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1. Introduction

In this note we examine some new models for ferroelectric (FE) and ferromagnetic materials (FM).
These models are analogous to ones used in [1] to describe the dynamics of elastic materials which can
exhibit phase changes.

We begin with Maxwell’s equations

%fi=— curl E and curl H=J. (1.1)
Here, E and H are the electric and magnetic fields and J is the current. We assume that
J=%D+JE,UZO (1.2)

. oD . . . .
where D is the electric displacement, — is the displacement current, and oE is the conduction current.

In usual dielectrics which are homogeneous and isotropic D and E and B and H are assumed to be
related by the constitutive equations

D=¢E and B=yH (1.3)

where € and p are constants. Insertion of (1.2) and (1.3) into (1.1) yields a linear hyperbolic system which
can be solved in a region D subject to initial values for E and H and the specification of the tangential
components of either E or H on §D. Our primary focus will be on the case where (n x E)_ =0 on 8D
but we will describe briefly what obtains when (n x H)_ = 0 on 8D.

In the case of ferroelectric materials one replaces (1.3); by

D=¢E+P)

where P is the electric polarization while in the case of ferromagnetic materials the relation (1.3), is
replaced by

B =u(H+ M)

where M is the magnetic polarization. The polarizations are intended to reflect the crystalline structure
of the underlying material. At equilibrium these fields will be spatially distributed in a time independent

1This research was partially supported by the Applied Mathematical Sciences Program, U.S. Department of Energy and
the Mathematics and Computer Science Division, Army Research Office.
2Carnegie Mellon University, Department of Mathematical Sciences, Pittsburgh, PA 15213.



fashion which describes the equilibrium microstructure of the material. The stability of these equilibria
is very much an open question and will not be resolved here. Carr and Pego [2] have demonstrated that
for the Landau-Ginzburg equation, one which gives rise to the same equilibra as our more complicated
system, the equilibrium solutions are metastable with exponentially long lifetimes. Greenberg[l] has also
shown that similar phenomena is true for elasticity equations which exhibit phase transitions.

In what follows we shall treat in detail the case of ferroelectric materials. We start with some geometric
simplifications. We assume the region is a cylinder with generators parallel to the z-axis and a uniform
simply connected cross section €2 in the £ — y plane. We consider only fields which are independent of z,
assume that the electric field E and electric polarization P are of the form:

E = aee3 and P = ape;,
and assume that the magnetic field H is given by

H-= b(hlel + hzez)

where a > 0 and b > 0 are constants. Additionally, we assume that
D=¢E+P) and B=pH (1.4)
and that @ > 0 and b > 0 satisfy

b_ e (1.5)
a \u
In this situation, Maxwell’s equations (1.1) and (1.2) reduce to the following systems for e, p, h1, and hy:
ec+p+0o1e = c(hyg — hyy)
hlt = —C€y (1.6)
hoyt = ceg.
Here 0, = g >0andc= % in the speed of light. We close the system by assuming that the polarization,
€ @m

p, evolves as

& (px — N’Ap) + abp, = B (e — g(p)) (1.7)

where @, 3, ), and § are positive constants, A is the two dimensional laplacian, and g(p) = ®)(p) is the
derivative of a symmetric, double-well potential ® with equally valued minima at p = F1 and a single local
maxima at p = 0. For technical reasons we also assume that

k 2
3(p) ~ -, @ (p) ~ kp, 2D (p) ~, and 2 ~ 0 (18)

as |p| — oo for some 0 < k < o0.
Equation (1.7) is similar to the better studied Landau-Ginzburg equation

—82X2Ap + abp, = Ble — g(p)) (1.9)



which may also be used to model the evolution of p. The latter equation propagates information at infinite
speeds whereas (1.7) transmits information at speeds s satisfying |s| = A < co; a desirable property.

Typically, initial data are prescribed for (e,p,p:, hi, he) at points (z,y) € Q and boundary conditions
are given on d1 for times ¢t > 0. The boundary conditions we impose are that

15
e (z®,yB,t) =0 and B—‘Z(mB,yB,t) = 0. (1.10)
Equation (1.10); is the implementation of (nx E)_ = 0 for this special geometry. In (1.10)2, n = nje;+nye,
is the unit exterior normal to 89 at (z7,y®) and t = n* = —nye; + nye; in the unit tangent to 9 at

(28, y®).
We cast the system (1.6) and (1.7) in a slightly more symmetric looking fashion. To affect this reduction,
we assume that the initial data

e’(z,y) = lime(z,y,1) , (z,9) €Q (1.11)

and
(h’?)hg) (l‘,y) = r,]ir(?*' (h17h2) ($1y5t) ) (.’E,y) € (112)

satisfy
o1 HRS

(R, h9) - (n1,ne) =0 , (2P,4P) € 69, (1.14)

and
e® (z%,4%) =0, (z%,4®) € 09. (1.15)

Equations (1.6); and (1.6)3, when combined with (1.13) and (1.14) imply that

Ohy | Ohy
o —@-—0, (m,y)EQandt>0 (116)
and
(h1,he) - (n1,m2) =0, (z%,4%) € 0Q and t > 0 (1.17)

and these latter two identities imply the existence of a potential 9 such that

oY o
hi = —-ca—y and hy = CEE , (z,y) €Q and t >0, (1.18)
and
) (a:B,yB,t) =g(t), (mB,yB) €00 and t>0. (1.19)

