [14]. The use of Young measures in differential equations was first
introduced by Tartar [57], especially to study scalar conservation laws, cf. also [58,59]. This
subject has an extensive literature. Ball [4] gives a version of the existence theorem which is
tailored for use in the calculus of variations. His paper also contains an historical introduction and
references to some recent applications. A different version of the existence theorem appears in
Evans [36].

Finally, we wish to remark that the methods of this investigation are completely
elementary, relying on little more than Vitali's Covering Lemma and the Hahn Banach Theorem.

To introduce the Young measure in our context, we begin with the relationship between the
minimization question for a functional ‘E and its relaxation E¥. Given a bounded domain Q ¢
Rn, consider the functional

Ev) = JW(Vv)dx, v € HL=(Q:Rm) . (1.1)

Here we assume that W is smooth and nonnegative.
The relaxation of E is given by the integrand
WHA) = infy ,—%quuvodx, Ae M, (1.2)
V = H“(QRm),
where M denotes m x n matrices. It is known that W¥ is continuous, quasiconvex, and
independent of the choice of the domain £, as long as we insist that 1dQ | = 0, Dacorogna

[22,23], Ball and Murat [7].

The notion of quasiconvexity to characterize integrands of lower semicontinuous
functionals was introduced by Morrey [S1]. A function ¢: M — R is quasiconvex provided

®A) € = J QA+Vl)dx for Ae M and {e HL=(@QRm). (1.3)

Morrey proved that the functional
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(V) = ‘I(p(Vv) dx

with @ continuous is sequentially lower semicontinuous in H1*=°(Q;R™) in the weak* topology
if and only if @ is quasiconvex. In particular, the functional

Fv) = ‘!w#(vv)dx. v e HL=(Q;R™M) , (1.4)

is lower semicontinuous.

Under these hypotheses about W, one may deduce the relaxation property

inf 4 ‘!W(Vv)dx = inf 4 J WH(Vv) dx ,

(1.5)
A = Aq(yo) = {ve HL=(QRM): v = y, on dQ },

where yo € HI==°(Q;R™) is given. For the proof of this we refer to Dacorogna [23]. Extensions
of Morrey's theorem under differing hypotheses about the smoothness of W or its dependence on
other variables are discussed by Acerbi and Fusco [1], Ball and Murat [7], and also [48].

If W is not quasiconvex, some information is lost by secking minima of E¥. It seems
sensible to regard the Young measure as a means of summarizing the oscillatory properties of a
minimizing sequence of (1.1), thus conserving at least some of that information.

For any sequence (zK) c L*(;RN) with supizK| < C and zk = z in L=(QK)
weak*, where K = {Ee RN: 1E1 < C}, wemay find afamily v = (vx )xe Q Of
probability measures such that whenever y(&,x) is continuous in & and bounded in x, and a
subsequence of the (zK) which we do not relabel, such that

W(ZK(x),x) =  y(x) in L=(2) weak*,
where (1.6)

Vx) = K[ W(Ex) dvx(E) ac.in Q.
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The converse also holds. Given a family (vx )x e o of probability measures in M(K), there
exists a sequence (zK) < L=(Q;RN) with the property (1.12). Since

LIQ,C(K)) = L(QM(K)),
these remarks amount to characterizing the weak* closure of the measures

(1) = ((Bx)xe Q) © L=(M(K)) for which
Ux = Ofx) forsome fe L=(Q;K).

This is discussed in Dacorogna [22], Tartar [57], and Young [61], for example. One form of
Jensen's inequality is that whenever @ is convex

Jomax < [ T o® av® ax
Q K

where (1.7)

z(x) = j Edvx(), xe Q.
K

Jensen's Inequality characterizes proability measures: If (1.7) holds for all convex @, then v =
(vx i € Q is a family of probability measures.

The measures we intend to consider here are distinguished by the constraint that they are
limits of gradients. This places restrictions on their structure. Implicit in what we have written is a
second constraint, which is that the sequence determining the measure is bounded in H1.=(Q;R™),

Let us formalize this by agreeing that

v = (Vx))xe Q is aparametrized measure or Young measure provided there is a
sequence (yK) < HL=(Q;RM) such that

< oy in HL=(Q;RM) weak*,

Fk = Vyk. F = Vy. and (1.8)
(FK) generates the parametrized measure ( Vx )x e  in the sense that

VIER) - Yx) = [WA)dvx(A) in L=(Q) weak*
M

whenever y e C(M).
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If v =(vx)xeQ doesnotdependon x € Q, we shall say the measure is
homogeneous and refer to it simpy by v. We shall refer to y(x) or F(x) = Vy(x) as the
underlying deformation for v = (vx)xe Q. Since FK* = F in L=(Q) weak*, F is the first
moment of vy, namely

F(x) = (Vx A) = [Advx(A) ae.in Q
M

or Y(A) = A is a weak* continuous function on H1.=(Q;RM). We remind the reader that other
known weak* continuous functions are the minors of the matrix of A.

An immediate consequence of (1.8) is a version of Jensen's Inequality for quasiconvex
functions. If ¢ is quasiconvex in Morrey's sense, then, for any subset D c Q,

Jomax < [ T o) avacayx
D M

where (1.9)
Fx) = [Advx(A), xe Q.
M

Our major objective here is to understand the manner in which (1.9) characterizes parametrized
measures generated by sequences of gradients. The principal results are stated in THEOREM 5.1
and THEOREM 6.1.

Another consequence of (1.8) is that

suppvx < K, xe Q,

for any compact K with FX(x) € K for all k. It will be useful for us to keep in mind the
converse of this statement.

PROPOSITION 1.2 Let (uk) c HL=(Q;RM) satisfy

1im SUp k — oo n[\y(vuk)dx < whenever e C(M). (1.10)
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Then (uk) are bounded in H==>(Q;RM) .
Hence there is a subsequence (uX) of the (uk) which generates a parametrized

measure (Vx )xe Q and acompact K ¢ M with suppvxy < K, x e Q. Thinking slightly

differently, we may know for some reason that

M g o e J y(Vuk)dx = K[\y(A)du(A), whenever y e C(M),

for some measure p with compact support K. The proposition then informs us that the sequence
(uk) is bounded in H1.=(Q;RM) .

