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Abstract

The main idea of this paper is to reduce analysis of behavior of integral
functionals along weakly convergent sequences to operations with Young
measures generated by these sequences. We show that Young measures can
be characterized as measurable functions with values in a special compact
metric space and that these functions have a spectrum of properties suffi-
ciently broad to realize this idea.

These new observations allow us to give simplified proofs of the results
of gradient Young measure theory and to use them for deriving the results
on relaxation and convergence in energy under optimal assumptions on in-
tegrands.

In comparison with the first version of this paper, published as a preprint
of SISSA, we do not discuss consequences of the new concept of Young
measures as measurable functions for the general Young measure theory.
However, this time we are more consistent with applications of the new
technique to the above questions - all proofs are now completely based on
this technique.
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1 Introduction

Consider the functional
1) = [ L@, u(z), Yu(2))ds,

where Qisadomainin R*, 4 :  — R™ and where L : QxR™xR" — R is
a Caratheodory function. Some of the fundamental questions in the Calculus
of Variations are

e under which conditions on L is I lower semicontinuous with respect
to weak convergence in the Sobolev space W1 P(Q; R™);

e can the lower semicontinuous envelope of I be expressed as an integral
functional;

e under which conditions do weak convergence u; — ug in WHP(Q; R™)
and convergence in energy I(ux) — I(up) imply strong convergence.

A number of results that answer these questions in different generality
have been obtained in [AF], [B1], [Dal], [Da2], [EG] since the fundamental
work of Morrey [Mol] (see also [ET}, [MS], [Rel], [S1] for the scalar case m =
1). In recent years it has become clear that optimal results are most easily
stated and proved in the framework of Young measures ([Ba], [B2], [KP1]-
[KP3], [Kr], [S2]). The purpose of this paper is to present a streamlined and
self-contained approach to the theory of gradient Young measures and its
applications to the above problems.

We do not mention here all previous contributions in the area under
discussion, but give appropriate references each time that we state a result
similar to a known one or utilize a proof repeating a scheme discovered
earlier somewhere else. ,

In this paper we do not touch other problems in which Young measures
play an essential role (see e.g. [BL],[V]). An intensive study of the appli-
cations of Young measure theory to PDE started since the works of Tartar
(T1], [T2].

We assume 2 is an open bounded subset of R", with meas(9§2) =
0, unless otherwise stated. By W1P(£;R™) we denote the space of all
measurable functions u with finite norm [ju||lw1.r(q;rm) = |lu|lLr(@;rm) +
I Vul|Le(@;rmm), WoP(Q; R™) is the closure of C§°(€; R™) in W1P(Q; R™).
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By W,{.’f(ﬂ; R™) we denote the space of measurable mappings u : 2 = R™
such that u € W1?(Q; R™) for any open set { compactly embedded in
(€2 CcC Q). The space Co(R!) is the closure of C{°(R') in the supremum
norm. Equivalently,
Co(RY) = {® e C(RY): lim &(v) = 0}.
|lv]—00

Recall that L(z,u,v) : 2 x R™ x R"™ — R is a Caratheodory inte-
grand if L(z, -, -) is continuous for a.a. z and L(-,u,v) is measurable for all
u,v. It is well known that L is a Caratheodory integrand if and only if for
each € > 0 there exists a compact subset Q¢ of 2 such that meas (2\ Q) <€
and the restriction of L to ¢ x R™ x R"™ is continuous, see [ET].

From now on we will denote weak and strong convergence by — and —,
respectively. Convergence fr —* f in L°°(£2) means convergence of integrals
Jo frgdz to [q fgdz for all g € L!(£2). Convergence in W,L’f(Q; R™) means
convergence in W1?(§; R™) for each 2 cC Q. ‘

The ball of radius € with center at = will be denoted by B(z,¢). We
denote by R™ the space of all m x n matrices and, for A € R™ and
r € R™ we denote by Az the vector defined by matrix multiplication. By
14 we denote a linear function R™ — R™ such that l4(z) = Az everywhere.

We write M(R!) for the space of all bounded Radon measures supported
in R!, and ||u||sm for the total variation of a measure . To distinguish the
action of a measure on a function from the scalar product we use the notation
(L; 1) in the first case. Sometimes we also utilize more classical notation

J L(v)dp.
Recall the definition of Young measures
Definition 1.1 A family (v;)zeq of probability measures v, € M(R')

is called a Young measure if there ezists a sequence of measurable functions
2 : @ = R' such that for each ® € Co(R})

O(z;) =* @ in L®(Q), where ®(z) = (®;vz).

If the 2z are gradients of a sequence ury € WYP(Q;R™), p € [1,00],
which converges weakly in W1P(; R™) and for which the sequence |Vu|P
is equi-integrable, then (vz)zeq is called gradient p-Young measure.

Note that uj converges weakly in W(Q2; R™) to some g, and Vug(z) =
Jram(-) dvz for a.a. z € Q (cf. Theorem 3.7). Then ug is unique (up to
additive constants) and is called underlying deformation.
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We call a Young measure (vz)zeq an homogeneous Young measure
if vz does not depend on x. GM,(A) is the set of all homogeneous gradient
p-Young measures with the center of mass at A, GMy(A) is the set of
all homogeneous measures generated by gradients of sequences converging
weakly* in WL (;R™). We will frequently identify elements of the sets
GMy(A), GM(A) with measures in M(R™™). Note that the sets GM,(A),
GM(A) do not depend upon S.

