NOTICE WARNING CONCERNING COPYRIGHT RESTRICTIONS:

The copyright law of the United States (title 17, U.S. Code) governs the making

of photocopies or other reproductions of copyrighted material. Any copying of this
document without permission of its author may be prohibited by law.



AMT
b- 023

Non-linear elliptic systems with
measure-valued right hand side

Georg Dolzmann
Dept. of Math Sciences, Carnegie Mellon
Univ.
Institute for Mathematics, Univ. of
Freiburg

Norbert Hungerbuhler
Dept. of Math., ETH-Zentrum

Stefan Muller
Dept. of Math., ETH-Zentrum

Research Report No. 96-NA-023

December 1996

Sponsors

U.S. Army Research Office
Research Triangle Park
NC 27709

National Science Foundation
4201 Wilson Boulevard
Arllington, VA 22230






Non-linear elliptic systems with
measure-valued right hand side

Géorg Dblzmannl, Norbert Hungerbiihler?, Stefan Miiller?

ABSTRACT. — We prove existence of a solution u for the nonlinear elliptic
system

—divo(z,u,Du) = u in D'(Q),
=0

N on 0N

where u is Radon measure on 2 with finite mass. In particular we show
that if the coercivity rate of o lies in the range (1,2 — %] then u is
approximately differentiable and the equation holds with Du replaced
by ap Du. The proof relies on an approximation of u by smooth func-
tions fx and a compactness result for the corresponding solutions uy.
This follows from a detailed analysis of the Young measure {8,(z) ® vz}
generated by the sequence {(ug,Dug)} and the div-curl type inequal-
ity (vz,0(z,u,-):) < d(z)(vg,-) for the weak limit & of the sequence
{o(-,uk, Dug)}.
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1 Introduction

We consider existence and compactness questions for elliptic systems of the form

(1.1) —divo(z,u(z), Du(z)) = ¢ in Q,
(1.2) u=0 ondQ

with measure-valued right hand side on an open, bounded domain €2 in IR". We
assume that o satisfies the following hypotheses (H0)-(H3). Here IM™*" denotes the
space of real m X n matrices equipped with the inner product M : N = M;;N;; (we
use the usual summation convention) and the tensor product a ® b of two vectors
a,b € R™ is defined to be the matrix (a;b;); j=1,..m-

(HO) (continuity) o: 2 x R™ x IM™*" — IM™*" is a Carathéodory function, i.e.,
z +— o(z,u,p) is measurable for every (u,p) and (u,p) — o(z,u,p) is contin-
uous for almost every z € Q.

(H1) (monotonicity) For all z € Q, u € R™ and all F, G € IM™*" there holds

(o(z,u,F) —o(z,u,G)) : (F-G)>0.

(H2) (coercivity and growth) There exist constants ¢;,c3 > 0, c; > 0 and p, ¢ with
l<p<mnandg—-1< -2(p—1) such that for all z € Q, u € R™ and

n-1
F E men
o(z,u,F) : F > |F|P —c,
lo(z,u, F)] < c3]F|7 ! +cs.

(H3) (structure condition) For all z € Q, v € R™ and F € IM™*" there holds
o(z,u,F) : MF >0

for all matrices M € IM™™ of the form M =Id —a ® a with |a| < 1.

Remarks. 1) Assumption (HO) ensures that o(z, u(z),U(z)) is measurable on 2 for
measurable functions u: Q@ = R™ and U : Q@ —» IM™*".

2) A typical example for a function o satisfying (H3) is o(z, u,p) = a(z, u, p)p with
a real valued non-negative function a.

A serious technical obstacle is that for p € (1,2 — 1] solutions of the system (1.1)
in general do not belong to the Sobolev space W1, This fact has led to the use of
renormalized solutions in [LM] and generalized entropy solutions in [BB] for elliptic



equations of the above type. We will use a notion of solution where the weak deriva-
tive Du is replaced by the approximate derivative ap Du. Recall that a measurable
function u is said to be approximately differentiable at z € 2 if there exists a matrix
F, € IM™*" such that for alle > 0

lim - meas{y € B(z,7): |u(y) - u(z) — Faly — 2)| > er} = 0.

r—0 rn

We write ap Du(z) = Fj.

Definition 1 A measurable function u : @ — IR™ is called a solution of the system
(1.1) if
(i) u is almost everywhere approzimately differentiable,
(ii) nou € WH(Q; IR™) for all n € Cj(R™;R™),
(iii) o(-,u,ap Du) € L' (Q; IM™"),
(iv) the equation
—divo(z,u(z),ap Du(z)) = u
holds in the sense of distributions.

Moreover we say that u satisfies the boundary condition (1.2) if nou € Wy (Q) for
alln € C}{(R™, R™) with n = id on B(0,r) for some r > 0.

Remarks. 1) The conditions in Definition 1 (except (ii)) are the weakest possible in
order to define the equation (1.1) in the sense of distributions. Note that if u is
approximately differentiable, then ap Du is measurable and hence o(-, u,ap Du) is
measurable.

2) The assumption nou € WH1(Q; R™) ensures minimal regularity of u. For exam-
ple, if =0 and o(z,u,p) = o(p) with ¢(0) = 0, then piecewise constant functions
u satisfy ap Du = 0 almost everywhere but are not admissible solutions.

The following theorem is the main result in this paper (see the end of this introduc-
tion for the definition of the weak Lebesgue space L**).

Theorem 2 Let Q2 be a bounded, open set and suppose that the hypotheses (HO)-
(H3) hold. Assume in addition that one of the following conditions is satisfied:

(i) F— o(z,u,F) is a C! function.



(i) There ezists a function W: Q x R™ x M™" — R such that o(z,u, F) =
%—Vg(m,u, F) and F — W(z,u, F) is conver and C*.

(ii)) o is strictly monotone, i.e., o is monotone and (o(z,u, F) — o(z,u,G)) :
(F — G) =0 implies F = G.

Let p denote an R™-valued Radon measure on Q with finite mass. Then the sys-

tem (1.1), (1.2) has a solution u in the sense of Definition 1 which satisfies the weak
Lebesgue space estimate

(1.3) llullZoe ooy + 1| 8P Dttf| ooy < Clen, €2, || ]l a1, meas ).
Here n
=-—P-1)
and n
= p(p -1)

is the Sobolev ezponent of s. If co = 0 the right hand side of (1.3) reduces to
1
Cle))llullii’

Remarks. 1) If p > n one can replace the L***®-norm of u in (1.3) by the C%’-norm
with =1 — %. For p = ¢ = n it is an open question whether Du € L™*. See
Section 7 for the (weaker) inclusion u € BMO,,.

2) The exponents in (1.3) are optimal as can be seen from the nonlinear Green’s
function G,(z) = c|z|~™/*" for the p-Laplace equation

—div(|DulP~2Du) = &
in R", n > 3. In particular L*>* cannot be replaced by L°.

3) The pointwise monotonicity condition can be replaced by a weaker integrated
version, called quasimonotonicity, see Definition 3 and Corollary 4 below.

