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THE EFFECTIVE BULK ENERGY OF
’ THE RELAXED ENERGY OF MULTIPLE
INTEGRALS BELOW THE GROWTH EXPONENT

.

Guy BOUCHITTE,! IRENE FONSECAZ AND JAN MALY3

ABSTRACT

The characterization of the bulk energy density of the relaxation in W1 (£; R%)
of a functional

F(u,Q) :=/§;f(Vu)da:

is obtained for p > q¢—q/N, where u € WP(Q;R?), and f is a continuous function
on the set of d x N matrices verifying

0< f(§) <C(1+%)

for some constant C > 0 and 1 < ¢ < +00. Typical examples may be found in
cavitation and related theories. Standard techniques cannot be used due to the gap
between the exponent g of the growth condition and the exponent p of integrability
of the macroscopic strain Vu. A recently introduced global method for relaxation
and fine Sobolev trace and extension theorems are applied.

1991 Mathematics subject classification (Amer. Math. Soc.) : 49Q20, 49J45

Key Words : relaxation, quasiconvexity, covering lemmas, Radon-Nikodym deriva-
tive

1 INTRODUCTION

In this paper we identify the bulk energy density of the relaxed energy when the
class of admissible fields strictly contains the Sobolev space where the functional
is known to be continuous. Precisely, let @ C R" be a bounded, open set, and
consider a functional

F(u,U) :=‘/Uf(Vu.)d:c
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where U C € is an open set, u € W1P(Q; R?), f is a continuous function on the set
of d x N matrices, M®*¥ | verifying

0< f(§) <C(1+¢%)

for some constant C > 0 and 1 < p,¢ < +oo. This growth condition guarantees
continuity of F on W14,

We introduce the relaxed energies

F(u,U) := {ijlf} {liminf F(un,U): un € WH(U;RY), up — uin WHP(U;RY)},

loc

Fioe(w,U) := jnf, {um inf F(un,U): un € WEI(U;RY), up — u in WHP(U; ]Rd)} .

In the case where p > ¢ one has (see [AF], [B], [D], [M])

F(u,U) = Fioe(u,U) = /UQf(Vu) dz,

where the quasiconvez envelope of f is defined by

Qf(€) = inf { /( L T TR@) 2 € W@, R")} .

It is clear that QF < F, and F is said to be quasiconvez if QF = F.

Here we treat the case where there is a gap between the space of admissible
macroscopic fields, W1, and the space where continuity of the energy follows
immediatly from growth hypotheses, W14, As a prototype example, often occurring
in models related to elastic cavitation, let d = N and

F€) == €N +|dete], €£eMPN

Clearly sequences of deformations in Wb¥ with bounded energy will be weakly
compact in W1 =1 but not necessarily in W!¥. Here ¢ = N and p = N — 1. This
example has been studied at length, and in particular we refer to [ADM], [CDM],
[FMar].

If p < ¢ — q/N then one may have F(u,§) = 0 (see [BM], [H]), and in the case
where p = ¢ — g/N it may happen that F(u,-) is not even subbaditive (see [CDM]).
These degeneracies cannot occur if 1 < p < g and p > g — ¢/N. Within this range
it was proven in [FMy] (see Theorems 3.1 and 3.2) that F(u,-) is subbaditive, and
Fioc(u, ) is a Radon measure if finite, i.e. if Fioc(u,?) < oo then there exists a
finite, Radon measure R(u,-) such that '

Fioc(w,U) =R(u,U) and R(u,U) < F(u,U) < R(u,U)
for all open sets U C Q. In addition, it can be shown easily that
Froc(u,U) = sup{F(u,V): V CC U,Vopen}.
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A lower bound for the effective bulk energy density was obtained in [FMy] (see
Theorem 4.1 and Corollary 4.2), precisely

(1) TR (a0) 2 @F(Vulzo))

for all u € WIP(Q;R?) and for almost every zo € 2. In this paper we obtain
equality in (1.1). This result is achieved by using the global method for relaxation
introduced by Bouchitté, Fonseca and Mascarenhas (see [BFM]) together with an
extension operator P from WP into W19 obtained by Fonseca and Maly in [FMy],
Lemma 2.2.

