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Summary
A general theorem characterizing the interaction of concentrations and oscillations effects as-
sociated to sequences of gradients bounded in I”, p>1, is proved. The oscillations are recorded
in the Young measure while the concentrations are encoded in the varifold.
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1. Introduction

Oscillatory phenomena and the characterization of limits of nonlinear quantities of os-
cillating sequences have been sucessfully analyzed by means of Young measures. These
measures where first introduced by Young [37] to study non-convex problems in optimal
control theory and to provide the appropriate framework for the description of gener-
alized minimizers in the calculus of variations. Recently Young measures have become
an important tool in the study of nonlinear partial differential equations ([10], [12],'[13],
[30], [32], [33], [34], [36]) and the analysis of oscillatory behavior in non-convex variatpnal
principles that arise in models of solid-solid phase transitions ([7], [8]). Characterizations
of Young measures associated to minimizing sequences of such functionals as well as to
general sequences of gradients bounded in LP(§2) have been found in [20] and [21]. See
also [28].

One of the main drawbacks of Young measures is that they miss completely con-
centration effects. Indeed, sequences may share the same Young measure and yet one
may exhibit concentrations while the other does not. Several ways of understanding and
manipulating concentrations have been proposed. We refer the reader to [14], [15], [18],
(19], [23], [24], [29], [35] and [36] for some of these methods. Another possibility is to
use varifolds or indicator measures following the works [3], [4], [17], [27]. This is the
point of view that we will take here, and focus on sequences that are constrained to be
gradients. A similar approach has been employed in [2] for unconstrained sequences that
are bounded in L.

The notion of a varifold has been used to describe certain nonlinear limits of oscillating
measures, and it plays a role complementary to that of the Young measure. In fact, the
Young measure associated to a sequence {u,}, which is bounded in L?(?), describes the
effect of oscillations on the limits of {f(u,)} whenever the nonlinearity f has growth of
order strictly less than p, while the varifold describes the effect of concentrations on the
limits of {g(un)} when g grows asymptotically as the pth power. We will be more precise
in Section 3.

Our goal is to understand the relation between the varifold and the Young measure
that are generated by a sequence of gradients which is bounded in LP(2), p > 1. We hope
to address the case p = 1 in a future work. A detailed description of Young measures
generated by sequences of gradients bounded in LP()) was obtained in [21] (see Theorem
2.3 below). .

To describe our main result we consider an open, bounded set 2 C R¥ and a sequence
{f;} of functions from Q to R? which is bounded in L*(f) for some p > 1. There exists a
subsequence, still denoted {f;}, and a family v = {1}, (called the Young measure) of
probability measures v, on R, as well as a Radon, nonnegative measure A on  x S¢-!
(called the varifold) with the following properties (see [6], [17] and Section 3). For all
continuous functions 6 that vanish on 99, 6 € Co(Q2), all continuous functions ¢ on R?
with growth of order.strictly less than p, i.e.

@I <CO+Kl), 1<r<p,

and for all continuous functions ¥ on R? that are homogeneous of degree p, we have
fewetEnds— [ o0 [ e@aued,
fo@stanaz— [ o@we e
0 NIxS4-1
= [0@ [, w© D0 dna)
0 S4-1
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Here 7 is the projection of A onto €2, ), are probability measures (for m-a.e. z € ),
A =2®m, A= {A:},n, is the slicing decomposition of A ([15]) and S = 8¢} is the unit
sphere in R?. In what follows, we will refer to (v, A) as the Young measure-varifold pair.

If {u;} is a bounded sequence in W?(Q), if f; = Vu; and if the target space R is
identified with the space M = M™*¥ of m x N matrices, we say that (v, A) is a WP(Q)-
Young measure-varifold pair, and we abbreviate saying that (v, A) is a YM-V pair. The
Young measures that arise in such pairs (the so-called W1#(Q) Young measures) were
characterized in [21]. The following example shows that there are restrictions involving
both v and A. Let p = m = N and consider the N-homogeneous function ¥(A) = det A.
Then by the above

‘/‘;G(n:)detVuj d:c—»/ne(z)/.‘sdetAdA,(A) dn(zx).

On the other hand, we know that ([5], [27]) det Vu; — det Vu in the sense of measures,
where u is the weak limit of u; in W!?(Q). We conclude that

(det V) dLN = ( /s detAdA,(A)) dr,

where £V denotes the Lebesgue measure in RY.

The main result of this paper is the following characterization theorem for YM-V
pairs.

Theorem 1.1 Letp > 1. (v,A) is a YM-V pair, where v = {1;},.q® LY, A=
{Az}:eq ® 7, if and only if
1.