The key point in the proof of the theorem, which we give in Section 6, is the “div-curl
inequality” in Lemma 11 for the Young measure {v;};cq generated by a sequence
Duy, of gradients of approximate solutions. Together with the identity

(1.4) ap Du(z) = (vg,1d)

the div-curl inequality implies easily that o(-,ux, Dux) converges weakly in L! to
o(-,u,ap Du) (see Lemmata 12 and 13 for details). The identity (1.4) is a conse-
quence of general properties of Young measures if p > 2 — }l since in this case Duy
is bounded in L® forsome s > 1. f 1 <p <2 — ;11- one only has the weaker bounds

/ | Dug|Pdz < C(e)
|uk|<a

4



but this still suffices to derive (1.4) (see Lemma 9). The main point here, as well as
in the proof of the div-curl inequality, is that while ap Du may not be bounded in L!
it still behaves at almost every point as an L! function (and even as a C° function up
to a set of density zero). Young measures achieve a sufficient localization to exploit
that fact.

We will also use a weaker, integrated version of the pointwise definition of mono-
tonicity (H1) which we call quasimonotonicity. The definition is phrased in terms
of gradient Young measures (see Section 2 for further details). Note, however, that
although quasimonotonicity is “monotonicity in integrated form”, the gradient Dn
of a quasiconvex function 7 is not necessarily quasimonotone.

Definition 3 A function n: IM™*"™ — IM™*" is said to be strictly p-quasimonotone
if
[ @) =0() = (A= X)du(3) >0

for all homogeneous WP-gradient Young measures v with centre of mass A = (v,1d)
which are not a single Dirac mass.

A simple example is the following: Assume that 7 satisfies the growth condition
In(F)| < C|FP~!

with p > 1 and the structure condition
| @(F+V0) = n(F) : Vodo 2 ¢ [ [VoPds

for all ¢ € C§°(Q2) and all FF € IM™™. Then 7 is strictly p-quasimonotone. This
follows easily from the definition if one uses that for every W!'P-gradient Young

measure v there exists a sequence {Du;} generating v for which {|Dvi|P} is equiin-
tegrable (see [FMP], [KP]).

As a consequence of our results we state the following corollary:

Corollary 4 Assume that the hypotheses (H0), (H2), (H3) are satisfied and that o
is strictly p-quasimonotone. Let p be an R™-valued Radon measure on Q with finite
mass. Then the system (1.1), (1.2) has a solution in the sense of Definition 1 and
the a priori estimate (1.8) holds.

Our results generalize recent results in [FR] and [DHM] for the p-Laplace system.
The main improvements with respect to existing results are the relatively weak as-
sumptions in Theorem 2 and Corollary 4. In particular it suffices to assume mono-
tonicity or the weaker p-quasimonotonicity condition instead of strict monotonicity.
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Moreover different coercivity and growth rates are allowed and the case p < 2 — %
is included. For another approach to such questions see [DMM1] and [DMM2].

There exists an extensive literature on elliptic and parabolic equations with measure
valued right hand side see, e.g., [BB], [BG], [BM], [LM], [Mul], [Mu2], [Mu3], [Ra]
and the literature cited therein. Compactness questions have been discussed in [Fr],

[La], [Zh]. Partial results concerning uniqueness of solutions can be found in [BB],
[DA], [KX], [LM].

We end this introduction by recalling the definition of the weak Lebesgue spaces
L>®. A measurable function f : @ — IR’ belongs to L>®(Q) if ||f||}ee :=
SUP;so t/° f*(t) < oo where f*(t) := inf{y > 0 : As(y) < t} is the non-increasing
rearrangement of f and As(y) = L*{|f| > y} is the distribution function of f. The
expression || f||}. is only a quasinorm, but for s > 1 it is equivalent to the usual
norm of L**°. For more information about topological properties of the Lorentz
spaces L*" (in particular for 0 < s < 1) see [Hu].

2 A brief review of Young measures

“In this section we briefly summarize basic facts concerning Young measures. We fol-
low the formulation given by Ball (see [Bl] and references therein). The fundamental
theorem about Young measures may be stated as follows:

Theorem 5 (Young, Tartar, Ball) Let Q@ C IR" be Lebesgue measurable (not
necessarily bounded) and z;: Q@ — IR™, j=1,2, ..., be a sequence of Lebesgue mea-
surable functions. Then there ezists a subsequence 2z and a family {v;}zeq of non-
negative Radon measures on R™, such that

(i) vzl := [ dve < 1 for almost every z € Q
(i) p(zx) = @ weakly* in L®(Q) for all ¢ € CY(R™), where @(z) = (Vz, ¥)
(iii) If for all R >0

(2.1) lim sup meas{z € QN B(0,R) : |z(z)| > L} =0
L—00 keIN
then ||vz|| = 1 for almost every x € 2, and for all measurable A C Q) there

holds p(zx) — @ = (vg, ) weakly in L'(A) for continuous ¢ provided the
sequence (z;) is weakly precompact in L'(A).

Here, “meas” denotes the Lebesgue measure restricted to 2 and CJ(R™) = {¢ €
CO(IR,m) . lim|z|_,°o |g0(z)| = 0}.



Notice, that under hypothesis (2.1) for any measurable A C 2,
(2.2) o+, zx) = (Ve @(x,-)) weakly in L'(A)

for every Carathéodory function ¢: A x R™ — IR provided the sequence {¢p(-, z¢)}
is weakly precompact in L'(A) (see [Bl]). Moreover, if L*(Q2) < oo,

(2.3)
2k — z in measure <= the Young measure associated to zj is J,(z).

The Young measure associated to the sequence (yx, 2¢) is
(2.4) Oy(z) ® Vs
if yr — y in measure and if v, is the Young measure associated to z.

A Young measure {v;},eq is called W'P-gradient Young measure (1 < p < o0)
if it is associated to a sequence of gradients {Duy} such that {ux} is bounded in
Whr(Q). It is called homogeneous if v, = p for almost every z € Q. If {v;}zeq is
a WP_gradient Young measure then there exists a function u € W?(Q) such that
Du(z) = (v,,Id) almost everywhere.

The following Fatou-type lemma will be useful in Section 5:

Lemma 6 Let F: O xR™ x IM™"™ — R be a Carathéodory function and uy: Q —
R™ a sequence of measurable functions such that uy — u in measure and such that
Duy generates the Young measure v,. Then

(2.5)
liminf [ F(z,ux(a), Dux(z)) dz > /n /IManF(a:,u, 2) dvy()) dz

k—o00
provided that the negative part F~(z,ux(z), Dux(z)) is equiintegrable.
More general versions of this lemma may be found in [Bd1], [Bd2] and [Vall], [Val2].
Our assumptions allow the following elementary proof.

Proof. We may assume that the limes inferior on the left-hand side of (2.5) agrees
with the limit and is finite. Consider the Carathéodory functions Fg(z,u,p) =
min{R, F(z,u,p)} for R > 0. For fixed R > 0 the sequence {Fr(z, ux(z), Dui(z))}x
is equiintegrable. We have

/Q Fr(z, ux(z), Dug(z)) de < /Q F(z,uk(z), Dug(z)) dz < C < 00

for all K and R > 0. By (2.2) we have that for all R > 0

k—o0

lim /QFR(Q:, uk(x), Dug(z)) dz = /Q/Nmm Fr(z,u(z), ) dvz(\)dz < C,
7



and by monotone convergence of the integrands as R — oo

(2.6) /()/me" F(z,u(z),\) dv,(\)dz < C < 0.
On the other hand
/Q F(z, up(z), Dug(z)) dz — /Q /,me,, F(z,u(z), ) dve()) dz =
/F z, ug(z), Dug(z)) dx—/ Fg(z,uk(z), Duk(z)) dz +
+/ Fr(z,ur(z), Dug(z dx—/ /Imen (z,u(z), A) dvg(N) dz +

+//1menFR(mu ), A) dug(A div—//mman(x u(z), A) dvg(A) dz
= L+ 1, +1II.