Earlier results on lower semicontinuity for certain ranges p < ¢ and with quasi-
convex integrands were obtained by [Marl), [Mar2], and in the case of polyconvex
energy densities and p > N — 1, ¢ = N, we refer to [ADM], [CDA], [CDM], [DM],
[DMS], [FH], [G], [My1], [My2], [My3].

2 PRELIMINARIES

In this section we introduce some notation and we recall some trace and extension
theorems for Sobolev spaces. Also, throughout this work constants are designated
by C and may vary from line to line, and B(zp,r) denotes the open ball {z €
RN: |z —zo| <7}

Given z¢ € RN and two radii 0 < r; < ro we set

A(zo,m1,m2) 1= {x: 11 < |T — T0| < T2} = B(T0,72) \ B(20,71).

We denote by T the trace operator; if u € WLP(U;R?) and 8B(zq,r) C U, then
T[0B(xo,7)] u is the trace of u on dB(zg,r). We write simply T if the center and
radius of the sphere are clearly understood.

Let o € RYN and 0 < 79 < r; < 73 < 2rg. We consider a linear, compact
operator

E = E[zg,r1,m2] :v € Wl”’(aA(zo,rl,rg);]Rd) — Ev e Wl’q(A(IO,Tl,TQ);Rd)

such that v is a trace of Ev. Since p > q — ¢/N the existence of E follows from
standard Sobolev trace and compact embedding theorems.

Furthermore (see [FMy], Lemma 2.2), for p > q — ¢/N there exists a linear,
continuous extension operator

P = Plxo,71,72) : u € WHP(A(zo,71,72); RY) = Pu € WHP(A(zg, 71, 72); RY)
such that u and Pu have the same traces on dA(zg,r1,72), and

u N .
IPullwa(a(zo,rs,ra)rey < Clr2 = n)r( sup lullwr.r (Ao, )re)

(2.1) te(rra)  (E—T2)V/P
+ sup ”u”W‘-P(A(:z:oit/,rg);Rd))’
te(ry,r2) (T2 - t) P



where C = C(N,p,q,7m0) and 7 = 7(N,p,q) > 0.

The following properties of maximal functions may be found in [S]. Given ¢ €
LY(RN) its mazimal function is defined by

MO =5 mwegeay [, POl

where LV stands for the N-dimensional Lebesgue measure. It can be shown that
M (¢) is Lebesgue measurable and that for every o > 0

(22) LMz eRY : ME@@>a) < 2 [ lowldy
]RN
If u € WHP(Q; RY) then we set
(2.3) blu, zo)(r) := / (|Tul? " |VTuP)dHN 1,
8B(zq,r)

where H¥-! is the N — 1-dimensional Hausdorff measure. Clearly ¢[u,zo] €
L'(0, R) whenever B(zq,R) C Q.

In ligth of the definitions of maximal function and of (2.3), it follows that (2.1)
can be written as

IPullw.a(azo,r,re)re) < Clra —71)7 (M(¢[u,$o])(rl)””

(2.4)
+ M(9lu, z])(r2) 7).

2.2. Definition. A function ¢ : R¥ — R is said to be approzrimately upper
semicontinuous at x if ¢(z) > aplimsup ¢, where

y—z
LNBE )N {s>t) _,
LN(B(z,¢)) A
Similarly, we say that ¢ : RV — R is approzimately lower semicontinuous at x if
¢(z) < apliminf ¢, where

y—z

aplimsup ¢ := inf {t eR: Eh_x.r(ll

y—=z

ap liminf ¢ := sup
y—z

. LN(B(z,e)n{p<t})
{rems i STrae 5 -0}

The function ¢ is approzimately continuous at z if it is approximately upper semi-
continuous and lower semicontinuous at that point.
We note that in Definition 2.2 LV stands for the N-dimensional Lebesgue outer

measure. Also, it follows easily that

aplimsup ¢ > apliminf ¢

y—z y—z
and if ¢ is approximately continuous at z then

¢(z) = aplimsup ¢ = apliminf ¢.

y—z y—z

It was shown by Denjoy and Stepanoff that Lebesgue measurability is equivalent
to approximate continuity (see [F}, Theorem 2.9.13).
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2.3. Theorem. ¢ : RN — R is Lebesgue measurable if and only if it is approzi-
mately continuous at LN almost every point.

