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1 Introduction

Several models in phase transitions give rise to geometric equations relating the
normal velocity of the interface to its curvature. The curvature term is related
to surface tension and the surface energy is often an anisotropic function of the
normal direction, indicating the prefered directions of the underlying crystal
structure.

When the surface energy is isotropic, the resulting equation is the mean
curvature flow and a variety of techniques have been used to analyze this
flow. Gage & Hamilton [15] and Grayson [20] showed that a smooth planar
embedded curve first becomes convex and then smoothly shrinks to a point in
finite time. Huisken [23] generalized this result showing that any convex set,
in any space dimension, shrinks to a point smoothly. However, in general, in
dimensions higher than two, embedded hypersurfaces may develop singularities
and a weak formulation of the mean curvature flow is necessary to define the
subsequent evolution after the onset of singularities. Brakke [9] was the first
to study the mean curvature flow past the singularities. Using varifolds in
geometric measure theory, he constructed global generalized solutions that are
not necessarily unique. Almgren, Taylor & Wang [2] used a time-step energy
minimization approach together with geometric measure theory to analyze a
very general class of equations.

An alternate approach, initially suggested in the physics literature by Ohta,
Jasnaw & Kawasaki [25], for numerical calculations by Sethian [27] and Osher
& Sethian [26], represents the evolving surfaces as the level set of an auxiliary
function solving an appropriate nonlinear differential equation. This level-set
approach has been extensively developed by Chen, Giga & Goto [10] and Evans
& Spruck [13]. Evolution of hypersurfaces with codimension greater than one
is studied by Ambrosio & Soner [3], and intrinsic definitions were developed
by Soner [28] and Barles, Soner & Souganidis [8]. Since the level set equations
are degenarate parabolic, the theory of viscosity solutions by Crandall & Lions
[12] is used to define the level set solutions. For more information on viscosity
solutions see the survey by Crandall, Ishii & Lions [11] and the book by Fleming
& Soner [14].

When the surface energy is convex, the evolution law is still degenerate
parabolic and much of the above theory generalizes to these equations as well.

Non-smooth energies are also of interest, and an interesting class of surface
energies - called crystalline energies - have level sets that are polygonal. For
these energies, the corresponding solutions are also polygonal and the evolu-
tion law is a system of ordinary differential equations for the length of each
side of the solution (see equations (2.3) below). An excellent introduction to



e s

crystalline motion is given in the recent book of Gurtin [22] and in the sur-
veys of Taylor [31] and Taylor, Cahn & Handwerker [33]. Short time existence
and the other properties of the planar solutions are proved by Angenent &
Gurtin [4, 5] and Taylor [32]. Almgren & Taylor [1] showed that the crys-
talline flow is consistent with the variational approach developed in [2]. In a
recent preprint, Giga, Gurtin & Mathias [17] studies the classical solutions in
three space dimensions and a deep viscosity theory for graph-like solutions of
very general geometric equations have been developed by Giga & Giga [16]
and the references therein.

In this paper, we consider a two dimensional problem with a crystalline
energy whose level sets are regular n-polygons and show the convergence of
these solutions to the unique smooth solution of the mean curvature flow. This
convergence has already been proved by Girao [18] for convex solutions and
by Girao & Kohn [19] for graph-like solutions. They also obtained the rate of
convergence. Here we generalize their convergence result to general curves that
are not necessarily convex. Our proof is a set theoretic analogue of the weak
viscosity approach of Barles & Perthame [6, 7]. To describe our approach, let
{€Q0n(t) }teo,) be a sequence of open polygons each solving a crystalline flow.
We define two possible limits

n—00, s—t

t
(t) := lim infth(s),

n—o0, $—

Q(t) := limsup Q,(s),
Q

(precise definitions are given in (4.2) below). Then, with only L™ estimates,
the Barles-Perthame approach enables us to show that Q is a viscosity subsolu-
tion of the mean curvature flow, and 2 is a viscosity supersolution of the mean
curvature flow. Since, in two space dimensions, there is a smooth solution to
the mean curvature flow, we show that both of these sets are equal to the
smooth solution. This yields the convergence of 2, in the Hausdorff topology.

The paper is organized as follows: in the next section, we give the definition
of crystalline motion and prove the existence of a regular solution in §3. We
define the weak viscosity limits in §4 and prove their viscosity properties.
Converegnce is proved in the final section. Some properties of the viscosity
solutions are gathered in Appendix.



2 Crystalline motion and n-smooth polygons.

Here we recall several standard definitions and equations. Gurtin’s book [22]
provides an excellent introduction to this subject. Also, see [30, 32].

2.1 Surface energy

All geometric flows that we consider are, formally, the gradient flows of the
surface energy functional

(2.1) I(T) = /F () ds,

where T is a Jordan curve in R?, # is its outward unit normal vector and
f: 8! = [0,00) is the surface energy function. It is customary to extend f to
the whole R? as a homogenous of degree one function:

f(x)=|x|f( ) Vo £0,

z
|z]

and define )
f(8) :== f(cosb,sinf).

Then the twice differentiability of f, on R*\{0}, is equivalent to the twice
differentiability of f, and f is convex if and only if f(6) + fge(f) > 0 for all 6.

