
NOTICE WARNING CONCERNING COPYRIGHT RESTRICTIONS:
The copyright law of the United States (title 17, U.S. Code) governs the making
of photocopies or other reproductions of copyrighted material. Any copying of this
document without permission of its author may be prohibited by law.



NAtAT

REGULARITY OF MINIMIZERS
FOR A CLASS OF MEMBRANE ENERGIES

EMILIO ACERBI

IRENE FONSECA

and

NICOLA FUSCO

Research Report No. 97-NA-008

August, 1997

Sponsors

U.S. Army Research Office
Research THangle Park

NC 27709

National Science Foundation
4201 Wilson Boulevard

Arllington, VA 22230



 



Acerbi, Fonseca and Fusco

REGULARITY OF MINIMIZERS
FOR A CLASS OF MEMBRANE ENERGIES

Emilio Acerbi l Irene Fonseca 2 Nicola Fusco 3

Abstract Regularity properties for (local) minimizers of elastic energies have been challenging
mathematical techniques for many years. Recently the interest has resurfaced due in part to
the fact that existing partial regularity results do not suffice to ensure existence of (classical)
solutions to problems involving free discontinuity sets. The analysis of such questions was
started with the fundamental work of De Giorgi in the early 80;s in connection with the
Mumford-Shah model for image segmentation in computer vision, and later applied to some
models for fracture mechanics, thin films, and membranes ([1], [18], [20]). In this paper it is
shown that local minimizers in W1 -2(i?;Rd) of the functional

are Holder continuous of any exponent ~y€(0.1). where !7cR2 is an open, bounded set, / is a
(not necessarily convex) function growing linearly at infinity, and v{u) stands for the vector
of all 2x2 minors of Du. As a consequence, it is possible to obtain existence of "classical"
minimizers in SBV(QMd) of

where g€Lx(f2-Md). q>\. /3,-y>0 These minimizers are ''classical minimizers" in the sense
that /f1((5T\5u)nr?)=0 and U61V1 2(J?\sT).
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It is not restrictive to assume that

0 < Q < 1

and in what follows we will work under this assumption. Also, in order to
simplify the notation the value of the constant C may change from one line to
the next, and BR, R > 0, will denote a generic open ball of radius R, centered
at x e i?, and such that BR C i?.

Given u e SBV(fl;Rd) we define

du du
( ) A

the 2-covector whose components are the 2 x 2 subdeterminants of Vu.
Consider the energies

G{K,,u):= f \hvu\2 + f(Hu)\)\dx + 0 f \ u -
Jn\Klz J Jn\K

T(u.Q):= [ |^|Vu|2 + /(|i/(u)!)j dx + 0 [ \u - g\q dx + fH^Su D H),
Jn L2 J JQ

and
r U "I

dx.

Definition 2.1. We say that u € Wl-2(Q\Rd) is a W1-2-local minimizer of

I(v.!2) := / F(Vv)dx , v € Wl-2{fl;VLd)
Jn

i!

I(u.BR(x0)) = mm{l(v.BR(x0)) : v e u+ W^2(BR(x0):M
d)}

for all balls BR(x0) C Q.

The main result of this paper is the following theorem.

Theorem 2.2. If u € W'1-2(/?.Rd) is a W1-2-local minimizer of TQ then u €
C°£ for all 7 € (0,1).

In the proof of Theorem 2.2 we will use classical arguments of regularity
theory within the framework of the Morrey spaces LP^; for a detailed study of
these methods we refer the reader to [21], [24].

Definition 2.3. Given X > 0 we say that f € LpA(i7;R) if there exists a
constant C > 0 such that

L \f\pdx<Cpx

Bp(x)nn
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for all x € Q and 0 < p < diam Q. The function f is said to be in Lp
oc (i?) if

/ € LpA(J?') for all Qf CC i?.