Vu(z) = / Adv(4), N ae z€Q,
M
for some u € WP(Q);
AVu(@) < [ plA)du(a), ¥ ae zen,
M

for every quasiconvex ¢ for which the limit

p(A4)
IAIl—x?oo 1+ |A)F

exists;

/M (A) dva(A) < a%(’) /s $(A)drs(4), LN ae zen,

for every p-homogeneous, continuous function v such that Q(0) = 0, where Qv
denotes the quasiconvexification of y;

/ Y(A)dA(A) 20, m 8e zEQ,
S

for every p-homogeneous, continuous function v such that Qy(0) = 0, where 7, is the
singular part of m with respect to LV.
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We remind the reader that (see [5), [11]) a function ¢, defined on M, is said to be
quasiconvez if '

1
oF) < o /n o(F + Vu(z))dL (z),

for all matrices F and all test functions u € W™ (2; R™). If ¢ is not quasiconvex then
its quastconverification, Qyp, is defined to be

. 1
QuiF) = inf o /n o(F + Vu(z)) d,

for all matrices F. The infimum is taken again over the set of functions u € W(} (Q; R™).

In addition, if
)l < C(1+EP),

then ]
Qp(F)= inf —/go(F—i-Vu(x))d:c.
uew ) (Q) 122 Ja

Equivalently, Qg can be characterized as the largest quasiconvex function below ¢ ([1],
[11)).

Parts 1 and 2 of Theorem 1.1 correspond to the characterization of the underlying
Young measure, and were proved in [20] and [21]. Part 3 provides the interaction between
the Young measure and the absolutely continuous part of the varifold. Part 4 represents
the restriction on the varifold in the set where the singular part =, is concentrated. An
interesting consequence of this result is that there are no restrictions on the singular
measure T,.

A key tool in the proof of the above theorem is the following decomposition result for
sequences of gradients that are bounded in L?(f2), for some p > 1. It states, in particular,
that every such sequence can be written as a sum of a sequence {Vz;} (of gradients!)
whose p-th power is equiintegrable, and a remainder that converges to zero in measure
(and hence almost uniformly). Using the terminology introduced earlier, we may say
that {Vz;} carries the oscillations, while the remainder accounts for the concentration
effects.

Lemma 1.2 (Decomposition Lemma) Let @ C RY be an open, bounded set and let
{w,} be a bounded sequence in W'P(f) taking values in R™. There exists a subsequence,
{w;,}, and a sequence {z;} C W'#(Q) such that

LY ({z; # w; or Vz; # Vw;}) = 0, (1.1)

as j — oo, and {|Vz;|’} is equiintegrable. If Q is Lipschitz (or, more generally, an
extension domain), then each z; may be chosen to be a Lipschitz function.

Note that (1.1) implies that both sequences {Vz;} and {Vw;} generate the same
Young measure.

Some remarks are in order. A similar result was derived independently by Kristensen
[22]. The lemma above is in fact a consequence of the characterization of W!®-Young
measures obtained in [21] (see Theorem 2.3). The point is that one can give a short,
direct proof of Lemma 1.2, while the approach via [21] is rather indirect and implicitly
relies on the lower semicontinuity results of Acerbi and Fusco [1]. In fact, once the lemma
is proved one can considerably shorten the arguments in [1} and {21] (see [26] for this
point of view). Our proof of Lemma 1.2 (see Section 4) still relies on essentially the same
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tools as [1], namely L” estimates for maximal functions and Lipschitz extensions of W'
functions off small sets, but we think that an approach that uses the decomposition result
as a starting point might be more intuitive. Kristensen'’s proof ([22]), on the other hand,
uses Iwaniec’s estimates for perturbed Hodge decompositions. These estimates, however,
in turn rely on L” estimates involving the sharp maximal function. Finally, the result
may be viewed as an L? counterpart of a theorem by Kewei Zhang [38] which states that
if {Vw;} is bounded in L9 for some ¢ > 1 and generates a Young measure with support
contained in a ball B = B(0,R) C M (i.e. supp(v;) C B for a.e. z € §1) then there
exists a sequence z; with

lVZjl < C(N)R and CN ({ZJ‘ # w; or VZj # Vw,}) — 0.

2. Preliminaries
Let M = M™*N be the set of m x N matrices, and for any number p > 0 consider the

class
H, = {f € C(M) : f is positively homogeneous of degree p},

where C(M) is the set of continuous functions on M. If f € H,, then f(tA) = tPf(A) for
all A€ M andt > 0. It is easy to show that homogeneity entails Q(0) = 0 whenever
¥ € H, and Qv(0) is finite. Let X, denote the set of continuous functions in M with
growth of order at most p, i.e.

Xp={p €C(M): |p(4)] <C(1+|AP)}.
Xp is a Banach space under the natural norm

ol = |25

L~M)

Finally, we consider the class

. _ A)-f(A
L= {cpe C(M) : there exists f € H,, I}F}w% =0}.

The properties of £, are listed in the proposition below.