PROOF Assume that
- _ || Vuk N
im sup -y = [l VU
By choosing a subsequence and relabeling, we may assume that || Vuk || > k. Let Ek =

L=(Q)
{|Vuk] > k} and ax = | EkI. Select ¢ € C(M), any function satisfying

limg 50 0 @k) = oo,

Then by hypothesis, there is a constant C = C(¢) such that

ox ok) < Is[q;(vuk)dx < C forall k

which is a contradiction. QED

We raise this issue to distinguish between what we have called Young measures or
parametrized measures in (1.8) and families of probability measures which arise in the same way
but may satisfy (1.8) only for y e Co(M), thatis y such that lim | 5| - « Y(A) = 0. These
latter are also called Young measures in some of the literature.

For any u € HL.=(Q;R™) we may define the the measure 8vu(x) and regard it as an
element of the dual space L1(Q;Co(M))'. Given a sequence (uk), the set of measures ( 8v X )
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has a weak* convergent subsequence with limit, say, ( vx )x e @ . Under the very mild condition
that

lim; ,.supi| {IVekl >} | =0,

(vx )x e Q is even a family of probability measures, cf. Ball [4], and may also all have the same

compact support. Unfortunately, it may be difficult to recover much information about the nature
of oscillations of Vuk if we cannot verify the formula in (1.8) for a sufficiently wide class of
functions . Necessary for this is that the sequence ( y(Vuk)) converges weakly in L1(Q).

One situation of interest here is simply the case of a sequence (uk) bounded in HI.X(Q).
Such a sequence defines some sort of Young measure, the function y(A) = | A P is integrable
with respect to this measure, but | Vuk IP need not converge weakly and the representation
formula (1.8) may fail. However, if (uK) is a minimizing sequence weakly convergent to u €
H1.P(Q) for a functional of the form (1.1) with the property that

0 < W)
clAIP -1 < W) < CIAP + 1,

one may indeed show that (for a subsequence)

W(Vuk) —» W#WVu) in LYQ) weakly and
WHx) = Wx) = WHE®X)),

cf. [47] and Matos [50].
There are aspects of our work which may be applied to other compensation conditions as
well. By this we mean parametrized measures which may arise as the weak or weak* limits of

vector valued functions u(x) satisfying

Eu = 0 in Q,

Eiu = Zaiik%. i=1,..N

ik

Murat and Tartar have written extensively about this [52 - 54,58 - 60].
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2 Averaging and localization of parametrized measures

Among the elementary devices for analyzing parametrized measures are averaging and
localization. Localization is the decoupling mentioned in the introduction. We discuss them in
turn. Recall that our measures are constrained in the sense that they arise from gradients.

THEOREM 2.1 Suppose that Q and D are domains in R™ with 10Q 1| = 1D = 0.
Let v = (Vx)x e Q be a parametrized measure with underlying deformation y(x), x € Q, which
has the properties

supp vx < K, a.e.in Q for afixed compact K c M, and
y(x) = yo(x) = Fox on 0Q,

where Fq is afixed m xn matrix. Then the family of measures ( Vx)xe D given by Vx =
Vv, where

o = L e @

is a parametrized measure. Moreover,
supp Vv c K and F, = (V,A). 2.2)

PROOF Suppose that

y¥ - y  in HL=(Q;R™) weak*, yk
(yk) generates the parametrized measure Vv

Yo on dQ, and
(vixeQ-

We may suppose that 0 € Q. Given an integer k, the collection of sets

{a+€Q: ae D, € < k1) isacoveringof D from which, by the Vitali covering theorem, we
may select a countable or finite subset { aj + &§Q:i = 12,3 ...} of pairwise disjoint sets such
that
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D =U@+Q)UN, [N| = 0.
Note that X (&) 1Q | = IDI. Define

X — aj
eiyk—2) + Foa; x € aj + €iQ
& ,x€ D,

uk(x) =

yo(X) otherwise

and let ye C(K) and { e C(D). We compute the integral

J v Lax = Z (w(FEE) Lx) dx

aj + £;Q
= Z ¢ J V(FK(®)) G(ai + £i&) dE

for x = a; + &E. By the mean value theorem, there are points &; € Q such that

INACIL S JNGOLPACTEITADY

Observing that the sum in the last term is a Riemann sum for the integral of {, we see easily that
for a subsequence of k, which we do not distinguish from the original sequence,

. 1
limg 5 o JW(VUk) (dx = T JQ IK Y(A) dvx(A)dx J £ dg .
Thus the sequence uX determines the Young measure (Vy )x e p With the property
[ I wmtm aviaxx = 2] | wa)avcanx [ ¢ ag
Q'K Q179 X '

To show that this Young measure is homogeneous, given a € Q, let & =1Bp 1 Xg and
P

compute that
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Jva) awa) = timpo0 gy J T v avicaex oo e

= il ] v avieas

for almost every a, which is independent of a.

Finally note that for any y € H.*(D;R™) with y=y, on dD,
Djvydx = J)y-ndS = éyo-ndS = F,IDI.
) 0
In particular,

(V,A)IDI = umk_,.,Djvukdx = F,IDI.

We remark that v is generated by a sequence (uk) with

range Vuk ¢ G whenever Urange Vyi c G.

In (1.8) we wrote

V) = J“"A) dvx(A)

as the weak* limit of W(F¥) . In this way we may rewrite formula (2.1) as

- 1 -
(V,¥) = m‘! v(x) dx .

We caution the reader again that the average Young measure v is different from the
original Young measure v . In particular for a product y(A){(x),
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Jonwtyex = J I v aviars

whereas

[cvevoae = J I v avarex Jrae.

Averaging a family of measures defines a mapping between spaces of measures. If [ e
L>=(£2;M(K)), then its average

Avp = p e MK)

where

(B> = e ] T vmanarax | ye cro. @.3)
Q K

Let d* denote the distance in the unit ball of M(K) and &* denote the distance in the unit ball of
L=(§;M(K)). For example, let { nj } be a dense sequence in LY(Q) and { y; } be adense
sequence in C(K) satisfying

Jlnjldx =1, m@k) =1 and suplyjl =1

Then we may write

d*(up) = Z29|<p-pw>l, KR e MK)

and

S(up) = Z2G+0|<p-pm; ey >, K, 1 e L(EMK)).