Additionally, (1.6); and (1.6)s imply the existence of a function ¢ — H(t) such that



oY dH

t) = — 2
e(z,y,1) = 5 (2,9,8) = —(1) (1.20)
. dg dH
for all (z,y) € Q and t > 0. Moreover, (1.9), (1.19), and (1.20) imply that Friaiere If we now let
6 v—g, (z,y) €eQandt>0, (1.21)
we find that
0] 0
e=¢r , hy= —c—aiz , and hg = c—a—ﬁ, (1.22)
and that ¢ satisfies
b+ 010+ D =c*A¢ , (z,y) € Qand t >0, (1.23)
and
¢ (z%,4%,t) =0, (2%,9%) € 92 and ¢t > 0. (1.24)
Moreover, ¢ is coupled to p through
8 py + abpe — B (¢ — g(p)) = 6°X°Ap, (z,y) € Qand t >0, (1.25)
and
o
—E(mB,yB,t)=0, (:CB,yB)EBQandt>O. (1.26)

on

In section 2 we analyze the long time behavior of solutions of (1.23) - (1.26). This is done through a
succession of “energy” type estimates and our basic results are that as ¢ — oo the function ¢ converges to
zero in a suitably strong sense while p converges to a solution of the equilibrium problem

0
82X2Ap = Byg(p), (z,y) € Q and 5—‘3 =0 , (2%4°) eoq. (1.27)
These results imply that e, h;, and hy converge to zero as t — o0o. In section 3 we analyze the equilibrium
problem (1.27). Our principal result is that the nontrivial solutions of (1.27) may be obtained by finding
the critical points of an even function, J, defined on R¥. The dimension N is determined by the magnitude
B
262X2 ' :
results to the ferroelectric problem obtain.

of the parameter I@(z)(O)l. In section 4 we discuss the ferromagnetic problem and show that similar



2. Large Time Behavior of Solutions to (1.23)-(1.26).
In this section we focus on the large time behavior of solutions of the system:

bu+ 010 +pr =c*A¢ , (z,y) €Qandt >0 (2.1)

8%pe + abp, — B (¢ — g(p)) = *X?Ap , (z,y)€Qandt >0 (2.2)
satisfying the boundary conditions

¢ (z%,9%,t) = —g—g (z%,4%,t) =0 , (2P, yP) €8Qandt> 0. (2.3)
n
Once again the parameters «, 3,6, A, and c are positive, o7 > 0, and e, hy, and hy are related to ¢ by

o} 0
e=¢; , h = —ca—j , and hg = ca—i. (2.4)
Information about the large time behavior of the system (2.1) - (2.3) will follow from a series of energy
identities; the most basic of which is obtained by multiplying (2.1) by B¢: and (2.2) by p; and adding the

resulting expressions. The identity is

%E — divq = —01¢; — adp} < 0 (2:5)
where
p 2 & a2 2
§(¢t+clv¢|) D) (Pt+/\lvpi)+ﬁ@(p), (2.6)
q =8¢V ¢+ 6°Np, v p, (2.7)
and
q-n=0 , (2%,y%)€d8Qandt>0, (2.8)

and once again ® is the double-well potential satisfying ®*)(p) = g(p) and (1.8). The key point of this
and succeeding estimates is the fact that the term Bp;¢; which comes from the multiplication of (2.1) by
B¢: exactly cancels the term —fp;¢; which comes from multiplying (2.2) by p;.

To obtain the higher order estimates we differentiate the system (2.1) - (2.3) with respect to time. One
differentiation implies that the pair (¢, p;) satisfies

Guet + 0101 + Pt = C2A¢t , (z,y)€Qandt>0, (2.9)

6%pex + abpy — B (¢ — 9V (P)pe) = 6*X?Apy, (2,y) € Qand t > 0, (2.10)

and the boundary conditions
% B ,B 4\ _ B , B
¢ (2,95 ,t) = an(a: yPt)=0 , (zP,4%)€dQeandt >0, (2.11)
while two differentiations imply that the pair (¢4, pr) satisfies

5



Grere + T100ue + P = DGy, (z,9) €Qandt >0

8%piee + bpe — B (¢m — gV (p)pe — 9(2)(p)pf) =8NAp, , (r,y)€Qandt>0

and the boundary conditions

_ Opu

¢u(m3,y3,t)-— (xB,yB,t)=0 , (:UB,yB)EBQandt>O.

on

Associated with the identities (2.9) - (2.11) and (2.12) - (2.14) we obtain identities of the form:

%%—diquG , (z,y) €N andt>0,

and

g-n=0 , (z%y%)€on.
Equations (2.15) and (2.16) imply that

4 //E(x,y,t)dmdy = //G(m,y,t)d:vdy
dt J g

and

/Q/E(m,y,t)dxdy= /Q/E(m,y,o+)da:dy+/0t ( //G(z,y, s)dzdy

Q

In the case of (2.9) - (2.11)

ﬂ 2 2 2 62 2 2 2
§(¢tt+c | V &l )+_(ptt+)‘ | v pil ),

E = 5

q = B¢ V ¢: + XDy V pr,

and

G = —018¢%, — abpy, — BgV (p)pipa-
whereas in the case of (2.12) - (2.14)

g 5

E= 2 (¢F + S| 7 8ul”) + ) (Phe + X’V Pul)

q = B (e V 1) + 6 Npe V et

and

G= _Ulﬁ(ﬁ?tt - aépfu -p (g(l)(P)ptth + 9(2) (P)prttt) .