In the case where N = 1 this result may be improved as follows.

2.4. Theorem. ¢ : R — R is Lebesgue measurable if it is right approzimately
upper semicontinuous at L1 almost every point, i.e. for L! a.e.

Sezsaniozn) )
OB )

¢(z) > aplimsup ¢ := inf {t eR: lirr%)
E—

y—zt

Proof. Suppose that ¢ is right approximately upper semicontinuous at £* a.e. z,
where here £! stands for the one-dimensional Lebesgue outer measure. Fix a > 0.
We want to prove that £ := {z € R : ¢(z) > a} is a measurable set.

Let E be a Borel set such that E C E and
LYENI)=LYENI)
for all intervals I C R. Define

N :={z € R : ¢is not right approximately upper semicontinuous at z}

. . LY(B(z,e)NE)
E ._{:ZER'EII—I}%)_E—I(.—BG,_E))—_I}.

and

We claim that

(2.5) (E*\N)CECE.

Since L1(N) = 0, by Lebesgue’s Density Theorem
LYE\(E*\N)) =0,

and so (2.5) entails the Lebesgue measurability of E. Clearly (2.5) is equivalent to
showing that

E°nN€C (E*)-.
Fix z € E°NN*®. Since ¢(z) < a and ¢ is right approximately upper semicontinuous

at x, we have
LY((z,z+€)NE)

BT OB
and so -
. LY(B(z,e) N E) LY(B(z,e)NE)
1 £ Be)Ne) Lbz,e)0E)
et TLNB(me) et LU(B(ze)
, LY(z—¢€,2)NE)
=1 !
e T L(B(z,e))
5y
-2
thus proving that r ¢ E*. O



3 CHARACTERIZATION OF THE BULK EFFECTIVE ENERGY DENSITY
The main result of this paper is the following.
3.1. Theorem. Let f: M%*N — [0,400) be a continuous function verifying

0< f(§) <CQ+[E]%),

for some constant C > 0, 1 < q¢ < 400, and all £ € MP*N. Let1 < p < g,
p>q—q/N. Ifue WhP(Q;R?) and Fioc(u, Q) < +oo then

TR (20) = Q1 (Vu(an))

for LN almost every zo € Q, where Fioc(u,-) and the finite, Radon measure R(u,-)
are as in the introduction.

As in [BFM], given u € W1P(8B(zo,7); R?) we define
m(u, B(zo,7)) := inf{F(v, B(zq,7)): v € W“9(B(z0,7); RY), Tv = u}.

If u € WHP(B(z,7); R?) then we write m(u, B(zo,r)) in place of m(Tu, B(zo,)).
Note that if u(z) = £z, £ € MV | then

m(u, B(zo,7))
TN

whenever B(zg,7) C 2. The theorem below asserts that Foc(u,-) and m(u, -) have
the same behavior on small balls, and this will entail Theorem 3.1.

3.2. Theorem. Let1 <p<gq,p>q—g/N, and let f : M¥*N — [0,+00) be a
continuous function verifying

ZIEP < SO <O+ ),

for some constant C > 0 and for all ¢ € MPN. If u € WIP(Q;R?) and if
Floc(u, ) < +00 then

lim Fioc(u, B(xo,7)) _

ref2ly m(w B(z0,7))

for R(u,-) a.e. zo € , where £(u,xo) is a subset of (0, +00) such that L1((0,70) \
E(u,zo)) = 0 for some ro > 0.