Now we have

Ik Z 01
I, - 0 for any fixed R > 0 as k — oo,
IIT -0 as R — oo, because of (2.6) and monotone convergence,

and the claim follows. O

3 Refined convergence results for 1 < p < 2 — %

We shall see in the next section that solutions u; € W,*(Q) of the system
—divo(z, ug(z), Dug(z)) = fx

with fx € C*®(R) satisfy the a priori estimate
(3.1) [ IDuPdz < Cloy I fellor).
|uk|<a

If p > 2 — 1 one can deduce (see Lemma 10 below) that Duy is uniformly bounded
in some LS(Q) with s > 1. For p < 2 — %, however, Du, may not be bounded in L*
and hence it is not clear in what sense Du,c converges and whether the (weak) limit
of uy is differentiable in any sense. This difficulty has in fact led to the restriction
p > 2 — 1 in many previous results.

In this section we show how Young measures can be used to extract from (3.1)
almost the same information as from uniform L? estimates of the gradient. In
particular we show that, for p > 1, the estimate (3.1) implies pointwise almost

8



everywhere convergence of (a subsequence of) uy (see Lemma 8) and approximate
differentiability of the limit as well as the important identity

ap Du(z) = (v;,1d) almost everywhere in §2

(see Lemma 9). In the following T, denotes the truncation function

To(y) = min{1, T‘;—'}y, a>0.
By definition |T,(y)| < o and
Id for |y| < a,
DT, (y) =1 ,
’ {I—ﬂ(ld—i—( ® i) for |y > a.

Lemma 7 Let ux: 2 — IR™ be a sequence of measurable functions such that
(3.2) sup/ |ug|°dx < 00 for some s > 0.
keIN /O

Suppose that for each oo > 0 the sequence of truncated functions
{To(ur) ke s precompact in L*(9).
Then there ezists a measurable function u on Q such that for a subsequence

Ug; —> U in measure.

Proof. Choose a subsequence of {u;} (not relabeled) which generates a Young mea-
sure {V; }zen. By (3.2) and Theorem 5(iii) the measures v, are probability measures
for almost every z € 2 and

Ta(uk) — Vg = (V:caTa>

weakly in L'(Q2,IR™) and in fact strongly since T, (ux) is precompact in L!. Conse-
quently there exists a subsequence such that

(3.3) To(uk,) = v almost uniformly,
i.e., Ty (ug,) = v uniformly up to a set of arbitrary small measure. Let
M, ={z€Q: |us(z)| < a}.

Then for each € > 0 and ¢ > 0 there exists a set E, of measure meas(E,) < ¢ and
an index ly(e, d) such that

|To(uk,)| < |va(z)|+8 forallz e M, \ E, and all I > .

9



It follows that
uk, (z) = ve(z) for almost every z € M, \ E

(consider first £ € Mg, f§ < a and then the union over 8 < a). Since € > 0 was
arbitrary it follows that

Vg = Oyy(z) for almost every z € M,.

In view of the equivalence (2.3) it suffices to show that UM, has full measure. Now
clearly M, C Mj for o < 3 since

Tp(ux,) = Tp(ve) = vo almost everywhere in M,,

and therefore vg = v, on M,. By (3.3) there exists for each € > 0 a set E,, and an
index ly(e, ) such that meas(E,) < ¢ and

| > [ Ta(ur)| = % on (Q\ E.) \ M, for all I > .
In view of (3.2) this implies

meas((Q\ E;) \ M,) <

RlQ

Letting ¢ — 0 we deduce
meas(2 \ UM, ) = Jim meas(Q2\ M,) =0

and the proof is finished. O

Lemma 8 Let Q be a domain in R™ with L*() < oo and u, € WHH(Q; R™).
Suppose that there exist p > 1 and s > 0 such that

(3.4) sup/ |DuglPdz < C(a) < oo foralla>0
k€N J|ug|<a

and

sup/ |lug|’dz < C < o0.
kelN /2

Then there exist a subsequence ug, and a measurable function u: Q — IR™ such that
Uk; — U I Measure.
Moreover u is for almost every x € S approzimately differentiable. For all n €

CP(R™;IR™) there holds nou € WH(Q;R™). If uy € Wy'(Q) then nou €
Wol (Q) N WP(Q) provided that n = id on B(0,r) for some r > 0.

10



Proof. Choose a subsequence (not relabeled) of the sequence {u,} which generates a
Young measure {v;}zcq. Suppose first in addition that € is such that the compact
Sobolev embedding W?(Q) «— LP() holds. Note that by (3.4)

I D(Ta(lur)Zo() < Cla)-

Hence by the compact Sobolev embedding the sequence {7, (|uk|)} is precompact in
L! and by Lemma 7 there exists a measurable function w such that (after passage
to a subsequence)

|ug| = w

in measure. It follows that
(3.5) spt vz C Sye) = {y € R™: |y| = w(z)}.

Let M, = {z € Q: |w(z)| < a} and choose a radially symmetric cut-off function
n € C(B(0,3a);IR™) such that n = Id on B(0,2c). Then by (3.4) and by the
compact Sobolev embedding 7n(ux) is precompact in LP(§2) and thus

n(ux) = v in measure.

Hence

(3.6) sptvz C 1 (v()).

If v(z) # 0 then n~'(v(z)) is concentrated on the ray through v(z) and it follows
from (3.5) and (3.6) that v, is a Dirac mass. If v(z) = 0 then n~'(v(z)) C {0} U
(R™\ B(0,2a)). For z € M, one deduces from (3.5) and (3.6) that v, = §. Hence
v, is a Dirac mass for almost every z € M, and thus for almost every z € Q since
UasoMa = Q\ E where E is a set of measure zero. Therefore uy converges by (2.3)
in measure to a measurable function w.

Now we remove the additional regularity restriction on 2. Let Q, C Q be a sequence
of Lipschitz domains (choose, e.g., a finite union of balls for %) such that £™(Q2\
Q) — 0 as k — oo. Application of the previous arguments to 2 shows that v, is
a Dirac mass for almost every z € ;. Hence v, is a Dirac mass for almost every
z € Q and u; — u in measure, where u(z) := (v, Id).

To see that u is approximately differentiable, let M, = {z € Q: |u(z)| < a}. It
suffices to show that u is almost everywhere approximately differentiable in M, for
all a > 0. For n as above we have

n(ux) = n(u) in WHP(Q; R™).

In particular, n(u) is almost everywhere approximately differentiable. Let z, € M,
be a point of approximate differentiability of 7(u) and of approximate continuity of
u, t.e.,

1
lim — meas{z € B(zo,7): |u(z) — u(zo)| >} =0, foralld>0.

r—0 rn

11



For € > 0 consider the set
E,. = {z € B(zo,7) : |u(z) — u(zo) — ap D(n o u)(z¢)(z — z¢)| > er}.