Since mi(x) = 1,
d*"(p) < 8 p W) .
Hence averaging is continuous. We summarize this using THEOREM 2.1. Introduce the notations

Y(Q;:M(K)) = the parametrized measures v with supp vy c K, and
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Y(K) = the homogeneous parametrized measures Vv with supp vx < K,
where K © M is compact. Recall that for homogeneous Young measures, we do not have to
specify the domain 2 since any (reasonable) Q2 may be chosen as the domain of a sequence of
functions which generates V.

PROPOSITION 2.2 The mapping

Av: YIQM(K)) — ?(K)
v —_—

defined by (2.3) is continuous.

Note that we do not claim that these sets of parametrized measures are closed.

Localization will enable us to interpret the family of measures (jix )x e Q given by Jix
Va, forafixed ae Q, as a parametrized measure for almost every a. In other words, v, is a
homogeneous parametrized measure for almost every a. Here Q is the unit cube in R? with
center at x =0. This decouples the oscillatory properties of the sequence which determines the
parametrized measure from the underlying limit deformation. This and other localization properties
are based on two elementary facts: translation is continuous in L1(Q) and the spaces C(K) and
L1(Q) are separable. We refer also to [16].

THEOREM 2.3 Let v be a parametrized measure. Then Va is a homogeneous
parametrized measure for almost every ae Q. If (yk) c HL.=(Q) is a sequence which

generates v and || VyX i < M, for allk, then there is a sequence (u:) c HL=(Q) which

L=(Q)
generates Va with the property that | VuY gy < M. for all k.
PROOF Note that given any fe L=(Q),
fla+ex) — f(a) in LY(Q), ae.in Q. (2.4)

This is a restatement of the translation property, namely, given { € L=(Q),

If f (f(a + £x) - f(a)) {(x) dxda| = If ,f (f(a + ex) - f(a)) {(x) dadx |
Q Q Q0
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< supyx I f(- + &x) - f(°) "LI(Q) g ”L""(Q) - 0,
as € = 0. Hence by Lebesgue's Theorem,

Jf(a+ex) Lx)dx — f(a)JC(x) dx as € > 0, ae Qae.

Suppose now that ( Vx )x e Q is a parametrized measure. Introduce the local spatial average

(Veow) = p [ y(F9) dx
a+pQ

= Q[\y(Fk(a +px)) dx ,

for ae Q and p > 0. By the weak* convergence,

lim g o ( fo‘p,w ) IQ IK W(A) dVa + px(A)dx

Ql Ty(a + px) dx

By (2.3), or simply because almost every a e Q is a Lebesgue point of \_p ,

limp olimk (Vs W) = W@ = (Vay), acinQ @.5)

What we wish to point out is that a subsequence of (k,p) may be chosen so that (jix )xe Q With
Ux = Va foreach x € Q is a parametrized measure. It suffices to choose a subsequence of the
functions

nkP(x) = i (Ka + px) - yKa)) ,

VnkP(x) = FXa + px). (2.6)

One merely observes that for ae Q satisfying (2.5),
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lim o lim k—»«J\V(V'ﬂk'p) ¢ dx

= lim 5, 0lim ke Jw(r-k(a +px)) {(x) dx

lim paog W(a + px) {(x) dx

v Q[ ¢(x) dx .

Hence for a subsequence (u: ) of the (nkP),

lim jy e (WU T = Jy(A) dvad) Jcmdx
Q

3 Coupling of measures to parametrized measures

In this section, our objective is to show how a family of measures may be assembled or
coupled to become a Young measure. This will be the converse of THEOREM 2.3.

THEOREM 3.1 Let Q c R" be adomainwith 10Q] = 0. Let (Va)ae Q be afamily
of measures on M with the properties

® thereisa y € HL.=(Q;RM) such that

Vyx) = J[Advx(A), xe Qae., 3.1)
M

(i) Va is a homogeneous parametrized measure for a € Q, a.e., and
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(iii)  there are sequences (u]:) c HL=(Q;RM) which generate v, such that

huk i M forall k, ae Qae. (3.2)

<
HL=@Q) ~
Then v = (Vx )x € Q is a parametrized measure with underlying deformation y(x).

Knowing the sequences ( u’: ) permits us to construct a sequence which generates v, but

this sequence is not unique. Two sequences may generate the same Young measure but their
difference need not converge in measure.

LEMMA 3.2 Let Q c R" be adomainwith 10Q1 = 0 and let N c Q be a null set. Given
a countable family {fj} c LYQ) and functions rc: Q- N — R*, there is a set of points
{axi } © Q~N and positive numbers €, € < rk(ak;), such that

{a; + €5Q) are pairwise disjoint for each k,
Q = Uf{ag+eqQ) UNy, where INg| = 0, and

| fidx = limg o2 fj(ak) | &Q | , for each j.
Q

PROOF Let D c Q be the intersection of the sets of Lebesgue points of the fj's and set E
=D\N. Foreach k the family

Fc = {a+€Q: ae D\N, e<na), o7 [ i) - fi@)ldx < L,
a+eN

1<j<k and a +eQc Q }
covers E in the Vitali sense by the Lebesgue Differentiation Theorem. Hence we may write
D\N = U{aki'f'QdQ}U]\{(, IN;I = 0,

or

Q = = Uf{ag+eQ) UNg, where [Nkl = 0.
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Now for fixed j and k 2j,

] fax - Sigora@ 1] = |5 ] (00— fa) ox
Q agq + i
< %] _lm-fa e
ag; + ExiQ

< l‘;Z, | skif_l |

= 1

= i 1Q1.
This proves the LEMMA. QED
PROOF of THEOREM 3.1 Step 1 To prove that a sequence (yk) c HL=(Q;RM)

generates V, it suffices to verify the formula

I I C(x) W(A) dvx(A)dx = limk JCW(VY“) dx (3.3)
QM

for a countable set of products whose linear combinations are dense in L1(Q;C(Bwm)), Bm =
{IAl1 £ M} ¢ M. We may suppose that { € C(Q) and y e C(Bym) and that
sup|{| < 1 and sup|y| < 1. Wedenote by C the set of all such products {(x)y(A). Let

v = [wA) dve(A) e LYQ). (G.4)
M

Step 2 Vitali Theorcm and application of the LEMMA. Set F(a) = Vy(a). By Rademacher's
Theorem, y is differentiable in Q a.e. Solet N be the null set where y fails to be differentiable

and where (3.1) fails. For ae Q- N and k a natural number, there is an rx(a) > 0 such that

ly(a+ez)-y(a) -eF(a)z | < for ze Qand £ < rx(a). 3.95)