The Frank diagram of the surface energy f is simply the polar graph of f -1
or, equivalently, it is the one-level set of f, i.e.,

F(f)={zeR?: f(z) =1} = {r(cosh,sinf) : rf(6) =1}.

When the surface tension f is smooth and convex, the gradient flow for the
functional I has the form:

(2.2) BO) = (F(6) + fae(8)) &,

where V| &, (cosf,sin @) are, respectively, the normal velocity, the curvature,
and the normal vector of the solution I'(¢), and the given non-negative function
B is the kinetic coefficient. The mean curvature flow correspondsto f = 8 =1,
and the other cases with strictly convex surface energy are qualitatively very
similar to the mean curvature flow.

If f is not convex, we need to modify both of f and § to obtain the correct
relaxed equation. This relaxation procedure and the analytical properties of
the relaxed equation was studied by Gurtin, Soner & Souganidis [21] and,
independently, by Ohnuma & Sato [24]. The common critical hypothesis in
these works is the continuous differentiablity of the relaxed surface energy
function.
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2.2 Crystalline flow

Non-smooth energy functions are of interest in models for crystal growth, as it
is well known that solid crystals can exist in polygonal shapes. An interesting
class of non-smooth energies are the crystalline energies. The Frank diagram
of crystalline energies are polygons.

Although the crystalline energies are only Lipschitz continuous, an appropri-
ate weak formulation of (2.2) is possible and is called the crystalline flow; see
[22, §12.5] for the precise definition. The crystalline flow was derived by Taylor
[30] and, independently, from thermodynamical considerations by Angenent &
Gurtin [4].

Consider a crytalline energy function f and let © := {6;,...,05} be the
angles corresponding to the corner points of the Frank digram of f. Suppose
that the curve I' is locally smooth around a point with a normal angle 6* ¢ O,
say 6* € (6:,6,). We can, then, decrease the energy I(I') of I', by infinitesimally
alternating the normal angle between #; and 6. Therefore, for crystalline
energies, we only consider polygonal solutions with normal angles taking values
in ©.

In this paper, for simplicity, we only consider crytalline energies whose Frank
diagrams are regular n-polygons, and kinetic coefficient 5 = 1. Then

©=0,:= {? : k=0,1,...,(n—1)}

and the evolution of side i, L;(t) is governed by

_ 2tan(m/n)

where V;(t), l;(t), and yx;, are, respectively, the normal velocity, the length, and
the discrete curvature of L;(t). The discrete curvature x; € {—1,0,+1} and
it is equal to +1 if both edges of L;(t) have positive curvature, and it is equal
to —1 if both edges of L;(t) have negative curvature, and it is equal to zero
otherwise; see figure 1.

We close this subsection by stating the evolution rule for the length, [;(¢), of
the sides of a solution of the crystalline flow:

d B 1 (9 I x? _ Xin _ X3
(2.4) Et-l,-(t) = ————cosz(ﬁ/n) (2 cos(2m/ )li(t) li+l(t) li—l(t)) .

This equation follows from (2.3) and geometry; see (22, (12.39)].
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2.3 n-smooth polygons

We continue by defining the notion of a “good” solutions of (2.3). For a polygon
T, let N(T') be the total number of sides.

{ Definition 2.1 We say that a closed polygon T" is n-smooth, if N(T') is finite
' and

g

| (1) T encloses a simply-connected, bounded, open subset of R?,

P (2) for everyi=1,...,N(T), the normal angle 6; of the side i belongs to O,
[

(3) |6; — 6;—1| =27 /n, for everyi=1,...,N(T).

PvSEp—.

The third condition is formally equivalent to the “discrete continuity” of the
normal angle, which explains the term “smooth”.

oy

By definition, any solution of (2.3) satisfies the second condition.

2 Let
i N*({I) = {ie{l,...,NI)} :xi=1},
{ N-() = {ie{l,...,ND)} :x = -1},
L N(T) = {ie{l,...,N(T)} :xi =0}.
- Then for any n-smooth polygon T,
i N(I)

’ (2.5) N¥T)-N"(D)= 3 xi=mn,
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is an identity which is the discrete version of

/ K ds = 2,
c

for a smooth Jordan curve C.

3 Regularity.

In this section, we will show that there is a unique n-smooth solution of (2.3)
which evolves smoothly in time (i.e. remains n-smooth) and shrinks to a point
in finite time. This is the discrete analogue of a theorem of Grayson [20]
and Gage & Hamilton [15]. A more general statement is proved by Taylor
[32, Theorem 3.1]. For reader’s convenience, we provide all the details of this
result.

Theorem 3.1 (Taylor [32]) Let I'y be an n-smooth polygon enclosing an open
set Qy. Then there ezist n-smooth polygons {T'(t) }scpo,r) solving (2.3) with the
initial condition I'(0) = I'y. Moreover I'(t) shrinks to a point, ast 1 T, and

|2

(3-1) ~ 2ntan(r/n)’

Remark 3.2 Uniqueness follows from Gurtin [22, §12] and Taylor [32].

We start with several results towards the proof of Theorem 3.1.

