NOTICE WARNING CONCERNING COPYRIGHT RESTRICTIONS:

The copyright law of the United States (title 17, U.S. Code) governs the making

of photocopies or other reproductions of copyrighted material. Any copying of this
document without permission of its author may be prohibited by law.



Q7-00(s

BULK AND CONTACT ENERGIES:
NUCLEATION AND RELAXATION

IRENE FONSECA
Center for Nonlinear Analysis
Carnegie Mellon Univ.
Pittsburgh, PA 15213
and
GIOVANNI LEONI
Department of Mathematical Sciences

Carnegie Mellon Univ.
Pittsburgh, PA 15213

Research Report No. 97-NA-006

August, 1997

Sponsors

U.S. Army Research Office
Research Triangle Park
NC 27709

National Science Foundation
4201 Wilson Boulevard
Arllington, VA 22230







BULK AND CONTACT ENERGIES:
NUCLEATION AND RELAXATION

IRENE FONSECAt & GIOVANNI LEONI}

Abstract An integral representation formula in BV (2; RP) for the relaxation H(u,2) with respect to the L topology of
functionals of the general form

H(u,Q) = /n h(z, u(z), Vu(z)) dz + /a 0@ Tu(@)dHy-1 (@), e WIHQR)

is obtained. Here  C R¥ is an open, bounded set of class C2, T is the trace operator on 89 and Hy_; is the N — 1
dimensional Hausdorff measure. The main hypotheses on the functions h and 6 are that h(z, u, -) is quasiconvex and has linear
growth, and that 6(z,-) is Lipschitz. The understanding of nucleation phenomena for materials undergoing phase transitions
leads to the study of constrained minimization problems of the type

inf {‘H(u, Q) +/ 7(z,u(z))dr: u € BV(Q;K)} R
Q

where K is a nonempty compact subset of RP, and 7 : 2 x K — R is a continuous function. It is shown that if 7(z,-) is a
double well potential vanishing only at o and 3. then minimizers u of the total energy are given by pure phases. that is, there
exists 2, C 0 such that u(z) = a for LN a.e. z € Q, (liquid) and u(z) = 3 for LN a.e. z € Q\Q, (solid). This conclusion is
closely related to results previously obtained by Visintin, and where the interfacial energy is assumed to satisfy a generalized
co-area formula. Here this condition is replaced by a property which may be verified by energies for which the co-area formula
might not hold.

1991 Mathematics subject classification (Amer. Math. Soc.): 49J45, 49Q20, 49N60, 73T05, 73V30
Key Words : functions of bounded variation, nucleation, relaxation, bulk and contact energies, generalized
co-area formula

§1. Introduction.
This paper is divided into two parts. In the first part we obtain an integral representation formula in
BV (Q;RP) for the relaxation H(u,?) with respect to the L! topology of functionals of the general form

(1.1) H(u,Q):= /;Ih(:c,u(a:),Vu(z))d:c+ /an 6(z,Tu(z))dHn-1(z), ue€ WII(Q;RP),

where @ C R" is an open, bounded set of class C?, T is the trace operator on 80 and Hxn_; is the
N — 1 dimensional Hausdorff measure. The main hypotheses on the functions h and 6 are that h(z,u,-) is
quasiconvex and has linear growth, and that 6(z, -) is Lipschitz.

Under a degenerate coercivity assumption on h(z,u,-) we obtain the following integral representation for
u € BV({3;RP)

H(u,N) =/Qh(x,u(a:),Vu(:r))d:r+/Qh°°(:c,u(:z:),dC(u))

(1.2)

[ K (@)t @)@ dHxa@ + [ 6T u(@) dHxoa(z),
S(u)nN an
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2 I. Fonseca and G. Leoni

where Vu is the density of the absolutely continuous part of the distributional derivative Du with respect
to the N—dimensional Lebesgue measure LV, (u* — u~) is the jump across the interface S(u), and C(u)
is the Cantor part of Du. For the canonical model h(z,u, Vu) := ¢|Vu|, where o > 0, the relaxed energy
H(u,?) reduces to

(1.3) Hw,Q) =0 /ﬂ |Du| + /a _6@.Tu)dHy-1,  u€BV(QR?).

In the scalar case where p = 1 the lower semicontinuity of the functional (1.3) was proved by Massari and
Pepe [MP] when 6(z,u) := &|u|, with |6] < 0, and by Modica [Mo2] under the assumption that

(1.4) 6(z,u) - 6(z,u1)| < ofu - u|

for all £ € 91 and all u, u; € R.

One of the motivations for the introduction of a relaxed energy is that nonconvex variational problems
may not have a minimizer in the space of smooth functions — this fact was first pointed out by Weirstrass
in 1869, when he published his celebrated counterexample to Dirichlet’s principle. Therefore, to apply
the direct method of Calculus of Variations one has to extend the original functional. Although Sobolev
spaces are considered to be the natural extension to the space of smooth functions, in recent years the
theory of phase transitions, and the need to determine effective energies for materials exhibiting instabilities
such as fractures and defects, have led us to further extend the domain of functionals of the form (1.1) in
order to include functions u which present discontinuities along surfaces. Motivated somewhat by Lebesgue’s
definition of surface area, Serrin in [Sel, Se2] proposed the following notion for the relaxed energy of H(u, Q)
(in the case where 6 = 0)

M(u,Q) := inf {nm inf H(un, Q) : un € WHHLRP), up — u in LI(Q;RP)}.

un} n—00

One of the main issues in the Calculus of Variations concerns the search and characterization of an integral
representation for H(u, ) in the space BV (Q; RP).

In the scalar case where p = 1 and h(z,u,-) is convex, the integral representation (1.2) was first obtained
by Goffman and Serrin [GSe] when h = h(Vu) (see also [Re]), and by Giaquinta, G. Modica and Soucek
[GMS] for h = h(z,Vu). These results were then extended by Dal Maso [DM] who considered the general
case where h = h(z,u, Vu), and emphasized the important role of the coercivity condition in establishing
(1.2). Indeed, Dal Maso showed that, while (1.2) holds for nonnegative functions h = h(u, Vu) without any
lower bound on h, when h = h(z,Vu), or, more generally, when h = h(z,u, Vu), the representation (1.2)
may fail unless one requires a weak coercivity assumption of the form

(1.5) . h(z,u,Vu) 2 g(z,u)|Vul.

In the vectorial case where p > 1 and h(z,u,-) is quasiconvex, Ambrosio and Dal Maso [ADM2] proved
(1.2) when h = h(Vu) and without (1.5). Independently, Fonseca and Miiller [FM2] obtained this result for
general functions h(z,u, Vu) which verify (1.5).

In all the works mentioned above # = 0, and one of the purposes of this paper is to extend these results
to the new case where possibly § # 0. The relaxation of functionals of the type (1.1) arises in the van
der Waals-Cahn-Hilliard theory of phase transitions for fluids (cf. [CH1, CH 2, vdW]). In this context the
boundary term |, 90 0(z, T u) dHN ) represents the contact energy between the fluid and the container walls,
where 6(z,u) is the contact energy per unit area when the density is u (see [C, GJ).

We present here two relaxation results. In Theorem 2.5 we show that, without any a priori coercivity on
the function h, the functional on the right hand side of (1.2) actually gives the integral representation for
the following relaxed energy

Hp(u, ) = (inf}{linm iolng(un,Q) :up € WHY QS RP), up — uin LY RP), sup ||un||wra < oo},
Un nd n
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while in Theorem 2.2 we prove that Hp(u, ) = H(u, Q) if h satisfies a condition of the type (1.5). Therefore
we may conclude that the right hand side of (1.2) always coincides with Hp(u, ), and we restate all the
results mentioned above by saying that Hp(u,Q) = H(u,Q) in the scalar case if either h = h(u, Vu) or if
h = h(z,u, Vu) satisfies (1.5), and in the vectorial case if either h = h(Vu) or if h = h(z,u, Vu) satisfies
(1.5). In the remaining cases it may happen that H(u,Q) < Hp(u, ) .