£
k

We apply the Lemma to the setof £ = { y, {we C,and ry(a) as above. Here, WV is defined
by (3.4). Thusthere are { ax; } < Q2-N and €&; < r(ag;) such that
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Jc\‘vdx = lim g e 2 {(ad) Waw e, {®ye C. (3.6)

Step 3 Construction of yk. Choose a sequence Nk of smooth cut-off functions such that

nk 0 in Q = {dist(x,0Q) > 1k},
nk = 1 on dQ, and
IVnkl < 2.

Now Vo is a homogeneous Young measure since ay; € N. Let ( u;; ) denote a

sequence which generates Vayi and satisfies

IVu.l < M in Q and

ul. — Flagz in HL=(Q) weak*,
Define

y&(x)

((aw) + e uf,E=2E0)) (1 - nkE=2K))) 4 nkE=2ki) y(x)
€Ki &i &i

X € ag + §;Q2 3.7
yk(x) = y(x) otherwise,

where h = h(k,i) will be chosen later. Thus

Vyk(x) = Vuti("—;lfﬂ)(l—nk("—;ﬁ)) + nkéeik%) F(x)

+ = [y00 — yla) - gul, k)] @ vkE=2kiy
€ki £ i

1]

P (1) 4 =5 )
€ki €k €k
+ L [yx) - ya) - ekiF(aki)(,"_’f‘_lﬂ)] ® VnkE—2ki)
&k &i €
+ [Flag)E =2k —ui‘i(ﬂ‘_i)] ® Vnk&—2k)

= Ix + Ox + Ol + IVg. (3.8)
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We first show that the | VyX | are bounded for suitable choice of the sequence h = h(k,i).
From the choice of ( uti ),

Ikl <M and Ikl € M.

Since ax;je Q-N, by (3.5)

g s -ox = 2,
i

Finally, u:i(z) — F(axj)z uniformly in Q, so for h = h(k,i) sufficiently large,

If@ - Faz! < g . (3.9)

Hence
2k = 2. (3.10)

D]

ITVg | <

Step 4 Generation of vx.  Since (y¥) is bounded in H=*(Q), it generates a parametrized
measure, which we must show is v. Foreach {®y e C ande > 0, for k sufficiently large,

J LwVydx = Z;  [Cy(Vyb) dx

agi + £

e, J C(aki + exiz)Y(VyX(agi + €xiz)) dz

25 € {(axi + &xizii) “[ v(VyX(aki + £kiz)) dz

2 ;Lo + exizic) f YVl @) dz + §

Qg
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X e:x C(aki + &xizki) f w(Vuti(z)) dz + %
Q

i€l Gaw) J-\y(Vuti(z))dz + %—+ €.
Q

(3.11)

Here we have used the continuity of {, the boundedness of { and W, and the smallness of

1Q - 1. Choose an index 1 = (k) so that

22 gy < 11—(
For i <1, choose h = h(k,i) so large that the weak star distance in C(BpM)' satisfies

d* ( hv ) < 1 where P is the average of &

Mo Vag ) < M geof 8g .

Thus if  is the Nth function in the list of the s, then

I(ph w) = (v, y)l < LoN (3.13)

uki'w ah'w = k . .
Using (3.12) and (3.13) in (3.11) yields that
Ndx = 56 ta) waw) + 1N

Jéw(Vy)dx = Zig;law) W + ¢ + e+ 2V,
Invoking Step 2, we conclude that

umkq.aécwyk)dx = Jc v dx

4 Convex combinations of parametrized measures

(3.12)
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Our characterization of measures which are generated by sequences of gradients relies on

the Hahn Banach Theorem. For this reason it is useful to understand convex combinations of
parametrized measures. Throughout we let Q be a domain with 19Q1 = 0.

THEOREM 4.1 Let v and v* be homogeneous parametrized measures with the same
underlying affine deformation y(x) and with

suppv < K and suppv* c K,

for some compact K c M. Then for each A € [0,1], the measure (1-A)v + AV* isa
parametrized measure with underlying deformation y(x) and

supp [(1-A)v + Av*] c K.
If (yk) and (y*k) are sequences which generate v and v* respectively and satisfy

Il Vyk i < M and Il Vy*k| < M,
L=(Q) L=(€2)

then there is a sequence (uK) which generates (1 —A)V + AV* which satisfies

Il Vuk || < M
L=(Q)

We first prove a simple lemma.

LEMMA 42 Let D cc Q have smooth boundary and let v ,v* be homogeneous
parametrized measures with the same underlying deformation y € HL->(Q;R™). Then the
measure | = (Hx)x e Q defined by

Vx xe D
B« =} V' xeqQ-D “.1)
X
is a parametrized measure and has underlying deformation y .

PROOF This follows from THEOREM 3.1 since there are only two sequences to consider in
@iii). If (yk) and (y*k) be sequences generating v and V* respectively, then u: = yk if



Characterizations of Young Measures 22 8/3/90

ae D and u: = y*k if ae Q-D. Obviously (i) and (ii) are satisfied. QED

PROOF of THEOREM 4.1.  Given v,v* and 0<A< 1, choose D c Q with smooth
boundary and ID| = A1Q1. Define (vx)xe Q by

\Y xe D
l»lx= * B

which is a parametrized measure according to the lemma. Since the underlying deformation of p
is y(x) = Fx, affine, we may apply THEOREM 2.1. Here V is given by

(vowy = o ) ] vy diea) ox
Q K

Tflz_n ,fD fK W(A) dv(A) dx + ,lﬁ IQ_D IK W(A) dv*(A) dx

A J W(A) dv(A) + (1-2) K[ W(A) dv*(A)

QED

Let us briefly return to some implications of LEMMA 4.2. Given parametrized measures v
and v* with underlying deformations y(x) and y*(x) satisfying

y =y = yo ondQ where yo(x) = Fox,
then, for 0 <A <1,

B =(>0=-2)V+AV 4.2)

is a homogeneous parametrized measure with underlying deformation y, . Specifically, it is given
by the formula

) = a-nf | vw @ + ] vweiwe. ey

Now consider the situation where v is the delta function at F = Vy , that is
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Vx = Opx) or (vx,¥) = YF(X).