6
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Next, we record some immediate consequences of the identities (2.5) and (2.15) when E is given by

(2.6), (2.19), and (2.22).
Lemma 1. The identities (2.5) and (2.6) imply that

(i) ¢ isin H}(Q) uniformly in t,

(ii) pisin H'(Q) uniformly in ¢,

(i) ¢ and p; are in Lo(§2) uniformly in ¢,

(iv) a > 0and § > 0 imply that p; is in Ly(2 x [0,00)), and

(v) if o1 > 0, then ¢, is in Ly(Q2 x [0,00)). m
Lemma 2. The identities (1.8), (2.15) and (2.19) and the result (iv) of Lemma 1 imply that

(i) ¢ isin H}(Q) uniformly in t,

(i) p¢isin H*(Q) uniformly in ¢,

(i) ¢ and py are in Ly(2) uniformly in ¢,

(iv) @ > 0 and 6 > 0 imply that py is in Ly(Q2 x [0,00)),

(v) if o3 > 0, then ¢y is in Lo(Q2 % [0,00)). m
Proof. The key step in establishing Lemma 2 is the observation that (1.8) implies that

Bk

206 P

and this inequality, (2.21), and the fact that Lemma 1 guarantees that p, € Ly (Q x [0,00)) implies the
results claimed. Here, k; is an upper bound for |¢)(p)|.

“ﬁg( )(p)ptptt S 2 ptt + 5

The next set of estimates will be a simple consequence of (1.8), (2.15), and (2.22) and the following
inequality which pertains to functions which are H!(Q) uniformly in ¢ and in Ly(Q x [0, 00)), namely

° 4 sup > .
/ ( / f(a:,y,t)da:dy> e Kox( o 2 o, 11a0))x [ ( / f"’(m,y,t)dmdy>dt, (225)

where K, is independent of f and depends only on Q.1
Lemma 3. The identities (1.8), (2.15), (2.22) and (2.25) imply that
(1) ¢ is in H}(Q) uniformly in ¢,
(i) pg is in HY(2) uniformly in ¢,
(ili) @i and pye are in Ly(2) uniformly in ¢,
(iv) a> 0 and § > 0 imply that py is in Ly(Q X [0, 00)),
(v) if o1 > 0, then ¢y isin Ly() X [0,00)). =
Proof. The key step in establishing this result is the observation that (1.8) implies that

52

— B9 (p)pupet < 4 pm +— —2p2

and

B%k?
~Bg® (p)p2pe < '4_Pm +—2p}

where k; is an upper bound for |®®)(p)|. These inequalities guarantee that the source term G defined in
(2.24) satisfies

Here ||f|I} o(t) = // fA(z,y,t)dzdy + // (2 + 17) (z,y,t)dzdy
Q Q



ab 2j2
G< _Ulﬂ(f)gtt - *2'Pt2u ﬂa; (pf +Pt2-c)

and the last inequality along with the results of Lemmas 1 and 2 and the inequality (2.25) imply the results
claimed.

The underlying equations (2.1) - (2.3), (2.9) - (2.11), and (2.12) - (2.14) together with the results of
Lemmas 1-3 also yield

Lemma 4. (i) A¢ and Ap are in H'(Q2) uniformly in ¢ and (i) A¢; and Ap; are in Ly(Q) uniformly in t.m

The a-priori estimates of Lemmas 1-4 imply that if the initial data is sufficiently smooth, then for each
T > 0 the functions

(0", 0)(z,y,8) = (¢,p)(z,y,t+5s) , (z,¥)€Q and 0<s<T (2.26)

are uniformly bounded in H3(Q x [0,7T]) independently of ¢ with bounds that depend on the size of the
data and the number T' > 0%. Moreover, the fact that p;, py, and py; are in Ly(Q x [0, 00)) guarantees that
Pt and py converge to zero strongly in Ly(2) as t tends to infinity and additionally that the functions

(pi)pimpgss) (x7ya S) = (PSapsmpsss) ($7 y:t + S) ) 0 S S S T (227)

converge to zero in Ly( X [0,T]) as t tends to infinity. Our next task is to prove
Theorem 1. For each T > 0 the functions ¢’ converge strongly to zero in H?(Q x [0,T]) as t tends to
infinity.® m
Proof. We assume the theorem is false. Then, we can find an increasing sequence {t,}5; with
lim t,, = 0o and an € > 0 such that ||¢™||o,r > €. We note that the sequence {¢™}52, is also bounded in

n—0o0

H3(Q x [0,T]) and thus we can find a subsequence {Tx(n)}32; with lim 74(,) = 0o of the original sequence
and a function ¢ in H3(Q x [0,T]) such that

lim [[¢7) — ¢%|,r = 0 and |6 || 2 (2:28)

Moreover, we may assume, without loss of generality, that the sequence {p™™}% | converges strongly to
p™® in H2(Q x [0,T)), that p>® is in H3(Q x [0,7]), and finally that ¢ and p™ satisfy the limit equations

® 4016 =ctAp™® , (z,y) €Q and 0<s< T, (2.29)
BoX = Bg(p™) — X?Ap>® |, (z,y) € and 0<s<T, (2.30)
=0 , (z,y)€ and0<s<T, (2.31)

and

2Recall that H*(Q x [0, 7)) consists of all functions f on © x [0, T} with partial derivatives 87*d} &7 f of order m+n+p < k
which are in Lo(§2 x [0,77). For such functions

Iz = Z / (// ooy o f) (:z Y, )dzdy)ds
m+ntp<k

3The implications of this result for the primary fields of interest; namely e, k1, and he follow directly from (2.4).