It is worth mentioning that the fact that the relaxation H(u, ) is simply given by the decoupled sum of
the relaxation of the functional [, h(z,u, Vu)dr and the contact energy may be somewhat deceiving, since
it hides the competition between the bulk energy and the contact energy. A more insightful way to look at
(1.1), and consequently, at (1.2), is perhaps to consider the equivalent form

H(u,Q) = /n {h(z,u(z), Vu(z)) + ¢(z) - VuT (2)Vb(z,u(z))} dx
+/9(r,u(z))div¢(z)dr+/ w(x) - Vi b(z,u(r))dz,
Q Q

where ¢ € C}(R";R") depends only on Q and |p(z)| < 1 in Q (see Lemma 3.2). In particular, in the
isotropic case where h(z,u, Vu) := o|Vu|, 0 > 0, we obtain

H(u,Q) = /Q {oVu(z)| + ¢(z) - VuT (z)Vib(z,u(z))} dx
+/ 0(:5,u(.r))div<,9(:c)dx—+—/ p(z) - Vi 6(z.u(z))dz,
Q Q

and it is clear that the functional H is not bounded from below in general, unless one assumes a condition
of the type
IV b(z,u)| <o fora. e.z € Q and for all u € RP,

which is essentially the condition found by Massari and Pepe [MP] and by Modica [Mo2].
In the second part of the paper we are concerned with constrained minimization problems of the type

inf {'H(u,ﬂ) +/ 7(z,u(z))dz : ue BV(Q; K)} .
Q

where K is a nonempty compact set of RP, and 7 : Q2 x K — R is a continuous function. This kind of
problems has important applications in the study of phase transformations and in nucleation phenomena
(cf. [V1, V2]). According to the van der Waals-Cahn-Hilliard theory of phase transitions (cf. [CH1, CH2,
vdW)), the total energy of a fluid of total mass m and density u(z) confined in a bounded container Q ¢ R¥,
is given by

(1.6) E.(u) := 52/ |Vu|2dz+/ Wl(u)d:c+e/ Wo(Tu)dHn-1, u€e WH(Q;R),
Q Q N

where the coarse—grain energy Wi (u) is a double well potential vanishing only at a and 8 and corresponding
to the stable two-phase configuration of the fluid, the gradient term £2|Vu|? models the interfacial energy
across a smooth transition layer, with € a small parameter, and W, represents the contact energy between
the fluid and the container walls. The stable configurations of the fluid correspond to solutions of the
problem (see [C])

inf {Ee(u) :ue WHY(Q;R), / udr = m} .
Q

Confirming a conjecture of Gurtin [G], Modica in [Mo2] was able to show that if a sequence of minimizers
{uc} converges in L! to a function ug, then ug solves the liguid-drop problem

inf {H(u,Q) : v € BV(Q;{a, 8))},
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where H(u, Q) is the relaxed energy of
H(u,Q):/ |Vu|dx+&/ TudHN_1, u € WH(Q;R).
0 Elo!

Here 6 depends only on W; and W;. The liquid—drop problem admits a solution if and only if |6]| < 1.
An analogous result is due to Alberti, Bouchitté and Seppecher [ABS] who recently showed that if the
parameter ¢ in front of the contact energy in (1.6) is replaced by A., where

ling)alog/\E =K € (0,00)
E—

and W, is a double well potential which vanishes only at a; and £;, then the limit problem is given by
a different model for capillarity with line tension. It is worth noting that in this case the effective energy
takes the form

H(u,N) = ./r; |D(G(u))| + inf{/an |G(Tu) — G(v)|dHN-1 + {—f— /an |Dv|?: v e BV(89; {al,ﬁl})}

for u € BV(Q;{a,B}) and H(u,?) = oo otherwise. Here G is a primitive of 2,/W;. It can be seen
immediately that in this capillarity model the contact energy is strongly nonlinear, which leads us to
consider functions 6 other than 6(z,u) = du (see [V1, V2]).

In the last section of the paper we prove some minimization results which are related to solid nucleation.
For a complete description of this phenomenon we refer to the recent monograph of Visintin [V1] and to the
bibliography contained therein. By solid nucleation we mean the formation of a new solid phase, that is of
a connected component of solid in a liquid. If the new solid phase is formed in the interior of the liquid, the
nucleation is called homogeneous, while if it is also in contact with other substances, such as the container,
impurities dispersed in the liquid or nucleants, then we name it heterogeneous nucleation (cf. [V1, Ch.
VII.2]). By thinking of these impurities or particles as holes in the domain €2, we can represent the contact
energy by an integral term over the boundary of Q. Furthermore, since the new solid phase is formed
through crystallization, and crystals are anisotropic, the classical isotropic interfacial energy o fQ |Duf is
now replaced by [, h(z,Du). In the applications one sees often h(z, Du) = |A(z)Du|, where A(z) is a
nonnegative definite N x N tensor (cf. [V1, p. 157]).

The main results of this part are Theorems 5.1 and 5.4, where we show that minimizers u of the total
energy are given by pure phases, that is, there exists ,, C € such that u(z) = a for LN a.e. z € Q, (liquid)
and u(z) = B for LV ae. z € Q\Q, (solid). This result is closely related to Theorem 2 in [V2], where
the interfacial energy is assumed to satisfy a generulized co-area formula. We replace here this condition by
some hypotheses which are easy to verify and allow us to include interfacial energies of the form [, h(z, Du),
where h(z,-) is convex and positively homogeneous of degree one, and for which the co-area formula might
not hold.

§2. Relaxation.
We consider the functional

H(u,) :=/ﬂh(a:,u(:c),Vu(z))dz-i—/aQB(x,Tu(:r))dHN_,(:z:)

defined on the Sobolev space W11(Q;RP), where  C R is an open, bounded set of class C?, T is the
trace operator on 85, Hy_; is the N — 1 dimensional Hausdorff measure and the functions

h:QxRpoPXN—»[O,oo), 60:00xRP R

satisfy the following hypotheses:
(H,) h is continuous;
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(H2) h(z,u,-) is quasiconvex for all (z,u) € Q x RP;

(H3) there exist a nonnegative, bounded, continuous function g :  x R? — [0,0c) and a constant C > 0
such that

(2.1) 9(z,u)l€| < h(z,u,§) < Cg(z,u)(1+€])

for all (z,u,£) € © x RP x MPXN_ where MP*¥ is the vector space of p x N matrices;

(H4) for every compact set K € € x RP there exists a continuous function w : [0,00) — [0,00), with
w(0) =0, such that

(2.2) |h(z,u,€) = h(z1,w1,€)| S w(lz — 21| + [u — wa[)(1 + [£])

for all (z,u,£), (z1.u1,€) € K x MP*N_ In addition, for every o € Q and 6 > 0 there exists ¢ > 0 such
that

(23) h(IO’ ‘U,{) - h(:::,u, g) < 6(1 + g(I’ u) I&I)

for all z € Q with |z — zo| < € and for all (u,£) € RP x MPXN;
(Hs) there exist C' > 0 and m € (0,1) such that

|h*(z,u,€) — h(z,u,€)| < C'g(z.u)(1 + [€'™™)

for all (z,u,£) € Q x RP x MPXN where the recession function h™ of h is defined as

h*(z,u,€) := limsup E(_I_u_tél

t—oc t
(Hg) 6 admits an extension § € C(Q x R?;R) N C1(Q x R?;R) such that
IVL0(z,u)| < ai(z) + C1(1 + [u]®)
for LN ae. r € Q and all u € R?, where a; € LY(Q,R), C; > 0 and g is the Sobolev exponent g. :=
glé(tN —1)if N> 1 and q. < oo if N = 1. Moreover, for every o € Q and § > 0 there exists € > 0 such

(2.4) IVub(zo,u) — Vub(z,u)| < 6 g(z, u)

for all z € Q with |z — z¢| < € and for all u € R?;
(H7) g9(z,u) 2 |V,6(z,u)| for all (z,u) € Q x RP.

Remark 2.1. (i) Conditions (H;) — (Hs) were considered by Fonseca and Miiller (see [FM2]), who treated
the case where § = 0. It can be shown that the recession function h™ of h is still quasiconvex and is
positively homogeneous of degree one in the £ variable (see [FM2, M]).

(ii) By the Mean Value Theorem and conditions (H3) and (H;) we have
(2-5) 6(z,u) — 6(z,w1)| < [Vub(z, @)| Ju - w1| < |lgllL=u — ui]
for all £ €  and all u, u; € RP. Taking u; = 0 it follows by (Hg) and (2.5) that
(2.6) 16(z, u)| < [lgliL= [ul + [|6(z,0)||L=

for all (z,u) € Q x RP. This growth condition, together with (2.1), implies in particular that the functional
H(u,Q) is well defined and finite for u € W11(Q;RP) .
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(iii) A typical example of the energy densities is (see Visintin [V1 , V2])
(2.7) h(z,u,€) := o€, 6(z,u) :==6u,

where 0 > 0 and 6 € R. It is easy to see that conditions (H;) — (Hg) hold with g(z,u) := o, while
assumption (H7) reduces to the inequality |§| < 0. More generally, (Hs) is trivially satisfied if § = 6(u).
(iv) If in (1.3) we take 6(z,u) := &|u| for (z,u) € 3 x RP (cf. [MP]), then it is possible to extend 6 to

Q x RP? as follows
0(z,u) := 6/ |ul?> + ¥*(z),

where 1 € C1(;R) is such that ¥(x) > 0 for z € Q and ¥(z) = 0 for z € Q. Conditions (H;) — (H;) are
then verified with g(z,u) := o, provided |6| < o. The problem of finding an extension of § : Q2 x RP — R
to Q x RP which satisfies (Hg) — (H7) for the functional (1.3), and when (1.4) holds, will be addressed in a
forthcoming paper.