Here

V¥ =y [vEw) 6 (4.4)

If also V* is the delta function at F* = Vy*, then
B =(0=-D)V+Av
is a parametrized measure with

(Ly) = ,‘T",‘Jw(ﬂx)) dx + m"—,f[w(F*(x» dx . @.5)

5 Characterization in terms of special gquasiconvex functions

In this section we shall characterize parametrized measures by a form of Jensen's
inequality. For ¢ € C(M) the functional

x{(;)(Vu) dx

is (sequentially) lower semicontinuous with respect to weak* convergence in H1>=(Q;R™) if and
only if @ is quasiconvex, which means that

¥A) < T‘slﬂ ﬂ[q)(A+vz;)dx. for (e HU=(QR™ and Ae M.  (5.1)

A version of Jensen's inequality follows from this, as mentioned in the introduction. Given a
parametrized measure vV = ( Vx )x e Q , using the notations of (2.1), we have that for
quasiconvex @
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Jo®ax < tmy . forax = [ gax = IEIK«A) dve(A)dx

for every measureable E c Q. Hence

OFx) < J(p(A) dvx(A) where F(x) = JAdvx(A) ae. in Q. (5.2)

The analogous fact for unconstrained parametrized measures, those of (1.12), holds for ¢
convex and has a well known converse, Tartar [57], Young [61], Dacorogna [22]: A family of
probability measures ( vx )x e Q is a parametrized measure associated to some sequence ( zK)
which converges in L>(2) weak* provided Jensen's inequality holds,

‘P(K[é dvx(&)) < K[(p(é) dvx(€) for @ convex.

We shall give an analogous characterization in terms of a special class of quasiconvex
functions

QM = {¢:M > RuU{=): ¢ isquasiconvex and ¢ € C(Bym) and
@ = + in M-Bwm]J, (5.3)

where BM = { Ae M: | Al < M }. Our characterization may also be applied to the
unconstrained case mentioned above. We do this in COROLLARY 5.3.

Two remarks about parametrized measures and the class QM are in order. First, if v =
(Vx )x e Q is a Young measure, then there is an M such that (5.2) holds for ¢ € Qwm. Thisis
because of the local nature of the proof of Morrey's Theorem, which requires information about
the function @ only in a convex neighborhood of the ranges of the sequence ( Vuk).

In §7, we point out that the relaxation y* of a function y e C(Bpm) extended to +oo
outside By isin Q. This is shown in PROPOSITION 7.2. Other detailed properties of the
class QM are also given in §7. Obviously, it will sufficetoset M=1. Weset B=Bjand Q=
QM.
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THEOREM 5.1 Let KcB cM be compact and Fo, € M. Then pe€ M(K) satisfies

oF,) < K[(p(A) du(A) whenever ¢ € Q, where

(5.4)
F, = K[ A du(A) ,

ifand only if | is a homogeneous parametrized measure and is generated by a sequence
(uk) c HL=(Q;R™) such that

I Vuk If < L
L=(Q)

Let us introduce the set M of homogeneous parametrized measures v with

suppv C B,

Fo = [Adv(A), and (5.5)
B

v is generated by a sequence (uk)c HL=(Q;RM) such that

Il Vuk |l < 1
L=(Q)

Note that M # @ since O € M. For this subclass we may state

o

LEMMA 5.2 (i) The set M is weak* closed and convex in M(B).
(ii) Let yo(x) = Fox and u e HL=(Q;R™) satisfy u = y, on 0Q and

IVull o S 1 Then Svue M and the set of all such Svue M is dense in M.

Recall that the action of the measure Sy, is given by

(Svm y) = J\V(Vu)dx.

PROOF (i) M isconvex by THEOREM 4.1. To check that it is closed, it suffices to show
that v e M(B) with v = lim VJ is a parametrized measure. Thus we must produce a generating
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sequence satisfying (5.5). An appropriate subsequence of the (ui-k), where for fixed j the
sequence (uhkK) generates vi, will suffice.

(ii) Given u satisfying the hypotheses of (ii), then gvu € M by the averaging
theorem, THEOREM 2.1. To show the density, choose a sequence (uX) which generates a given
v and apply PROPOSITION 2.2, QED

PROOF of THEOREM 5.1 Observe that (5.4) implies automatically that p is a probability
measure. To verify this, first take ¢(A) = £ 1on B, so p(K) = 1. Now let ye C(B) be

nonnegative. Then the convexification (;\l**(A) is nonnegative and quasiconvex. We apply (5.5)

to it, so

0 < Y*(Fo) < ﬁ’**(") du(A) < JW(A)d“(A)'
K

We use the Hahn-Banach Theorem in the space M(B) in the weak* topology. Let T be
any weak* continuous linear functional with

(T,v) 2 0 forve M (5.6)

Thus there is a y € C(B) such that

(T.v) = (vy) = [w(A)dvea) .
B

In particular, (5.6) implies that

Jw(Vu) dx = 0

whenever u satisfies the conditions of hypothesis (ii) of LEMMA 5.2. Recalling the definition of
V#(A), we have by (7.5) that

WE) 2 YHE) = inf, 000 J\V(Vu)dx > 0.
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In other words, (5.6) means that \?l“(Fo) 2 0. Now \?f“ e C(B), so we may compute, using the
hypothesis on L,

(Tou) = [wA) du(a)
B

J VHA) dp(A)

B

v

v

V(Fo) = 0.

Hence p cannot be separated from the closed convex M, whence pe M

We have already noted in the remarks preceding the Theorem that the local nature of
Morrey's Theorem shows that any parametrized measure satisfies (5.4). QED

One should take note that the set M does not consist exactly of averaged Dirac masses,
that is, parametrized measures given by (4.4). Were this so, our theorem would be trivial.
Disparate scaling of a sequence easily gives rise to Young measures which are not averaged Dirac
masses, as Ball and Zhang [9] illustrate. Also, many of the Young measures used to describe
complicated microstructures consist of sequences which have disparate scaling [42],[55].