In the sequel we fix f,p and q satisfying the hypotheses of Theorem 3.1, and we
consider a function u € WHP(; R9) such that Fioc(u, Q) < +o0.

The proof of Theorem 3.2 is divided into a series of lemmas.

6



3.3. Lemma. The function m(u, B(zo,")) is measurable.

Proof. We will prove that v := m(u, B(zo,)) is almost everywhere right approxi-
mately upper semicontinuous, which, in light of Theorem 2.4, entails measurability.
Setting

¢ = ¢[U, .’E()],

fix R > 0 such that M(¢) is finite and approximately continuous at R. By (2.2)
and Theorem 2.3 the complement set to this set of numbers R has measure zero.
Let £ > 0 and choose t such that

L(B(R,8) N {M(g) > t}) _

tSM@R) +e, i e S 0.
If r > R and M(¢)(r) <t then
Y(r) < F(v, B(zo, R)) + F(P[zo, R, r]u, A(zo, R, T))
for every v € W9(B(xo, R); R?) with Tv = Tu, hence, by (2.4)
¥(r) < Y(R) + C (M(9)(R) + M(9)(r))*/*(r — R)"
< $(R) + C (2M()(R) +€)¥/?(r — R)T".
Therefore
lim LY(R,R+8)N{y > Y(R) +e})
5§50 L1(B(R,¥6))
. LY((R,R+8)n{M(¢) >t})
< fim C1(B(R, 9))
i LR R+ 8N {M(9) St} N {9 > ¥(R) +¢})
50 LY(B(R,$))
. LR, R+ &) n{r: Y(R)+e<y(R)+C(r-R)"}) _
= Ci(B(R, 0)) =0
We conclude that aplimsup ¢ < ¥(R). O

r—R+
3.4. Good radii. Let o € Q. A radius R > 0 is said to be good radius (for u at
Zg), if B(zg, R) CC Q and if the following conditions are satisfied:

(i) M (@[u, zo]) is finite and approximately continuous at R,

(ii) m(u, B(zo,.)) is approximately continuous at R,

(iii) R(u,8B(zo,R)) = 0.

The set of all good radii for u at z¢ is denoted by €(u,zp). By (2.2), Theorem
2.3 and Lemma 3.3, we have that £! almost all radii in {r: B(xp,r) C 2} are good.



in WHP(8B(zo, R); R?) then m(u, B im m(up, B).

—00

3.5. Lemma. Suppose that R € £(u, o) and B = B(zo, R). If up — Tu weakly
)=1

Proof. STEP 1. We prove that

m(u, B) < liminf m(u,, B).

mn—00

Fix € > 0 and let v, € W19(B(zo, R); R?) be such that Tv, = u, and
F (v, B(zo, R)) < m(un, B(zo, R)) + €.

Set -
¢ = ¢[U, IO]? 1/’(7‘) = m(u" B(I:Ov T))

Since R is a good radius for u at zp, M(¢) and 1 are finite and approximately
continuous at R. It follows that for any § > O there exists r € (R, R+ 6) N E(u, zo)
such that B(zo,r) C  and

(31) Y(R)-e<yY(r) <P(R)+e<oo and M(¢)(r) < M($)(R)+e < oo

Abbreviating
P :=Plzo,R,7], E :=E[zo,R,7],

and setting
o = { T(u, —u) on dB(zg, R),
"o on 8B(xg,T),

{ Un in B(.’l?o,R),

Wy, 1=

Pu+Ef, on B(zo,r)\ B(zo,R),
then

(3.2) m(u,B(zo,r)) < F(wn, B(zo,7)) = F(vpn, B(zo, R)) + F(wn, A(zo, R, T)).
Since ,, — 0 weakly in W1?(8A(zo, R,7); R?) we have

w, — Pu  strongly in WY9(A(z, R,7); R%).
Thus, the continuity of F on WY9(A(zo, R, 7); R?), (3.1), (2.4), and (3.2), yield

Y(r) < irsz[F(vn, B(xo, R)) + F(wp, A(zo, R,T))]
< igf (m(un, B(zo, R)) + F(wn, A(zo, R,7))] + €
< hrfr_l,ioléf m(u,, B(zo, R)) + F(Pu, A(zo, R,7)) + €
< liminf m(un, B(zo, R)) + C6 (2 M(6)(R) + )77 +¢.