It can be shown that, with Q C K2,

Lp-°(r?) = Ip(/2), Lp'2(r?) = L 0 0 ^ ) , Lp'A(tt) = {0} if A > 2.

and that LpA(i7) is a Banach space endowed with the norm

II/IILP-M^) : = \ S U P P x /
I xGi?,O<p<diamJ? JBp(x
^ p(x)Df2 J

Morrey proved that (see Theorem 3.5.2, [24])

Lemma 2.4. // u € W£c
2(/2) anrf Du € I^c( f i) / o r 5 0 m e 0 < A < 2 then

In light of Lemma 2.4, we will prove Theorem 2.2 by showing that if u is a
W^-local minimizer of To then for all 0 < A < 2

/ \Du\2dx<c(^)X f \Du\2dx + Cpx (2.1)
JBP

 KK/ JBR

for all 0 < p < R with BR CC Q.
As a corollary we obtain,

Corollary 2.5. Let u € SBV(f2;Rd) be a minimizer for T. Then (S^.u) is a
minimizer for Q among all pairs {K.v) with K C ft closed and v € Wl'2(f? \
K:Rd). Moreover,

Following the argument introduced by De Giorgi. Carriero and Leaci [16],
and outlined in [1], the corollary holds provided we can show that W1-2—local
minimizers of

v£W1'2{B1:R
a)^* I \-\Dv\2 + M\i/(v)\\ dx

satisfy an estimate of the type

J B ^ 2 U " M J" P JBl [2
 U P '

for some 0 < A < 2 and 0 < p < 1 or, equivalently,

\Du\2dx<Cpx [ \Du\2dx
BP JB1
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We conclude that the assertion of the corollary holds true provided we prove
(2.1).

The following two lemmas may be found in [21] (see Chapter 3, Theorem
3.1, page 87, and Lemma 2.1, respectively).

Lemma 2.6. Let X < 2, let f € L2>X(BR;R2), and let v e Wl'2(BR;R) satisfy

Av = div/ in BR.

Then Dv e L2
O

X(BR;R2), and for every p< R

\Dv\2dx < C (j-)X f \Dv\2dx + Cpx\\f\\li.HBRy
P

 xri/ JBR

Lemma 2.7. Let <p • [0, -f oc) —> [0, -hoc) be a nonnegative, nondecreasing func-
tion, such that

for allO < p < R< Ro and for some constants H, K > 0 and 0 < 0 < 7. Then
there exist constants e0 = £Q(H,~I,(3),C = C(H, 7,/?) such that

for allO < p < R< Ro.

Lemma 2.8. Let p > 1 and 0 < A < 2. If ftj e L^(f2) for ij € {1,2} and
u e L\OC(Q) is a distributional solution of

thenueL*o
x
c(f2).

Proof Let BR CC Q and for every i, j let vi3 be the solution of (see Theorem
9.15 and Lemma 9.17, [22])

and we set
w :=

Then w € L^{BR) and \\W\\LP{BR) < C ^ | |/ t j | |Lp (B /? ) . In addition, Aw =
5Z fij m V -> s o t n a t the function

v := u — w

is harmonic, i.e. Av = 0. Hence
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sup \
BR/2

) \v\ < C(p) (-±- f \v\*dx) \
\\BR\JBR )

from which we deduce that for every p < R/2 (thus, for all 0 < p < R)

/ \v\>dx<c(±)2 [
JBP ^RJ JB

\u\pdx<C I (\v\p + \w
JBP

pdx.
BR

We have

BR

(

BR

f
BR

By Lemma 2.7 we deduce that for all 0 < p < R

f / P \ x f
/ \u\p dx < C ( — ) /

JBP \RJ JE._

and so u € Lp

\w\*dx
BR

f \w
JBR

*dx

D

We end this section with a list of algebraic inequalities, following an argu-
ment introduced in [8] (see also [17]).

Let P. Q € Rd and set

IP!2 - IQ!2

Lemma 2.9. We have
i) 2VA2 + B2 < |P | 2 + |Q|2 ;
^ 2 ; 0 < | P i 2 + | Q | 2 - :
in) ifv = 0 then \P\2 -f \Q\2 = 2y/A2

iv) if a. 3 e Rd and v ^ 0 then

— v • (P A /3 -f Q A Q) - (P • a -f Q • 0)