¢ (28,92, s) = %gn_ (z%,4%) =0 , (2%,4°) €00 and0<s<T. (2.32)

If we now differentiate (2.30) with respect to s and exploit (2.31) we find that ¢35 = 0 and this in turn
reduces (2.29) to 019 = c2A¢™. If we now differentiate the last relation with respect to s we find that
A¢® =0, (z,y) € Q and 0 < s < T. Differentiating (2.32);, also yields ¢3° = 0 on 0Q and these two
facts in turn imply that ¢° = 0 for (z,y) € Q and 0 < s < T. Finally, equations (2.29) and (2.32) and
the identities ¢° = ¢ = 0 imply that ¢ = 0 in Q x [0, 7] and this in turn yields ||¢*°||2,7 = 0 which is
a contradiction. m

We note that we have made no reference in the proof as to whether oy is positive or zero. Had we
assumed o7 > 0, then our basic a-priori estimates would have guaranteed that (¢¢, ¢%,, ¢%,,) all converged
to zero in Lo(2 x [0,T]) as t went to infinity and thus the limit equations (2.29) and (2.30) would have
directly taken the form A¢™ = 0 and Bg(p>°) — §2A2Ap> = 0. These relations would then have yielded
the desired result.

The preceding proof gives us considerable information about the w-limit set of solutions of (2.1) - (2.3).
In particular we know that if (¢, p™) is in the w-limit set, then ¢ = 0 and p™ is a solution of the
equilibrium problem

ENAp® —Bg(p™) =0 , (z,9)€Q (2.33)
and
85% («®,9%) =0 , («%,9%) €00 (2.34)

We further note that if {¢,},_, is an increasing sequence of times satisfying

limt, =oc0 and hm Hp —p®|ler =0, (2.35)

n—oo

then the energy identity (2.5) implies that the averaged energy

een | (// ( ¢2+c21v¢12>+—<p2+A2|w|2>+ﬂ<1><p>) (x,y,t+s>dmdy> ds  (2.36)

satisfies

2 2
lim & (tn, T) = / / (6——|v °°l2+ﬁi>(p°°)> (z,y) dody F TE, (2.37)

n—oo

in fact (2.5) implies that £(t,T) is monotone decreasing in t and thus we obtain the stronger result

ImE(t,T) = TE . (2.38)

t— oo

We note that the constants £, are not arbitrary, rather they must be one of the critical values of the

functional
// <—— Wk +6<I>(p)> (z,y)dzdy

9



as p ranges over H'(Q). These critical values are the energies associated with nontrivial solutions of (2.33)
and (2.34). In the next section we shall show that finding the critical points of the above functional (and
the associated critical values) is equivalent to finding the critical points (and critical values) of a real valued
function defined on a finite dim;nsional euclidean space. The dimension of this euclidean space is related
2)262
for a fixed set of parameters and domain ( either problem has only a finite number critical points but we
note that the results of [1] imply that in the one-dimensional case where  is an interval, say (0,1), there
are only a finite number of critical points of F and thus only a finite number of critical values. We note
there are always multiple solutions to (2.33) and (2.34) giving rise to a given critical value &, of E; the
evenness of E implies that if p™ is a nontrivial solution with energy €., = F (p™), then so is —p*>°. The
above considerations lead us to

Theorem 2. Suppose the number of pairs (p, —p) of solutions to (2.33) and (2.34) are finite and suppose
further that (¢, p) is the solution to (2.1) - (2.3) corresponding to a fixed initial condition

to the size of the parameter

Iq)(2) (0)|. In the general case we have not succeeded in showing that

(¢, ¢e,0,10) (7,y,0%) = (8% ¢",0°,p") (z,v) , (z,y) € Q (2.39)

which is smooth enough so that the estimates of Lemmas 1-4 obtain. Then, there exists a unique limit
(0,p*) so that

lim (ll¢!|l2z +[Ip" = P*ll27) = 0. (2.40)

Additionally, p* must be one of the solutions of (2.33) and (2.34). =

Proof. The results of Theorem 1 guarantee that ¢ has the appropriate limiting behavior. We now
assume that p has no limit and we let 0, (p1, —p1), (P2, —P2), (Pam,—Pum) be the finite set of equilibrium -
solutions to (2.33) and (2.34). The hypothesis that p has no limit guarantees that for each index j =