Note also that a function ®(2) : 2 — R coincides with the function
given by the action (®;4,,(,) of the family of Dirac masses d,,(.) on the
function &.

Other notations frequently used in this paper will be given in §3, which
is completely devoted to general Young measure theory.

An improved version of fundamental theorem in Young measures by
[Ba], [B2] states that any sequence, which is bounded in L? with p > 0,
generates (after passage to a subsequence) a Young measure. Moreover,
under certain conditions on an integrand the action of this measure on the
integrand coincides with the limit of the values of the functional along the
sequence (see [Ba], [B2] and Theorem 3.7 stated below). In addition to
these facts a characterization of the classes of Young measures genérated by
gradients of the Sobolev functions was obtained in [KP3].

These results give us a hope that analysis of behavior of integral function-
als on weakly convergent sequences can be completely reduced to operations
with Young measures generated by these sequences.

In order to implement this idea one have to find a simple characterization
of Young measures and effective tools for work with these objects. It turns
out that such a characterization exists. In fact, Young measures are just
measurable functions with values in a compact metric space with the metric
having an integral representation (see Lemma 3.3). Although these functions
are not so simple as the ones with values in R', they still have a broad
spectrum of properties (these properties are given by propositions 3.2-3.5).

It turns out that the characterization of Young measures as measurable
functions and operations available for work with these functions suffice to
prove all standard results of general Young measures theory. In this paper
we do not discuss these matters, but concentrate on applications to gradient
Young measure theory and problems of the Calculus of Variations related to
behavior of integral functionals on weakly convergent sequences of Sobolev
functions. In view of that we restrict our work to families of probability
measures with measurable actions on continuous functions not proving ex-



plicitly that this class of families coincides with the class of Young measures.
A curious reader can consult about the omitted issues in [S3].

In §2 we will recall some auxiliary facts on Sobolev functions from [AF],
[BM], [IS]. The most important one is Theorem 2.1 recently proved in [Kr]
(for an alternative proof see [FMP]).

In §3 we prove the characterization of Young measures as measurable
functions into a special metric space and discuss basic properties of these
functions: Lusin property (Theorem 3.2), some quantitative estimates on
how the convergence of the elements of the families of probability measures
transforms into convergence of the families (Lemma 3.4), and a theorem on
measurable selections (Theorem 3.5). We also state a version of the funda-
mental theorem in Young measures in a form convenient for our purposes
(see Theorem 3.6). Since in this work we need to analyze behavior of inte-
gral functionals on sequences of Young measures, we extend the theorem on
relation of the value of an integral functional on a Young measure with the
values on a sequence of functions generating this measure to this generality
(see Theorem 3.7).

In §4 we give simplified and self-contained proofs of the basic results of
the theory of gradient Young measures (Theorems 4.2, 4.3), the main one
of which is the classification of gradient p-Young measures (Theorem 4.3),
obtained by Kinderlehrer & Pedregal [KP3]. In the homogeneous case, we
replace abstract duality arguments from [KP3] by ones relying on the inte-
gral formula for the metric corresponding to weak* convergence of measures
and Theorem 3.7. Then, we extend the result to the general case following
construction proposed in §6 of [S1].

In §5 we obtain some applications of the theory developed in §2-4 to the
behavior of integral functionals on weakly convergent sequences of Sobolev
functions. It turns out that the approach above leads to a simple proof of the
relaxation theorem under optimal conditions on integrands if the standard
growth conditions are assumed.

Recall that

a function L : R™ — R is called quasiconvex at A € R™ if for each
¢ € C° (% R™) the inequality

/ﬂ L(A + Vé(y))dy > L(A) meas ©

holds. This definition does not depend on the choice of an open set Q, with
meas (89Q) = 0 (cf.[BM]).



Theorem 1.2 Let L(z,u,v) : R®* x R™ x R" — R be a Caratheodory
integrand such that

AP + By < L(z,u,v) < AP+ B (p>1, A > A; >0).

Let

1

Le° = inf
(2,1, v0) ¢ecgg(ln;Rm) meas

‘/QL(JJ,U, vo + V¢(y))dya

I%(u) :=/QLqC(z,u(:I;),Vu(x))dm.

Then LI¢ satisfies the same estimates as L, is a Caratheodory integrand, and
the function v — LI%(z,u,v) is quasiconvez for a.a. z € Q and all u € R™.

If up = ug in WLP(Q; R™), then liminfy_, oo I (ug) > I9%(ug). Moreover,
there erists a sequence ux € ug + C§°(%; R™) such that the sequence |Vug|P
is equi-integrable, ux — ug in WP(Q; R™) and I(ux) — I9(uq).

Remarks
1. If L is continuous then L€ is continuous (see the proof of Theorem
1.2).
2. It follows from the second part of the theorem that I is the weak
lower semicontinuous envelope of the original functional I.