Clearly, for a short time there is a solution I'(¢) satisfying initial data. Let
t; > 0 be the first time this solution is no longer n-smooth. Since, by definition,
the normal angles of any solution take values in ©, (c.f. §2.2), there are two
possibilities at ¢;: either the length of one or more sides tend to zero, or the
solution self-intersects at ¢;. We will first show that the latter does not happen.
Our proof is very similar to [32, Theorem 3.2(1)].

Lemma 3.3 Let t, and {I'(t) = 0Q(t)}icpo.,) be as above. Then

lirtgxnilnfinf{l,-(s) : s€[0,¢], i=1,...,N(['(0))} =0.

Proof. Suppose to the contrary. Then,
inf{l;(s) : s€[0,t;), i=1,...,N(['(0))} > 0.

6
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Then, by (2.4), each [;(-) is smooth in (0,;) and therefore
Q(t;) = lim Q(¢
(t:) = Lim ()

exists in the Hausdorff topology. By the definition of ¢;, I'(¢;) self-intersects.
Moreover, for all ¢t € [0, ],

(3.2) 0~ 0] = 2, i =1,..., N(C(®)) = N(T(0)),

so that at £, there are two possibilities: either two sides or two corner points
touch each other. Note that, by (3.2), if a corner point touches a side, then
necessarily two sides also touch each other.

Case 1. Suppose that L;(t;) intersects at L;(t;).

Then, a straightforward analysis argument shows that (x;, x;) = (1,—1) or
(xi»xj) = (=1,1). Since the analysis of both cases are symmetric, we may
assume (X, x;) = (1, —1). Then, l;(t:) < ;(t1).

Subcase (1). 1;(t1) < 1;(t1).
Then for some § > 0, ;(t) < I;(t) in (¢, — 6,11, and therefore,

__2tan(m/n) 2tan(m/n)
“O=TTH T T

But a(t) is equal to the time derivative of the distance between L;(t) and L,(¢)
and this distance is equal to zero at ¢;. Hence this case is not possible.

Subcase (2). 1;(t1) = 1;(t1).

>0 t € (t1 =9, t1).

Then, the sides adjacent to L;(t) and L;(t) also touch each other at time
t1, and therefore, there has to be two sides satisfying the assumptions of the
previous subcase, thus yielding a contradiction.

Case 2. Two corner points touch each other.

Let the intersection, z;(t) of L;(t) and L;,,(t) be the same as the intersection
z;(t) of the sides L;_;(t) and L;(t). Then the angle between L;.,(t) and L;(t)
and the one between L;(t) and L;_;(t) are equal to 27 /n. By rotation, we may
assume that L;(t) and L,(t) are parallel to the z-axis, and L;,(t) is aligned
with the L;_(t) (c.f. Figure 2). Moreover, xx > 0 for k = 4,1+ 1,5,j — 1.
Let V;,(t) and V,,(t) be the velocity vectors of the points z;(t) and z;(t),
respectively. Then,

(0’ 1) : (sz - VI,’) >0,

and the inequality is strict unless xx = 0 for all kK = 4,4+ 1,3j,7 — 1. Since
zi(t1) = z;(t1), we conclude that x, =0 for all k = ¢,i+1,4,j — 1. But, then,
Vz:(t) = Vg, (t) = 0 and this contradicts with the definition of ¢;. o

7
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Figure 2

QOur next result is

Lemma 3.4 Lett; and {I'(t) = 02(t) }se(o,r) be as above. Supposet; is strictly
less than the eztinction time. Then ast — t, Q(t) converges to an n-smooth
polygon U(t,) in the Hausdorff topology.

Proof. By the previous lemma, there is a side ¢* such that
ll{g%}lf li=(t) =0.

The main step in this proof is to show x;» = 0. So we suppose that it is equal
to +1 or —1. Since the analysis of both cases are similar, we may assume that
xi+ = 1. Set 6 = 27 /n.

1. In this step we will show that [;-(t) is continuous on [0,¢;]. For future
references, we will show that, for any j, [;(-) is continuous on [0,¢;]. By (2.4),
all sides remain bounded and we set

B := limsup;(?).
t—t;
Suppose that
B > liminfl;(t) := A.
t—t)

Since l;(-) is continuous in [0,¢), it crosses (4 + B)/2 infinitely many times
before ¢;. In particular, by the mean value theorem, there is a sequence t, 1 t;
such that

Li(ts) > A -; B, nli)r+n°° li(tn) = +o0.
However, by (2.4),
2cosf
y < <
L) < Tiycos2er) S

for some constant C independent of n. Hence A = B.

8
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2. The step, closely follows [32, Proposition 3.1].

Since t, is strictly less than the extinction time, there are at least two sides
which have non-zero length at time ¢,. Hence there are two sides L,, and L,
such that py < 7* < py, Iy, (t) and Iy, (t) are uniformly positive in (0,¢;) and

limlj(t) =0,Vj=po+1,...,;m; — 1.
ttty

For any j, let £;(t) be the line extending L;(t), z;4+1(t) be the intersection
between L;(t) and L;41(t) and 6; be the angle between the outward normal
and the horizontal axis. Then, as t 1 t;, all z,,41(),...,Z4(t) converge to the
same point z*.