0,1,...,M we can find an €; > 0 and increasing sequence of times t with lim ¢ = oo such that
Ip™ F piller > € (2.41)
for 7 =0,1...,M and n = 1,2,... . But the uniform boundedness of the p™’s in H3(Q x [0,T))

guarantees we can find an increasing subsequence Ty, ;) of the times ] which tends to infinity such that
the function p™m4) converge strongly in H?(Q x [0,T]) to some solution of (2.33) and (2.34) and this
contradicts (2.41). m

We conclude this section with some remarks about the system (1.6) and (1.7) when the boundary
condition (1.10); is replaced by

(hl, h2) . (—n2,n1) (.’L‘B,yB,t) =0 s (fEB,yB) € 09. (242)
This latter condition when combined with (1.6); and (1.6); implies that e satisfies the Neumann condition

Oe

on
We again insist that p satisfies (1.10)2. To analyze the long time behavior in this situation we could again
introduce a potential ¢ via (1.22) and ¢ would again satisfy (1.23) but (1.24) would be replaced by

(a:B,yB,t) =0 , (mB,yB) € 09. (2.43)

99 B B\ _ B B
Bn(m Y2t =0 (z ,yP) € o5

10



Identical energy estimates obtain for this problem but in this situation we loose L (£2) estimates for ¢ and
thus cannot avail ourselves of standard compactness results to conclude that ¢ has the desired limiting
properties as t tends to infinity. Thus, when the magnetic field satisfies (2.42) and p satisfies (1.10), we find
it preferable to work directly with the original system (1.6) and (1.7). We now assume that the initial data

for the magnetic field, h°, is divergence free and thus satisfies the compatibility condition / h®.nds = 0.

Q
This hypothesis guarantees that for all ¢ > 0, h satisfies

8—hl+%=0and /h-nds:O. (2.44)
ox Oy 5

For the new boundary condition our results depend upon whether o7 > 0 or 03 = 0. When 0; > 0,e
and h converge to zero as t tends to infinity and p converges to a solution of (2.33) and (2.34). When
01 = 0, e converges to the constant e* defined by

€ Q (E I7y70 p(l)yvc p I)y))dldy
“7here A(Q) is the area Of Q and p con Verges to p V\'hiCh now Satisﬁes

B (p) — E2N?Ap™ = fe= (2.45)

and the boundary conditions (2.34). In the case where g; = 0 the magnetic field h also converges to zero
as t tends to infinity.

To establish these results we use identities satisfied by solutions of (1.6), (1.7), (1.10),, and (2.42).
These are obtained from our previous ones by making use of (2.4). We let

p 62

By =3 (¢ +h+h) + 5 (o + N vpl*) + 52 (p), (2.46)
6( 2 h2 h2 62 2 )\2 2
D) e; + hi, +h3) + o 2+ A%V Dl
B, = , (2.47)
g 62
§(€f+62|i7612) + 7(Pft+/\2lvpt|2)
B, 4 B2 h2 & 2 2 2
§(u+ 1te T P3y) + '2‘(Pm+)‘|vptt|)
By = , (2.48)
B 6?
5( Zt+ctvel) + —2‘(P§¢t+)\2|§7ptt|2)
Ql = ﬁce (h’2) _hl) + 62A2pt vV P, (249)
Q, = Bees (har, —hat) + 52)‘2Pn VP = Bc’e, ve+ 52)\2pn YV DPt, (2.50)
Q3 = Beew (hog, — hag) + 8 Pusy V Pu = Bc’ey Ve + X py V D, (2.51)

11



G = —fo1€? — abp?, (2.52)

Gy, = _ﬂale? - aépft - ﬁg(l)(P)PtPtt, (2-53)

and

Gs = —Boie}, — abply, — B (9 0)pe + 92 (p)P?) Prse- (2.54)

It is then easily checked that for indices i = 1 — 3 the following identities are satisfied by solutions of (1.6),
(1.7), (1.10)5, and (2.42):

OE;
ey (z,y) €Qandt >0 (2.55)
and
Q; n(z%y%,t)=0 , (2% y®) €8 andt>0. (2.56)
Additionally, the electric field, e, satisfies
2 e B ,B
ew +pu =cDe , (z,y) €N and n =0, («%,9%) € 9. (2.57)

The implications of these identities are summarized in
Lemma 5.

(1) If the initial data for e, h, and p are sufficiently smooth, then for each ¢ > 0 and T > 0 the functions

e'(z,y,8) =e(z,y,t+s) , (z,y)€Nand0<s<T (2.58)

and

p(z,y,8) =p(z,y,t+s) , (z,y)€Qand0<s<T (2.59)

are respectively in H2(Q x [0,T]) and H*(Q x [0,T]) with bounds which depend only on the initial
data and T

(ii) The derivatives p; and p; converge strongly to zero in Ly(§2) as t — oc and p also satisfies the decay
estimates (2.27).