Proof. Since
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we have
|P|2 |Q|2 = B2 + H 2 ,

and so

4A2 = (\P\2 + \Q\2)2 - 4|P|2 |Q|2 = (\P\2 + |Q|2)2 -

and
^ 2 2 2 2 2

Clearly i) and iii) follow. In addition, we have that

(|P|2 + |Q | 2 ) 2 -4 | z / | 2 >0

hence

0 < |P | 2 + |<?|2 - 2|i/| < v /( |P |2 + IQI2)2-4|z/|2 =

which yields assertion ii).
Now remark that if v ^ 0 then P ^ 0 and, setting

r y . _ g P'Qp
\P\2 '

then also Qf ̂  0. Define the orthonormal vectors

*' I P I '
 V l ' IQT

We write
P = pPi, (5 = 5Pi-h^Qi

with

p:= |P | , ^ := IQ'U ^=-j^f-
Note that

v = pqPiAQi, \v\=pq,
and that if v € Rd then

(Pi AQi) • (Pi At1) = v • Qi, (Pi AQi) • (f AQi) = v •

We have

p i / - {P A 0 + a AQ) - {P • a + Q - 0)

A0-sPi Aa + qaAQi)-(pPi • a + 5PX • /3 + gQj • /?)

= [(9 - P) Pi " s Qi] • a + [-5 Pi + (p- q) Qi] • 0

= L>i • a + v2 • /?,

with
vi := (9~P)Pi ~5(5i and v2 := - s P i + (p-q)Qi-

We have

|vi • a + ̂ 2 • 0\2 < (M2 + N| 2 ) ( | a | 2 -f |/3|2) = 2(|P|2 + \Q\2 - 2 |I / | ) ( |Q|2 + |£|2),

which, together with ii), concludes the proof of iv). D
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3. Proof of the Regularity Theorem

In this section we assume that u € Wl-2(Q\ Rd) is a local minimizer of Jo-

Proposition 3.1. / / Du e L^(f2;Rd) for some 0 < A < 2 then Du e

£ ( A ) ) , where qo{\) := a + A(l - a /2) .

Before proceeding with the proof of this result, we remark that using an
iterative scheme where

Ao := 0, Afc+i := <7o(Afc),

then
k

lim Afc = lim a V f l ) = 2 .

hence (2.1) will follow for all 0 < A < 2 and, as justified in Section 2, this suffices
to assert Theorem 2.2.

The proof of Proposition 3.1 uses higher integrability properties of the func-
tions

where D\u and D2U stand for the column vectors in Rd of the derivatives of u
with respect to X\ and to £2, respectively.

Proposition 3.2. The functions A and B solve the system

AA = D2
ng - D2

22g

AB = 2D2
l2g.

where
g:=f(\v{u)\)-W{u)\f'{\v{u)\).

In addition, if Du € L ^ ( i ? ; R 2 d ) for some 0 < A < 2 then y/\A\ + |B| €

Proof. Consider # := (<^,T^) € C£(f2:R2), and let e > 0 be small enough so
that with &e{x) := x + £#(z), then ^ £ : J? —̂  i? is a smooth diffeomorphism
satisfying

detD$e{x) = 1 +

where ujl{-,e)/e —> 0, as £ —> 0, uniformly in i7. Set

ue(y):=u(*:\y)), y G /?.

We have
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/ \Du£(y)\2dy = f \Du(l-eD$)\2($;l(y))dy
n Jn

= [ \Du(l-eD<P)\2(I+ ediv
Jn

= I \Du\2dx + e [ [\Du\2 div # - 2DuD$ • Du] dx + o(e),
Jn Jn

where the inner product of two d x 2 matrices £ and rj is defined as £ • r\ :
t r a c e d 77).

On the other hand, since

t/(ue(y)) = [det D4>;l(y)}v(u)(<P;l(y)),

we also have that, setting f2e := {x € Q : |£div$ - w2||i/(u)| 7̂  0},

/ / (Nu e(y)) | )dy= /
Jn Jn

= / [/(K^D + t
Jn,

(-£• div * + u)2)\v{u)\) det D^£ dx

-f UJ2)W(U)\ f'(W(u)\) det D$e dx -f

because by Lebesgue's dominated convergence, by (Hi), and due to the bound-
edness of / ' ,

lim /

\i/{u) -h = 0.