Our first goal in this paper is to obtain an integral representation for the relaxation of H(u,) in
BV (Q; RP) with respect to the L! topology, that is

H(w,Q) = jnf {lim inf H(un, Q) : up € WH(LRP), u, — v in LI(Q;RP)}.
Un n—oo

From the definition of H(u, ) it follows immediately that the functional H(u,2) is lower semicontinuous

in L'(Q; RP).
Before stating the main theorems of the section we introduce the surface energy associated to the function
h. Forany v € S¥N-1:= {z € RV : |z| = 1} let {11, -+ ,un—1,v} be an orthonormal basis of R" varying

continuously with v. For fixed a, b € R? we define A(a, b, v) as the class of all functions vy € W11(Q,;RP)
such that

a ify.-v=-1/2
T =
() {b ify-v= 1/2
and which are periodic of period one in the remaining directions vy,--- ,vnx_;. Here Q, := {r € RV :

|z v <1/2,|z-v|<1/2,i=1,--- ,N —1}. The surface energy Kn(z,a,b,v) associated to the function
h is defined by

Ky(z,a,b,v) :=inf {/ h™(z,v(y), VyY(y))dy : ¢ € A(a,b, l/)} .

For a detailed study of the properties of the function Kx(z,a,b,v) we refer to [FR].

We recall briefly some facts about functions of bounded variation which will be useful in the sequel. A
function u € L1(Q; RP) is said to be of bounded variation if for all i =1,---p, and j = 1,--- N, there exists
a Radon measure u;; such that

1s]
/Q w(z) 5o (2)dr = - ]n () dps;

for every ¢ € C}(2;R). The distributional derivative Du is the matrix-valued measure with components
pi;. Given u € BV(Q;RP) the approzrimate upper and lower limit of each component u;, i = 1,---p, are
given by

uf (z) := inf {t eR: lir(x)l e:LN LY {y e QN B(z,e) : wi(y) >t}) = 0}
e—0+

and
1
u; (z) := sup {t eR: Iir(1)1+ N LN {ye QN B(z.€): wi(y) <t}) = 0} ,

while the jump set of u, or singular set, is defined by

S(u) :=Ul_{z € 2: u] (z) < uf ()}
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It is well known that S(u) is N — 1 rectifiable, i.e.
S(u) = U2, K, UE,

where Hy_1(E) = 0 and K, is a compact subset of a C! hypersurface. If r € Q\S(u) then u(z) is taken
as the common value of (u] (z),--- yuf (z)) and (uy (z),--- ,u; (z)). It can be shown that u(z) € RP for
Hy_y ae. z € Q\S(u). Furthermore, for Hy_; a.e. T € S(u) there exist a unit vector v,(z) € SV~1,
normal to S(u) at z, and two vectors u™ (z), u*(x) € RP (the traces of u on S(u) at the point ) such that

1

fim, % fu(y) - u* () NN Vay = 0
r=07" J{yeB(zo,r): (y—z)vu(z)>0}

and )
L fu(y) - u™ ()" N Day = .

{y€B(zo.r): (y—z)-vu(z)<0}

Note that in general (u,)* # (u"); and (u;)~ # (u™);. Moreover, the Sobolev inequality

(N-1)/N
([t e=va) " < cmlullay
9]
holds in BV (€:: R?) when N > 1. Finally, Du may be represented as
Du=Vul® + (@t —u") & Hvo1| S(u) + C(u).
where Vu is the density of the absolutely continuous part of Du with respect to the N—dimensional Lebesgue

measure £V . These three measures are mutually singular.
We are now ready to state the main results of this section. For u € BV (Q; RP) we define the functional

L(u,) :=/Qh(:z:,u(:r),Vu(z))dr+/Qh‘”(:c,u(z),dC(u))
; / Kn(z.u™(2). u* (2), v (2)) dHy -1 (z) + / 6(z. T u(x)) dHy—1 (2).
S(u)NQ N

Here, and in what follows, if g is a positively homogeneous function of degree one and if p is a R™-valued
measure then we define

/ o(dy) == / a(a(z)) dlu(x),
Q 0

where |u| is the nonnegative total variation measure of y, and o : Q — S™! is the Radon-Nikodym
derivative of u with respect to ||

Theorem 2.2. Let (H,) — (H7) hold. If u € BV(S};RP) then

H(u,) = L(u,).
Corollary 2.3. If h = h(z,£) then

H(u,Q) = /ﬂ h(z, Vu(z)) dz + /Q h*(z, dC(u))
+/ h°°(:z,(u+(1:)—u'(:t))@l/u(:r))dHN_l(:z:)+/ 6(z, T u(z))dHn-1(x).
S(u)NQ N

The proof of Corollary 2.3 follows from Remark 2.17 in [FM2].
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Remark 2.4. (i) Rather surprisingly, in general the functional £(u, ) is not lower semicontinuous in L? if
the domain € is only Lipschitz. This fact was first pointed out by Modica in [Mo2] who gave the following
simple example. Let Q := (0,1) x (0,1) C R? and take k and 6 as in (2.7), with —0 < & < —0+/2/2. Then
(H1)-(H7) are satisfied (see Remark 2.1 (iii)), and

L(w,Q) =a/ ]Du|+&/ TudHy-1, u€ BV(QR).
9] N

Consider the sequence
0 ifr;+2221/n

I1,T3):= .
Un(21,22) {n ifr; +z0<1/n.

Then up,(z) — 0in L (Q; R) but L(uy,, Q) = 0v/2+26 < £(0,Q) = 0, and this shows that H(u, Q) # L(u,Q)
since H(u, Q) is lower semicontinuous in L!.

It is worth noting that in the special case where 6(z,u) = |u — ¥(z)| in (1.3), with ¢ € L}(8%;R), one
can still prove lower semicontinuity of £ for Lipschitz domains. The first result in this direction is due
to Massari and Pepe [MP] who treated the case where 1) = 0. Modica [Mo2] then extended it to include
Y € LY(8; R). The idea in [MP, Mo2] is to find a function ¥ € BV(RN\Q; R) whose trace is ¢ and then
use an extension theorem (see [EG, Th. 5.4.1]) to rewrite the integral [, |Tu — ¢|dHNn_; as

/ |Tu-T¢3|dHN_1=/ |Dﬂ|—/ }Dul—/ | D4,
an RN Q RN\ Q

u(x) ifreQ
i(z) := { A —
Y(z) if z € RM\ Q.
(ii) Without condition (H7) Theorem 2.2 may fail. As an example, let Q := (0,1) C R and take h and

6 as in (2.7). In this case condition (H7) is equivalent to the inequality |§| < 0. Assume that ¢ < & and
consider the sequence

where

-nd(z-1)-n ifl1-1/n2<z<1
un(z) 1= .
0 otherwise.
Then u,(z) — 0 in L}(;R) but L{u,,Q) = (¢ - 6)n < L(0,Q) = 0.
Theorem 2.5. Let (H;) — (Hg) hold, with (2.1) and (H7) replaced by the weaker hypothesis
(2.8) [Vub(z,u)| ] < h(z,u,§) < Cg(z,u)(1+[£])
for all (z,u,£) € Q x RP x MP*N and some C > 0. Then the relazation of H(u,Q)

Hp(u, ) = {inf}{limian(un,Q) : up € WHY(RP), u, — uin LY (4 RP), sup |[unllwra < oo}
Up n—oo n

in BV (Q;RP) with respect to the L' topology has the integral representation
Hp(u, Q) = L(u, Q).

Remark 2.6. Under the assumptions of Theorem 2.5, the functional L(u,$2) provides the correct integral
representation for Hy(u,2) but not necessarily for H(u,(2). Indeed, in the scalar case where p = 1 and
when 6 = 0, Dal Maso has shown in [DM] that H(u,Q) = L(u,?) when h = h(u,§) satisfies only (2.8),
while possibly H(u, ) < L(u,Q) for h = h(z,£) unless one assumes a condition of the type (2.1).

In the vectorial case where p > 1 and when 6 = 0, Ambrosio and Dal Maso [ADM2] proved that
H(u,Q) = L(u, Q) when h = h(£) satisfies only (2.8). Independently, Fonseca and Miiller [FM2] have
obtained this result for general functions h(z,u,£) which verify (2.1), still in the case where 6§ = 0.

§3. Proof of Theorems 2.2 and 2.5.
In this section we give the proofs of Theorems 2.2 and 2.5. We start with some preliminary results. In

what follows, and unless otherwise specified, we always assume that conditions (H;) — (H7) hold.
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Lemma 3.1. Ifu € BV(Q;RP) then the function v(z) := 6(z,u(z)) € BV(;R) and

Dy = V:8(z,u) LN + DuTV,6(z,u) on Q\S(u)
vE { (8(z,u*) - 6(z,u”)) @ vy Hnv-1|S(u) on S(u).