(iii) If o3 > 0, then e and e; converge strongly to zero in L(Q) as t — oo and the functions

(e bl s: 33) z y7 ) (6)687688) (x7y7t + S) bl 0 S S S T (2'60)
converge to zero strongly in Ly (2 X [0,T]) ast — co. m
Thus, if we exploit (ii) and (iii) of the preceding lemma we find that if (e, h, p) is a solution of (1.6), (1.7),
(1.10), and (2.42), then

lim / / (R + h3) (z,y,t)dzdy = 0. (2.61)

t—o00
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This latter result follows from the fact that h satisfies (2.42), (2.44), and

6h, Oh er 1
8—;—6—;=wd=fz(et+pt) . (z,y)€Qandt >0 (2.62)
where
//w(a:,y,t)dacdy =0 and tlirn //wz(m,y,t)d:cdy =0. (2.63)
) < "

The fact that solutions of (2.42), (2.44), (2.62), and (2.63) satisfy the a-priori estimate

1
/ / (12 + h3) (z,y,t)dzdy < — / / w?(z,y, t)dzdy, (2.64)
Q Na g

guarantees that h satisfies (2.61). The constant A, in (2.64) is the smallest positive eigenvalue of the
laplacian on ) with eigenfunctions satisfying a zero Neumann condition on 92 which are orthogonal to
constants.

The situation when o7 = 0 is more subtle. Here we use the arguments employed earlier to show that
¢ was zero to conclude that

Lim (Jlello.r + IRLIIGr + 1h3]l6.r) = 0. (2.65)

Equations (2.27) and (2.65) then imply that the w-limit set of solutions of (1.6), (1.7), (1.10),, and (2.42)
consist of fields (e*,h™,p™) where e™ is a constant on 2, h™ =0, and e® and p*> are related by

Be™ = Bg (p™) — &N2Ap™ | (z,y) €Q (2.66)
and
PP =0, ("0P) con. (2.67)

The constant e is related to p™ by

= 17 / ] (c(0,,0) +5(2,4,0) - (230 dzdy (2.68)

and again A(Q) is the area of Q. Finally that the averaged energy satisfies

Q

-7 <§A(ﬂ> (=) + / [ (B o+ 50.6) (x,y)dzdy>

where Ej is the energy density defined in (2.46). This concludes section 2.

T
tlim ( / Ei(z,y,t + s) d:cdy) ds
(2.69)

13



3. The Equilibrium Problem (2.33) and (2.34).

In this section we examine the equilibrium problem (2.33) and (2.34), namely

—Ap+Apy(P*)=Ap , (z,y) €Q (3.1)
and
1%}
%(mB,y )=0 , (:z:B,yB)GBQ. (3.2)
Here
B

where 0 < §, 0 < A, and 0 < 3 are the parameters introduced in section 1. This problem is equivalent to
(2.33) and (2.34) with

glp) =p(v(@*) - 1). (34)
We assume that (+) is C?[0, 00) and satisfies

7(0) = 0 and 0 < 4Y(s) for 0 < s, (3.5)
(1) =1, (3.6)
y¥(s)~(k+1) , 0<k<oo, as s — 00, (3.7)
and
lims"y™(s)=0 , n=1and?2. (3.8)

These assumptions guarantee the function g(-) defined in (3.4) satisfies the assumptions laid down in (1.8).
For such g’s the potential @ is given by

1 8
® =3 (¥ (p*) —p") and ¥(s) = / 7(y)dy. (3.9)
0
® has the double-well character and as |p| — oo

k

as desired.

The problem (3.1) and (3.2) has the trivial equilibria p = +1 and p = 0 and the non constant equilibria
p satisfy the a-priori bounds —1 < p < 1. These inequalities follow from (3.5) and (3.6) and the maximum
(minimum) principle for the Laplace operator.

Our basic result is that finding the non trivial equilibrium solutions of (3.1) and (3.2) is
equivalent to the finite dimensional problem finding the critical points of an even C? function,

14



J, on RN. The integer N is equal to the number of eigenvalues of —A (with eigenfunctions
which satisfy (3.2)) which are less than A.

The function J has critical values satisfying

AA(Q) (‘Il(l) _ 1) < Tesiticel < 0,

2 value

has an isolated local maxima at u = 0 satisfying J(0) = 0, and satisfies the asymptotic
estimate

J (u) ~Mu|® , M>0
as ||ul| tends to infinity. These estimates guarantee that for ¢ large enough
¢ {ue R |y,J() =0} C {ue R"||lu| <6} (3.11)
The critical points may be obtained by examining the limit points of the gradient flow

du

E =—Vu j(u);
specifically, if we let
S(6,0) = {u e RY|J(u) = €} (3.12)
and
S(€,00) = {ux € RV |u, € w — limit set of S(¢,0)}, (3.13)
then
c= [JS(e, ). (3.14)

AA(Q)(T(1) — 1)

where [ is the internal

< € £ 0. Though not a particularly effective com-

2
putational algorithm these observations point out that solutions of (3.1) and (3.2) can be
obtained by taking the limits of a finite dimensional system of differential equations rather
than the infinite dimensional system described in sections 1 and 2.