The previous most significant results in relaxation (see [AF], [Bu], [Da2])
involve some additional requirements on behavior of integrands with respect
to z,u. In [AF] a result on sequential weak lower semicontinuous envelope
has been stated under less restrictive assumptions on growth of L. We will
show how this result can be derived from Theorem 1.2 in the remark after
the proof of the theorem.

The following property of integral functionals is called the weak-strong
convergence property:

up — ug in WHP(Q; R™), I'(uy) = I(ug) imply ux — up in WH(Q;R™)

We obtain precise characterization of integrands satisfying this property
at a fixed function in §5 (see also [S2]). Results of previous authors indicated
some sufficient conditions for this property to hold at a function, everywhere
(see [Rel], [Re2), [Va], [Vi], [EG], [KP3], [Kr] and papers cited in [S1]). In the
scalar case a pointwise characterization of this property has been obtained
in [S1].



Definition 1.3 (see [KP3], [P], [Kr])

Let L : R™ — R be continuous function such that |L(v)| < Alv|P + B,
A > 0. Then L is closed p-quasiconvez at vy if fgnm L(-)dv > L(vg) for
any homogeneous gradient p-Young measure v (see Definition 1.1) with the
center of mass at vg. L is strictly closed p-quasiconvez if the inequality is
strict unless v is a Dirac mass.

Theorem 1.4 Let up € W?(Q;R™) and let L: R x R™ x R"™ -5 R
be a Caratheodory integrand satisfying the inequalities

|L(z,u,v)| < Ajv/’ + B,A>0,p > 1.

Then the following assertions hold

1. If L(z,up(z),v) is strictly closed p-quasiconver at v = Vug(z) for
a.a. T €, then the convergences uy — ug in WHP(Q; R™), I'(ux) — I(up)
imply the convergence ur — ug in WH(Q; R™) for any sequence uy such
that the negative parts of L(z,ux(x), Vug(z)) are equi-integrable.

2. Conversely, if the convergences ux — up in WHP(Q; R™) and I(ux) —
I(ug) imply the convergence uy — ug in Wh(Q; R™) for all sequences uy
such that ug € up+ C§°(Q; R™) then either L(z,uo(z),v) or —L(z,up(z),v)
is strictly closed p-quasiconvez at v = Vug(z) for a.a. z € Q.

Remark
In the situation in 1. the convergence

L(z,ux(z), Vug(z)) = L(z,uo(z), Vuo(z)) in L' holds.

The ”sufficient” part of the theorem has been proved in [Kr] through
arguments introduced in [KP3]. We also will follow these arguments in the
proof of this part of the theorem.

Remark

As proved in [S2], for p > 1 and integrands bounded from below strict
closed p-quasiconvexity of L at vy is equivalent to the property called in
[S2] strict p-quasiconvexity (see [S2] for the motivations of this choice in
terminology). The property is the following.

A function L : R™ — R is strictly p-quasiconvez at vo € R™™ if L is
quasiconvez at vg and for every c,e > 0 there ezists § = §(c,€) > 0 such that
for ¢ € C§°(S2, R™) the inequalities

S D00+ V9@)da < (L(vo) + ) meas 2, [IV4ller <
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imply the inequality
meas {z € : |V¢(z)| > €} <€

Therefore, Theorem 1.4 indicates the additional requirement to quasi-
convexity on behavior of integral functionals on linear functions both nec-
essary and sufficient for the weak-strong convergence property to hold. In
the scalar case (m = 1) strict p-quasiconvexity at a point vy becomes strict
convexity: Y; ¢;L(v;) > L(vg) for any ¢; > 0, v; # vg such that > ¢; = 1,
Y civi = v (see [S1], [S2]). In this case the second claim of Theorem 1.4
still holds if restricting considerations to the class of u; with equi-integrable
|Vug|P. We did not succeed to prove analogous result in the vector-valued
case. As for the result from [S2], it also has been obtained for the sequences
u, with equi-integrable |Vui|P, however assuming more restrictive growth
conditions.

In this paper we do not treat the case p = 1. We also do not consider
the situation when the exponent of the Sobolev space, in which the weak
convergence holds, is less than growth exponent of the integrands at infinity.
For results in this direction and counterexamples see [AD], [B1], [BFM], [BM]
[(BZ, [CD), [DS], [FH], {FM], [GMS], [Mal], [Ma2], [Maly1], [Maly 2] and
papers mentioned therein. It seems that the papers [FM], [BFM] describe
these results in the most generality.

2 Some auxiliary results

This section contains some auxiliary facts utilized in this work. The basic
fact from the theory of Sobolev functions which we need in this work is the
following (see [AF), [IS], [Kr,Th.3.10], [FMP])

Theorem 2.1 Letp €]1,00[ and let ux be a sequence bounded in wbhP(Q; R™).
There ezists a subsequence uj, and a sequence v; € WLP(Q; R™) such that
lvj — uj| + |V (v; — u;)| = 0 in measure and |Vv;|P is equi-integrable.