(3.3)

Choosing 6 so that
(3.4) C67 (2 M(d)(R) +¢€)V/P < ¢,
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by (3.1) and (3.3) we conclude that
m(u, B(zo, R)) < m(u, B(zo,r)) + € < linn_l‘io%f m(un, B(zo, R)) + 3¢.
STEP 2. Now we will prove that

m(u, B) > limsup m(u,, B).

n—oc

Fix € > 0. Since R is a good radius for u at xg, for any § € (0, R/2) there exists
r € (R—6,R) N E(u,zo) such that (3.1) holds. For a fixed § we find such an r, we
write
P :=Plzo,7,R], E:=Elzo,,R],
and set
0 = { T(u, —u) on 8B(zg, R),
"o on dB(zq, 1),

. { v in B(zg,T),
“n =1 Pu+E6, on B(zo,R)\ B(zo,r),

where v € WH49(B(zo,7); R?), Tv = Tu,
F(v, B(zg,7)) < m(u, B(zg,r)) + €.
Then, just as in the first step of this proof, using (3.1) and (3.4) we have

lim sup m(un, B(zq, R)) < limsup F(wy,, B(zq, R))

n—oc n—oo

< limsup [F'(v, B(zo,7)) + F(wn, A(zo, T, R)))

< m(u, B(zo,7)) + F(Pu, A(zo,7, R)) + €
< m(u, B(zg, R)) + 3e¢.

It suffices to let € — 0%, 0O
3.6. Lemma. Let zg €  and R € £(u,z¢). Then
m(u, B(zg, R)) < Fioc(u, B(zo, R)).
Proof. Fix € > 0 and let u, € W',i’cq(B(:co,R);Rd) be such that u, — u weakly in
WLP(B(xo, R); R?) and
lim F(ur, B(zo, R)) < Fioc(u, B(Zo, R)) + €.
Let us tacitly assume that u, and u are represented in such a way that
up = T[Zo,T|un, u=Tzo,ru

9



for every r € (0, R). By Rellich’s compact imbedding theorem we have||u, —u||, —
0, hence there are a,, — oo and C such that

n

sup/ (IVun|? + anlu — un|P)dz < C.
B(zO7R)
Setting
On(r) :=/ (|Vun|? + anlu — un|P) dHN 2,
8B(zo,T)

by Fatou’s Lemma

R R
/ lim inf ¢, (r) dr < lim inf/ on(r)dr < C
0 n—oo n—oo 0
and so L}(N) = 0, where
N :={re(0,R): lim inf ¢ (r) = co}.
Let 6 € (0, R) and define
E :={re(R-6R)NE(u,z0): m(u, B(zg,r)) > m(u, B(zo, R)) — €}.

Then E is a set of positive measure, and if r € E \ N then there is a subsequence
Un, such that

(3.5) Un, —u WYP(3B(zq,7);RY).
Using Lemma 3.5 we conclude that
m(u, B(zg, R)) — € < m(u, B(zo,7)) < likminfm(unk,B(:co,r))
—00
< likmian(unk,B(:co,r)) < nlim F(un, B(zo, R)) < Fioc(u, B(zo, R)) + €.
—00 —00
This proves the assertion. 0O

3.7. Lemma. Let R € £(u,xo), B := B(zo,R), and let v € Wh9(B;R?) be such
that Tu = Tv on 8B. Then the function w defined by

_fulz) fz¢B
w() = { v(z) if z€B

satisfies
R(w,0B) = 0.