By the local minimality of u we have «Fo(u£) - PQ(U) > 0, from which the
Euler-Lagrange equation can be easily obtained,

\\Du\2div<P-DuD$Du]dx=2 J
for every # = ( .̂i/^) € Co(i?;R2). This equation may be rewritten as
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f [A{D2xp - Di<p) - B(Dnp + D2<p)] dx = [ -

that is,

I D2A - DiB = -D2g,

and the first assertion follows. By (H3)

\g\ < C(l + W(u)\1-*)

and so, assuming that Du € Lfo*(/?;R2d) we have that \i/(u)\ € L^(/2;R) and

We may now use Lemma 2.8 to obtain that

and by Holder inequality we conclude that

D
Finally, in order to prove Proposition 3.1 we introduce the following notation:

q{\) :=2a + A(l - a ) .

J70 :={xe i?: |i/(u)| = 0},

:={x€ i?: 0 < |i/(u)| < if},

Proof of Proposition 3.1. Fix 0 € W^2{Q\Rd) and assume that Du e
L2

o*(J?;R2d) for some 0 < A < 2. For £ € R set uc(x) := u(x) + 50(x). De-
fine

P •=: D\U, Q := D2u, Q := D\<p, 0 = D20, v := i^(u).

Since
I/(UC) = I/(lt) +£PA/?-f£QAQ + 52Q A /?,

we have
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[ f(\v(ue)\)dx- f f(W\)dx = e f f'(\v\)f:.(PA0 + a/\Q)dx
Jn Jn Jn'o W\

+ k| / /'(0)|P A 0 + a A Q\ dx + o(e).
J no

Local minimality of u entails

and so

/ DuD<t>dx+ I f(\v\)—;-{PA(3 + aAQ)dx< / /'(0)|PA/? + QAQ| dx.
Jn J n'Q \u\ Jn0

W e h a v e

(M 4 - 1 ) / Du-D<t>dx + M / _ . ( P A / ? - f a A Q ) - ( P - Q + Q . / ? ) d x

4- / (/'(kl) - M)^r -{PA(3 + aAQ)dx

\Du\\Dcp\dx + LjK / \Du\\D<t>\dx,
J n'K

where

W^ recall that by (H2)

LJK —> 0 as i i ' —•• -j-oo.

By Lemma 2.9 iii). iv), we deduce that

(Af-f 1) [ DuD<pdx+ [ G D<pdx
Jn Jn

<C y/\A\ -f \B\\D<p\dx + u;K I \Du\\D<j>\dx
Jn Jn

(3-1)
with G = (Gi,G2) and

and where XA stands for the characteristic function of the set A. By Lemma 2.9
ii), iii), and recalling that on QK we have \v\ < K, we have

\G\ < C{K)(\ -f VMI + \B\)> a.e. in /?,
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and by Proposition 3.2 we deduce that G € L2MX){f2;Rd). Next, for a fixed ball
BR CC i? we compare u with the solution of the Dirichlet problem

inB/e
(3.2)

By Lemma 2.6 Dv e L*o
q

c
W{BR;R2) and for all 0 < p < R

[ \Dv\2dx<c(^]qW I \Dv\2dx + C{K)pqW. (3.3)
JBP

 KR/ JBR

Prom (3.1) and (3.2) we have for all <t> € W^2(BR:Rd)

(M + l ) / (Du-Dv)D<t>dx<C [ y/\A\ + \B\\D<J>\dx+ujK f \Du\\D$\dx.
JBR Jnr\BR JBR

Therefore, taking <p := u - v, and using the fact that by the definition of G and
by (3.2)

\G\<C\Du\, f \Dv\2<c[ \Du\2,
JBR JBR

we have

f \Du - Dv\2 dx<C ( {\A\ + \B\) dx -f CUJK f \Du\2 dx.
JBR JBR JBR

Using (3.3) we now obtain

f
B

and if K is large enough, so that UJK is small, from Lemma 2.7 we conclude that
for all 0 < A' < q(X)

f \Du\2 dx < C (^)X f \Du\2dx + Cpx\ (3.4)
JBP

 KHJ JBR

and thus (3.4) holds true for A' = qo(\). D
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