It took a surprisingly long time to understand that the key point in some
previous results is the above property of Sobolev functions. The technique
sufficient to prove Theorem 2.1 had been utilized in [AF] while the theorem
was first stated explicitly only ten years later in [Kr,Th 3.10] (as a conse-
quence of the stability result in the Hodge decomposition from [IS]). An
alternative proof has been proposed recently in [FMP, §4].
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Another important observation from [BM] is the following fact. Let §2
be an open bounded set such that meas (8Q) = 0 and 0 € Q. Let € be an
arbitrary open and bounded set. Then by Vitali covering theorem [Z, Ch.1]
for any € > 0 there exists a decomposition of  in sets of the form a; + ¢;Q
(2 € N), where ¢€; < ¢, and a set Ny of zero measure. Moreover

Lemma 2.2 Let ug € l4 + Wol’p(Q;R"‘). For each k € N consider the
decomposition of Q in disjoint sets of the type a¥+ekQ ieN, & <1/k)
and a set Ny of null measure.

Defining uy as Az + efuo((z — a¥)/eF) for z € af + €5Q, and as Az oth-
erwise, we obtain that up — l4 in WO1 P(Q; R™) and, moreover, the sequence
|Vugl|P is equi-integrable with the same modulus of equi-integrability as the
function |Vug|P multiplied by the factor (meas 2/ meas Q).

Proof is given in [BM] with exception of the estimate for the modulus
of equi-integrability of |[Vu,|P which follows immediately from the relation

meas {z € 0 : |Vui(z)| > M}/ meas Q = meas {z € Q : |Vug(z)| > M}/ meas .

Proposition 2.3 Let K C R"™ be a compact set of nonzero measure.
Then, for each n > 0 there exists an open set Oy (consisting, possibly, of
several domains) with smooth boundary and such that sup,¢o, dist(z, K) <
n, meas {(K \ Oy) U(Op \ K)} -0 asn—0.

Proof

Let f > 0 be a usual mollifying kernel, i.e. let f be smooth with the
support in the unit ball and [g. f = 1. Let f(z) = ¢ "f(z/e).

The convolution f¢ * x, where x is the characteristic function of K, is a
smooth function with support lying in 2e-neighborhood of the support of x.
Moreover, meas (supp(fe * x) \ K) = 0 as ¢ — 0.

For almost all § €]0,1[ the set S§ = {z : fe* x = &} is a smooth
hypersurface (consisting, possibly, of several connected pieces). Actually, by
the Sard theorem for a.a. § €]0,1[ the inequality [V (fe * x)(z)| > 0 holds
for all z € S5. For each such ¢ and z € S§ the hypersurface S§ is smooth
in sufficiently small neighborhoods of z by the implicit function theorem.
Because of compactness of S§ we obtain smoothness of S§ everywhere.

Because of the convergence fe * x — x a.e. in R", for each 0 > 0 we can
isolate €9 = €g(o) such that ¢p < o and

meas{z € K : (fe, * x)(z) > 1—0} > meas K — 0. (2.1)
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The sets O, can be chosen as {z € R" : (fey(n) *X)(z) > 1—46(n)}, where

d(n) €]n, 27| are such that the hypersurfaces S;‘(’,(l;') are smooth. Indeed, by
(2.1) meas (K \ Oy) < n — 0 as n — 0. The rest follows from the inclusion

017 - suPp(feo(n) * X)-
The proof is completed.

3 General Young measure theory. Theorem on
behavior of integral functionals along sequences
of Young measures

In this section we will prove that the families of Radon measures (v;)zen
with measurable actions on elements of Cy(R') can be identified with mea-
surable functions into a certain compact metric space (Lemma 3.3). This
fact will allow us to apply some standard (but powerful) tools for construct-
ing Young measures. In fact these tools, which are given by propositions
3.2-3.5, are enough to prove all standard results of Young measure theory
(see [S3)).

By the Riesz representation theorem, bounded linear functionals ! over
the space Co(R!) are given by actions of Radon measures: [(®) = (®;v).
Therefore the space M(R') of all Radon measures over R! is dual to Cp(R').
Moreover it is a Banach space with the total variation

M= sup [ @(w)dv
“‘I’“co(nl)sl R

as a norm.
Let K. = {v € M(RY) : ||v||m < c} and let {®; : i € N} (®; # 0) be a
dense set in Cp(R!). The metric
>, 1
plv,p) =) ml(@;”) —(®i; 1) (3.1)
1

=1

defined for elements of M(R!) endows K, with weak* topology for each
¢ > 0. It follows again from the Riesz representation theorem that (K, p)
is a compact metric space.

Definition 3.1 Let Q2 be a bounded measurable subset of R". A family
of Radon measures (Vg)zeq, where vz € K. for a.e. z € Q, is called weak*
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measurable if for any ® € Co(R}) the function (®;v()) is measurable. We
denote the set of these families as L, (2; K,).

A sequence (VF) cq of such families converges weakly* to a family (vz)zeq
in L,(Q; K,) if (Q;uzc_)) —=* (®;1) in L®(R), k — oo, for each ® €
Co(R!). In this case we use the notation (VX)zeq —=* (Vz)zen-

The space of weak* measurable families of Radon measures, which is
UcLw(Q; Kc), is the dual space to Li(€2, Co(RY)) (cf.[B2],[Ed,p.588]) and
this motivates our terminology.

In the following we frequently identify (v;)zeq with the map v : Q@ —
(K¢, p) given by v(z) = vz. It turns out that (v;)zeq is weak* measurable
if and only if v is measurable: for any closed subset C of (K, p) the set
v~1(C) is measurable (see Lemma 3.3). This identification let us utilize
some standard (but powerful) results on measurable maps, first of which is
the Lusin property.