Proposition 2.1
1. For every ¢ € &, there is a unique f € M, such that

. p(A) - f(A) _
T 0

The function f is the recession function of ¢ of degree p, ¢3°, defined b);

¢ (4) = Jim 204,

‘t—oo tP

2. &, is a closed, separable subspace of X, and H, is a closed subspace of £.
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3. If f € H, then
1A= 1l sy »

where S is the unit sphere in M.

The proof of this proposition is elementary. The only fact that requires some comment
is the separability of &. Indeed, using the map

c= (B(0,1)) = &,
= (12 ).

one can easily verify that &, is isomorphic to the space of continuous functions on the unit
ball of M, equipped with the sup norm. This space is separable due to the compactness
of the unit ball. If we compare the space &, with the space considered in [21],

- e P4
E = {(p eC(M): l}}inw T+ A7 emsts},

we see that £, corresponds to the compactification of M by a sphere at oo while E,
corresponds to the one-point compactification. More general compactifications have been
considered in [14], [28], [29] and [30].

We will use the following lemma, whose proof is elementary and left to the reader.

Proposition 2.2 If ¢ is Lipschitz continuous on the unit sphere S and homogeneous
of degree p, p > 1, then there is a constant C > 0 (depending on v) such that

¥(4) - w(B) < C (|4F~ +1BP) |14 - BI,

for any pair of matrices A, B.

A remark that will be used often in Sections 5 and 6 is the following. Given a family
of probability measures v = {1;},.q and a sequence of functions {f;} taking values in
R¢ with {f;} bounded in L?(f), it can be shown that if

tim [ 6@tz = [ 0@ [ pl© oz (21)

for all 6 € Co(R2), ¢ € C(R?), then (2.1) still holds for all ¢ € C(R?) such that {x(f;)}
is equiintegrable, and in particular, for all » on R? which grow slower than 1 + |£F.
Therefore v = {v;},¢q is the Young measure associated to {f;}. We conclude that in
order to identify the Young measure generated by {f;}, it suffices to study the limits
(2.1) for 6 € Co(2) and p € CP(R?). Also, it can be shown that

[ [ @z < oo (22)

The main result in [21] is a characterization of WP-Young measures in terms of
Jensen’s inequality for quasiconvex functions.

Theorem 2.3 Letp > 1. Thenv = {v,},.q is a WI»-Young measure if and only if
1.

Vu(z) = / Adv,(4), LV se zeq,
M



3. Representation Formula 7 7-6-1996

for some u € W'P(Q);
2.

o(Vu(z)) < / o(A)ds(A), LN ae z€Q,
M
for every quasiconvex ¢ for which the limit

»(4)
IAlgloo 1+ |A|p

exists;

/:,L'A'P dvy(A) dz < oo.

3. The Representation Formula

We introduced the space &, in order to recover weak limits associated to sequences
{¢(Vu;)} for ¢ € &, and any sequence {u,} that is bounded in W1#(2). The represen-
tation of weak limits for such functions in terms of Young measures is only valid if one
can rule out concentration effects (see [9]). To account for possible development of con-
centrations, we associate to {Vu;} a measure A on Q x S, called the varifold associated
to {Vu;}. We first recall that for an M-valued Radon measure p on an open set §2 the
polar decomposition (see [17]) is given by du = ad), where X is the total variation of u
and a : 2 — S is the density of 4, i.e. the Radon-Nikodym derivative of u with respect
to its total variation A (see [16]). To define the varifold we use the following general
representation result for weak * limits of M-valued Radon measures (see [17]).

Theorem 3.1 Let {u;} be a sequence of M-valued measures on §) with polar de-

composition ajd\;. Assume that u; = 4 in the sense of measures. There exists a
subsequence, still denoted {y;}, and a non-negative, finite, Radon measure A = A\; ® 7
on € x S such that for every f € Co(2 x R?)

tim [ f@ o) @) = [ S daay)
- / / F(z,y) Do (y) dn(z).
aJs

The decomposition A = A; ® 7 is obtained via the slicing measures technique (see
[15]), a.nd by means of the Radon-Nikodym Theorem we write 7 = n, LN + n, where

My = 'J_N and =, is singular with respect to LV.

Given a sequence {u,}, bounded in W'®($2), we may regard the sequence {|Vu,.|’°7 !
Vu, LN} as a bounded sequence of M-valued Radon measures. Hence, according to

Theorem 3.1, associated to a subsequence there exists a varifold, and this suggests the
following definition.