Moreover
Tv(z) = 6(z, T u(x)).

The proof of Lemma 3.1 is straightforward in light of related results on the chain rule for BV functions
(see [ADM1] and the references contained therein).

Lemma 3.2. There ezists ¢ € CL(RN;RY) with |p(z)| < 1 in Q such that for any u € BV(Q;RP)

/ 6(z, T u(z)) dHy—1(z) = / 6(z, u(z))div ¢(z) dz + / o(z) - d(D(8(z. u(z))).
an N Q

Proof. Since 09 is compact and of class C?, we can find a finite open covering {U;}; of 09Q, where U, are
balls centered at points of 8, j = 1,--- , P, and for each U; there is a C? diffeomorphism &, : U; — &,(U;)
such that ®;(U;) C B(0,R;) C RY for some R; > 0,

(3.1) QNU; ={zeU;: (¥;())n < 0}

and for £ € 92 N U; the exterior normal to 92 at r is given by

VoT(z)en
n(z.Q) = —%—.
) = T @ el
Let ¥ be a partition of the unity for UJP=1U_, subordinate to {U;},. For any v € ¥ there exists j € {1,--- , P}

such that ¢ € C§°(U, ), and we define

(32) py(T) =

VeT(z)en (®;(z)NY ..
= Ve @) en] <1+ ) ¥(z);

R;
then ¢y (z) € C3(U;;RY) and |¢y(z)| < 1 for z € QNU;. If we set ¢y, to be zero outside U; we obtain that

¢v(z) € C3(RV;RY), and thus we can apply the Trace Theorem (cf. [EG,Th. 5.3.1]) to the BV function
v(z) = 6(z,u(x)) to obtain

/a _ey(z)n(z,9)0(z. T (@) dHxr ()
— [ bz u@)diveu(z)dz + [ ul@) - dDOEu(@),
Q Q

where we have used Lemma 3.1. On the other hand, since by (3.1) py(z) = n(z,Q) y(z) if z € QN U},
while ¢y () = 0 if £ € OQ\U;, we get

/¢w($)'n(I,Q)G(I,TU(I))dHN—x(I)=/ ¥(z)0(z, T u(z)) dHN -1 ().
80 a0
Hence

[t Tua) i@ = 3 [ e Tu@) diy-@)

YeY

= [ #e @) v (Z w(r)) a+ [ (Z w(r)) - d(D(6(z. u(a))).

veEY YEY
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The proof of Lemma 3.2 is complete if we show that ¢(z) := 3,y ¥y (z) satisfies |p(z)| < 1in Q. Fix
zeN Ifz ¢ U;IUJ» then p(z) = 0. If z € U;_,U; then 3 ¥(z) = 1, and so there exists at least one
Yo € ¥ such that ¢o(z) > 0. Let j € {1,---, P} be such that ¢y € C§°(U;). Then by (3.1) and (3.2)

feen(a)] = (1+ S vo(2) < vo(a),

J

and consequently, since ¥(z) = 0 for all but finitely many ¢ € ¥,

le@) < 3 lew(@) < 3 p(z) =1.

YEV yevw

By Lemmas 3.1 and 3.2, for any u € W(Q; RP) we can rewrite the functional H(u,) as

H(u,Q) =/ {h(z,u(z), Vu(z)) + ¢(z) - VuT (2)V,8(z,u(z))} dz

(3.3) .

+/B(x,u(x))divcp(:r)d:c-f—/cp(x)-VIO(x,u(z))d:c.
Q Q

This equivalent form gives us a better insight into the competing roles played by the two energy integrals
fn h(z,u,Vu)dz and f 50 #(z,Tu)dHN-1. In particular, it is now clear that without a condition of the

type
h(z,u,€) 2 [Vub(z,u)] €]

one may have H(u,Q) = —oo, as in the example in Remark 2.4(ii).
Define f(z,u,£) := h(z,u,€) + ¢(z) - €TV, 8(z,u) for (z,u,£) € Q x RP x MPXN | set

F(u,Q) :=/Qf(:c,u(a:),Vu(I))dx, u € WH(Q;RP),

and let
F(u.Q) = jnf {lim inf F(un, Q) : un € WH(LRP), up — u in LI(Q;RP)} .
Un n—oc

Lemma 3.3. If u € BV(Q;RP) then

H(u,) = F(u,Q) +L€(:c,u(:r))div o(z) dz+/;ch(.r)-V19(a:,u(:r))dz.

Proof. Clearly it is enough to show that
liminf H(u,,?) = lim i£f F(un,,N2) + / f(z,u(x)) div () dz + / p(z) -V 0(z,u(zx))dz
n—oo n— Q Q

for any sequence {u,} C W11(€;R?) such that u, — u in LY(Q;RP). We first observe that, since ¢ €
CL(RV;R¥), the functions ¢ and div ¢ are bounded in 2. Moreover, by (2.5)

18(z, un(z)) — 0(z, u(x))] < |lg)lL= |un(z) — u(z)| for LY ae zeq.

Hence
lim /0(:c,un)div<pd:l:=/H(x,u)divgpd:r.
Q Q

n— 00
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By (Hs), by virtue of the Sobolev inequality, and due to the fact that ¢ is bounded, the functional u —
Jo ¢ Vz0(z,u(z)) dz is continuous in L'(Q; R?) (see [K, Th. 2.1]) and thus

im [ ¢-V.0(z,u,)dz = / p(x) - V. 0(z,u)dz.
Q Q

n—oo

|
We are now ready to prove Theorem 2.2.

Proof of Theorem 2.2. By Lemma 3.3, in order to find an integral representation for H(u,Q) in BV (Q; RP)
it is sufficient to determine one for F(u,?). The idea is to apply Theorem 2.16 of [FM2]. In order to do so
we need to show that the function

f(z,u, 6) = h(z,u, E) + tp(:t) ' fTqu(I,u)

satisfies conditions (H;) — (Hs) which are essentially the same of [FM2 ].
Condition (H;) is trivially verified since the functions 6 and ¢ are of class C'. As f is the sum of a
quasiconvex function and a function linear in &, it is clear that f(z,u,-) is still quasiconvex and that

fe(z,u,§) = h%(z,u,§) + ¢(z) - éTVue(Iv u),
which, in turn, implies that

1f<(z,u.€) = f(z,u,€)| = |h®(z.u.€) = h(z.u,€)| < C'g(z,u)(1 +[€]'™™)

by (Hs). Thus f verifies also (H3) and (Hs).
To prove (2.2) for f, consider a compact set let K € 2 x R?. Applying (2.2) to the function h, we have

If(z.w,8) = f(z1, w1, )] Sw(lz — 21| + Ju = wa])(1 + [€])
+ () @ Vub(z,u) — ¢(z1) @ Vub(z1,u1)| (€]

for all (z.u,€). (z1.u1,€) € K x MPXN_ There exist a compact set K; € Q and a ball B,(0, R) C R” such
that K C K x B,(0, R), and, without loss of generality, we may assume that Q C BNy(0,R) C RY. Take

@(s) := max{|p(z) ® Vub(z,u) — p(z1) € Vub(z1,u1)| : |z — 21| + [u —wa| < s,
z, 1 € K1, |u|, |u1| < R}.
The function &(s) is non decreasing, with lim,_o &(s) = 0 = &(0) and &(4R) < oc. Therefore we can find
w1, continuous and non decreasing, such that w;(s) > @(s) for all s € [0,4R] and w;(0) = 0. Condition
(2.2) for f now follows by taking wp := w + wj.
Next we prove (2.3). Fix o € 2 and 6 > 0. There exists € > 0 such that for z € Q with |z — 1| < € and
(u,€) € RP x MPXN

h(zo,u,€) — h(z,u,€) < 36(1 + g(z, WlE]),  lp(z) — p(zo)| < § 6,
[Vub(zo,u) = Vub(z,u)| < 3 69(z,u)

by the continuity of ¢, (2.3) and (2.4). Hence

f(zo,u,€) = h(zo,u,€) + ¢(z0) - €T Voub(z0. u)
= f(z.u.€) + h(zo,u.£) — h(z,u,£)
+ [p(z0) = ¢(2)] - €T VuB(z. u) + (o) - €T [Voub(z0. v) — Vub(z,u))
< f(z,u,€) + §6(1 + gz, w)[€]) + 3 8 g(z, w)l¢]
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which is (2.3), and where we have used (H7) and the fact that |p(zo)| < 1.
Finally, condition (H3) is replaced by the condition

(3.4) 9(z, w)l§I(1 - lp(z)]) < fz,u,€) < 2C g(z,u)(1 + [£])

which follows from (2.1) and (H7). Although (3.4) is weaker than condition (H3) in [FM2], the proof there
carries out even with (3.4). Indeed, condition (H3) was used in [FM2] only to show that