Theorem 3.2 (Lusin type characterization of measurable func-
tions)

Let 2 be a bounded measurable subset of R™, (M,d) be a compact metric
space. A function £ : Q — (M, d) is measurable if and only if for any € > 0
there erists a compact set Qe C Q such that meas(2\ Q) < € and the
restriction of £ to §¢ is continuous.

The proof is a straightforward modification of the proof of the standard
version of this theorem.

Lemma 3.3 Let Q be a bounded measurable subset of R™. Let v; € K,
for a.a. z € Q. The family (v;)zeq is weak* measurable if and only if
v:Q — (K p) ts a measurable mapping.

Proof

Assume that a family (v;)zen has measurable actions on elements ® of
Co(R"). Let also {®;} C Co(R!) be a sequence of functions, which is dense
in Co(R'). For given € > 0, i € N there exists a compact set §; C
such that the restriction of (<I>,-;u(.)) : Q2 = R to ; is continuous and
meas (2 \ ©;) < ¢/2'. Then meas (2 \ NQ;) < € and the restrictions of all
functions (®;;1(,)) to N; are continuous. This implies continuity of the
function v : NQY; — (K¢, p). Then v : Q@ — (K., p) is a measurable function.
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Conversely, let v be a measurable mapping from 2 into (K, p). Then,
by Theorem 3.2, the Lusin property holds for v. Thus, for any fixed € > 0
there exists a compact subset £, of 2 such that meas (2 \ 2¢) < € and the
restriction of v to €2, is continuous in p-metric, that implies continuity of
the restriction of the function (®; (. to Q2 for each ® € Co(R!). Therefore
(®;v(,) is a measurable function for each @ € Co(R!). This completes the
proof. QED

We define the average Av(uz)zeq of a weak* measurable family of mea-
sures as follows

(®; Av(iz)sen) = —

meas 2

/Q(Q;uz)dx, ® € Co(RY).

It is clear that if u; € K for a.e. £ € Q2 then Av(uz)zeq is a linear functional
over Co(R}) bounded in norm by ¢. Thus Av(uz)zeq € K.
We will need the following continuity property of the operation Av(u;)zeq.

Lemma 3.4 Let Q be a bounded measurable subset of R™ and let (ul).eq,
(/1':2::)-7369 € Ly(Q, K.). Then

1) If Q5 is a measurable subset of Q such that meas (Q\ Q5) < d meas
and p(ul,u2) < 6 for all z € Q;5, then

p(AV(B3)zeq, AV(13)zen) < (2¢+ 1)6.

2) If p(p*(-), u(-)) = O in measure, where (piz)zeq, (1E)zen € Lu(Sk Ke),
then

(uf,-)men —* (pz)zeq i Ly(Q; K,) as k — oo.

Proof of the first claim is based on the representation formula for p.
Actually, if ¥; = @;/||®;||c(r) then

P(AV(#;;)zeQ, AV(ﬂi)zeQ) =
S0 [, B)iAv(ublzen = [ B(o)dAV(D)zenl/2'} =
2 / fR Witz — [ [ @i(o)du2dal /2 meas 0 <

S vt = [ #i(o)dpldn) /(2 meas @)} <
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2¢d + Z{(/{;é ,-/R‘ \I’i(’v)d,u; - /l.{l ‘I’i(v)dﬂydz)/(zi meas ()} =
266+/m{z-|/m \I/i(v)du}D —/R‘ ‘I’i(v)dugl/zi}dm/(meas Q) <

2¢cd +/ p(pk, u2)dz/ meas Q < 2¢6 + 4.
Qs

The second assertion of the theorem is an immediate consequence of
the first one. Actually, let § be a measurable subset of Q. By the first
statement of the theorem Av(p'z‘)zeﬁ —* Av(piz) cq as k — oco. Hence, for
any ® € Cy(R!) the convergence (@;uf_)) =*(®; () in L*(£) holds.

The proof of Lemma 3.4 is completed. QED

We recall also a version of the theorem on measurable selections from
[K-RN] (for more sophisticated versions of such theorems see [CV]).

Let 2 be a bounded measurable subset of R"™ and let (M, d) be a compact
metric space. A mapping V : Q = 2™ is a closed measurable multi-valued
mapping if, for a.a. z € Q, the set V (z) is closed and if for any closed subset
C of M the set {z € Q: V(z) N C # 0} is measurable.

Theorem 3.5 If V : Q — 2M is a closed measurable multivalued map-

ping then there exists a measurable selection, i.e. a measurable map v : ) —
(M, d) such that v(z) € V(z) for a.a. z € .

The following result is a version of fundamental theorem of Young mea-
sures (see [B2], [Ba], [Ev], [T1], [T2], [Y1], [Y2]) stating weak* compactness
of families of Radon measures.

Theorem 3.6 ( Compactness result ) Let Q be a measurable bounded
subset of R™ and let (Vi)zeg € L,(Q K,.). Then there exists a subsequence
(vE)zeq (not relabeled) and a (vz)zeq € Ly (Q; K¢), such that

(V:’cc)meﬂ —* (Vz)zeq in Ly(Q; K,)

that is (Q;uf)) —* (®;1(y) in L=(R) for any & € Co(R!).