We analyze several cases separately.
Case 1. x; #0forall j=po+1,...,p1 — 1.
Since we have assumed that x;- =1, x; =1forall j=py+1,...,p; —1 and
e ) ﬁ {y e R? : (y—=;(t)) - (cosb;,sinb;) < 0}.
0<t<t1 j=po
By geometry, |6,, — 6,,| < .
Subcase 1. |0y, — Op,| < 7.
Let y(t) be the intersection between L,,(t) and Ly, (t). We define
d(t) = (y(t) — ") - (cosbpg+1,5inpot1),
dpos1(t) = dist(z*, Lo (1)):

Then dpy41(t) < d(t) for all t € [0,¢1) and dpy4+1(t1) = d(t;) = 0. Moreover,
d(t) is Lipschitz continuous in ¢ and

4 o _ 2tan(6/2)
dt po+1(t) = = Voo (t) = lpo+1(2)

Hence,

t1 2 tan( 0/2
t po+1

This contradicts the fact lp,41(t) — 0 as ¢ 1 ¢;.
Subcase 2. |6,, — 6,4 = 7.

0 ————2d7T = dpo+l(t) S d(t) S ”dI“(tl - t) Vi < tl.

We repeat the argument used in the previous case with

d(t) = dist(Lp(2), Ly, (1)),
d~Po+1(t) = diSt(LPo+1(t)"CP1(t))'

9



Case 2. x, = 0 exactly forone g € {po +1,...,p1 — 1}.

Then, x;=1forj=po+1,...,¢—1land x;=—-1forj=¢+1,...,p— 1,
orxj =—-1lforj=py+1,...,.g—1and x;j =1forj=¢q+1,...,p1 — 1.
Since the arguments in both cases are similar, without loss of generality, we
only consider the first possibility.

If |6y, — 6,] < 7, we argue as in Case 1, using side L,(t) instead of Ly, (¢).
We also argue similarly, when |6, — 0,,| < 7. Therefore we may assume that
|6, — 4] > ™ and that there is a side L;(t) with ¢ < j < p;, which is parallel
to Ly, (t). Let £ be the line going through z* and parallel to both Ly, () and
LJ(t) Set

d(t) = dist(Ly, (t), £) — dist(L;(¢), £).

Then d(t;) = 0 and since |6,, — 6,| > 7, d(t) > 0 for all (0,;): see Figure 3.

Figure 3: Case 2

However, this contradicts the fact that d'(¢) > 0 for all ¢ sufficiently close to
;.

Case 3. x; = 0 for more than one side.

Suppose that x, and x; are equal to zero. Then z* belongs to both L4(t) and
L;(t) for all t, and therefore, j = g—1 or g+1. Since [,(t) converges to zero, at
least one side adjacent to L,(t) has non-zero discrete curvature. Hence there
are two sides with zero discrete curvature and they are adjacent to each other.
As in Case 1, all the other sides between L, (t) and Ly, (t) satisfy xx = 1 and
we argue as in Case 1.

Therefore the case x;» = 1 is not possible. An entirely similar argument

shows that the case x;» = —1 is not possible neither. Hence ;- = 0 and Lj«_;
and L;.4, are parallel and the normal angle of the “new” side is equal to that
of these two ones. o

We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1.

10
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Since I'(0) is n-smooth, for short time, there is an n-smooth solution I'(t).
Moreover, by Lemma 3.4, this solution remains n-smooth until one side of I'(t)
vanishes. Let ¢; be the first time a side vanishes. Then, I'(¢) is n-smooth and
N(T'(t)) = N(T(0)) for all ¢t € [0,¢;). By Lemma 3.3, I'(¢;) is also n-smooth
and N(T'(t;)) < N([(0)) — 2. We repeat this procedure starting from I'(¢;).
Since N(I'(0)) is finite, we have only to repeat finitely many times.

Let t; <ty < ... <ty be the times at which a side vanishes. Let ¢ty > 0 be
the time when N~ (['(¢ty)) = N°(I'(tn)) = 0. Then, by (2.5), N*(T'(ty)) = n
and I'(t) is convex for all ¢ > ty.

We see that I'(¢) shrinks to a point at finite time. Indeed, by (2.5), we can
calculate the rate of change of |Q(¢)|:

d
—|Q(t)]| = Vil;
Fo0) = Tw
= - Z 2tan£+ z 2tamE
iEN+(T(1) N ieN-(T@)

T
= —2ntan—.
n

From the foregoing calculation, we conclude that the solution shrinks to a
point at some time T". Moreover, at time T

0=|(T)| = |l - 2ntan%-T,

and (3.1) follows. o

4 Weak Viscosity Limits.

In this section, we will study the properties of the set-theoretic analogue of
the weak viscosity limits of Barles & Perthame [6, 7]. Let {I's(t)}icjo,r) be a
sequence of n-smooth solutions of (2.3), and let ©,,(¢) be the open set enclosed
by I'n(t). Assume that there is a constant R > 0, independent of n, satisfying

(4.1) Q.(t) € B0, R).

where B(z,r) = {y € R? : |y — z| < r}. Following [7, 28], for ¢t € [0,T), we
define

(4.2) Q) = Nd ( U Qn(s)) ,

r>0 la—t|<r, 0<s<T
N>1 n>N

11



[ cacatia ] - -

o
. .