Any probability measure, that is, any unconstrained homogeneous parametrized measure in
the sense of (1.6), may be realized as the parametrized measure generated by a sequence of
gradients. Some reflection shows that this holds for the Dirac masses. Since they are the extreme
points of the probability measures, the conclusion follows. We provide a more entertaining proof
based on our THEOREM 5.1.

COROLLARY 5.3 Let Kc B c R be compactand | € M(K) be a probability measure.
Then W is a homogeneous parametrized measure in the sense of (1.8).

PROOF In this case quasiconvex becomes convex and the class Q reduces to

Q = {@:Rr 5 RU {eo}: @ isconvexand ¢ € C(B) and
@ = +o in R —B},
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For any convex ¢ € C(RD),

?p<§>={‘?§) te B

otherwise
has the property ?p € Q Now if pe M(K) is a probability measure, then

& = deu(é) e B

so
A A
P = oto) < K[ Q&) du(E) = J 0(E) du(E) .
The conclusion follows from THEOREM 5.1. QED
6 Characterization in terms of continuous quasiconvex functions
A natural class of functions to investigate is the set of continuous quasiconvex functions on
M,

Qe = { ¢ € C(M): @ is quasiconvex } 6.1)

If v is a homogeneous parametrized measure and ¢ € Q ., by lower semicontinuity of the
functional

o) = J @(Vu)dx, ve HlL=(Q;Rm),

we have that

®Fo) < [0(A)dV(A) when Fo = [A dv(A). (6.2)
M M
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What is the relationship between parametrized measures and Q.. ? We shall infer a result slightly
weaker that THEOREM 5.1. The difference in the conclusion owes to the fact that C(M) isnot a
Banach space and its dual

MM) = CM),

the Radon measures with compact support, is not a space where sequences suffice, even though
closed bounded sets in the weak* topology are compact.

Given KcM compact and F, € M, let M, = M.(F,,K) be the homogeneous
parametrized measures Vv satisfying

suppv c K and F, = K[A dv(A) . (6.3)

According to THEOREM 4.1, M.. is convex but, unable to control the ranges of generating
sequences, it is not clear that it is closed. It is easy to see that the special parametrized measures

vV = gVu’ u e HL=(Q;RM), ulaQ = Yo,
where yo(x) = Fox, are densein M. in M(M) weak*.

THEOREM 6.1 Let Kc M be compact and Fo € M. Then p e M(K) satisfies

0Fo) < [o(A)du(A) where Fo = [Adu(A), (6.4)
M M

whenever @€ Qe if and only if € Moo, the weak* closure of M. .

PROOF As in the proof of THEOREM 5.1, (6.4) implies that p is a probability measure.
Define the weak* continuous linear functional T by

(T.v) = (my) = [w@a)dva) . ve coa,
M

where y € C(M). Suppose that
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(T, V) 2 0 whenever Ve M., 6.5)
which, by (3.6), means that

J\V(VU) dx = 0 whenever ue HL=(Q;RM), u =y, on dQ.

We shall show that
(T,u) 2 0. (6.6)

According to (6.5) and the definition of y#,

VH(ES) = inf i Jw(FwVC)dx >0, 6.7)

thus y¥#(Fo) = 0 > — . Hence by PROPOSITION 8.1, y# e C(M) and y* is p - integrable.

Using (6.5) and (6.4), we compute that

(T.p) = [w(A) duca)
M

J w(A) du(A)

v

J vH(A) du(A)

v

v (Fo) 2 0.
This proves the claim. QED

We do not know if M. is closed. If it were, THEOREM 6.1 would provide another

characterization of parametrized measures generated by gradients. One approach to attacking this
question would be to use the hypothesis (6.4) to prove the hypothesis (5.4). A means to
accomplish this would be to prove that for any ¢ € Q,
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®A) = sup { f(A): fe Quand f< ¢ } . (6.8)

It would be interesting to determine if M. is closed. From the functional analytic point of
view it would mean that all parametrized measures supported in a given compact set form a closed
convex set of measures.

With regard to microstructure, we might be confronted with a sequence of complicated
microstructures, not obviously finite rank laminates, which tend to an equilibrium microstructure
whose parametrized measure has compact support. We might even know that this sequence is
generated by a sequence of functions or a net of functions. Indeed, if it is generated by a single
sequence, then PROPOSITION 1.1 informs us that the sequence is bounded. But in general we do
not expect to know about existence of this sequence. If M. is closed, we would know that this
complicated process is generated by a sequence and that the sequence is bounded in H!.=, i.e., has
uniformly bounded gradients. Now, roughly speaking, when we have sequences of parametrized
measures which tend to minimizing configurations, they spend most of their time near minimum
enegy wells with their supports growing in an uncontrollable manner only when kinematic
compatibility requires oscillations to connect these wells together. This behavior is associated with
the formation of interfaces. If the limit configuration may be generated by a sequence with
bounded gradients, grounds for limitations on the size and energy of these interfaces result.

Measures Y € M.. do enjoy many properties. For example, given fe C(M), we may
extract a sequence (uk) < HL.=(Q;RM) such that

Jz;f(Vuk)dx - K[ f(A) du(A)JCdx , Le L=Q).

By the de la Valleé Poussin criterion, it follows that whenever

'|‘¥((:))ll 50 as 1Al = e,

the sequence ( W(Vuk)) converges weakly in L1(Q), namely,

J Ly(Vuby dx - JW‘) du(A)JCdx, Le L=(Q) . 6.9
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Choosing, for example, f(A) = e!A! implies in particular the existence of a sequence (uk)
bounded in HI'P(Q;RM) for every p, 1 < p <eo, with the property that (6.9) holds whenever

v has polynomial growth. Thus such measures W have better properties than the H!P Young
measures we introduce in [55] and to which we alluded briefly in §1.