If (X)zeq is a family of probability measures then (vz)zeq also consists
of probability measures provided there ezists a function g : R - R* such
that lim)y|_, 0 9(v) = 00 and

/ g(v)dvidz < c.
QJR!
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In particular, each sequence of measurable functions 27 : Q — R' such
that [ g(2? (z))dz < ¢ contains a subsequence generating a Young measure.

Proof of the compactness result is given in [B2], [Ev], [Kr]. It fol-
lows from the duality L°(92; M(R})) and L!(Q;Co(R')) and the Banach-
Alaouglu theorem. For a proof in context of the concept of Young measures
as measurable functions see [S3].

To prove the second part of the theorem note that v, is nonnegative for
a.a. z € Qand ||yg||lm < 1.

Let §2x be an increasing sequence of compact subsets of §2 such that
meas (2 \ Q) — 0 as k — oo and the restrictions of v : @ — (K1, p) to Qi
are continuous. Let i € N and Q;x = {z € Q : ||vz]lm <1 —1/i}. Then
Q; i is a closed subset of ;. Suppose that meas €; ; > 0.

Consider v = Av(vf)seq, ., v = AV(Vz)zeq; - By the assumptions we
have 14 —* v (this follows from the convergence (Vf)zcq —* (Vz)zeq in
Ly(% Ke)), Jrig(v)d? < c, and ||v||m < 1 — 1/i. In particular one has,
for all C' < oo the inequality

V(R \ B(0,C)) inf{g(v) : o] 2 C} < c

holds. Thus for any sufficiently large C we have v7(B(0,C)) > 1 — 1/2i for
all j € N.

If & : R! — [0,1] is continuous, ®(v) = 1 for |[v| < C, and ®(v) = 0 for
|v| > 2C, then

/ S >1-1/2>1-1/i > / &(v)dv
R! R!

for all j € N. This contradiction with the convergence v/ —* v proves that
meas Q; ; = 0. Thus meas (U; xQ;x) = 0 and, as a consequence, ||vz||pm =1
for a.e. z € 1. QED

Recall that the main idea of this work is to replace analysis of behavior of
integral functionals along weakly convergent sequences by work with Young
measures generated by these sequences. In order to implement this idea
we need to characterize the cases when the action of a Young measure on
an integrand coincides with the limit of the values assumed by the integral
functional at a sequence generating this measure. In the general case only
the lower semicontinuity result holds (see [Ba], [Re3], and Theorem 3.7).
Since the inner demands of the theory which we develop in this paper require
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work with sequences of Young measures instead of functions, we have also
to indicate such a characterization in this, more general, situation.
It turns out that a relevant characterization is the following one.

Let F(z,v) : R™ x R! = R* be a nonnegative Caratheodory integrand,
(Vi)zeq € Ly(Q; K.) (i € N). We will say that (v2)eq satisfies the tight-
ness condition with the integrand F on @ C R" if

lim sup/(/ Em(F(z,-))dvi)dz =0,
M—oo 4 0 JR!
where £) : R — R is a continuous function satisfying the requirements:
0 < &pm(t) <t everywhere, £ps(t) =0 for t < M, () =t for t > 2M.
It is easy to see that in the case uf‘) = §;,() the tightness condition
coincides with equi-integrability of the sequence F(-, z;(-)).

The next theorem gives answer to the above question.

Theorem 3.7 Let Q2 be a bounded measurable subset of R™.

Let (V) zeq be a sequence of families of probability measures with support
in R!, and let L(z,v) : @ x R! 5 R be a Caratheodory integrand. Suppose
that (Vi)zeq satisfies the tightness conditions with the negative part L™ of
L (therefore the integrals of the functions foL(','U)dV(i.) are either finite
or equal +00) and that (Vi)zcq generates a family of probability measures

(Vx)zEQ-
Then

lim inf (/ L(m,v)dui)dmk/(/ L(z,v)dv;)dz.
i»oo Jq JRI Q JR!

Moreover, lim;_yo0 [ Jri L(z,v)dvidz — [q fgi L(z,v)dvedz if and only if

(vz)zeq satisfies the tightness condition with |L|. In this case [g, L(-,v)du(i.) -

Jre L(-,v)dyy in L

Proof

Let Qk be a sequence of compact sets such that meas (2 \ Q) — 0 as
k — oo and the restrictions of L to Q; x R! are continuous. Let us prove
first the theorem under the additional requirement of boundedness of L from
below.