Then, by the approximate continuity of u,

1 o

lim ey meas(E, . N {|u(z) — u(zo)| > 5}) =0,
while

.1 o

11_1;% o meas(Er. N {|u(z) — u(zo)| < 5}) =0,

since u and 7 o u agree on that set and 7 o u is approximately differentiable at z,.
Hence u is approximately differentiable at zo and ap Du = ap D(n o u)(xy). m|

Lemma 9 Let ux be as in Lemma 8 with p > 1. Then the Young measure v,
generated by (a subsequence of ) Duy, has the following properties:
(a) v, is a probability measure for almost every x € S).

(b) vy has finite p-th moment for almost every z € Q, i.e., [pgmxn [A|Pdvz(A) is
finite for almost every x € SQ.

(c) vy satisfies
(vg,1d) = ap Du(z) almost everywhere in .

(d) v, is a homogeneous WP-gradient Young measure for almost every z € ).

Proof. Let v, denote the Young measure generated by (a subsequence of) the se-
quence {(ug, Dux)}. By Lemma 8 we have

Vr = Ou(z) RV, .

Let n € C°(B(0,20); R™), n = Id on B(0, ), and let v" be the Young measure
generated by
D(n o uk) = (.D’I])(Uk) Duk .

Then 17 is a probability measure, has finite p-th moment and
(va,1d) = (D(nou))(z) = Dn(u(z)) ap Du(z).

It follows for ¢ € C§°(IM™*") that
p(D(noug)) = (v, p) = w(A)dvl(A).
( ( k)) <z’ > / xn () Vx()

12



Rewriting the left hand side we have on the other hand

o((Dn)(uk) Dug) — / o pgrn PDON)A) d72(p; A)
= | PON(u())A) drz(A)
Hence
(3.7) V1 =v, if Ju(z)| < .

Therefore the properties in (a), (b) and (c) hold for almost every z € {|u| < a}
since they hold for v. Taking the union over a > 0 we obtain (a), (b) and (c).

To prove (d) note that

/n |D(n o ug)|Pdz < sup |D77|”/ I | Dug|Pdz < sup |Dn|P C(2¢).
<2a

Jukl<

By the localization principle in [KP] we conclude that v7 is a homogeneous W1?-
gradient Young measure for almost every z € Q. Thus (d) follows from (3.7) and
the fact that o was arbitrary. O

4 Approximate solutions and a priori bounds

Throughout this section we assume that p = ¢ in (H2), i.e., that the growth and
coercivity rate of o coincide. In order to establish existence of a solution of (1.1),
(1.2) we introduce the following approximating problems:

(4.1) —divo(z,uk(z), Duk(z)) = fi(z) in Q,
(4.2) up =0 on 0f.

For f, we choose the standard mollification
@) = [ mle—v)du)

where, for £ € IN, v(z) = k™y(kz) with a function v, € C§(B(0,1)), v > 0,
l7ollz: = 1. Then f € C® N L' N L™ for each k and

fk A 17 in M.
Let A: WyP(Q) — W% (Q) denote the operator

A:um— (v — /Qo(x,u(z),Du(:v)) : Dvd:r).

13



By (HO) and (H2) this operator is well defined. If we assume for simplicity (see also
the remark below) that o only depends on = and Du but not on u then, by (H1),
the operator is monotone, i.e.,

(A(u) — A(v),u—v) >0 for all u,v € WyP(Q)

where (-, -) denotes the dual pairing of Wy and W~2#'. The coercivity hypothesis
in (H2) implies that A is coercive, i.e., (A(u),u) > c(||lullwir)||ullwir for a real
valued function ¢ with lim; o ¢(t) = co. On the other hand the growth condition
in (H2) (with ¢ = p) implies that A is hemicontinuous, i.e., the mapping t + (A(u+
tv),w) is continuous on the real axis for u,v,w € Wy?(Q). Then by a standard
theorem for monotone operators (see, e.g., [Va]) it follows that A is surjective and
hence that (4.1), (4.2) has a solution u; € Wy () for all k € IN.

Remark. If o depends explicitly on u or if ¢ is merely strictly p-quasimonotone
rather than monotone it is slightly more difficult to show existence of solutions
of (4.1), (4.2). However, using Borsuk’s theorem one can solve (4.1), (4.2) approx-
imately in finite dimensional subspaces of W, () and then pass to the limit by a
suitable adaptation of Lemma 13 below.

As in [DHM], one easily derives a priori estimates for the solutions uy of the approx-
imating problems.

Lemma 10 Let Q C R be an open set, f € L*(;R™). Assume that o satisfies
(H2) and (H8) with p = q and that u € Wy (;IR™) is a solution of

(4.3) —divo(z,u(z), Du(z)) = f

in the sense of distributions. Then

u € LT R™),
Du € L*®(Q;IM™")

where
n

S =

n
-1 * = = -1
Lp-1), 5= =)

and

(4.4) IDullLsce + l[ullLe e < Clers cz, || fllzr, meas ).

-
If c; = 0 the right hand side in (4.4) reduces to C(c1)||fl|F".

Proof. We use similar techniques as Talenti [Ta] in connection with quasilinear ellip-
tic equations and also as Bénilan et al. [BB, Lemma 4.1] for solutions of the p-Laplace
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equation. As above define the truncation function T, by T,(y) = min(1, |—°‘-) y. By
definition |T,(y)| < o and

Id for |y| < «,

DT, (y
W= {lyl(ld Lef) forly>a

Testing (4.3) with T,(u) and observing (H2) and (H3), we obtain
(4.5) o /| . |DuPds < allflluxe) + ezmeas(®).

Using the fact that |Du| > |D|u|| and defining u, = min(|u|, @), we obtain from the
Sobolev embedding theorem that

.

Hence we may estimate the distribution function A of |u| by

(Q))p‘/p.

Ap(a) < a"”‘/ |ua|? dz
< cmax(a™* ||f||L1(Q), (co meas Q)P /P P")

and trivially
Apj(@) < meas .

The combination of these two estimates implies
a1
(46) [l e < C max(If|I77, c} (meas 2)5).

From (4.5) and (4.6) one deduces that the distribution function A p, satisfies for all
a>0

)\lDul(ﬁ) <

<

1
55
oz
Choosing oo = 871 and observing that Apy| < meas ) we deduce (4.4). Repeating

the proof with c; = 0 we easily establish the form of the constant in that particular
case. O

/‘uka | DuPdz + A ()

(a”f“Ll + c2 meas?) + cmax(« (ca meas Q)P /Pa 7).

5 A div-curl inequality

The result of this section is the key ingredient for the proof that one can pass to
the limit in the equation (4.1) for the solutions {u }xem of approximating problems.
Since it is independent of the differential equation we state it in a more general form
using only the hypotheses (5.1)—(5.7) below. Using Lemmata 8 and 10 it is easily
verified that they hold under the assumptions in Section 4.
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(6.1) 0: @ x R™ x IM™"™ — IM™*" is a Carathéodory function.

(6.2) o(z,u,F) : MF > 0 holds for all matrices M = Id—b ® b € IM™*™ with
o] < 1.