7 The special class Q of quasiconvex functions
In this section we explain some properties of the class QM of quasiconvex
functions which was defined to be

QM = {@:M > RuU (e }: ¢ isquasiconvex and ¢ € C(Bym) and
¢ = +o in M-By}, 7.1

where BM = { Ae M: | Al < M }. An interesting feature of ¢ € QM is that the functional

n[(p(Vv) dx, ve HL=(Q),

is lower semicontinuous. We thank John Ball for insisting on this point.

PROPOSITION 7.1 Let 9 QM and Q c R" be a domainwith 10Q21 = 0. If
uk = u in HL=(Q) weak*, then

d[qa(vu)dx < liminfy - e J(p(Vuk) dx . 71.2)

PROOF If the right hand side of (7.2) is infinite, then the conclusion holds. Suppose,
then, without loss in generality, that

lim k — oo f!(p(Vuk)dx < o,

Thus Il Vuk IIL,O(Q) < M and it follows by lower semicontinuity of the norm that
I Vull

L=©) <M.
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The idea now is to use the proof of Morrey's Theorem, cf.[51], which requires, however,
that @ be continuous in a convex neighborhood of the ranges of the ( Vuk ). We overcome this

by using the uniform continuity of ¢ in Bym. Let ® denote the modulus of continuity of @. For
eacht, 0 <t< 1,

tuk — w in HL=(Q) weak*

and by [51],
J @(tVu)dx < liminfy_ e J @(tVuk) dx
= liminfx e {J(p(Vuk) dx + J((p(tVuk)—(p(Vuk)) dx }
< liminfg — e J(p(Vuk)dx + o((1-M) .

Hence,

J o(Vu)dx < liminfy_, e ﬂ[cp(vuk)dH 26((1 - M) .

QED
PROPOSITION 7.2 Let Q < R be adomainwith |Q1 = 1 and 19Q1 = 0. Let
y e C(Bm) and set
R _
= WA) Ae BvM 7.3
VA) { oo otherwise (.3)

YHA) = inf 1= J{,‘;(ch)dx, (1.4)
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therelaxationof\?!. Then \?I“e Qwm and \/4\!" = Wy on 0BM.
Note in particular that CV#(A) < o= foragiven A implies that

vHA) = inf |, , gricm J Y(A+VL) dx , (7.5)

so that \';\I“(A) is given either by (7.5) oris +eo. This observation also makes it easy to check

that \’;\r“ is well defined, cf. the argument in [7] or [16], Lemma 3.2. The dependence of {;\l“(A)
on the radius M will be useful.

LEMMA 7.3  Given y € C(BM), continue to denote by  any of its extensions to Co(M).
Define

V(&) = inf o Jw(A+V§) dx . (7.6)
Then

Vi T @, 1AM, as RIM and @.7)

vV L v @, 1ar<Mas rTM . (7.8)
PROOF We give the proof of (7.7); that of (7.8) is analogous. First of all, it is
obvious that

Vi < Y@ < Y@ for M2

Let Rj— M and let xs) be amodulus of continuity for y in some ball of radius R, > sup R;.
For each j, choose {; and t; such that

J\y(Aﬂjvz;j) dx < (.‘r‘;j (A) +Jl? and
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|z
l

IVG1 < M, t =
Then
J IWA+4VE) - WA+VE)Idx < o((tj-DM) = @ — 0 as j— .
Thus

v < n[w(mvcj) dx

IN

J\V(Aﬂjvgj) dx + o;

Vo, ) + 05 + ] QED

INA

Proof of PROPOSITION 7.2. We proceed in steps. We may assume that M =1 and denote by B
= B;.

Step 1. VHA) = +o for 1A1> 1.
This is obvious. Let g(A) be any convex function satisfying

g(A) = { 0 B . (7.9)
>0 in M -B

Thus
WA) 2 wA) + 1ga), €>0.

By Jensen's inequality, for every €> 0,

VHA) = infy + -:—Jg(A+V§) dx

> infy + LgA).
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Hence
J\?;(Awg)dx = o for IAl > 1 and
VHA) = = for Al > 1.
A

Step 2. v e C(B)

Given A and A'e B,let £>0 and choose { such that

£+ PHA) > d[\pr(A'wg) dx .

Hence

£ + YHA) > J\V(A+V§)dx + J(\V(A'+V§)—w(A+VC)) dx
> W (A) - 0A-AD, R = IA-Al+1.

According to the LEMMA, we may choose IA — A"l so small that

Vh(A) 2 YHA) - &

whence
A . . A '
VH(A) < liminf o o A WHAY .
Analogously,

VH(A) > limsup o' s A WHA) .

Step 3.
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VH(A) = inf afe Jw(mvc) dx | (7.10)
where Aff denotes piecewise affine functions { in H:"‘”(Q). The proof of this is standard.
Step 4. V¥A) = y(A) for IAl = 1.
Given {e Aff, { #0, we may write

Vi = ZZixDi , with XZ;IDjl = 0.
So the convex combination of the matrices A +Z;,

2(A+Z)Djl = A,

a point on the boundary of the ball B, hence at least one Zx has the property that
A+Zye B. Consequently, since W(A) is bounded below,

a[ VA+VE) dx = +oo.

Hence there is a unique { for which the integral is finite, namely { = 0. This concludes Step 4.

A
Step 5. lim , —>A°\V#(A“) = Y(Ao,) for A€ 0B.
Let Ap > Aoe dB with 1, = | Ag— Ayl = 0.Givenany (e H:;”(Q), suppose that

lAp + VC| < 1 (7.11)

and write

IV (AD - WA < 19H(AD - ﬁ[ VAHVD dx |+ 1y(Ao) — W(Ap |

+ 1y(Ap) - J\y(A,ﬁVC) dx | (7.12)

The essence of the demonstration is to show that
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m , |, w(An)-J\p(Anwc)dxl =0,

uniformly in { subject to the constraint (7.11). Introduce the sets

{AeB: A-A; < p2}, 0<p< 1, and
Kp(n) = {xe Q:Aj+V{e Hp }.

Hp

Kp

Both Hp and B-Hp are convex and

[rp(An+ VO - w(ADIdx < @@\ -p2). (7.13)
-k,

In addition, the averages

R
A= TR ij(A,,wz;)dxe Hp and
"o 1

A = TaE] Q_!(:A,ﬁvg) dxe B-Hp.