Consider a sequence of continuous functions ®; : R' — [0, 1] such that
®;(v) = 1 for v € B(0,5), ®;(v) = 0 for v € R'\ B(0,25), and ®;(v) is
nondecreasing in j for any fixed v € R..
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For fixed k € N, j € N let w be a modulus of continuity of the restriction
of L to 2 x [—24,27])". Decompose Q on the sets K1, ..., Kp, in such a way
that diamK, < 6, p € {1,...,m}. Let also z, € Kp, p = 1,...,m. Then,
for any fixed p € {1,...,m}

/1;‘ @j(v)L(xp,v)duf.) —* /R' ®;(v)L(zp,v)dy(,) in L™ as i — oo,

|12;(v)||L(zp,v) — L(y,v)| < w(d), if y € Kp,v € R,
Thus, letting 6 — 0 we obtain

/ ®;(v)L du() —* / ®;(v)L(-,v)dy(y in L%(),i = oo.
Since L is bounded from below the Fatou lemma implies
. i i
/S;k (/Rl ®;(v)L(z,v)dvy)dz — Qk(/R’ L(z,v)dvl)dz
as j — 00, 1 € N (the same holds for the family (v;)zeq). Thus

lim inf / L(z,v)dv.)dz >/ / L(z,v)dv;)dz
1200 JQ),
It is also clear that for the complete convergence we need tightness of
(Vi)zeq, with LT, In this case [g: L(-,v)duz,) — Jr L(-,v)dyy in LH(Qy).
Because meas (2 \ 2x) — 0 as kK — oo and L is bounded from below the
desired result follows. Theorem 3.7 is thus proved for integrands bounded
from below. For general integrands consider the auxiliary integrands L" =
max{L,—n} for which the inequality

lim inf / ( / L™z, v)dvi)dz > / ( / L (z,v)dv;)dz
Jj—oo Jao JR! Q JR!

has been proved. In view of the tightness condition for (Vi);eq with L™ and

Fatou’s lemma the same holds for the original integrand. Moreover we have

complete convergence if and only if (1%)zen sa.txsﬁes the tightness condition

with L*, and in this case [g: L(-, v)du(.) = Jgt L(-,v)dy(y in L! as i — oo.
The proof of the theorem is completed. QED

In the following we will frequently use Proposition 3.8.
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Proposition 3.8 Let S} be a bounded measurable subset of R™. Let
zj: 1> R! be a sequence of measurable functions that generates a Young
measure (vz)zen. Then the following assertions hold.

1.) The sequence z; converges in measure if and only if v, is a Dirac
mass for a.a. € Q.

2.) If the sequence y; satisfies z; — y; — 0 in measure as j — oo then it
generates the same Young measure.

Proof Convergence z; — 2z in measure implies strong convergence
®(z;) - ®(z) in L}(Q) for each & € Co(R'). Hence z; generates the
family 0,,(.): ®(25) —=* (2;0,()) = ®(20) in L for all ® € Co(RY).

Given € > 0 we can find a bounded continuous integrand L : @ xR! - R
and a set Q. C Q such that meas (2 \ Q) < ¢, 0 < L <1 everywhere, and
for each z € Q¢ we have L(z,v) = 1 for v € B(2y(z),€¢/2), L(z,v) = 0 for
v £B(2¢0(z),€). By Theorem 3.7 we have L(-, z;(-)) =* L(-,20(-)) in L*®(Q).
Since [ L(z, zo(z))dz > meas 2 we infer

limj_,omeas {z € Q : zj(z) € B(20,€)} > meas §) > meas § —e.

This implies convergence z; — zp in measure. _
Proof of the second part of Proposition 3.8 is immediate since ®(y;) —
®(zj) = 0 in L}(R) for each @ € Co(R'). QED

4 Gradient Young measure theory

Recall first the definition of gradient p-Young measures. Let €2 be an open
bounded domain with meas (092) = 0.

Definition 4.1 A Young measure (Vz)zeq is a gradient p-Young mea-
sure, p € [1,00[, if it is generated by gradients Vu; of a sequence u; €
WP (Q; R™) such that u; converges weakly in W1P(Q; R™) and the func-
tions |Vu;|P are equi-integrable.

If uj — ug in WHP(; R™), then Theorem 3.7 implies Vug(z) = fgam (-)dv,
for a.a. z € 2. The function ug is called the underlying deformation.

A Young measure (v;)zeq is called homogeneous if it does not depend
on z. By GMp(A) we denote the set of all homogeneous gradient p-Young
measures with the center of mass at A. By GM(A) we denote those of
them which are generated by gradients of sequences converging weakly* in
W1>(; R™). Both these sets do not depend on f2.
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By v o A we denote the measure obtained by exchanging the center of
mass of v to A: if v is generated as a gradient p-Young measure by Vu;
and B is the center of mass of v then v ¢ A is generated by the sequence
Vug +14-B.

The main purpose of this section is to give self-contained proofs of the
following two basic results of gradient Young measure theory first proved in
[KP1]-[KP3].

Theorem 4.2 Let (vz)zeq be a gradient p-Young measure with under-
lying deformation ug, p € [1,00[. Then

1) (Averaging principle) If there ezists an A € R™ such that up —
14 € WyP(; R™) then Av(vz)zca € GMy(A). If ug — 14 € Wy ™(2;R™)
then Av(dvuy(z))zen € GM(A).

2) (Localization principle) For a.a. € Q the measure v; is a homo-
geneous gradient p- Young measure.