Q) = |Jint N Q.(s) |,

r>0 |s—t|<r, 0<s<T
N>1 n>N

where cl A and int AAare, respectively, the closure and the interior of the set
A. In view of (4.1), Q(t) is a bounded closed set and £2(t) is a bounded open

set. We will show that, respectively, Q(t) is a weak subsolution and (t) is a
weak supersolution of the mean curvature flow.

This type of stability results are typical in the theory of viscosity solutions
and, in general, they are a simple consequence of the maximum principle.
However, the crystalline flow is not defined for smooth curves and this fact is
the major difficulty in the following analysis.

The notion of viscosity solutions we use is first introduced by the second au-
thor in [28] and further developed in [8, 29]. Here we only recall the definition;
other relevant definitions and results are gathered in Appendix.

We continue by recalling several definitions that will be used in the sub-
sequent analysis. For subsets {Q(t)}o<t<r in R?, the upper semi-continuous
envelope (u.s.c.) and, respectively, the lower semi-continous envelope (l.s.c.)
are defined by

Q@)= | U Q) |, ©Ut)y=Uint [ N Qs)|, te[0,T).

r>0 ls—t|<r r>0 ls—ti<r
0<s<T 0<s<T

Then, it is clear that (Q), = Q and (Q)* = Q. For other properties of these
envelopes, see (28, Lemma 3.1].

For a collection of closed subsets {O(t) }o<:<r With smooth boundary, Vp(z, t)
is the normal velocity of 0O(t) at z and ko(z,t) is the curvature of dO(t) at
z. We use the convention that the curvature of a convex curve is non-negative.

We are now in a position to give the weak (viscosity) definition of the mean
curvature flow we will use. This definition is very similar to the one given in
(28]; see Appendix for the connection between these two definitions.

Definition. Let {(t)}o<t<T be a collection of bounded subsets in R? satis-
fying Q.(t) # 0 for every t € [0,T).

We say {Q(t)}o<t<r is a weak subsolution of the mean curvature flow, if for
any closed, smooth subsets {O(t) }o<t<T,

(43) Vo(l?o,to) S -—K,o(flio,to),
at each ¢y € (0,7) and zy € 90(ty) satisfying,
(4.4) Q*(t) cC O(t) V t #to,

12
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Q*(to) C O(to), 09" (to) N 30(to) = {0}

Similarly, we say {€Q(t)}o<t<7 is a weak supersolution of the mean curvature
flow, if for any closed, smooth subsets {O(t) }o<t<T,

Vo(zo,t0) > —Ko(Z0, to),
at each to € (0,T) and o € 00(ty) satisfying,
O(t) cC QU(t) Vt#ty, O(to) CNlto), I%(t) NAO(to) = {zo}.

Condition (4.4) implies that (2o, o) € 80(to) x (0, T) is the strict maximizer
of —dist(z,2*(t)) over all (z,t) € 00(t) x (0,T). A similar conclusion also
holds for supersolutions.

Following is the set theoretic analogue of the Barles & Perthame procedure
[6, 7], [14, §5], and it is the chief technical contribution of this paper.

Recall that T',(t) = 9 (2).

Lemma 4.1 § is a weak subsolution of the mean curvature flow, while s a
weak supersolution.

Before we give the proof of this lemma, we will first give a formal proof of
the subsolution property.

In view of our definition of a weak solution, we start with smooth sets
{O(t) }o<t<T and a point (zo, ) satisfying (4.4). Our goal is to verify (4.3).
By (4.4) there are a subsequence nj and a sequence (zk,tx) — (Zo,to) sat-
isfying Q,,(tx) C O(tx) and that zx € T’y (tx). Although there are sev-
eral other cases, assume that z; is the intersection of L, ;(¢x) and L;(t)
of T'n, (tk), and x; = Xxi-1 = 1. We choose a coordinate system so that zj
is the origin and the L;(¢x) side is included in the z;-axis. Let n; = (0,1),
ny = (sin(27/ng),cos(2m/ng)). Then, the unit normal vector of O satisfies
no(zk, t) = (sin @, cos a) for some 0 < a < 27/ni. By the crystalline equation
(2.3),

Vzk ‘n = V; = '——-————-—2 tang?r/nk)a
2tan(mw/n

and therefore,

T 1 1 1 1
4. = “Nitado—TN\T T T 1
(4.5) Vo, = 2tan - (tan(zﬂ/nk) (l,- li-l) , li) ,
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(4.6) Vo(xk,tk) = V:c,c . no(xk,tk)
_ 1 (sin(27r/n,c - a) N sin a)

" cos?(m/ng) l; liy

Since Vo (zk, tx) < 0, we may assume infgen ko(Zk, t) > 0. This implies that,
as k — oo, both [; and [;_; converge to zero. By elementary geometry, we
obtain a sharper estimate: for every ¢ > 0,

2sina 3 2sin(27 /ny — @)
= ko(akte) =€ T ko(zkte) —€

for sufficiently large k. Substitute these into (4.6):

ko(Zk,tk) — € [sin(27/ng — ) N sin &
2 cos?(m/ng) sin o sin(27 /ng — @)
< —ko(zk, tk) + &

Vo(zk, tk)

INA

In the foregoing argument, we crucially used the assumption that z; is a
“convex” corner point of I',, . Although this is the most likely situation, other
cases may also arise, and for that we will perturb the test sets O in the pre-
ceeding proof.