F(u,Q) Z/f(z,u,Vu)d.’t+/f°°(r,u,dC(u))+/ Ks(z,u™,ut,v,)dHN_1(2).
Q2 Q S(w)nQ

The proof of this inequality relies on the blow—up argument introduced in [FM1] which is a local argument,
in the sense that in order to prove the three main pointwise inequalities (2.10)-(2.11) in [FM2] at points
zo € §, one is only interested in what happens in a ball B(zg,€). Since in our case |¢(zg)| < €g < 1 for
some €y > 0, if we take ¢ sufficiently small we can assume that |¢(z)| < € for all z € B(zg,€) and thus
(3.4) reduces to

9(z,v)[€l(1 — ) < f(z,u,§) < 2Cg(z,u)(1 + [£])

for all (z,u,€) € B(zp.€) x RP x MPXN which is the local version of (H3) in [FM2].
In conclusion, we may apply Theorem 2.16 of [FM2] (see Remark 3.5 below) to obtain that for u €
BV (Q;RP)

f(u,Q)=/S;{h(:c,u,Vu)+<,a-VuTVu6(z,u)} dr+/(;h°°(:r,u,dC(u))

+/('\,¢®Vu9(:r,u)) - dCT (u) +/ Ks(z,u™,u*,v,)dHN -1,
Q S(u)NQ

where
Ky (z,a,b,v) = inf {/Q [ (2,9 (), VY () + p(z) - VYT (¥)Vub(z. ¥(y))] dy : ¥ € A(a, b, V)} ~
Given any ¢ € A(a,b,v) we have

/ (@) - VT (v)Vub(z. B(y)) dy = / o(z) -1y, Q) 6(z, T¥(y)) dHx-1(y)

v QU

= p(z) - (6(z,b) - 6(z,a)) v,
and so
K¢(z,a,b,v) = Kp(z,a,b,v) + ¢(z) - (6(z,b) — b(z,a)) v.

If we now use Lemmas 3.1, 3.2 and 3.3, we finally obtain that H(u,Q) = L(u,?). This concludes the proof
of Theorem 2.2.

Remark 3.4. The continuity hypotheses (H,), (H4) and (2.4) may be replaced by
(H,)' h is Carathéodory;
(H,4)' for all (zo,up) € 2 x R? and for all § > 0 there exists ¢ > 0 such that

|h(z,u1,€) — h(z,uz,€)| < (1 +|€])

for all z € Q with |z — zo| < €, u1, up € B(uo,€) and £ € MP*V;
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provided € — f(z,u, ) is coercive (e.g. if g(z,u) > a > ||Vy0||L= for some a > 0). In this case, in Theorem
2.2 we would use the integral representation obtained by Bouchitté, Fonseca and Mascarenhas [BFM] in
place of the corresponding result by Fonseca and Miiller [FM2].

Proof of Theorem 2.5. By Lemma 3.3 it is enough to find an integral representation for the corresponding
Fp(u,2) in BV(Q;RP). Let f.(z,u,§) := f(z,u,€) + el€|, for e € (0,1), where, as before, f(z,u,§) =
h(z,u,€) + ¢(z) - €T V,0(z,u), and define

Fo(u,Q) := inf {limiane(un,Q): up € WH(QRP), up — u in L‘(Q;R”)},

{u,.} n—oC

where

Fe(u,Q) := sz(z,u(x),Vu(x))dr, ue WH(Q;RP).

We claim that
lir%}'e(u,ﬂ) = Fp(u, ).
£—

Fix u € L'(€;RP). For any given § > 0 there exists a sequence {u,} C W11(Q;RP), with sup,, ||un|lwi: =
M < oo, such that u, — u in L(Q;RP) and

Fo(u,)+ 6 > lim /f(z:,un(:r),Vun(r))d:r.
Nn—0oc Q
In turn, for alle > 0
Fo(u, Q)+ 6> liminf/ fe(z,un(z), Vup(z))dz — e M.
n—oC Q
and using the definition of F,(u,{?) we obtain
- Fo(u, Q)+ 6 2 Fe(u. Q) —e M.

Therefore
lim sup Fe(u, Q) < Fp(u.Q) + 6,

e—0

and it suffices to let § — 0 to conclude that

lim sup F, (u, Q) < Fp(u, ).

e—0

Conversely, fix u € L}(Q;RP) and € > 0. Then there exists a sequence {uf} C W!(Q;RP) such that
uf — u in L}(Q;RP) as n — oo and

(3.5) Fo(u,Q) +¢ 2 lim / [f(z, 4, Vul) + €|V ] dz > liminf / Fl,uf. Vul) dz.

Without loss of generality we can assume that F,.(u,§) < oc. Since |¢(z)| < 1in Q, by (2.8) we have
fz,u,8) = h(z, u,€) + ¢(z) - €T Vub(z,u) > 0,
hence by (3.5) it follows that sup,, ||uf||lw:11 < oo and so
Fe(u, Q) + € 2 Fp(u, Q).

We conclude that
limi(x)lf}}(u,ﬂ) > Fp(u, Q)
E—
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and the claim is proven. _

It is not difficult to show that the function f,(z, u, £) satisfies conditions (H;)— (Hs). We omit the details
since the proof is very similar to that of Theorem 2.2.

By Theorem 2.16 of [FM2] we obtain that for u € BV (Q;RP)

.’Fs(u,ﬂ)=/ﬂ{f(r,u,Vu)+e[Vu|}dx+/ﬂf°°(:r,u,dC(u))+e/ﬂ|dC(u)[

(3.6)

+/ Ky (z,u™,ut,v,)dHN-.
S(u)nQ

If we let € — 0 in (3.6) we obtain that

g%fe(u,Q)=/()f(:r,u,Vu)dz+/s;f“’(:c,u,dC(u))

e—0

+lim/ Ky (z,u™,ut,v,)dHN 1.
S(u)nQ
and so the proof is completed provided we show that

(3.7) lim Ky (z,u™,ut,1,)dHN =/ Ky(z,u™,ut,1y,)dHN 1.
e=0 Jsw)na S(u)NQ

We first prove the pointwise convergence
(3.8) Iirr(l) K¢ (z,a,b,v) = Kf(z,a,b,v)
£—

forallz € Q,a, b€ RP and v € SN¥~!. For any fixed § > 0 there exists s € .A(a, b.v) such that for all
e>0

Kj(z,0,b,v) +6 > / £ (2 e (). Ves(y)) dy 2 K. (z,0,b,0) — € / Vs(y)] dy.
QV

v

If now we let € — 0 in the previous inequality we get

K¢(z,a,b,v) + 6 > limsup Ky (z,a,b,v),

e—0
and by letting § — 0 we deduce that

K¢(z,a,b,v) > limsup Ky, (z,a,b,v).

e—0

Conversely, let ¢ € A(a,b,v). Then
Kyz.abn) < [ 1=@uow) Vo)< [ 1200, uw) d.
Q. Q.

where we used the fact that f < f°. Taking the infimum over all ¥ € A(a,b,v), we get
K¢(z,a,b,v) < Ky, (z,a,b,v).

Therefore (3.8) holds.
As it can be seen from the proof of Lemma 2.15 in [FM2], we may find a constant C; independent of €

such that
0 < Ky¢,(z,a,b,v) < Cila -]
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and hence (3.7) follows by Lebesgue Dominated Convergence Theorem and (3.8). This concludes the proof
of the theorem.

a
Remark 8.5. In the proof of Theorem 2.16 of [FM2] the inequality

(3.9) F(u,S(u)NQ) < /s( )nnKf(:z,u_,u+,uu)dHN_1(a:)

was derived by using a result of [FR] which requires the function f(z,u,-) to be coercive, that is to satisfy
the inequality

(3.10) flz,u,8) 2 alf| —c2

for all (z,u,€) € QxRP xMP*N which is stronger than condition (H3). To circumvent this difficulty consider
the function f.(z,u,&) defined as in the proof of Theorem 2.5. Since it satisfies conditions (H;) — (Hs) and
(3.10), the inequality (3.9) holds for f.. Also the inequality f < f. clearly implies that

Flu,Sw)NQ) < Fe(u,S(u)nQ) < / Ky (z,u™,ut, 1) dHN -1 (2).
S(u)nn

If we now let € — 0 and use (3.7) we conclude that (3.9) holds also for f.

§4. Mesoscopic scale.
We are interested in the following constrained minimization problem

inf {’H(u.Q) +/ r(z,u(z))dz : ue BV(;,RP), u(z) € K for LY ae. z € Q} ,
Q

where K is a nonempty compact set of RP, and 7: 2 x K — R is a Carathéodory function such that
(4.1) [7(z,u)] < ag(z) for LY ae. z € Q and for all u € K,

for some function ag € L(£};R). In applications in phase transitions, often K = {a,b} or K is a convex set.
For u € L'(Q;RP) we define the functional

T(u, Q) := H{u. Q) + Ix(u.9),
where

IK(U,Q) =

{ Jor(z,u(z))dr  fu(z)e K for LN ae z2€Q
+oc otherwise.