Definition 8.2 A finite, Radon measure A supported on ) x S is a Wl»-varifold if
there exists a bounded sequence in W'?(QQ), {un}, such that for every f € Co(2 x M)

lim f( o I)IV P dz = / f(z, A)dA(z, A).

nN—00
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In particular, if ¥ is homogeneous of degree p and 6 € Co(S2) then
tim [ 0a)(Vun)dz = [ 6@)w(4)dh(z, 4
n—o Jq axs
= / o(z)/ Y(A)dX;(A) dn(z).
a s

In order to see how the YM-V pair determines the limits of {¢(Vu,)} for sequences
{un} bounded in W!®(Q) and having oscillatory and concentrating features, consider

v € &. By definition,
w(A) — ¢ (A)

lAanoo AP
which implies that {¢(Vus) — ¢°(Vun)} is weakly relatively compact in L!(£2). For this
sequence the representation in terms of the Young measure is valid. On the other hand
€ H,, and the limit for {¢;°(Vu,,)} is therefore given by the varifold. Hence, we
have the representation formula

=0,

lim [ 8@)e(Vun@))ds = [ @) [ (o) - e57(4)) die(d)
/ 6(z) / (A) d),(A) dn(z).

It is this formula that motivated our study of YM-V pairs.

4. Proof of the decomposition lemma

In this section we will prove Lemma 1.2. As mentioned in the introduction, our argument
uses maximal functions and their properties, and we recall some well-known facts (see
[31)).

Given a Borel measurable function u : R¥ — R9Y, the mazimal function of u is defined
by

M(u)(z) = sup

1
—_— u(y)| dy.
b B Jpgery V)

If ue WIP(Q) then we set
M*(u)(z) = M(u)(z) + M (Vu) (z),
and if p > 1, then

"M‘(“)“u(n) < C(N,p) "“"wu(n)- (4.1)

Lemma 4.1 Letp > 1 and let w € W'?(RN;R™). Given A > 0 there exists a
Lipschitz function z in RN such that w = z on {M(Vw) < A} and the Lipschitz constant
for z is bounded by C(N)), where C(N) is a constant depending only upon dimension.

For the proof see, e.g., [16].
The proof of Lemma 1.2 will be divided into two steps. In the first step we consider

an eztension domain §1, i.e., an open, bounded set  for which there exists an extension
operator T : W1#(Q) — W1?(R¥) such that

Tu(z) =u(z), z€9, ITullyisgwry < Cllullwisgg, -
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In the second step we remove this restriction on 2, generalizing the result for arbitrary
open sets.

Proof of Lemma 1.2

Step 1. Assume that Q is an extension domain. Let {w,} be a bounded sequence in
Wie(Q; R™). In the sequel, we identify w, with its extension Tw, € W?(RV;R™).

By (4.1) the sequence {M(Vuwy,)} is bounded in L?(£2) and so (see [6] and (2.2)), there
exists a subsequence (not relabeled) and a parametrized measure u = {p:},¢q such that

[ 6P duats)dz < oo, (4.2)
JR

and whenever {f(M(Vuw,))} converges weakly in L!(Q), its weak limit is given by
F(x)=(us. f), LNae z€.

Let £ € N and consider the truncation map Ti : R — R given by

z, |z <k,
Ti(z) = kﬁ-[, x| > k.

Clearly {Ti(M(Vwy))} is a bounded sequence in L=(Q2), therefore equiintegrable, and
so given a € L*(§1) we have

Jim tim [ (@) LM (Vun))@P do = Jim [ ala) [ (P dur(e) s
= [ [ ata)1sP dus(s) .
QJR

where we have used (4.2) and the Dominated Convergence Theorem. For every k € N,
choose n(k) with n(k) > n(k — 1), such that

(4.3)

Jtim [ BMTuEP s - [ UM 2] <
whenever m > n(k). Setting a = 1, (4.3) reduces to
lim [ (TM e @ do= [ [ 1sF dua(s) s (44)
We claim that _
|Te(M (Vway))|P — 7 in LN(), (4.5)

where

F(z) = /R |sP dpsz (s).
Indeed, fix b € L*(f2), L € N and let k > . Clearly
/n b(z) | Te(M (Vi) (@) dz < 16l oy /0 ITe(M (V) ()] de

= [ (1llmey = 4)) B (V@
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and so, taking first the limit as k — oo, followed by the limit as { — oo, and by virtue of
(4.3) and (4.4), we conclude that

timsup [ (=) [TM(Vump)@)F s < [ [ o) 6P dels)dz. (46)

Similarly, (4.6) holds for —b in place of b; hence

Jim [ 6a) IBM(Vune) @) do = [ 42T (@)ds,

proving (4.5). Set
R = {z € RY : M(Vwnu)(z) 2 k}.

By Lemma 4.1 there exist Lipschitz functions z; such that
z = wo) a.e. on RY\ Ry, |Vzi(z)| < C(N)k, ae ze€RY.
Therefore, by (4.1) and because €1 is bounded
LY (20 {2k # Wy or Vz # Ve }) < LV (R0 Q)
<5 [ 1Mo =

and this term tends to zero as k — oo. In addition, fqr LN ae z €\ R we have
IVze(z)] = |Vwnp) ()| < [M(Vwap)(z)| = |Te(M (Vwnw) ()|,
while if z € R, then
IVzi(z)| £ C(N)k = C(N) |Te( M (Vwnw)(z))] -
We conclude that
IVz(@)P < C|Tu(M(Vun)@) se. zef,
which, together with (4.5), yields equiintegrability of {|Vz|"}.