(5.3) up € WH(Q;R™) and there exists an s > 0 such that [, |Duxl*dz < C
uniformly in k.

(5.4) The sequence ok(z) = o(z, ug(z), Du(z)) is equiintegrable.

(5.5) The sequence u; converges in measure to some function u, and u is almost
everywhere approximately differentiable.

(5.6) The sequence fi := — div o is bounded in L*(Q).
(5.7) Duy € L},. and 0}, € L], for some r, 1 < r < 0.
Remark. Assumption (5.2) coincides with condition (A5) in [La] if o(z,u, F) : F >

0. This condition could be relaxed to o(z,u,p) : Mp > —C|p|? if the sequence
| Dug|? is equiintegrable.

We may assume (after passing to a suitable subsequence if necessary) that {Duy}
generates a Young measure v. It follows from Theorem 5(iii) and (5.3) that v, is a
probability measure for almost every z € €.

Lemma 11 Suppose (5.1)-(5.7). Then (after passage to a subsequence) the se-
quence oy converges weakly in L*(QY) and the weak limit & is given by &(x) =
(ve, 0(z,u(z),-)). Moreover the following inequality holds:

/]men o(z,u(z),A) : Advy(A) < 5(z) : apDu(z) for a.e. z € Q.

Remarks. 1) The assertion of Lemma 11 follows (with equality) directly from the
div-curl lemma (see [Mul], [Tar]) if fx = 0, if {ux} is bounded in W'P(Q) and if
{0k} is bounded in L*' () with 1 < p < 0.

2) If the sequence {Duy} is equiintegrable then, by Theorem 5(iii), Du(z) =
ap Du(z) = (v,,1d) almost everywhere.

Proof. Choose a non-negative function a; € C*([0,00)) N L*°([0,00)) such that
a; =1d on [0, ) for some § > 0, o] > 0 and

(5.8) a(s)s < ay(s) for s > 0.

One possible choice is a;(s) = s for 0 < s < 6 and

al(s)=6exp(/‘:e—(§—)d§) fors > ¢
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where the C®-function € € L([§,00);[0,1]) satisfies €(§) = 1 and ™ (8) = 0 for
all n > 1. Then let

(5.9) ¥i(2) = a1(|z]) él for z € R™,

and chose ¢; € C§°(; R) with ¢ > 0 and - 1 dz = 1. The idea is to multiply
the equation in (5.6) by ¢y 1 0(ux—v) where v € C*(Q;IR™) is a suitable comparison
function and to use ¢; to localize the resulting equation

(5.10) /Q ok : D(p1 1 (ug — v))dz = /katpl Py (ug — v)dz
in z. We first estimate the left hand side in (5.10). Let

hi = ok : D(p1¢1(ukx — v))
= 0 P1(ug —v) @ Dy + 0x : Dipy o (ug — v) D(ug — v) @1

and let {yz}zcq be the Young measure generated by the sequence {uy, Duy}. Then,
by (5.5) and (2.4),

Hz = Oy(z) Vg
and thus by (5.4) and (2.2)
or — & weakly in L'(Q)
with
G1) o) = [ o@adumi)=[ o u@),Ndv().

Note that

Diy(z) = (Id-0®6) ﬂgﬁ'—) +0®0a;i(z])
- - Lhheeo),

where § = . By (5.2) and (5.8) we have

(5.12) o(z,uk, Dug) : D o (uy — v) Duy > 0

and therefore we conclude that the sequence (h;)~ is equiintegrable. By Lemma 6
and (5.5) we deduce

(5.13) li’ggglf/n hy dz > /Qa . 1(u — v) ® D, dr

+ /Q ©1 /]men o(z,u(z),A) : Dipy o (u—v)(A — Dv(z))dvy()\)dz.
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To obtain the first term on the right hand side we used the fact that for two se-
quences fx and g with fy — f weakly in L™, 7 > 1, and g — ¢ boundedly almost
everywhere, the product fi g converges weakly to f g in L™ which is easily verified
using Egoroft’s theorem and the Lebesgue dominated convergence theorem. To esti-
mate the right hand side in (5.10) note that by (5.6) (after passage to a subsequence
if necessary)

|fe] = 1 in M(Q)

and thus

(5.14) limsup| [ hxdz| = limsup| [ fiv¥1(ux — v) 1 dz|
Y’ k—o0 Q

k—o00

< sup | [{p, o1) -
mm

Let zo be a point of approximate differentiability of v and a Lebesgue point of the
measure p and the function 7, t.e.,

(5.15) lim supﬁw;(ig—’—r—)—) < 00,
r—0
(5.16) lim sup |6 (z) — &(x0)| dz = 0.

r—0 B(zo,r)

In addition we may assume that z, is a Lebesgue point of the functions g{ﬁm defined
in (5.20) below. In order to localize the equation in z we define the rescaled cut-off

functions
T — X
),
r

where ¢; € C§°(B(0,1); R) is non-negative with [~ ¢ =1, and

¥r(z) = a?if)x with o (z) =7 al(l—?) )

or(z) =17"p1(

Then inequality (5.12) holds for ¥, 7 > 0, since (5.8) is invariant under this scaling.

Finally let

1
z= ;(z-—mo)

denote the scaled coordinates around z, and let

ir(2) = ~(u(e) - v(a),

5.(2) = (z)
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Then (5.11), (5.13) and (5.14) yield

(5.17) LHS(r / er(@) [ 0@ u@), ) : (Dy(u = v)(@)N)dvs(Ndz
< rsup |1 ] sup ¢y 77" (B (z0, 7))

r)
= oo F(zo +12) : Y1(r(2)) ® Dp1(2) dz

+ /B(O ) 01(2) 6(zg +72) : DY1(a,(2))Dv(rz + z¢) dz =: RHS(r).
Choosing the function v as the first order Taylor approximation of u in z, t.e.,
v(z) = u(zo) + ap Du(zo)(z — zo)
we obtain by the approximate differentiability of u and (5.16) that for r — 0

i — 0 in measure in B(0, 1),
6, — &(z¢) in L'(B(0,1)),

and hence (at least for a subsequence)

Yot =+ 0 boundedly almost everywhere,
(5.18) Dy, o4, — Id boundedly almost everywhere.
Thus we conclude

(5.19) RHS(r) — &(zo) : ap Du(zg) asr — 0.

(and in fact the whole sequence 7 — 0 converges as the approximate differential is
independent of the sequence).

The passage to the limit 7 — 0 on the left hand side of (5.17) is slightly more difficult
since the functions g;;, defined by

gijlm(-r) = _/lexn Oij (.’L‘, ’U,(.’E), )‘))‘lmdyx(’\)
are in general not in L*(Q2). The remedy here is to define the truncated functions

(5.20) g{ﬁm(x) = /men n(lMi)a,J(:c u(z), \)Aimdvz(A) for M =1,2,...

where n € C§°(B(0,1);[0,1]) denotes a fixed function satisfying n = 1 on B(0, 1).