Lemma 4.1. If (H;) — (H7) hold then the functional I(u,Q) is lower semicontinuous in L'(Q; RP).

Proof. Consider u,, u € L'(Q;RP) such that u, — u in L*(;RP). If liminf, .o Z(us, ) = oo there is
nothing to prove. Assume that liminf,_ o Z(un,§2) < oo and take a subsequence {u,, } which converges
pointwise to u for LV a.e r € €, and such that

klirgol(unk,ﬂ) = lilrrigfl(un,ﬂ) < oc.
For k sufficiently large we can assume that Z(u,,.S2) < oc, hence

Z(un,,N) = H(un, . Q) +/ (T, up, (z)) dz
Q
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and uy,, (z) € K for LN ae. z € Q. Since {u,, } converges pointwise to u for LV a.e z € Q, we obtain that
u(z) € K for LN ae. € Q. In turn Z(u,Q) = H(u,Q) + Jo 7(z,u(z)) dz. The assertion now follows from
the lower semicontinuity of H(u, ) in L*(Q2;RP) and the fact that

lim T(x,unk(:c))dz=/T(z:,u(:r))dx
Q

k—oo o

by (4.1) and by Lebesgue Dominated Convergence Theorem.

In addition to conditions (H;) — (H7) we now assume the following hypotheses:
(F1) there exist a function p € C(Q2 x RP; R?) N C}(2 x RP; RP) and a function b € L}(€;R) such that

(4.2) |Vop(z,u)] < b(z) for LN ae. £ € and for all u € K,
and
(4.3) h*(z,u.§) 2 [Vup(z,u)| €]

for all (z,u,€) € Q x K x MP*N;
(F) for LV a.e. z € Q the function p(z,-) : K € R? — p(z, K) € RP is invertible and (z,y) — (p(z,-)) " ()
is Carathéodory. In addition, there exists a function ¢ € L*(Q;R) such that

(4.4) lp(z, ) Y (v)| < e(z) for LN ae.z € Qand for allv € p(z, K).

Let
D(Z):={ue L*(RP) : I(u,Q) < oo}

Then i
D;:={u€BV(%R?): u(z) € K for LN ae. z€Q} C D(T)

but in general the two sets do not coincide, unless one assumes that h(z,u, ) is coercive.

Theorem 4.2. There erists a function u € D(Z) such that

I(u,9) <inf{Z(w,Q): we Dy}.
Proof. Let {u,} C D; be a minimizing sequence, that is
nllrgol(u,,,ﬂ) =inf {Z(w,N): we D1} < M < 0.
Then, for n sufficiently large,
(4.5) I(un, ) = H(un, Q) + /ﬂ‘r(:r,udz)) dr < M.

We claim that T u,(z) € K for Hy_; a.e. € Q. Indeed let E,, := {z € 0Q : Tun(z) ¢ K} and suppose
for contradiction that Hy_1(E,) > 0. Take zo € E,, for which (cf. [Z,Th. 5.14.4])

, 1
s (Blzo.r) N Q)

/ |un(z) = T un(zo){™/N~Vdz = 0.
B(zo.r)NQ

Since K is compact we have dist(T un(zo), K) = €¢ > 0, while from the fact that u,(z) € K for LY ae.
z € €, it follows that
g0/ ™ < fun(z) = T un (o) N/ N
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for LN ae. T € B(zo,7)NQ. Taking the average over B(zo, )N and letting r — 0, we get a contradiction.
Therefore the claim holds, and by (4.5), Theorem 2.2, and (2.6) we have

/h(:c,un,Vun)dx+/h“(x,un,dC(un))
(4.6) f fa
+/ Kh(I,u;,U:,Vu")dHN_l S Mla
S(un)NN

for some constant M; independent of n. By (Hs), (2.1); and(4.6)
/ﬂhw(a:, Up, Vu,)dz < /‘;(hw(z,uﬂ,Vu,,) — h(z,un,Vuy,))dz + M,
< C'lglim + Cllglf | W™ (2 un, V) dz + M
Using Holder’s inequality and (4.6) again, we conclude that there exists Ms € (0,00) such that for all n

/ h*®(z,un.Vu,)dz +/ h*=(z,un,dC(un))
(4.7) f a2
+/ Kh(I,u;,u:,Uun)dH}\'_l .<_M2
S(un)NN
Define v, := p(z,un(z)). As in Lemma 3.1 we can show that v,(z) € BV(Q; RP) with

Du. = { Vep(z,un) LN + Vyp(z.un)Duy, on Q\S(un)
n =

(4.8) -
(p(z.uz) = p(z.u7)) @ vy, Hn-1|S(un)  on S(un).

Furthermore

(4.9) / | Dog| = / Vo] dz + / V(2. un) dC(un)]| + / (6 = v3) ® ve [ dHn 1.
Q Q 9] S(va )N

By Remark 2.17 in [FM2] and the fact that S(v,) = S(u,) and v, = v,_, we can rewrite the last integral
as

/ Ky (z, vy vt v, )dHN
S(un)NQ

K (z.v; v}, vy,) i= inf {/
QV

Given n € A(uj (z).uf (), vy, ), the function ¥(y) := p(z,n(y)) € A(v;(z), v} (z),vy,) and Vy(y) =
Vup(z,n(y))Vn(y). By (4.3) this implies that

where

IVo(y)ldy - ¥ € A(vy (-‘C)»v,f(x),vun)} :

un

K (z,v;,vF,n,) < inf{/

S Kh(I, u;,u:, Vun)-

[Vup(z,n(¥)) IVn(¥)dy : 1 € Aluy (z),uf (z), v, )}

Yun

Therefore, also by (4.2), (4.3), (4.7), (4.8) and (4.9)
/Q | Dug| < /n IV.p(z.un)| dz + /n V(2 un)| [Vun| dz + /Q IV up(. un)| 1dC(un)|

(4.10) +/ Kn(z,uy,uf, vy, )dHy_y
S(un)NQ2

< lbllzr + Mo
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Finally, since va(z) € p(z,K) for LN ae. z € Q, p(z,K) is a compact set of R?, and by (4.10),
there exists a subsequence, still denoted {v,}, which converges strongly in L!(2; R?) and pointwise almost
everywhere to a function v € BV(Q; RP) (see [Z, Cor. 5.3.4]), with v(z) € p(z, K) for LN a.e. z € Q. Define
u(z) := (p(z,-))"}(v(z)). By (F2) the function u is measurable. Since un(z) = (p(z,-))~!(vna(z)) it follows
that un(z) — u(z) for LN ae. z € Q, thus u(z) € K for LN a.e. £ € Q. Moreover, by (4.4) we have that
[un(z)| < c(z) for LN a.e. z € Q, therefore by Lebesgue Dominated Convergence Theorem u,, — u strongly
in L!(Q; R?). By Lemma 4.1 we conclude that

T(4,Q) < inf {T(u,Q): ue D;}.

Corollary 4.3. Assume that conditions (Fy) and (Fy) in Theorem 4.2 are replaced by the assumption
h®(z,u,€) 2 alf|  for all (z,u,£) € 2 x K x MP*V,
for some a > 0. Then D, = D(Z) and there ezists a function u € D; such that

I(u,Q) = inf {Z(w,Q) : w e Di}.

Proof. 1t suffices to take p(z,u) := au in Theorem 4.2. Then v, = au, converge strongly in L!(Q;RP) to
a function v € BV (Q; RP), and therefore u := é v is the desired minimizer.

85. Nucleation: the scalar case.

In this section we study the constrained minimization problem introduced in Section 4, restricted to it
the scalar case p = 1, when K is a closed, connected subset of R (not necessarily bounded), and when the
potential 7(z,u) is given by

T(z,u) = 11(z,u) + Y(z) T2(u),

where 7, (z, u) is a Carathéodory function, concave in the u variable, ¥ is a nonnegative, measurable function,
and 7, is a continuous function such that

(5.1) all the connected components of S := {u € int K: 75" (u) < 72(u)} are bounded,
where 73* is the convex envelope of 7;. As remarked in [V2], (5.1) holds if

lim sup —TQ(u) =

ju|—o0 u
Furthermore we assume that

(5.2) 7(z,u) > —L; — Loju| for LN ae. zecQandforallue K,

for some Ly, Ly > 0.
Under appropriate assumptions on the functions h and 6, we prove that minimizers u € L*(Q; RP) of

T:ve LY K)— H(v,Q) -+-/ 7(z,v(z))dz
Q

have the phase structure
u() C K\S.
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In particular, if K = [a,b], if 7o is concave in [a,}], and if v is a minimizer of Z, then u must have a
2-phase structure, i.e. there exists a set Qo C € such that u(z) = a for LN ae. T € Q and u(z) = b
for LN a.e. z € Q\Qp. This result has important applications in nucleation phenomena which have been
studied extensively by Visintin in [V1,V2], where usually K is bounded, 71(z,u) := —§(z)u, £ € L*(; R)
is proportional to the relative temperature, and ¥(z) 72(u) is the double well potential ¥(z)(b — u)(u — a)
(see Remark 5.2 below). Given a simple function u € L}(Q2; K) of the form

k
(5.3) u(z) = Z Ci Xw, (T),
i=1
with ¢; € K, LN (w;) > 0forall i =1,--- ,k, and LV (Q\ Uf=1 w;) = 0, without loss of generality we may

assume that

(5.4) inffK<ep1<ep<---<cp <supK.