Proof. Let ¢ > 0. Since R(u,0B) = 0 and F(v,-) is absolutely continuous with
respect to LV, we may find § > 0 such that

(36) ]:loc(u’ Sﬁ) + F(va n S&) <eg

10



where S5 := A(xg, R—6, R+6). Let u, € WHP(Ss; Rd)ﬁWl})’f(Sg; R) be such that
un, — u weakly in WHP(Ss; R9)

and

(3.7) sup F'(un, Ss) < €.
n

By virtue of Rellich-Kondrachov compactness theorem we may suppose that
(3.8) u, — u strongly in LP(Ss;R?).

As in the proof of Lemma 3.6, we may find a set £° C (R, R+6)NE(u, xo) such that
L'((R, R+6)\ £°) =0, and for each r € £° there is a subsequence u,, (depending
on r) such that

(3.9) Tun; — Tu weakly in WYP(8B(zo,7); R?),

where
T = T[0B(xzo,T)].

Choose 7 € £°, ¢ \\ R such that M(¢)(rx) < M(¢)(R) + € and, using (2.4),

IP[xo, R, Tk|ullwi.a(A(zo,Rore)RY) < 1/K,

(3.10) F(P(zo, R,7k)u, A(zo, R, k) < 1/k.

For each r, we relabel the subsequence {un,} satisfying (3.9) as {ugc) }. We write

Pk = Pk[xO’Rv rk}v Ek = Ek[.’L‘O,R, Tk],

and set
o) { 0 on 8B(zo, R),
" Tk(u%k) —u) on dB(zo,Tk),
v in B(zo, R),
wi® .= { Pru+Ei6 on B(zo,ri)\ B(zo, R),
uth in Ss \ B(xo,7k)-

Since 8 — 0 weakly in WhP(8A(zo, R, 4 ); R?) as n — oo, we have

w® — Pru  strongly in WH9(A(zo, R, r); R?)

and thus
F(w¥), A(zo, R,7k)) — F(Piu, A(zo, R,7)).
Let
2 = w,(,’i),

11



where, according to (3.8) and (3.10), the increasing sequence {ny}2, is selected in
such a way that
llul) = wllLosy <17k,

[wl — Prullwrs(ao,rm)re) < 2/,
and

(3.11) F(w®, A(zo, R, %)) < 2/k.

Then {2z} is bounded in W1P(Ss; RY, 2 € Wli’cp(Sg; R9Y, and z;, — w in LP(Ss; RY).
It follows that z; — w weakly in W1P(Ss; RY, and using (3.6), (3.7) and (3.11) we
have

F(2x,8S5) < F(v, A(zo, R—6, R))

+ F(wﬁ,’?, A(zo, R,Tk)) + F(u(k) A(zo, Tk, R+ 6))

Mk ?

<e+2/k+e.
and thus
Floc(w, Ss) < likm inf F(z, Ss) < 2e.
Hence R(w, 0B) < 2¢ and the conclusion follows by letting € tend to 0. 0O

3.8. Definition. We define
: = lim m®(u,U
m*(u,U) Sim m (u,U),
where

oo
m?(u,U) := inf {Zm(u, B;): B; = B(z;,r;) CC U, r; € (0,6) NE(u, z),

i=1

B; are disjoint,R(u, U\ D Bi) = 0} .

i=1

We remark that by Besicovitch Covering Theorem we may always find countable
families {B;} of balls under the conditions of Definition 3.8.

3.9. Lemma. m*(u,U) < Fioc(u,U) for every open set U C Q.

Proof. Let § > 0 and let B; be such that B; = B(z;,r;) CC U, r; € (0,6)NE(u, z;),
B, are disjoint, and R (u,U \ Uj2, B;) = 0. Then, using measure properties of
Floc(u, ) and Lemma 3.6 we obtain

]'-loc(u, U) > Floc (ua U Bi)
=1

oo
> m(y,B;) > m’(y,U).
i=1
It follows that
Fioe(w,U) 2 lim, m’(u,U) = m*(u,U). O

12



3.10. Lemma. If f: M%*N — [0,+00) is a continuous function verifying

1
o lEP < f(O =<CO+§E)
for some constant C > 0, then Fioc(u,U) < m*(u,U) for every open set U C Q.