Now, and in what follows, we assume ) has a complete set of eigenfunctions, ¢;, with eigenvalues, A;,
satisfying

'—A¢, = /\i¢i in Q and aad: =0 on EQ (315)

The numbers A; and A are ordered as indicated below

0=/\1S/\QS...S/\N</\</\N+1S..._<_/\N+i (316)

and the eigenfunctions, ¢;, satisfy the normalization conditions

1
({bi = m and é/d),(f)] da:dy = (5,',]'. (317)
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We let

My = {ueHl(Q) }u=2ui¢,~} (3.18)
and
NN = {’U € HI(Q) ! v = Zviq&NH} (319)

and note that for functions v € My the Ly(2) and H'(f2) norms generate equivalent topologies whereas
for functions v € Ny

e > A 1
ol2g < //(VU'Vv+v2)d:ndy=Z(/\N+i+1 (( N1 ¥ )) oll12q (3.20)
Q =1
where
def - o 2 < 2
Holllq = Y (Angs = A) o} < o]} g (3.21)

1=1

Moreover, solving the equilibrium problem (3.1) and (3.2) is equivalent to finding u € My and v € Ny
such that

(/\i—/\)ui+/\//¢i(u+v)7((u+v)2)da:dy=0 , 1<i<N (3.22)
and
(An+i — A)vi + A //¢N+i (w+v)y ((w+v)’)dedy =0 , 1<4, (3.23)

and solving (3.22) and (3.23) is equivalent to finding the critical points u € My and v € Ny of

J(u,v) déf% // (Tu- vu+ vv-vv— A +0?) + AT (u+v)?)) dody
Q

(3.24)
y 1S 1 / / )
2 L — 2 l
=3 ; (N — A)u? +3 ;(/\N+, A)v? + 2 ) T ((u +v)*) dzdy,
that is solutions of
£=0 , 1<i<N (3.25)
Ou;
and
-6—{=0 , 1< (3.26)
Bvi



We observe that if w € My and v € Ny satisfy (3.22) and (3.23), then the following additional identities
must hold

Z (A — A)uZ + A //u(u +v)y ((u+v)?) dedy = 0 (3.27)
and
f: (ANgi — A) V2 4+ A //v(u + )y ((u + v)?) dzdy = 0. (3.28)

These last identities imply that if u € My and v € Ny is a critical point of J, then

crmcal(u v) // (u+v)?) — (u+v)%) v ((u+v)?) dzdy. (3.29)

The fact the function p %S w + v satisfies (3.1) and (3.2) and the bounds —1 < p < 1 and the fact that
~(-) satisfies (3.5) and (3.6) guarantees that any critical value of J satisfies the bounds

NA(Q)
2

Moreover, the lower bound is achieved at the critical points (u,v) = (£1,0) = (£AY%(Q)¢;,0). We are
interested in the other critical points of J.

For fixed u € My we first focus on the system (3.23) (equivalently (3.26)). We note that if v € Ny is

a solution of (3.23), then
(An+1—A) //dedey <l o
Q

< Z (Anti— A)vZ+ A //7 ((u+v)?) (v*)* dzdy

(‘I’(l) - 1) S Jcr;[lic,l(u,’u) S 0. (330)

—A /9/7 ((u+2)%) wv dzdy (3.31)

< Ak +1) ( //u2dg;dy) 172 ( //U2dxdy> 1/2
Ak +1) (// 2da:dy> v[l1,0

T AN+1 —

where k£ + 1 = lim y(s) is the upper bound for ¥(:) on s > 0. The last inequality together with the strong
§— 00
monotonicity estimate
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<Zv—v T; (u,v?) — T; (u, "))

llv? = vll3 0

(with Ti(u,v) defined by the expression on the left-hand side of (3.23)) guarantees that for each u € My
there is a unique v = 9(u) € Ny satisfying (3.23). Moreover, (3.5) - (3.9) imply that this mapping is C?

on My and has the following additional properties
0(—u) = —0(u), (3.32)
— A (1) t3
bi(te) = —L b / / dnsr1eidzdy , ast— O, (3.33)
AN+1—
and
O(te)/t =0(1) , ast— co. (3.34)
N
In (3.33) and (3.34), e = Zelqbz and / / drdy =) el =1.
=1

i€l
We now turn our attention to the system (3.22) where

v="odu) ¥ Zﬁi(u)¢N+i (3.35)

N

and the ¥;(u)’s are the unique solution of (3.23). Once again the solutions u = Zu,qﬁ, of this system are
i=1

critical points of

;ZA_’\ ;Z(/\N'—/\ //‘If(u+v ))?) dzdy, (3.36)

=1

J (u,d(u)

that is the solutions of o 0 , i=1,2,...N. Moreover, the fact that v = ©(u) satisfies (3.28) implies
u.

that J (u,?9(u)) reduces to

J () ¥ J (u, 5(u)) Z(/\—/\u + = // ((u+9(w))?) = 9(u) (v + 9(w) v ((u + 9(w))?)) dzdy
(3.37)
and the inequality (3.30) implies that critical values of J () also satisfy (3.30)
We now record some facts about J(-). The first is that
(3.38)

Zi(“) = %(Uyﬂ(u» , 1<i<N.
This identity follows from the fact that v = ©(u) satisfies (3.26). An immediate consequence of (3.37)

the identity
18



ai%i. = (N—=N)b; + / $i5 (7 (u+0(w)?) + 2 ((w+ (w)* ¥D ((u +0(w))?)) dzdy

(3.39)
+ / &; ( ((u+ o(u)) ) + 2 (u+ 9(w)* WD ( (u+v(u Z(')vp (u)¢p) dzdy.