Proof. We will only prove the subsolution property. Proof of the supersolution
case is similar.

Let {O(t) }o<t<T and (to, o) be as in (4.4). Our goal is to verify (4.3), i.e.,
V= Vo(.’l?o,to) S —K = -—K,o(.’EQ,to).

If necessary, by perturbing O(-), we may assume that k # 0. We analyze two
cases separately:

Case 1. k > 0.

For € > 0, z* € R? and a large constant K, let Dé(t : *) be the disk with
center z* and radius

R (t) = ;1—8 +v(t — 1) + K(t — to)>.

Set
133 =Ty — Re(to)no(.’lio, to).

By the smoothness of 0O, for all sufficiently large K, there is a §¢ such that
(4.7) O(t) N B(zg, 26°) C D*(t : z§) N B(zo, 26%),

14



for all |t — to| < 26°. We fix K large enough, so that the above inequality
holds.

Next we approximate D*(¢ : £*) by regions with polygonal boundaries. Let

Chi={z€eR?: x-(cos(m%),sin(%’,ﬁ))SI, Vi=0,1,...,(n-1) },

and, for any z*, set
Di(t:z*) :={z"} ® R°(t)Ch.

Since D:(- : z§) approximates De(- : z§), by (4.4) and (4.7), there are a
subsequence ny and sequences (zx,tx) = (2o, %0), yx — z§ satisfying:

Tk € Do, (te) N ODE, (tk : yi),

Q. (t) N B(z0,6%) C Dy, (t : yx) N B(xo, 6%), V|t —to] < 6°.

A proof of this fact is given in Appendix; Lemma 6.2. To simplify the notations,
we assume that ny = k and write Dy(t) for Dj, ( : yx).

Let z; be on the i-th side of I'x(¢x). Then, the normal velocity, V;, of this
side is equal to the normal velocity of Dy at tx. Hence,

%=U+2K(tk—t0)

Since Dy (tx) is a regular k-polygon, x;(tx) = 1 and, therefore, the length, l;(t),
of side 7 of T'x(tx) is less than or equal to the length of any side of Dy (tx):

Li(ty) < 2R (ty)sin .

k
Then, by (2.3) and the foregoing discussion,
2tan(n/k) 1
2K(ty —to) = Vi = — < - ,
v+ 2Kt —to) L(t)) —  Re(t)cos(n/k)

Since R°(tx) converges to 1/k and tx — tp, we obtain (4.3) by first letting
k — oo and then € | 0.

Case 2. Kk < 0.

For small € > 0 and any z*, let z§ := ¢ + R*(t5)no(Zo, o) and let D*(¢ : z*)
be the complement of the disk with center z*, radius

Ri(t) = +o(t —tg) — K(t — t)%

—K+€

As in the previous case, there is a §° such that

(4.8) O(t) N B(zo, 26°) C DF(t : 25) N B(zo, 26°),

15



for all |t — tp| < 26, and for any z*, we set
Di(t:z*) :=R*\ {z°} ® R*(t)C,.

Then, D (- : zo) approximates D*(: : zy) and, by (4.4) and (4.8), there are a
subsequence ny, and sequences (zk,tx) = (zo,t0), yx — =§ satisfying:

Tk € Iy, (te) N BD,ik (tk : Yk),

Qy, (t) N B(z0,6%) C D;, (t : yx) N B(xo, %), V|t —to| < 6°.

Again, we assume that n; = k, write Di(t) for D;, (t : yx), and let z; belong
to the i-th side of ['x(tx). Since, in this case, the normal velocity of Dy at t;
is equal to v — 2K (t; — to),

V; = v — 2K (t; — o).

If v <0, (4.3) is immediately satisfied. Hence, we may assume that v > 0. So,
for small € > 0, V; > 0 and, by (2.3), x; = —1. Consequently, [;(t) is greater
than or equal to the length of any side of Dj(t):

li(te) > 2R*(t;) sin %

and therefore,

V= 2 tan(r/k) 1
"7 Li(ty) T Re(te)cos(m/k)

v — 2K(tk - to)

We first let £ — oo and then € | 0. Since R°(t;) converges to 1/|x| = —1/k,
the result is (4.3).

5 Convergence.

Let 'y = 02 be a twice differentiable Jordan curve and I',q = 09, be an
n-smooth approximation of I'y satisfying

(51) nll)rgo dH(QnO, Qo) = 0,

where dy is the Hausdorff distance. For each n, there is a unique n-smooth
solution {I'n(t)}tcpo,1,) of (2.3) satisfying the initial condition I',,(0) = 'y by
Theorem 3.1. Moreover,

16
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(5.2) T, = Stan(r /) tan(r/n) 0= n — +00.
Let © and Q be as in §4 so that, by construction,
(5.3) AQ(t) c Qt), Vte[0,Tp).