Note that for every fixed M the sequence o;;(z, ug(z), Duk(.’l?))(Duk(-T))lmn(M)
is equuntegrable (since oy is equiintegrable) and therefore its weak L!-limit is given
by g, By (5.2) we have

o(z,u(z),A) : DyY(u(z) —v(z))A >0
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and thus the left hand side in (5.17) is estimated by
LHS(r) = /Q‘Pr(x)gijzj(x)(Dwr)u(U" v)(z)dz
(5.21) > [ er@)glty(@)(Dy)alu - v)(@)de,

where we take the sum over all repeated indices. Let §ijimr(2) = Gijim(z) and
3im+(2) = gM,.(x) denote the rescaled functions as above. Since zo was chosen to
be a Lebesgue point of g%m we have

(5.22) Gme(2) = g{‘flm(xo) in L'(B(0,1)) for r — 0.
Using (5.21), (5.22), (5.18) and (5.19) we therefore obtain

Lo nhotas,ua), ) xdn) = o)
< &(zo) : ap Du(zo)

for all M € IN. Choosing b = 0 in (5.2) we infer o(zo, u(z¢),A) : A > 0 and Lemma
11 follows by the monotone convergence theorem. O

6 Compactness and existence of solutions

In this section we use the div-curl inequality in Lemma 11 to show that the approx-
imate solutions uy, constructed in Section 4 converge to a solution u of the equation
(1.1). The key point here is to identify the weak limit & = o(:,u,ap Du) of the
sequence o = o (-, ux, Duy) and to prove the identity

(6.1) ap Du(z) = (v,,Id) for almost every z € (2,
where v is the gradient Young measure generated by the sequence {Duy}remn-
We first need the additional assumption (6.1). This will be later removed by

Lemma 9 and the a priori estimates of Section 4.

Lemma 12 Suppose that the sequence {u}remw Satisfies the hypotheses (5.1)-(5.7)
and that the Young measure v generated by the sequence {Duy}remn satisfies the
identity (6.1). Assume that one of the following structure conditions holds:

(i) o is monotone and the mapping F +— o(z,u, F) is continuously differentiable
for all (z,u) € 2 x R™.

(ii) o(z,u,p) = %%(:c, u,p) and p — W(z,u,p) is a convez C'-function for all
(z,u) € 2 x R™.
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(111) p — o(z,u,p) is strictly monotone for all (z,u) € Q x R™.
Then &(z) = o(z,u(z),ap Du(z)). If (i) or (i) holds then

o(z, ux(z), Dug(z)) — o(z,u(x),ap Du(z))  strongly in L'(Q).

In case (iii) it follows in addition that Duy — ap Du in measure.

Proof. We suppress throughout the proof the dependence on z and u, t.e., we write
o(A) = o(z,u(z),A) and v = v,. Fix z € Q such that (6.1) and the conclusion
of Lemma 11 hold and let A = {,Id) = ap Du(x). We may assume by an affine
transformation that A = 0 and o()) = 0. Then by Lemma 11

/men o(A) : Adv(2) <0.

By the monotonicity of o we have

o(A) : A>0
whence
(6.2) o(A) : A=0 onsptv
and thus
(6.3) sptv C {A|o(A): A =0}

Case 1: Suppose that (i) holds. We claim that in this case the following identity
holds on spt v:

o(A) : u=—(Do(0)u) : A
Indeed, by the monotonicity of o we have for all t € R
(0(A) = a(tu)) : (A —tu) 20,

whence

a(A) : A=a(N): (tp) > o(tu): A —o(tp): (tu)
= (Do(0)u) : (tX) + o(t).

The claim follows from this inequality using (6.3) since the sign of ¢ is arbitrary.
Thus

G = /Spwa(/\)du()\) = ~(Do(0))* [ du()
= —(Do(0))X =0 =o(}).
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Case 2: Suppose that (ii) holds. We may assume in addition that W (X) = 0. We
first show that the support of v is contained in the set where W agrees with the
supporting hyper-plane W(A) + o(A)(A = A) = 0 in X:

sptv C K ={) € M™" : W(}\) = 0}.

If A € sptv then by (6.3) 6(A) : A = 0 and it follows from the monotonicity of o
that o(tA) : A=0for all t € [0,1]. Hence W()\) = f; o(tA)Adt = 0 as claimed.

By the convexity of W we have W(p) > 0 for all p € IM™" and thus L = 0
is a supporting hyper-plane for all A € K. Since the mapping p — W(p) is by
assumption continuously differentiable we obtain

(6.4) o(A)=0=0c()\) forallAe K Dsptv
and thus
(6.5) o= e a(A)dv(A) = a()).

Now consider the Carathéodory function
9(z,u,p) = |o(z,u,p) — 5(z)|.

The sequence gx(z) = g(z, ux(z), Duk(z)) is by (5.4) equiintegrable and thus

gr — g weakly in L'(9)
and the weak limit g is given by

§(z) = / s 1927, 2) = 8(2)] dBuge) (1) © dva(N)
- / l0(z,u(z), A) — 5(x)| dve(A) = 0
sptv

by (6.4) and (6.5). Since gx > 0 it follows that

gr — 0 strongly in L'(Q)

and the proof of the second case is finished.

Case 3: Suppose that (iii) holds. In this case (6.2) implies by the strict monotonicity
of o that

v= 5,'\ = 6a.p Du(z)-

Thus Duy converges in measure to ap Du and the result follows by Vitali’s conver-
gence theorem using the equiintegrability (5.4) of o. O

22



Lemma 13 Suppose that the sequence {ux}remw satisfies the hypotheses (5.1)-(5.7)
and the inequality

/ |Dug|Pdz < C(a).
[uk|<a

Assume in addition that the Young measure v generated by the sequence { Dug }rew
is a WLP gradient Young measure and that v satisfies the identity (6.1). Assume
finally that o(z,u,-) is strictly p-quasimonotone for almost every € Q and all
u € R™. Then &(z) = o(z,u(z),ap Du(z)), Dux — ap Du in measure and

o(x, ux(z), Dug(z)) = o(z,u(x),ap Du(x)) strongly in L'(Q).
Proof. Since v, is for almost every z € 2 a homogeneous gradient Young measure

(see Lemma 9) we deduce from the definition of the strict p-quasimonotonicity of o
that

(6.6) /Mmmo(x,u(x),/\))\dvx(/\) > /meno(x,u(a:),)\)dvx(/\) / Adv(N)
= &(z)ap Du(z).

On the other hand Lemma 11 implies that in fact equality holds in (6.6) and thus by
(6.1) vz = ap Du(z)- The result follows now as in Case 3 in the proof of Lemma 12.
O

Proof of Theorem 2 and Corollary 4. We give the proof first for the case that o has
the same growth and coercivity rate, i.e., p = q. The general result follows from
this case using an approximation of o.