Step 2. Let Q) be an open, bounded domain of R¥, and let {w;} be a bounded
sequence in W'?(Q; R™). Without loss of generality we may assume that there exists
wp € W1P(Q; R™) such that

w; —wp in WI'P(Q;R"'),w,- —wo in LP(;R™),
ie. if wj = wo + wj,
w; — 0 in WP(Q;R™),@w; =» 0 in L’(;R™).
Let {Q,} be an increasing sequence of compactly contained subdomains of §, with LN (Q2\

£1,) — 0, and choose cut-off functions n, € C§°(92; [0, 1]) such that n, =1 if z € Q,. We
have

limsup limsup || ;| ) = 0

n—00 ’-tm
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and
lim sup lim sup || V(n,w;)| vy = lim sup lim sup ||0; ® Vi, + 7, Vi @)
n—00  j=—00 n—o0  j—oo

< limsup [[Vi@;| 1, () < o0.
j—ooo

A standard diagonalization procedure yields a bounded subsequence in W?(Q2; R™),
{"n;(n) }, which we extend by zero to R¥. Now the argument used in Step 1 appiies to
this sequence, so that we obtain a sequence {z;} of Lipschitz functions such that

ar = LY (20 {2z # M) jaiey) OF Vi # V (Tt @iaiey)) }) — 0,

as k — oo, and {|Vz|} is equiintegrable. We conclude that {|V(wo + z)|P} is equiinte-
grable and

LY (2N {wjmeey) # wo + 2z of Vwjiney # Vi(wo + 2)}) < ek + LV (2\ Qo))

and this term converges to zero as k — oo. .

5. Characterization of YM-V: necessary conditions

We devote this section to the proof of the necessity part of Theorem 1.1. We may assume
that Q is smooth as otherwise we can first consider smooth subsets of §2 and then exhaust
Q) by such sets. Conditions 1 and 2 were established in [20] and {21]. To prove 3 and 4
we split A into a part, Py, that is determined by the Young measure and a remainder,
A, that is related to pure concentrations effects.

For v € C(S) (with p-homogeneous extension ) and 6 € Co(Q2), let

(Prs, ) = (va, §) = /M D(A) dvy(A) d,

and Pv = {Pu,},q ® LV, ie,

(Pv,0®¥) = /0 6(z) [M $(A) duy(A) dz.

Let A = A — Pv. Suppose that {Vu,} generates the YM-V pair (v,A). In Steps 2
and 3 below we will show that u; can be decomposed as u; = z; + v; where {|Vz;|"} is
equiintegrable, {Vz;} generates the YM-V pair (v, Pv), and {Vv;} generates the YM-V
pair (6 ® LV, A).

Step 1. Reformulation of conditions 3 and 4.

We claim that 3 and 4 are equivalent to requiring that
i) A is a nonnegative, finite, Radon measure on 1 x S,
i) if A = {5‘,} a ® 7 is the slicing decomposition of A, where ), are probability

€
measures on 1@[, then for # a.e. z €}

(z,9) 20 (5.1)
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for all ¥ € H,, such that Qy(0) = 0.

Assume first that 3 and 4 hold. Since A and Pv are finite, nonnegative Radon
measures, it follows that A is a finite Radon measure. In addition, if 0 € Co(Q2), 6 20,
and if ¢y € C(S), ¥ > 0, then Q(0) = 0 and we have by 3 and 4

R,00%) = [ 6) [ () dro(4)dr.(z)
+ [0 |3 [vrana - [ ) ani(4) dz

>0.

(5.2)

Hence A > 0, proving i).
In order to prove ii), fix 6 € Co(82), 6 2 0, ¥ € Hp, Qy(0) = 0, and using the slicing
decompaosition of A and (5.2) we deduce that

/ﬂo(zxi,, Yydi(z)=(A,6®y) > 0. (5.3)

The arbitrariness of 6 yields the existence of a #-null set E,, such that if z € Q\ E,, then

Az, %) 2 0.
Let {4x} be a countable, dense set in H,, and define
E={J U Eyrq/mar- (5.4)
k {n:Q(ve+(1/n)|AF)(0)=0}

It is clear that #(E) = 0. Fix z € Q\ E, ¥ € H,, Q¥(0) = 0, and choose a subsequence
{¥x} such that

e 1
=¥ mLOS), k= bl < o

where n; — oco. Then

L
Yi (4) + Py |AIP 2 ¥, (A) + AP 19, = ¥l p=(s)

2 Y (A) + [¥e(A) — ¥(4)]
2 ¥(4),
and so )
Q¥ + ™ I-P)(0) 2 Qy(0) = 0.
By homogeneity

QU + -,‘; 1F)(0) =o.