Moreover, ) is a weak subsolution of the mean curvature flow, and Q is a weak
supersolution of the mean curvature flow. In general space dimension, there is
no comparison between weak sub- and supersolutions, however, in dimension
two, there is always a smooth solution of the mean curvature flow, I'(t) = 99(¢)
and we will show that,

~

(5.4) Q(t) C clQ(t) C clQ(2), vt € [0, Tp).

Combining (5.3) and (5.4), we will then obtain the convergence of §2, to £ in
Hausdorff topology, thus generalizing the previous convergence results of Girao
and Kohn & Girao [19, 18].

The foregoing outline of our convergence result is entirely analogous to the
Barles & Perthame procedure of proving convergence with very weak L™ es-
timates [6, 7).

Theorem 5.1 Let I'y(t) = 0(t) be the solution of (2.3) with initial data
Tno, and let T'(t) = 0SU(t) be the smooth solution of the mean curvature flow
with initial data Qy. Assume (5.1), then

(55) Jim, du(@a(t),2) =0,

locally uniformly in t € [0,Ty).
We begin with
Lemma 5.2 €(0) C ¢l C c12(0).

Proof. We will only prove the first inclusion. Proof of the second inclusion is
similar.

Since dg(n,2%) — 0, for any zo € Qg there are §;6 > 0 and ng € N
satisfying
B(z,d0) CC Yn > ng.
Let 7, be the regular n-polygon enclosing B(zq,dq). If necessary, by taking
ng larger, we may assume that v, CC , for all n > ny. Let v,(¢) be the
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solution of the crystalline flow (2.3) with initial data 7,(0) = 7, and wy,(t)
be the open set enclosed by 7,(t). Then, by the containment principle for
crystalline motions (cf. Gurtin [22, §12]),

B (20,00/2) C wn(t) C Qu(t) ¥n>mno, 0<t< ;11-53.

Let n — +o00 and ¢ | 0 to conclude that B(z,d0/2) C £(0) and therefore

Zo € Q(O) u]

In our second step, we will show that the smooth mean curvature flow yields
a viscosity sub- and super-solution of the following equation:

uy + F(Du, D*u) = 0 R? x (0,T),
where
(5.6) F(p, X) = —tr((I -p®p)X)
and p = p/|p|. This step is very similar to Ambrosio & Soner [3, §3].

We refer to Crandall, Ishii & Lions [11] and Fleming & Soner [14] for infor-
mation on viscosity solutions and to Chen, Giga & Goto [10], and Evans &
Spruck [13] for the properties of the level set equations.

Let {I'(¢)}o<t<T, be a unique smooth mean curvature flow satisfying I'(0) =
[y and let d(z,t) be the signed distance function to I'(t), i.e.,

dist(z, T'()) if z € Q(2),
d(z,1) = { —flist(a:,l"(t)) ofherwise,

where §)(t) is the open set enclosed by I'(¢). For a scalar d, d A 0 = min{d, 0}
and d Vv 0 = max{d, 0}.

Lemma 5.3 For any 6 > 0, there are constants 0 = o(6) > 0 and K =
K(6) > 0 so that the function u(z,t) := e ¥*[(d Vv 0)(z,t) A 0] is a viscosity
subsolution of

us+ F(Du,D*’u) =0 in R?x (0,Tp).

Proof. For 6 > 0, there exists a 0 = o(4) > 0 such that d is smooth in
{z € R? : |d(z,t)| < 20} x [0,Tp — 4] and in this tubular set,

(5.7) Ad(z, 1) = 1 n’(“;?,/;;)i el

where y € I'(t) is a unique point satisfying |d(z,t)| = |z — y| and k(y, ) is the
curvature of I'(¢) at y. Since {I'(t)}o<t<t, is @ smooth mean curvature flow,

(5.8) d—Ad=0 in I(t) x (0,Tp).
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Since
C(8) :=sup{|x(z,t)| : (z,t) € 9Q(t) x [0,Tp — 4]} < o0,

by (5.7) and (5.8), d is a classical subsolution of
d—Ad—Kd<0 on {z:0<d(z,t) <20} x(0,Tp— ¢

for some K > C(4). Since |Dd| =1, d is also a classical subsolution of
di+ F(Dd,D*d)— Kd=0 on {z :0<d(z,t) <20} x (0,Tp - ¢].

Let h¢ be a bounded smooth function satisfying: h¢(r) =0 forr <0, hé(r) = 0o
for r > o, and, as € | 0, h¢(r) converges to (r V 0) A 0. Since F' is geometric,
i.e.,

F(Ap,AA+up®p) = AF(p,4), A\up=>0,

by calculus, we conclude that u¢ = e K*h¢(d) is a classical subsolution of
uf + F(Du, D*uf) <0, on R?x (0,Tp — 4]

We now let € L 0, § | 0 and use the celebrated stability property of viscosity
solutions. o

An entirely similar argument yields

Lemma 5.4 For any 6 > 0, there are constants 0 = o(§) > 0 and K =
K (6) > 0 so that the function u(z,t) := eX*[(d A 0)(z,t) V (—0)] is a viscosity
supersolution of

Uy + F(DU, DQ’U,) =0 in R2 X (0, To)

We are now in a position to complete

the proof of Theorem 5.1. For the notational convenience, we set {,,(t) =
foralln > 1, t > T,. Let  and Q be as in §4, and let T, T be, respectlvely,
the extinction time of Q(t) and Q(t). Set T = min{T, Ty, T}.