Case 1: p = q. The solutions u; of the approximate problems (4.1)
(6.7) —divo(z, uk(z), Duk(z)) = fi(z) in
satisfy the a priori bounds (4.4)

| Dul|Loco + l[uklzeco < Clers 2, [ frllLr, meas Q).

with s, s* > 0 as well as the estimate (4.5)
/ |DuglPdz < C(a).
Jul<a

In view of the embedding L#*® «— L® for 0 < o < 3 the assumptions of Lemma 8
and Lemma 9 are satisfied. Thus there exists a measurable function u : § — R™
such that (for a subsequence) ux — u in measure and (v,,1d) = ap Du(z) for almost
every z € §! where v denotes the Young measure generated by the sequence {Duy}.
It follows from (HO), (H2) and (H3) that the hypothesis (5.1)-(5.7) in the div-curl
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inequality (Lemma 11) are fulfilled and by Lemma 12 and Lemma 13 we deduce the
weak convergence of o (-, ux, Dug) to o(-,u,ap Du) in L'. Thus we can pass to the
limit in (6.7) and obtain

—divo(-,u,apDu) = f in D'(Q),

i.e., u is a solution of the equation in the sense of Definition 1. Note that ifp > 2— %
then the sequence {Duy} is equiintegrable and consequently ap Du(z) = Du(z) =
(vz, Id) for almost every z € (, i.e., u is a solution of the equation and ap Du agrees
with the usual weak derivative of u. It remains to prove the a priori estimate (1.3)
for u. Choose a cut-off function n € C§(B(0,2a)) such that n = Id on B(0,a)
and |Dn| < C where C is independent of a. Since n(ux) — n(u) in Wi and
ap D(nou) = ap Du on {|u| < a} (see the proof of Lemma 8) we deduce

[ 1D ow)Pdz < limint [ [DnP|DuyPdz < C(o)
Q k—o0 lug|<20a
and thus
/Il |ap DulPdz < C(a).
u|<a

The estimate for u in the weak Lebesgue spaces follows now as in Section 4.

Case 2: The general case p—1 < ¢ —1 < -%;(p— 1). The idea is to consider the
regularized problems

(6.8) —divo.(z,uc(z), Due(z)) =p  inQ,
(6.9) ue =0 on 92
with

oe(z,u, F) := o(z,u, F) + ¢|F|*7*F

for some s > n+1 and € < 3. Then o, satisfies (H0)-(H3) with coercivity and

growth rate both equal to s, i.e.,
oe(z,u,F) : F
|oe(z, u, F)|

elF,

>
< |FP'+ k(cs, 8,9) -

Using the results in Case 1 we find a solution u, € Wy»*(Q) of (6.8), (6.9). Test-
ing (6.8) with u, yields
e [ 1Duclde < (ue, ) < lluellzoioyllislae.
Using Sobolev’s embedding theorem
[[tellee() < C | Due]|Le(e)
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we conclude

Cllu 21
1Dl < Uty
C|lp 1
e < o(ZLEl)
and
(6.10) llelDue* M| 2y gy < Clltllme-

By testing equation (6.8) with T,(u,.) we obtain, as in Lemma 10, that
”Due||2;,%r(p—1),oo(9) <C

for a constant C which does not depend on €. Thus, in combination with (6.10), we
have that for all p < 25

lim [le | Due |~ || o) = 0
and hence in particular
(6.11) loe(x, ue, Due) — 0o(x, ue, Due)||L1) = 0 as e — 0.
Thus the weak L!-limit &o of the sequence oy(-, uc, Du,) satisfies the equation
—divéy = p in D'(Q).
If we test (6.8) with ¥ o (u. — v) ¢ (¢ and ¢ as in Section 5) we obtain

sup || (|ul, ¢) >
Q

/Q (ag(x, ue, Dug) @ (D) (ue — v)Dugp
—0¢(x, ue, Due) @ (DY) (ue — v)Dvy
+0e(x, u, Due) = (ue —v) @ Dcp) dz.
By definition
oe(z,ue, Due) : (DY) (ue — v)Duep > oo(z, ue, Due) : (DY) (ue — v) Dugp
and thus (6.11) implies

sup 1] (lul, p) >

lim sup 0 (Uo(x, ue, Du,) : (D¢)(Ue —v)Ducp

e—0

—0o(z, ue, Du.) @ (DY) (ue — v) Doy
+0o(z, ue, Due) @ Y(ue —v) ® Dga) dz .

Since ¢ — 1 < ;%5 (p— 1), the sequence oo(z, ue, Du,) is equiintegrable in L!(2) and
the arguments in Section 5 apply. O
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7 The critical case p =n

In this section we prove that solutions of the elliptic system (1.1) are bounded in
BMO),c(2) for p = ¢ = n. Our proof is strongly inspired by Simon’s beautiful proof
of C%* estimates for the Poisson equation by scaling and compactness (see [Si]).
Here we say that u € BMOyc(Q) if u € LL () and for all open U CC § there
exists a constant C(U) such that

1
u |G =sup sup —-/ u(z) — uy,g|"dz < C(U),
[ ]BMO(U,Q) e o Bea R Q(y,R)I () — uy,rl (0)

where u, g denotes the mean value of u on the cube Q(y, R). In Lemma 14 we first
show a localized version of the a priori bound (4.5) for solutions u € Wy™(Q; R™)
of the approximating system

(7.1) —divo(z,u(z), Du(z)) = f

with f € L*(€;IR™). Since such a result does not seem to hold for ¢ > n we restrict
ourselves to the case ¢ = n = p in this section.

Lemma 14 Letu € WH*(Q;IR™) be a solution of system (7.1) with f € L'(Q;IR™).
Then there exist constants Cy, Cy such that the inequality

Co
. n < —
(72)/|u-m<a |Dul"ds < 22

NQ(y, R/2)

holds for all cubes Q(y, R) C Q and all € R™.

u-— ﬂ ndx + C (0% 1 + Rn
/Q(y,l'i)\c:)(y,R/z)| | (el fllze) )

Proof. Let n € C$°(f2) be a cut-off function such that n =1 0on Q(y,R/2),0<n <1
and |Dn| < C/R. Choose a smooth function a, : IR — IR with the following
properties: a, = Id on [0,a], 0 < a, < na, a, <1 and

n/(n-1)
(7.3) 0<ec (%—8(8—)> <a(s)< 2 on (0,00).

A possible choice is
s for s < a,
Ga(s) = { a+ /s (g)n/(n_l) dt fors> a.
a \t
Define the cut-off function ¢, in the target by

oalz) = 2200,

|2|
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Then

i) (Id—l%l ® ﬁ) D+ (o) (ﬂ ® ﬂ) Dy,

and by (7.3), (H2) and (H3)

D(pqov) =

(Dv) : D(pq 0 v) > o(Dv) : Dval(|v]) > al (c1|Dv|™ — ¢2).
Testing the equation (7.1) with ", o (u — ) we obtain
/Qn"U(Du) : D[pg o (u— B)ldz =
= — [ n0"o(Du) : ¢q 0 (u—B) ® Dndz + [ 1"fpao (u - B)de.

It follows by (H2) with p = ¢ = n and by using Hélder’s inequality and (7.3) on the
right hand side that

[ Dul el (ju ~ Bl do

C -, (n—-1)/n . 1/n
<< ( [, s+ el (- ﬂl)dx) Lo mronnm =8 dm)
+Cal|fllLry ) + CR".

Application of Young’s inequality yields

[ ma(lu = BDIDul"dz < [u = B"dz + Ci(al| fll s + BY),

R /Q(y,R)\Q(y,R/Z)
and inequality (7.2) follows from the definition of a,. O
The following lemma shows that a function satisfying an inequality like (7.2) is a

function of locally bounded mean oscillation.