Finally, using the definition of E, z ¢ Ey, +(1/n)p» therefore
N 1 <
0 < Jim (v + o 1) = (e, 9), (5.5)

concluding the proof of ii).
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Conversely, if i) and ii) hold, using (5.2), (5.3) and 6 = x(, ), a € 2, p > 0, we have

/B(alp)(z\zdll) dm, + /E(w) (-ddclh,(z)(A,,:/z) - (u,,dz)) dz >0

for y € H,, Qy(0) = 0. Conditions 3 and 4 follow by virtue of the Radon-Nikodym

Theorem. Note that a priori the exceptional sets could depend on ¥, but the argument
outlined for the definition of E above would entail the existence of 7,- and L"-negligible
sets for which 3 and 4 hold for all ¥ € H,, such that Q¢(0) = 0.

In light of Step 1, the rest of this section will be dedicated to proving (5.1).

Step 2. Construction of {z;}.

By the decomposition lemma (Lemma 1.2) there exists a sequence of Lipschitz func-
tions {z;} such that {|Vz;|’} is equiintegrable in © and the set

R; = {x € Q: zj(x) # u,(z), Vz(x) # Vu;(z)}
satisfies
LY(R;) = 0. (5.6)

In particular, {Vz;} generates the YM-V pair (v, Pv).

Step 3. Construction of {v,}.

Let v; = uj — z;. We claim that {Vuv;} generates the YM-V pair (§ ® £N,A). In
particular, A > 0. The assertion regarding the Young measure follows from (5.6). To
study the varifold generated by {Vv;} consider 6 € Co(f2) and ¥ € H, such that 9| is
Lipschitz. In view of Proposition 2.2 and Hoélder’s inequality we have

I/n 0(:5)¢(ij)dz—/no(z) (W(Vy;) — $(Vz;)) d:r{

[, 80 9T = V) - 9(T5) + 9(92,) dz‘

<C "a"“’/n [(19; = V2,77 4 90,P7) 92,1+ [V2,7) e
)

1/p
< Cllfllo [(L’ lej[P d:z:) +_/R’_ |sz|P d:r] '

Since LN(R;) — 0 as j‘ — oo and {|Vz;{’} is equiintegrable, the last term goes to zero
as j — oo and thus, using Step 2, we conclude that

/ 8(z)%(Vv,) dz — (A - Pr,0 @ ¥) = (A, 6® ).
0

By density, the result extends to all ¥ € H, and the claim is proved.
Step 4. We prove that for 7 a.e. z € §

(As,9) 20 (5.7)

for all ¥ € H, with Q¥(0) =0.
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We first make the additional assumption that ¢ is Lipschitz on S. Let 6 € C§°(B(a, p)),
0 < 6 < 1. By the definition of Q¢, Proposition 2.2 and Hélder’s inequality, we have

0< /B IR

= Y (0Vv; +v; ® VO) dz
B(a,p)

< / 674(Vv;)dz + C / (1690, + I, ® Vo) |v; ® V| de
B(a,p) B(a,p)

1/p
S/ 0%y(Vv;)dz + C(6) (/ Ivjlp dx) +/ Ivjl’7 dz] .
B(a,p) B(a,p) B(a,p)

Now v; — 0 in W!#(B(a, p)) as j — 0o, and thus v; — 0 in L?(B(a, p)). By Step 3, the
sequence {Vv,} generates the varifold A. Therefore taking the limit as j — oo in the

above inequality, we obtain _
0< (AP ®Y).

The assertion follows (for ¢ € Lip(S)) by taking an increasing sequence 6; — x g, ,) and
applying the dominated convergence theorem. Hence

/ (s, ¥) dit(z) 2 0,
B(a,p)

and the Radon-Nikodym Theorem yields the existence of a set E, C Q, #(Ey) = 0, such
that (5.7) holds if = ¢ E,,.. Defining F as in (5.4) and following the argument (5.4)-(5.5),
we finally remove the restriction that ¢ be Lipschitz on S to conclude that (5.7) holds
for ¥ € H,, Q¥(0) = 0, proving ii).