Meanwhile, we may write Ap as the convex combination

An = IKplA +(1-1KpDA.,

so that

An - Ao = IKpl(A — Ao+ (1- 1Ko ) (A — Ao).

Now by elementary geometry, as n — oo,

IA - Aol = 0 and 1A - Aol 2 1-p.

Thus 1Kpl— 0 as n — e. Consequently, in view of (7.13), given € > 0, we may choose p
and then np so that

w(An)—Jw(Anarvg)dxl < e for n2np.
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By the continuity of y and the definition of \?I#(A), we may choose n so large and then { so
that each of the first two terms in (7.12) is dominated by €.

Step 6. To complete the proof of the PROPOSITION, we show that \’;\J#(A) is quasiconvex.
Suppose that A€ B and { e H™(Q). If

A + V{ "L“"(Q) > 1,

then I{xe Q:1A + V{| > 1}I > 0, whence

VHA) < 4eo = J\?;#(sz;) dx

So suppose that

A + Vil wg < 1.

We proceed in a standard manner. Given €>0, wemay finda (s e Hi’"(Q), which may be

taken piecewise affine, such that

A + VCSIIL,(Q) <t< 1 and

J|$#(A+V§)-§}#(A+V§E)| & < e (7.14)
Writing
Vi = Zzixm’ with TA+Z!l <t < 1,

and each D; a finite union of simplices, we may find n; € HL‘“’(Di) such that
VA+Z) 2 2 [wAsZevn)dx - e (7.15)
1 Dl

Let ne HL’“(Q) be defined by n = n; in D;. From (7.14) and (7.15),
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JQ#(AWg)dx > J\/{\!*(A+V§5) dx — ¢

v

v

T WA+Z)ID;l - €

p) DIw(A+Zi+Vm) dx - 2¢
J WA+V(Ce4m) dx — 2¢

VHA) - 2¢.

For 1 Al = 1, the proof of Step 4 shows that QI“(A) is quasiconvex at A. Similarly, if

I Al > 1, one easily verifies that

J VHA+VY) dx

= 4 forany {e Hlo'“(Q).

QED
8 The class Q . of continuous quasiconvex functions
For ye C(M), we set
Vv/A) = infy %meﬁuvc)dx, Ae M @.1)

V = H'"(@QRm).

The facts of the proposition below are well known but appear scattered in the literature and
under varying hypotheses. It is important for us not to assume that  is bounded below.

Obviously,
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- < infy < y¥A) < y(A) for Ae M.
PROPOSITION 8.1  Let ye C(M) and define y* by (8.1). Then
@) ¥ is independent of Q, i.e., is well defined,
(ii) and it is rank-one convex.
(i)  if Y¥(Ao) > — oo for some Ao e M, then y* e C(M), and
(v) if ye C(M), then it is quasiconvex.

Proof ()  Following Ball and Murat [7], let us provisionally set yf, and ¥ the
infima taken over H:)"”(Q;]Rm) and Hi’"(D;IRm) , respectively. As in the proof of THEOREM

2.1, given € > 0, the collection of sets { a+€D: ae Q, € < & } isacoveringof D from

which, by the Vitali covering theorem, we may select a countable or finite subset
{aj+&D:i = 1,2,3 ...} of pairwise disjoint sets such that

Q = U@+gD) UN, |N| = 0.

Notethat T(g)*IDI = IQI. Let { e Hi’”(D;IRm) and define

€i C(x — 3y xe a+¢gD
v(x) = &

0 otherwise

Then

Vi < IJ\V(A + Vv) dx
z

1 X — aj
= A+V{—d
o [wea s+ veE—mh) dx

a; + g;D
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Tslﬁ )) (ei)an(A + V) dx

1
S D[w(A + V) dx .
Thus \V?}(A) < V;')(A). Interchanging the roles of Q and D gives that y¥ is well defined.

(i)  Toshow that y* is rank-one convex, we use the method of [16], Lemma 3.3. Choose F
e M, aeRMm and be R, Ibi=1. Let D c R" be a unit cube with one face perpendicular
to b. For A e (0,1), let (1) denote the characteristic function of (0,A) c (0,1) extended
periodically so that ¥(t+k) = x(t) for ke Z. Set xk(x) = y(kx - b). Determine uk e
Hl.=~(D;R™) such that

Vuk = F+ xka® and uk — y in HL.=(D;R™M) weak *,
where y(x) = (F+ A a®b)x .

Since uk — y uniformly, we may choose a subsequence of k and cut-off functions nK such
that

nk 1 onasubcube Dk ¢ D with ID-DK| =5 0 as k — e,
nk =0 on dD, and
vk y + nk(uk.-y) -y in Hl'“(D;Rm) weak*.

In particular, | Vvk| are bounded and with

D:: = {xeDkyk =0} and D‘l‘ = {xeDkigk =1},

IDﬁl—)l—X and IDll‘l—> A as k & oo,

Note that

| IW(Vvk)dxl < g - 0,
D - Dy
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Choose { € Hl-=(D;RM) with supp { c DX and note that

Vvk+0) = F+2a®b+Vw forsome we Hlo’“(D;lRm) .

Thus

V'E + Aa®b) < Jw(Vvk+VC) dx

I\y(Vuk + V0 dx + I\V(Vvk) dx
Dy D - Dy

IA

f\y(Vuk + V0 dx + g
Dy

[w(F+VC)dx + [\y(F+a®b+VC)dx + ex.
Dy D]

Now choose £ sothat { = 0 on 3D§uaD]f. We may then vary { independently in the two

sets Dl; and Dllc , so that taking the infimum of the right hand side above gives that

WHE + Aa®b) < IDXIWHF) + IDSIWHF + a®b)+ &.

Passing to the limit as k — o gives the result.

(iiiy  Suppose that Y#(A,) > —eo for some A, € M. Then for any ab, f(t) =
y#(A, + ta®b) isconvex by (ii) and continuous for — oo < t<eo since it is finite at some
point. Hence, of course, for any a'b’, the function g(s) = y#(A, + ta ®b+ sa'®b') is

convex and continuous in s, —ece <s<eo. Since any F may be connected to A, by a sequence
of such paths it is easy to check that y* is finite everywhere and continuous.

(iv)  The proof of this is standard, cf. [23].
QED
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