Theorem 5.1. Let £ be an algebra of measurable subsets of Q, and consider a functional V : L}'(;R) —
[0,00] such that

k
S = {u eLYUR): u= Zc,x_,.,, w; € £,k € N} Cc D(V):={ue L'(:R) : V(u) < oo},

=1

and
(i) for anyu € D(V)NLY(Q: K) there ezists a sequence {u,} C S;NLY (2 K) converging to u in L} (; K)
and such that
lim sup V(un) < V(u).

n—oc

(ii) For any u € S of the form (5.3) — (5.4), with k > 2, there holds

k-1
(5.5) V() =D (w1 — e)V(xor_, w.)-

i=1
(iii) The function ¢ — V(c) is concave in K.
In addition, suppose that the functional u — fQ 7(z,u(z)) dz is continuous in D(V) N LY (Q; K). Then

inf {V(u) + Ix(4,9) : w€ D(V)} = inf {V(u) + Ix(u,Q) : u€ D(V), u(z) € K\S for LV ae. z€Q}.

Remark 5.2. (i) The functional V(u) + Ix(u, ) is well defined by (5.2).

(ii) Theorem 5.1 is closely related to Theorem 2 in [V2], where K = R and conditions (i) and (ii) are
replaced by the assumption that V satisfies the generalized co-area formula

(5.6) V(U)=/RV(X{xen:u(:)3z})dt~

It is easy to see that (5.6) reduces to (5.5) for functions u of the form (5.3)-(5.4). Therefore (5.5) is weaker
than (5.6). On the other hand, conditions (i) and (5.6) do not seem to be related. Indeed, consider the

functional f .00 . o )
V(u) := / IDu]+{ o max{u(z),0}dz i N_.l( (u) ) =
Q 0 otherwise.

From the proof of Theorem 5.4 below it follows that V satisfies hypotheses (i)—(iii) of Theorem 5.1. Take
u(z) := 1 in (5.6); then V(1) = LN (Q), while the right hand side of (5.6) is infinite. Therefore (5.6) fails.
We note that V is not lower semicontinuous in L.
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We remark that Theorem 5.1 may be applied to a large class of functionals of the form (1.1), for which
the co-area formula might not hold.

(iii) If, in addition to hypotheses (i)—(iii) in Theorem 5.1, we assume that V is lower semicontinuous in
LY(S;R), that K = R, and that there exist a set w € £ with 0 < LN (w) < LN(Q), then V satisfies the
following properties:

1) V(c) = 0 for all c € R;

2) V(Au) = AV(u) for all A > 0 and u € D(V);

3) V(u+¢) = V(u) for all c € R and u € D(V);
4) V(u) = fx V(X(ze: u(z)>e}) dt for all u € D(V).
In order to prove the first property, define

where £, := 2 min{1,1/V(x.)} if V(x.) >0, and 5, := 1 otherwise. Clearly u, — c in L*(f;R), therefore
by the lower semicontinuity of V and (5.5)

0 < V(c) £liminf V(u,) = lim ,V(x.) =0,
n—oo

n—oo

where we have used the fact that V(x.) < oo because S; C D(V).

We omit the proofs of properties 2) and 3) since they follow quite easily from hypotheses (i) and (ii) of
Theorem 5.1 and from the lower semicontinuity of V.

In order to show 4), fix u € D(V). By (i) there exists a sequence {u,} C S; converging to v in L ({; R)
and LV a.e. z € Q such that

V(u) > lim v(un)= lim /V(X{xeﬂtun(z)Zt})dt2/hminfv(X{::EQ:un(:)?_t})dt
n—oc n—oo [g R "—©

by (5.5) and Fatou’s Lemma. Since LN ({z € Q: u(z) =t}) = 0 for all t € R\M, where £} (M) = 0, we fix
t € R\M and take a subsequence {un, } of {un} such that

lim inf V(X{:GQ: un (:)zt}) = klggo V(X{zeﬂ: un, ()2t} )

n—oo

Then {x{renfu"kmzt}} converges pointwise to X (zeq: u(z)>t} for LV ae. z € Qand, by Lebesgue Dominated
Convergence Theorem, also strongly in L!(Q2;R). Therefore by the lower semicontinuity of V

Lim inf V(x{(ze0: ua(2)21)) 2 V(X{(ze0: u@)2e})

for £! a.e. t € R, and we conclude that

/R lim inf V(X{zeq: un(z)2¢}) @t = /R V(X{zea: u(z)21}) dt.

n—0oo

We do not know if the reversed inequality of 4) holds, i.e. if the co-area formula (5.6) is satisfied.

Let
B :=inf {V(u) + Ix(u, Q) : u€ D(V), u(z) € K\S for LN ae. z€9}.



Nucleation and relaxation 21

Lemma 5.3. Ifu € S; then
V(u) + Ik (u,$2) 2 8.

Proof. As Ix(u,Q) = oo for u ¢ L}(9; K) it suffices to prove the result for u € S; N L} (Q; K). By (5.1) we
can decompose the open set S as a disjoint union of bounded intervals

S= UrE’R(are br)

Following Visintin [V2] we replace the function 7, by

Tz(U) ifue R\S
Fa(u) := { Tz(b;) - Zz(ar) (u-a,)+7(a,)  ifu€ (anbs),

and denote by 7 and Ik (u,) the corresponding functionals. Define

Bi = V(XU“

i

) ao)= / #(z.0)dz.

Then by (5.3), (5.4), and (5.5)

k-1 k
V() + Ik (@,Q) = ) (ar1—e)Bi+ ) ailer).

=1 i=1

Let r € R be such that ¢; € (ar,b) for some i € {1,--- ,k}. There can only be finitely many such r.
Assume that k > 2. and suppose that ¢; € (a,.b.),l € {2.--- .k — 1}, ¢; < a, for all i < ! (the cases where
l=1orl =k can be treated analogously). Define the function

k

k-1
ot)i= Y. Bulan—a)+Bit—an)+ Bl —t)+ > aule) +ait)

i=1,1#l-1,1 =1, 157!

for t € [a,,d], where d := ¢4 if ¢;41 < by and d := b, if ¢;41 > b,. Since 72(u) > 72(u) by construction,
then clearly V(u) + I (u,Q) > V(u) + Ik (u, Q) = &(c;). Observe that since 7(z,-) = 71(z,-) + ¥(z) 72(")
is concave in [a,,d], then the function a;(-) is also concave in [a,,d], and ®(t), being the sum of a linear
function and a concave function, attains its minimum at one of the endpoints @ of [a,,d]. It follows that

V(u) + Ik (u,Q) 2 V(u) + I (u,Q) = ®(cr) > $(Q) = V(@) + Tk (2, Q)

where X

Zi=l,i¢lciXu.(z) + arXu, (I) ifQ=a,

6(z) = § Tilt, i & X (2) + b X (2) if Q =b,

Ef=1,s¢z,z+1 Ci X, (T) + Clt1Xwitwis, (T) i Q = ¢y
If £ = 1, namely if u(z) = ¢, then
(5.7) V(u) + Ig(u,Q) > V(u) + Ik (v, Q) = V(c) + / #(z,c) dz.

Q

Assume that ¢ € (a,,b,) for some 7 € R. Since by (iii) and by the construction of 7, the right hand side
of (5.7) is a concave function of ¢ € [a,, b;], its infimum is attained at one of the endpoints, say at b,, and
thus we can replace u(z) by @(z) :=b, € K\ S.
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We conclude that it is energetically possible to reduce at least by one the number of values ¢; between
ar and b,. Repeating this procedure for the finite number of intervals (a., b,) which contain at least one of
the c;, by means of a finite induction argument we can construct a simple function 4 of the form

k
i(e) = 3 & xa (@),
i=1

where k < k, such that 4(Q) C K\(ar,br) for any r € R and V(u) + Ix(u,Q) 2 V(a) + Ik (4,9). Since
T2(u) = T2(u) for u € K\S, it follows that Ik (4, Q) = Ix(4,Q) and thus V(u)+Ik(u,Q) > V(@) +Ig(4,Q) >
$. This concludes the proof of the lemma.

|
Proof of Theorem 5.1. Let u € D(V) N L}(Q; K). By (i) there exists a sequence {u,} C S; N L}(Q; K)
converging to u in L!'(Q; K) such that

lim sup V(up,) < V(u).
n—oo

Moreover, by hypothesis
lim [ 7(z,un(z))dz = / 7(z,u(z)) dz,
Q

n—oo Q

and since by Lemma 5.3 V(u,) + Ik (un.2) > B, it follows that
V(u) + Ik (u,Q) 2 B,

and we conclude that
inf {V(uv) + Ix(u,Q) : u € D(V)} > 6.