Proof. Fix e >0, 6 =1/k,k € N, and choose B; such that B; := B(z;,R;) CC U,
R; € (0,6) N &(u, 2;), B; are disjoint, R (v, U \ Ui, B;) = 0, and

(3.12) im(u, B;)) <m®(u,U) +e.

i=1

Since R(u, -) is a finite, Radon measure, we may choose m large enough so that

Froc(u, V) <&, whereV :=U\ UFT

i=1

Let v; € W19(B;; R?) be such that Tv; = Tu and
(3.13) F(vi, B;) < m(u, B;) + %

Setting

u in V,
U = .
v; in B;,

by Lemma 3.7
R(ux,0B;) =0 forallie {1,...,m},

and by (3.12), (3.13), we have

Fioc(uk,U) € Fioc(w, V) + > Fioc(vi, Bi)

i=1

m
S5+ZF(UiaBi)

i=1

< a+zm: (m(u,B,-)+ ;;—)

i=1

<mé(u,U) + 3.

(3.14)

Next we prove that
3.15 i - =
(8.15) Jim_ [jux ~ ull, = 0.
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Indeed, using Poincaré’s inequality and the coercivity hypothesis we obtain

lim sup lu;c —ulfdx = hm sup Z/ lv; — u|Pdx

k—o00

< limsupZ/ P |Vv; = Vu|P dz

k—o0 im1

<hmsupz2” 1P / IVulpdx+/ Iszlpd:c

—00 £
koot_

< llmsupZCQ”’—1 P (]:loc(u B;) + F(v;, B; ))

k—oo

< limsup C 2P~1 k7 (ﬂoc(u ) +ZF(v,,B ))

k—o0

where we have used the fact that R; < 1/k. By Lemma 3.9, and by (3.12) and
(3.13)

> F(vi,B.) < m®(u,U) + 26 < m*(u,U) + 2 < Fioe(u, U) + 26 < +o0,

and we conclude that (3.15) holds. This, together with (3.14) and the coercivity
hypothesis, implies that ux — u in WP(U;R?). Finally, once again due to the
coercivity assumption,

w — Fioc(w,U) is sequentially weakly lower semicontinuous in W4?(U; Rd),
and so, by (3.14),

Floc(u, U) < limsup Fioc(ug, U) < hm ml/k(u U) +3e.

k—o0
The result now follows by letting ¢ — 0. O
Using the above lemmas, we proceed with the proof of Theorem 3.2.

Proof of Theorem 3.2. By Lemma 3.6 we have

}-loc(u B($07T))
o (s B(zo,1))

re€(u,zq)

> 1.

Let t > 1 and set

r—0  m(u,B(z,T))

ref(u,x)

E; := {:c € Q: limsup M > t}.
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We claim that
(3.16) R(u, E;) =0.
Fix 7, > 0 with ¢t > 7 > 1, and define for any § > 0
Xs :={B(z,7):z € E;,0<r <é,r € &E(u,x),B(x,7) CQ,
Fioc(u, B(z,7)) > 7m(u, B(z,7))},
Us .= U{B(m,r): B(z,r) € Xs}.

Set

Uo = m Ué.

6>0

Clearly E; C Uy, and since Us \, Uy we may find p = p(e) such that R(u, U, \Up) <
€. Choose a compact set K C Uy such that Fioc(u,Up \ K) < €, and define

Vs :={B(z,r):z2€U,\K,0<r<é,r€&(uz), Blz,r)CU,\K}.

Let 0 < 6 < p. Since X5 U Vs is a fine covering of U,, by Besicovitch’s Covering
Theorem we may find a countable, disjoint, subcovering such that

oc oo
Us = UBiUUEj UN
i=1 Jj=1

where B, := B(z;,r;) € X5,BJ’ := B(y;,7;) € Vs and R(u,N') = 0. By Lemma 3.6
we have

oo )
ﬁoc(uv Up) = Z -7:loc(u7 Bz) + Z -7:10(:(“) B])
i=1

Jj=1

> i rm(u, B;) + i m(u, B;)
j=1

=1
=7 Z m(u, B;) + Z m(u,B;)| + (1—-7) Z m(u, B;)
i=1 j=1 j=1

> 'rm‘s(u, Up) - (7’ - 1) Z -ﬁoc(uiéj)

Jj=1
> 'rm‘s(u, Up) = (7 = 1) Floc(u, Up \ K).