00 . " :
The asymptotic estimate (3.33) guarantees that ©(0) = 0 and —U(O) = 0 and these identities, along with

Au;
(3.5) and (3.22), imply that

0T .\ _ *rT
Be, (0) =0 and Budn, (0)

and thus that u = 0 is an isolated local maxima of J. We note that J(0) = 0. The asymptotic estimates
(3.7) and (3.35) guarantee that for e’s satisfying

N N
e= Zeiqﬁi and //eQdmdy = Zef =1 (3.40)
t=1 Q i=1

= diag (A1 — A, Ag — AN — A)

J satisfies

2 n
J(te) ~ % (Z el + /\k) ast — 0o (3.41)

i=1
and the latter estimate, together with the fact that the critical values of 7 satisfy (3.30), guarantees that
for 6 large enough all critical points of J satisfy (3.11) - (3.14).

We can also apply the Lyusternik-Schnirelman theory (see e.g. [4], [5]) to the function J(u) on My
to determine critical levels of this functional and corresponding non-trivial solutions of

VuJ () =0. (3.42)
With the exception of the constant solutions, these can be expected to be saddles rather than local
maxima or minima. These critical values can be characterized as follows. Let > ,n =1,2,..., N denote

the collection of compact, balanced (i.e. invariant under the map u — —u) subsets S C My \{0} of genus
< n. The genus of a compact, balanced subset of My\{0} is the least integer n such that there exists
an odd map f : S — S™ ! ( the (n — 1)-sphere); clearly for S as above the genus is < N and by the
Borsuk-Ulam theorem an n-sphere has genus n + 1; for more details see [4], [5].

Put
Cn = Sr?gl rlrllggcj( u), n=1,...N, (3.43)
- then
%AA(Q) (T =D =1 < e < ... < e <0, (3.44)
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The left-most identity follows from (3.30), the monotonicity of the ¢,’s from the definition (3.43) and the
last inequality from the fact that u = 0 is an isolated local maximum. It can also be shown that ¢; < c,.

By a standard application of the Lyusternik-Schirelman theory it follows that the c,’s defined by (3.43)
are critical values of J(u). If these numbers are distinct, this implies the existence of at least N pairs of
solutions to (3.42). If there is repetition, i.e. if

Cj = Cj41 = ... = Cjqk-1,

for some j : 1 < j < N — k + 1 then the set of solutions to (3.42) on the level c¢; is a set of genus k.
In particular a set of solutions of genus k will contain k pairs (u;, —w;), i = 1,...,k with inner product
u; 'l.lj = 5ij'

This concludes section 3.
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4. Concluding Remarks

We conclude with some remarks about the ferromagnetic case. We assume that

B=pH+M) (4.1)
where
H = ahe3 and M = ame;s (4.2)
that
E =b(eie; + ezey), (4.3)
and that
D =¢E. (4.4)

. b 1
Again,a >0, b>0, — = \/—E, ¢= ——, and 0; = g and all fields are functions of z,y, and t. In this
a 1L JVEn €

case Maxwell’s equations reduce to

he+m: = clely —ezx), )
€1t + gie1 = Chy,
> (4.5)
and
€9 + 0169 = —Ch:r,

J

and we supplement this system with the following evolution equation for m:

62my + abm, — B (h — g(m)) = &I Am. (4.6)

We assume these equations hold in a simply connected domain §2. On m we impose the natural boundary
condition

om
o (B,yB) =0 , (2P,47) € 00 (4.7)
We further assume that
E-nt=0 , (z%4%)€dQ (4.8)
where once again n = n;e; + nqe, is the unit exterior normal to 89 and nt = —nse; + nie; in the unit

tangent to 8. The latter boundary condition implies that h also satisfies the zero flux condition

Oh
on
The analysis of the above problem is essentially identical to the analysis ferroelectric equations when

the boundary conditions (1.10) and (2.42) obtain. We assume that the initial data for E is divergence free
and thus we are guaranteed that for all t > 0

(z8,y®%) =0 , (2%,¢%) e Q. (4.9)

€1z + €y = 0 and /(elnl + 62n2)d8 = 0. (410)
an
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Our results for the ferromagnetic problem are summarized below:
(i) Independently of whether o3 > 0 or 07 = 0 E = eje; + ese, converges strongly to zero in Ly ()
ast — oo.
(ii) h converges to a constant, h>, and m converges to a stationary distribution m> and both are
related by

arne

M\\\\\\l\\\l\ﬂ\\\\\\l\\\l\\l\\l\N\\\W\H\HN\\\\\I\\\I A+ i 0% =0 () =0 | ey en (wa)

&HBE 0lu4c

UL oz m>® 12
e i d 2 h* A(Q // (h(z,y,0) + m(z,y,0) — m*(z,y)) dzdy, (4.12)
and

Om B ,B

5 (27.97) =0 , (27,47) €60 (4.13)

(iii) The energy

def // ( (R* + €3 +€3) + B® (m) + %2‘ (m2 + 22| 7 m| )) (z,y,t)dzdy (4.14)

is monotone decreasing in ¢t and for any T > 0 the averaged energy

Et,T)¥ / TE(t—i— s)ds (4.15)

satisfies tlim E(t,T) = T, where

// <ﬂ‘1’ )+ ——l v m°°|2) dzdy + ﬂ—A—(—Q)z(h;)? (4.16)

and h* and m®™ are defined in (4.11) - (4.13) above. We note that the equilibrium energy defined in (4.16)
is the one used in [3] in the study of steady state ferromagnetism.

This concludes our paper.
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