The reversed inequality is trivially satisfied.

. |
In order to apply Theorem 5.1 to functionals of the form (1.1), we consider the special case where

h = h(z,€) is positively homogeneous of degree one in§, 6(z,u):=6u, & #0,

and (H,) — (H;) are satisfied. Clearly h(z,£) = h*(z,£); moreover, from (H7) it follows that g = g(z) >
|6| > 0 for all z € Q, so h(z,-) is coercive. By Corollary 2.3, (3.3), and Lemma 3.3, for u € BV (), R) we
have

'H(u,Q)=Af(:z,Vu)dx+Lf(:r,dC(u))
+[9( ) nf(x,(u+—u’)uu)dHN_1 +&/Qudiv¢dx,
u)N

where, we recall,
f(1»§)=h(zy§)+5‘r°($)f for all (I,{)GQXRN.

Furthermore, we assume that the potential 7 also satisfies the growth condition
(5.8) 7(z,u) < bi(z) + Mi(1 + |u|%) for LN ae.z€Qandallue K,
where b; € LY(Q,R), M; > 0 and, as before, g. is the Sobolev exponent g. := N/(N — 1) if N > 1 and

gc < 0o if N = 1. Define
Jo f(z, Du) if u € BV(S; R)
V(u) := ]
[ee) otherwise,
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where

pp— + _ -
]ﬂ f(z, Du) = /Q f(z. Vu)dz + /n f(z.dC(w) + /S e e )N,

and take £ to be the algebra generated by the class of open polyhedral subsets of Q. If u € S;NL}(Q; K) has
the form (5.3), then either w; = E; or w; = Q\E;, where E; is an open polyhedral set of Q2. Therefore, in both
cases Ow; N Q) = OF; N, which is given by the intersection of a finite union of hyperplanes. Consequently,
ifi <jfor Hy_; ae. T € Ow; N Ow; the outward unit normal v;(z) to the set w; at the point x coincides
with —v;(z). Moreover, for j < i <[ we have

(59) HN_l(aij N &u,- N 3w1 N Q) = 0,
and
(5.10) Q=uUk, 3, nQ, Ow; N = Uz Ow; N Bw; N A,

(U@ NQ) =8 (Ve 1 @ N Q) \ (Ufaigs 8w NBw, NQ) U (U] 8w; NBw; N Q).

These properties will be useful in the sequel.
The main result of the section is the following theorem

Theorem 5.4. If (Hy) — (H7) and (5.8) are verified then

inf {ZT(u,Q): u€ BV(QK)} = inf {T(v,Q) : u € BV(Q; K\S)}.

Remark 5.5. Theorem 5.4 no longer holds in general if §(z, -) is non linear. Indeed, consider the simple case
where Q := (¢,d), K :=[-1,1],

H(u, Q) = U/Q [Du(z)| — /c'm sin(m Tu(z))dHn_1(z), ue€ BV(LR)

and 7(z,u) := a(1 — u?). Here K\ S = {-1.1}, and if 0 > 7 then all conditions (H;) — (H~) are satisfied.
Let u € BV(Q;R), with u(z) € {~1,1} for LN ae. 2€ Q. Then (v, Q) = 0 [o|Du(z)| > 0. On the other
hand, if we take #(z) = § then Z(@.Q) = -2 + %a(d —c¢) < 0 provided a(d — ¢) < %.

For the proof of the lemma below we refer to [F], [LM], and [Re].

Lemma 5.6. Let f : @ x RY — R be a continuous function such that £ € RN — f(z.€) is positively
homogeneous of degree one for all z € 2, and

0< f(r,6) <C(+|€]) for some C >0, allz € and £ € RV
Let {un} be a sequence of Radon measures converging weakly-* to a Radon measure y and
lim |un|(2) = |ul(9).
n—oo

1 hell
ll!l] j z, d n;) — J I*, u .

Proof of Theorem 5.4. We claim that V satisfies conditions (i)-(iii) of Theorem 5.1. To prove (i) fix
u € BV(Q; K). We can find a sequence {u,} of the form

k.
up(z) = Z Cni X, (T)
=1
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such that u, converges strongly to u in L}(£2;R) and Jo |Dun| — [ |Du| (see [AMT]). Here c,,; € R, the
sets wy, ; are open polyhedral set of Q, uf;lw,,,,- N =9, and as in (5.4)

Cn1 <Cn2 < < Cnpk,-
By (5.10) it is not difficult to see that
S(un) = Ui,5)€Jn (aw,,,,» n awn,j),

where J, = {(i,7) € N°: 1 < i < j < k,}. Furthermore, if o € Own; N Own,; then uf(zo) = cn ;s
ur—;(xo) = Cnis and

/lDun|= " (enj = eni) Hno1(8w; N Bw; N Q).
f (i.)€Jn

Let @n(z) := Y5 dns X . (z), where

sup K ifenp; 2supK

dni= 14 Cni if —infK <cp; <supK
inf K ifen; <inf K.

Since 0 < (dn,; — dn,;) < (€n,j — Cn,), it follows that [, |Din| < [, |Duys|. Consequently

hmsup/lDﬁnlsl |Dul.
n—oo JQ Q

On the other hand, since u(z) € K for LN a.e. z € , then |u(z) — @in(z)| < |u(z) — un(z)| by construction,
and so {,} converges strongly to u in L!(€; R). By the lower semicontinuity of the total variation we have
that fQ |Du| < liminf,, . fn |Diy|, thus

lim / |Da,| = / |Du
n—oo Q Q
and from Lemma 5.6 we conclude that
lim / f(z,Day,) = / f(z, Du).
In order to verify (ii), fix u € BV(S;R) of the form (5.3)-(5.4), where ¢; € K, w; € £, U0, nQ = Q,

k > 2, and
g <y < - < Ck.

Since by homogeneity f(z,0) = 0, we have

V)= Y (¢—c) fz,v;)dHn_1

(.)€t OwiNdw; NS

with J = {(i,j) € N?: 1 <i < j <k}, or, equivalently,

k—1
V(w)=ce Y /
j=1 6ukﬂau,nﬂ

k-1 i-1 k
+d @ (J};/am&m flz,vi)dHn-1— Y Qf(:r,uz)dHN_l) :

=2 l=1i+1 awzﬂaw;f‘l

6w1 ﬂ&w; nQ

k
f(z,vk)dHN_1 — Z/ f(z.v)dHN
(5.11) =
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By (5.9) and (5.10) we can rewrite the first two terms as, respectively,

cx / f@w)dHy_; and -c / f(@,—v1)dHn_1,
Bwir N B(Uf_, TN

and for i € {2,--- ,k -1}

t—1

k
Z/th»naw-nnf(x’ui)dHN'l— Z / flz,v)dHNn_;

(512) J=1 l=i+1 BwiNBuw; NN
- / f(z,0,)dHn_; - / F(@ Bu) dH -1,
BV, T)NQ B(Uk_,,,TNQ

where I; and #;,; are, respectively, the outward unit normals to the sets Ufm'uﬂ and Uf‘__,z +1@1- It now
follows from (5.11)~(5.12) that

k—1 k-1
V(u) = eeV(Xwr) = a1V (xUt_po) + D VUL w) = D eV (Xun )

1=2 =2
which is (ii).
Finally, by (5.2), (5.8) and the Sobolev inequality, the functional u ~— Jo 7(z,u(z))dz is continuous

in BV(Q;K) (see [K, Th. 2.1]). Therefore we can now apply Theorem 5.1 (with 7(z,u) replaced by
7(z,u) + & udiv(z)) to obtain that

inf {Z(u,Q): v € BV(%K)} = inf {Z(.Q) : u € BV(% K\S)}.

Corollary 5.7. Assume that K = [a,b] in Theorem 5.4. Then there exists a function u € BV ($;[a, b]\S)
such that
I(u,Q) = inf {T(u,N) : ue BV(Qa,b])}.

Proof. By Theorem 5.4
inf {Z(u,Q) : ue€ BV([a, b))} = inf {Z(u,Q) : u € BV(;]a,b]\S)} = 5.

To complete the proof it suffices to apply Corollary 4.3, with K := [a,b]\S, to find u € BV (Q; [a, b]\S) such
that Z(u,2) = G.
a

Remark 5.8. If we assume that 7y is concave in [a, b], then S = (a,b) and consequently the minimizer u in
Corollary 5.7 has the property that u(z) € {a,b} for LN ae €.
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