By Lemma 5.3, u(z,t) = e ¥*[(d Vv 0)(z,t) A 0] is a viscosity subsolution of
(5.9) u+ F(Du,D*u)=0 in R?x(0,T - 6),

and by Lemma 4.1 and Proposition 6.1, v(z, t) = dist(z, R*\Q(t)) is a viscosity
supersolution of (5.9). Moreover, by Lemma 5.2, u(-,0) < v(-,0) in R?, and
therefore the comparison principle for solutions of (5.9) (c.f. Chen, Giga &
Goto [10], Evans & Spruck [13]) yields

u<v in RIx[0,T-09).
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We claim that this inequality implies that
Q) c Q) Vte[o,T-6).

Indeed, for (z,t) € Q(t) x [0,T — 6), 0 < u(z,t). Then, by the previous
inequality, 0 < v(z,t) and, therefore, z € Q(t).

Similarly, we show that Q(f) C clQ(t) for all t € [0,T — &) and then, we let
d — 0 to obtain (5.4) on [0, T).

A lengthy elementary argument shows that (5.4) is equivalent to (5.5).
Hence, (5.5) holds on [0,T).

By (5.2) and the~construction, T< T < Ty. The uniform convergence of €,
to 2 implies that T = Tj. o

6 Appendix.

In this section we gather several properties of the weak solutions.

Let {Qn(¢) Yoct<r,, {€2(t) }octer and {Q(2) }o<i<r be as in §4, and let dn(z,1)
(resp., d(z,t) and d(z,t)) be the signed distance function for {Q,(¢)}o<t<T,
(resp., for {Q(t)}o<t<r and {Q(t)}o<t<r). Then, the definitions of {(t) and
Q(t), are equivalent to

(dA0)(z,t) = limsup(dn A0O)(y,s),
(v,8)—+(z,t)

n—+oco
(Eﬁgﬁg (dn V 0)(y, s).

I

(dV0)(z,t)

The following weak regularity result in ¢ follows from an attendant modifi-
cation of [28, Lemma 7.3].

(6.1)  limsup(dA0)(y,s) = (dA0)(z,t) (z,t) € R? x (0,T),

y—z, st
(6.2) lim iant (dV0)(y,s)=(dV0)(z,t) (z,t) € R*x(0,T).
y—z, S

These identities and the techniques of [28, §14] yield the equivalence between
the weak solutions defined in §4 and the distance solutions defined by the
second author in [28]. Let F be as in (5.6).

Proposition 6.1 {Q(t)}o<t<r @5 @ weak subsolution of the mean curvature
flow satisfying (6.1) if and only if da-(x,t) A O is a viscosity subsolution of

(6.3) u;+ F(Du,D*u) =0 in R?*x(0,7).
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{Q(t) }o<t<r s a weak supersolution of the mean curvature flow satisfying
(6.2) if and only if dg,(z,t) V 0 is a viscosity supersolution of (6.3).

We close the appendix by proving an approximation result used in §4.

Lemma 6.2 Let {O(t)}o<t<T be a family of closed smooth sets and let ty €
(0,T), zo € 00(to) satisfy (4.4). Let D*(t) and D5 (t : =*) be the same sets as
in the proof of Lemma 4.1. Assume that D¢(t : z§) satisfies (4.7). Then there
are a subsequence ny and sequences (zg,tx) — (Zo,%0), yr — z§ as k — 400
satisfying
Tk € Fnk (tk) n 6D,ik (tk : yk),
an (t) N B(.’Eo, 55) C D;k (t : yk) N B(.’Do, 65), A" |t — tol < 0.

Proof. Fix ¢ > 0 and recall (Q)* = Q. Let d,(z,t) be the signed distance to
Dt(t : zf), d(z,t) be the signed distance to D*(¢ : z§) and let

ay = inf inf{d,(z,t) : = € Q,(t) N B(zo,6%)}.

[t—to|<0*
Choose t, € [to — 6%, t0 + %], 2, € Qu(t,) N B(zo,6°) and w, € OD:(t, : z5)
such that
|wn — Tn| = |an.
Set
Yn = Tg — (Wn — Tn),
so that
Qn(t) N B(xo,6°) C Dy(t : yn) N B(z,6°) V[t — o] < 6°.
Since zo € Q(to), by the definition of Q, there are a subsequence n; and
sequences (z, Sx) — (o, to) such that
2k € Qn, (Sk)-

Then
limsup a,, < limsupd,, (2, sk) = d(zo, %) = 0.

k—o0 k—o0
A similar argument, using (4.7), shows that liminfa,, > 0. Hence a,, — 0
and therefore, y,, — zj.

It remains to show that (z,,,t,,) — (zo,%). Suppose that on a further
subsequence, denoted by n; again,

(.’L‘nk,tnk) — (fl,f) € B(x0,25€) X [to - 6E,t0 + 56]
Since d,, converges to d uniformly,
d(z,t) = klg{.lo oy, =0< kll’rgo dn, (2, Sk) = d(zo, to).

Since (zo, to) is the strict minimizer of d, this imples that (Z,f) = (z¢,%)). ©
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