Lemma 15 Let Q C IR"™ be open, u € W™ (Q;IR™) and suppose that the estimate

Co
7.4 Du|"dzx < — / u— B|"dz + Ci(a+ R®
7-4) /lu—ﬂl <o 1P B Jowmnawan ™ P 1l )
NQ(y, R/2)
holds for all cubes Q(y, R) C 2 and all § € R™. Then u € BMOy,.(2) and
[u]Bmow,a) < Co,

where Cy depends only on Cy, Cy, and U.
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Proof. Suppose otherwise. Then there exists an open subset U CC €2 and a sequence
ur, € WHm(Q;IR™) such that (7.4) holds for all uy, but [Uk]BMO(UQ) — oo for k —
co. We may assume that |Juk||z~(e) < C2 (the rescaled functions iy = uk/||uk||L~ )
satisfy (7.4) with some constant C; < Cj if ||ug||zna) > 1). Thus there exist z; € U
and 7 > 0 such that Q(z, %) C 2 and

1 . 1
n Qe |Uk - (Uk):ck,rk| dz > §[uk]BMO(U,Q)-

We deduce that r, — 0 since |lug||n@) < C,. Define the rescaled functions vy :
Qk = %(—xk + Q) —- R™ by

oi(2) = uk(Tk + T2) — (Uk)apir
[uk | BMOW,R)

and let Uk = #(—.’L‘k + U) Then Vg € BMO[OC(Q)C), [’Uk ]BMO(Uk,Qk) = 1,

/ (% dx = 0,
Q(0,1)

and

1
vk — (v "dxr > -.
S 106 = (edoal"do > 5

Using (7.4) we obtain the following inequality for the rescaled functions v:

C Ci(a+ (reR)"
/ | Dug|"dz < R?‘/ vk — B|"dz + [l(a] (reR)")
%(—yﬁk 72? Q(y,R)\Q(y,R/2) Uk BMO(UQ)

for all Q(y, R) C Q% and all § € R™. We claim that the sequence {v;} is bounded
in W.* for all s < n. To see this, fix Ry > 0 and choose ko big enough such that
Q(0,2Ry) C U for all k > ko. Choosing y = 0 and 8 = (vx)o,2r, We obtain from
the inequality above

Ci(a+ (rkRO)")'

[uk ]%R}O(U,Q)

‘/I‘Uk“(‘vk)o 2R, < @ |ka|ndz = C[Uk ]%MO(Uk,Qk) +
’ 0

NQ(0, Ro)

Since

|(vk)o.2r0] = |(Vk)o,2R0 — (vk)0,1] < C(|1n Ro| + 1)[ vk ]eMowi.u) < C(|In Ro| +1)
we deduce with 7(t) = C(|lnt| + 1)
Ci(a + (reRo)")

[uk ]Tfm}own)

/ |Dvg|"dz < C +
|ve| < @ —v(Ro)
NQ(0, Ro)
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This implies

/I | <af2 |Dvg|*dz < C + C(a+ (reRo)") for a > 2y(Ry)
V| < a
ﬂ:?(O,Ro)

and the idea is to use the methods in Section 4 to bound v; and Duvg in the weak
Lebesgue spaces L™ and L»* for all p < n. Define the truncation function T}, as in
Section 4 by To(y) = min{1, 2:}y. From |(vk)o,r,| < C(Ro) and [vk |BMOW, ) < 1

we deduce

To(ve)|"dz < ve|dz
/Q(U,Ro)| ( k)l -/;(O,Ro)| k|

< C/ v — (v "dx-i—C/ ) "dx
< Q(O’RO)I k — (Vk)o,Rol Q(O’RO)I( k)0,Ro|

< CRg5+ C(Ro)Ry

and

D(To(vi))["dz S/ Duy|"dz + D(T(vi))|"dz
L=l CR)] ica Dl [ D)

NQ(0, Ro) NQ(0, Ro)

1
< / Du|*dz + C —-/ Duy|*dz
- |vk] < @ l 'Ukl ;2‘" |vk] < 21 I kl

NQ(0, Ro) B NQ(0, Ro)
< C+C(a+ (reRy)™).

Sobolev’s embedding theorem yields for all p < n

/l'vkl <a sl dz - < (_/Q(O’RO) |To(vi)|P + ID(Ta(Uk))lp)p &

NQ(0, Ro)
< C(Rp)(e? /™ +1).

Using the same arguments as in Section 4 we obtain for all s < n
ok llwr.e(@e0,R0)) < C(Ro, 5).
In particular there exists a subsequence (not relabeled) such that
vy = v in L] (R") for all ¢ < oo

and

(7.5) /Q(o,l) vdz = 0.

Choose a cut-off function ¢, € C5°(B(0,2a)) such that ¢, = Id on B(0, ) and
|Dpa| < C where the constant C is independent of @. Then ¢, o (v — ) is
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bounded in W5*(IR"™) and converges to ¢4 0 (v — 8) in L2 _(IR™) for all p < co while

D(pq 0 (v — )) converges weakly in L} (IR") to D(pq © (v — 3)). By the lower
semicontinuity of the L™norm we obtain

Dv|"dz < D(pqo0 (v— "d
/IU_MI | o Do (= B)['d

NQ(y, Ro/2)
< lim inf D o (v — "dx
mint [ D(¢ao (e - )
< Climinf | Dug|"dz
k—oo Jjv-B| < 2a

NQ(y, Ro/2)
-
R} JQ(y,Ro)\Q(y,Ro/2)

< CCy hm lnf{ lve — B|"dz + CCy(a+ (TkR{))n)}

[uk ]%A}O(U,Q)

o

v — B|"dz.
RE /Q(y,Ro)\Q(y,Ro/z) | |

Using the monotone convergence theorem we may pass to the limit @ — co and get

7.6 / Du|"dz < CC, / v — Bl"dz.
(7.6) Q(y,R/2)| | "Rn Q(y,R)\Q<y,R/2)| d

If we choose 3 = (v)y,r then the right hand side in this inequality is estimated by
[v]emo < 1 since the BMO-norm is lower semicontinuous. Thus Dv € L*(IR").
Application of Poincaré’s inequality to the right hand side of (7.6) shows

/ |Dv|"dz < C |Dv|"dz,
Q(y,R/2) Q(y,R\Q(v,R/2)

where C is independent of R. It follows for R — oo that Dv = 0 and in view of
(7.5) that v = 0. On the other hand the strong convergence of vy in L™ implies that

1
=< v — (v "dr — v — (v)o1|"dz
5 < Q(O,l)l k= (ve)o Q(O’l)l (v)o,1]
This is a contradiction and the lemma is proven. O

Theorem 16 Assume that the hypotheses in Theorem 2 are satisfied withp = q = n.
Then the system (1.1), (1.2) has a solution u € BM Oy, (4 R™) N W, * (G R™) for
all s < n in the sense of Definition 1 and the a priori estimate '

lullBmow,e) + llullwre@y < C(s,U)

holds for all s < n and all open U CC Q.
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Proof. Consider the solutions uy of the approximating system (4.1), (4.2). Using
the same methods as in Section 4 one obtains ||ug|lw1.@) < C(s) for all s < n and
thus u; converges weakly to u in W1H%(Q) for all s < n and strongly in LP(Q) for all
p < co. By Lemmata 14 and 15

[uk | BMOW,) < C(U)

for all open U C 2 and due to the strong convergence of ux in L™ we may pass to
the limit in this inequality. O
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