6. Characterization of YM-V: sufficient conditions

Suppose that the pair (v, A) satisfies the conditions of Theorem 1.1. We have to construct
a sequence {u;}, bounded in W!#?(Q), such that (v,A) is the YM-V pair generated by
{Vy,}. )

As in the beginning of Section 5, we write A = Pv + A where

(Pr,0®y) = /n 0(z) /M ¥(A) dv,(A) dx

for 6 € Co(Q), ¥ € C(S) and with ¥ the p-homogeneous extension of ¥. From Section 5,
Step 1, we know that A is a nonnegative, finite, Radon measure and

Az, ¥) >0 (6.1)

for all ¥ € H, with Q4(0) = 0, where {:\,} @ ® 7 denotes the slicing decomposition of
- z

A

Step 1. We claim that it suffices to find {z,}, {v;} bounded sequences in W#(Q)
such that

{IVz;P} is equiintegrable, {Vz;} generates the YM-V pair (v, Pv), (6.2)
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and
{Vv;} generates the YM-V pair (6 ® LV, A), (6.3)

setting, as before, u; = 2z; + v;. Indeed, note that since p > 1 then {|Vv,|} is equiinte-
grable, and so given A > 0 and in view of (2.1)
28 ({IVy;] > A}) < / Vo] dz — -(50 & LY, ||) =0. (6.4)

Thus given 6 € Co(2) and ¢ € C3°(M) we have

| [ @ tet7us) - (92,)) e

<16l C [ [Vos] de 0
Q

as j — oo and this implies that the Young measure associated to {Vu,} is also v.
Similarly, if 6 € Co(), ¥ € H,, ¥|s Lipschitz, by Proposition 2.2 for fixed A > 0

[ [ 0 9(%5) = 6(9) = w(T0y) s

<C (1#(Vy) = $(Vz))| + [$(Vvy))) dz
{IVyjI<a}

+C / (1$(Vu;) — $(T05)] + [9(V2;)]) dz
[Vy;[22}

<c / (12577 + V0,7 |905] d + € / [V, P do
|Vy;1<A) {IVy;1<a}

+C / (192,P7 + 199,P7) V23] dz + C / V2P dz,
[Vv;[2A) {IVv;[22}

and so, using Holder’s inequality, (6.4) and the equiintegrability of {|Vz;|"},

lim sup
J—so0

/00(::) [¥(Vu,) = ¥(Vz;) — ¥(Vv;)) d:cl = O()).

Letting A — 0* and removing the regularity restrictions imposed on ¢ as in (5.4)-(5.5),
we conclude that the varifold associated to {Vu;} is Pv + A = A.
Step 2. We introduce two sets of measures supported on the unit sphere S of M,
namely
A={peM(S):u20,{(uv) 20if Y € H,,Qy(0) =0},
H= {5‘ — A\ F LR W‘}"(B)} ,

where B is the unit ball in RV, and the average measures of H are defined by

(6Vu/|Vu]®lvu|p£N Y) = IBI/ (IV l) [Vuf dz

for ¥ € C(S). We do not dlstmguxsh henceforth a continuous function on S from its
p-homogeneous extension. Note that, in view of (6.1), M eAfor7ae zeQ Itis
clear that A is weak * closed and H C A.
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Proposition 6.1 A is the weak * closure of H. Moreover, if R > 0 then An{||u|| < R}
is the weak * closure of H N {||u|l < R}.

Remark. The second statement will be useful in Step 3 where we will use the fact
that the weak * topology of M(S) is metrizable on closed balls.

Proof of Proposition 6.1. The proof is a standard application of the Hahn-Banach
Theorem. We start by proving that H is convex. Fix 6 € (0,1) and let for i = 1,2

i = 690 /0w ® VP LV, w € Wo?(B).
Let 2o € B be such that |zo| = 1/2 and define
iy (z) = k71w (kz),  Gp(z) = kM NPuy(k(z — 20)),

where k > 4. Clearly 4; € W(}"’(B), 1) and @, have disjoint supports, and a change of
variables shows that fi; = y; for 1 = 1,2. It follows that the function

@ = 674, + (1 - 6) Py € WP(B)

generates pu = 6u; + (1 — 0)us and so p € H.
We now show that A cannot be separated from H. Assume that ¥ € C(S) is such
that (v,¥) > a for all v € H and for some a € R. Hence, extending 1 as p-homogeneous,

Qv¥(0) = inf —l-/ Y(Vu)dz > a
wew!?(B) |B| Jp

andso 0 > Qv(0) > a. We conclude that Qv(0) is finite, thus Q+(0) = 0 by homogeneity,
and 0 = Qv(0) > a. By definition of A, we have that (u,) > 0 > a for all u € A. Hence
A cannot be separated from H.