Letting § — 0% and using Lemma 3.10, we have

-ﬁoc(ua Up) Z Tm‘(uv Up) - (T - 1) -Floc(u, UP \ K)
> T-ﬂoc(uy Up) - (T - 1) -7:loc(u, Up \ K),

15



so that, as By C Up C U,
(T =D R(u, Ey) < (1= 1) Froc(u,Up) < (17— 1) Fioc(u, U, \ K) < e(1-1)
Since 7 > 1, letting € — 0 we conclude (3.16). 0O

Proof of Theorem 3.1.

STEP 1. Assume first that the coercivity hypothesis holds, i.e. C~1|¢|P < f(£) <
C(1 + |£]9) for some constant C > 0.

Let n := %’;‘v"—) LY be the absolutely continuous part of R(u,-). By Theorem
32forna.e zg €N

dR(U, ) _ . -Floc(u, B(.’l?o, T‘)) m(uv B(SC(), T))
oy V= 5 mwBEor) L7 (Ble,n)
- lim m(u, B(zo,T))

r—0 ﬁN(B(Io, T)) ’

r€€(u,zq)

(3.17)

In addition, we know that LN a.e. we may choose zo € Q so that zg is a Lebesgue
point for Vu(zy) and

u(zo + €y) — u(Zo)
&

ue(y) = — Vu(zo)y weakly in W'P(B(0,1);R?).

Write
v(y) == Vu(zo)y,

Un ‘= Uy/n-
Assume that v,, are represented in such a way that v, = T|0, r|v, for all 7 € (0,1).
By Rellich’s compact imbedding theorem and Fatou’s lemma, as in the proof of

Lemma 3.6 we find a set N/ C (0,1) with £L}(NV) = 0, and a subsequence (not
relabelled for convenience), such that '

/ lm — 0P dHN () = 0,
8B(0,7)

lim inf |Vun ()P dHN "} (z) < 400
n= J3B(0,r)

for all T € (0,1) \W. Let

E = ((0,1)\N)N. ﬁ n€(u, xq)-

n=1

It is clear that £1((0,1)\ E) = 0. Fix 0 € E. Then there is a subsequence vy, such
that o
;; € &(u, o)
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and
(3.18) vn; — v weakly in WbHP(3B(0,0);R?).
In view of (3.17) we have

dR(u,-) . : m(u, B(zo,0/n;))
dcN "~ nj—oo LN(B(z0,0/n;))

and by an obvious rescaling we obtain

dR(w,) v B(Uny B(0,0))
dcN (IO)_n,'l—r'noo LN(B(0,0))

Using Lemma 3.5 and (3.18) we conclude that
dR(u,-) _ m(Vu(zo)y, B(0,0))
acv (™) = T ZN(B(0,0))
= Qf (Vu(zo))-

STEP 2. Finally, we remove the coercivity hypothesis. By (1.1) we know already
that _
Ru,)=FfLN +p

where p is a Radon measure, singular with respect to £V, and f > Qf(Vu). It
remains to prove that

(3.19) F<Qf(Vu) LMNae.

Consider the perturbations f¢(¢) := f(€) +¢l¢|?, € > 0, with corresponding relaxed
energy FE (u,-) and associated Radon measure R*(u,-). Using the result obtained
on Step 1,
dR(u, )
dcN
Clearly R(u, ) < R¢(u, ), hence

flz) < lim(:l)l}f Qf(Vu(z)) LNae ze€Q.

(x0) = Qf*(Vu(zo)).

It is easy to show that

lim QFF(€) = Qf(¢)

for all £ € M*¥, and we conclude the proof of (3.19). 0
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