Similarly, one shows that Ag = A N {||zll < R} cannot be separated from Hp =
H N {|lzll < R}. Indeed, let ¥ € C(S) be such that (v,¢) > a for all v € Hp and for
some a € R. We first note that @ < 0. In fact, if a > 0, since

7).
= — V‘ude
I = 755 /. 194

when

b= byu/vy @ [VulP LN, v e WyP(B),
then )
inf{—— / Y(Vu)dz : u € WHP(B), — / IVl < R} >a. (6.5)
{Bl JB (Bl Js

Hence, if u € W}*?(B) and C(u) = Iﬁ [5|VuP dz > R, then for v = (R/C(u))?u,
(6.5) and the homogeneity imply

1 wde = S0 1
|B|/B‘“V o= T lBl/wa)dzza

which, together with (6.5), yields Q¥/(0) > a. Therefore Q(0) is finite, and by the
homogeneity we have 0 = Q(0) > a, contradicting our assumption. We conclude that
a <0 and so

a l

1
inf —/ Vu)ldzr - —— v de}> 5(0) = 0.
uewo‘"w){IBl p Y(VH)dE — gy [, IVl g 2 Qu(0)



6. Sufficient conditions 17 7-6-1996

Thus Q (1/) - 7“‘{ Bis ) (0) is finite, and by the homogeneity, it vanishes. Therefore if u €
Ap then

(b 9) = ol = (o1, 9) = 0, 1) 20
yielding (u,v¥) > a because a < 0. =

Step 3. Construction of {2;}.
Using condition 3 in Theorem 1.1 with y(A) = |AJf we have

" dm
/n/M]AI" dv(A)dz < n-dzﬁ(x)./s dA\:(A)dz < 7(f1) < o0,

which, together with conditions 1 and 2, and by Theorem 2.3 (see [21] for the proof)
implies that v is a W'¥-Young measure. Using the decomposition lemma (Lemma 1.2)
(see also Step 2, Section 5) we find a sequence {z;} bounded in W*?(Q) and satisfying
(6.2).

Step 4. Construction of {v;} when

1
A=) ax®b;, zeQXheda>0.

i=1

Here we search for a sequence {v;} bounded in Wy'P(52) such that (6.3) holds, i.e. {Vv;}
generates (6o ® £V, A) and, in addition,

. AP = A
}‘_To VY517, 0 "A"

By Proposition 6.1 and the remark after it, there exist sequences {w;i)} in W&"’(B ) such
that

lim / $(Vui) dz = (A, )
for all ¥ € H,. In particular

TS (014
I = Jim oz [ 9wl s

Now

v;(z) = J-1+N/P lBIl/pZ Y (1)(1(2: -1z;))

t=1
has the desired properties.
Step 5. Construction of {v;} in the general case. :
To obtain {v;} satisfying (6.3), we will use the following approximation lemma.
Lemma 6.2 Let A be a nonnegative, finite, Radon measure on Q x S with slicing
decomposition {5‘,} 0 ® 7, let A be a convex set of the set of all nonnegative, finite,
€
Radon measures on S , and suppose that ..

A €Aforiae €.
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Then A can be approximated in the weak * topology by measures of the form
7 & k k
AR =3"\Pesw, zPen e >0,
i=1
such that

3] < ]

Before proving the approximation lemma, we conclude the construction of {v;}. By
Lemma 6.2 we have

I
A = w-* limit K(k), I.\(k) = ZC‘(-k)ASk) (124 63(5), l
i=1 )

] < ]

Also, Step 4 yields the existence of sequences { } bounded in W0 P(§1) generating the
YM-V pair (6 ® LV,A®), and such that

lim |vv"‘)“

j—oo

= 3] <]
Lr () -

for all k. Separability of Co(§2), Co(M) and C(S), and a standard diagonalization argument
allow us to extract a diagonal subsequence v, = v('(‘) satisfying (6.3) and

sup [ Vukll ) < [[A]] + 1

It remains to prove Lemma 6.2.

Proof of Lemma 6.2. The result is well-known to experts. We include a proof for the
convenience of the reader. By Besicovitch’s Covering Theorem, for each k € N there

exists a finite family of disjoint closed balls B(x(k) (k)) such that

(n\ UB =) )y ) < % r* < % (6.6)

€l

Set
1

*) < -
N7 = _(-B_(x-(g—("—))j /s (zf*),r,!”)()""p) dr(z).

I’t

Since A is convex we have )\fk) € A, and we define

A® = Zc(k))\(k) ® 6 cfk) =5 (B( (k) (k))) '

l'\
i=1

Then

5] = S5 ] < $o5 i) < 0 - ],
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For ¢ € C(S) and 6 € W,"™(£2) with Lipschitz constant Lip(8) one has
[A® - K 0@y =

I
I A (s, ¥)6(z) d7 (z) —gc.“’uf"’,'mo(zi“’)

<

Ix A
: g A 7 *)
; -/B(zf").r.(v'))(/\:’ 1/})9(:) di (I) - ?__'__"1‘ /;(zsk)‘rsk))(sz 'b) d‘"(x)o(xi )
+/ ®) () <i” "”)l 16(z)| d7t(x)
MUB(z"r™)

(e, 9)| @R (2) + 1¥ll i) 1Ol iy 7 (2 \ VB, 7)),

< 7Lip(6) [n

and this expression tends to zero as k — oo. We have used (6.6). The assertion follows
since test functions of the above type are dense and {Ili\(k)ll} is bounded. -
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