Corollary of Theorem 4.2
Let L : R™™ — R be continuous, |L(v)| < AJv|P + B, p € [1,00[. Then
1. the following identities hold

1
inf (Lyjv)= inf (L;v)= inf
vEGMp(A) VEG Moo (A) $eCe (R™) meas 2

/ L(A+Vé(z))dz;

2. the function L is quasiconvez at A if and only if

. N> .
uEGIII\l/It;(A)(L’V) z L(4)

Theorem 4.3 (Characterization of gradient p-Young measures)

A family (vz)zen € Lyw(Q; K1) of probability measures is a gradient p-
Young measure with p € [1,00[ if and only if

(i) there ezists ug € WHP(Q; R™) such that [gam(-)vz = Vug(z) for a.a.
T €8

(ii) for a.a. T € Q the inequality L(Vug(z)) < [gam L(v)dvz holds for
any quasiconvez function L such that ¢ < L(v) < Alv|P + B.

(iii) [q fgnm (1 + |v|P)dvzdz < 0o

Remarks The theorem asserts that a probability measure v € M(R"™)
is a homogeneous gradient p-Young mesure if and only if {1+ |- [?;v) < o0
and L({-;v)) < (L;v) for all quasiconvex L withc < L < A|-|P + B.
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Thus (V;)zen € Ly(R2; K;) is gradient p-Young measure if and only if
(i), (iii) hold and for a.a. = € Q the measure v; is a homogeneous gradient
p-Young measure.

In the scalar case min{n,m} = 1 quasiconvexity becomes convexity.
Therefore any family of probability measures satisfying conditions (i),(iii) is
a gradient p-Young measure. This fact was also implicitly proved in [S1,§6]
through approximation results from [ET, Ch.10].

To prove Theorems 4.2, 4.3 we will need two simple auxiliary propositions

Proposition 4.4 1. Let p €]1,00[, (vz)zeq be a Young measure gen-
erated by gradients of a sequence u; bounded in WHP(; R™) (no assump-
tions on equi-integrability of |Vug|P), and let ug be the underlying deforma-
tion. Then (v)zeq is generated also by gradients of a sequence vy € ug +
C§° (S R™) such that the functions |Vug|P are equi-integrable and vy — ug
in WHP(Q; R™). In particular, (vz)zeq is a gradient p- Young measure.

2. Letp € [1,00], let |Vu,|P be equi-integrable and u; — uy € WHP(; R™)
in W,t’f(Q;Rm) . Let also Vu; generate a Young measure (vz)ze. Then
there ezists a sequence vk € ug + C§°(2; R™) gradients of which generate
(vz)zen as a gradient p-Young measure.

It is clear that in the case p > 1 the statement of the second assertion
is close to the statement of the first one, but proofs of the seconds parts
of both propositions 4.4 and 4.5 do not involve Theorem 2.1. We state the
second assertions of these propositions separately in order to show that, like
in [KP3), Theorem 4.3 can be proved without using Theorem 2.1.

Note that Proposition 4.4 was proved the first time in [KP3] using ar-
guments similar to those in [AF] and Theorem 4.3. Theorem 2.1, which we
use here, were established later in [Kr].

Proof

1. By Theorem 2.1 there exists a subsequence u; (not relabeled) and a
sequence w; € WP(Q; R™) such that |Vw,|? is equi-integrable and |V (w; —
u;)| = 0 in measure. By Proposition 3.8 Vw; generates the same Young
measure as Vu;. Without loss of generality we can also assume that w; — ug
in WP (4, R™).

Let ©; CC 2 be an increasing sequence of sets with smooth boundary
such that meas(Q \ Q) — 0 as k — oo. Let ¢ € C§(Q%41;R™) be
a sequence such that 0 < ¢ < 1, ¢ = 1 on Q. Consider a sequence
vk = up + (Wjk) — wo)Pk- We will prove that there exists a subsequence
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j(k) — oo such that the sequence |Vvi|P is equi-integrable and vy — ug in
WLP(; R™). We have

Vg = Vuyg + (ij(k) - VUQ)¢k + (wj(k) —u) ® V.

Then
IV (v — wig)llee < IVwjyllze@\ar) + 11Vuollr@\a)
+Hlwijcey = vollLr @y \00) IV SEllC
vk = wollLr < |lwjk) — vollLr(@uys)-

First two terms in the right-hand side of the first inequality converge to
zero for any choice of j(k) — oo, both the last term and the right-hand side
of the second inequality converge to zero for a special choice of j(k) — oo
since wj — up — 0 in L} () as j — o0o. Thus |Vui|P is equi-integrable for
this choice of j(k), and vy — up in Wol’p(ﬂ; R™). Because Vvg — Vwjx) — 0
in measure the sequence Vv generates the same Young measure (vz)zeq (cf.
Proposition 3.8).

In order to meet the last requirement vg € ug + C§°(R2; R™) we can take
the mollifiers with sufficiently small radii of the already obtained sequence
V-

The second part of the proposition may be proved by the same argu-
ments, taking w; = u;.

Proposition 4.4 is proved. QED

Proposition 4.5 Let (vi)zcq be a sequence of gradient p-Young mea-
sures such that (V)zeq =* (Vz)zeq as j = 0o and the underlying deforma-
tions u) are equi-bounded in WHP(Q; R™), p € [1, 00].

1) If o fanm (1 + |v|P)dvidz < c and p > 1 then (vz)zeq is @ gradient
p-Young measure.

2) If the sequence (V)zcq satisfies the tightness condition with the inte-
grand (1 + | - |P) then (vz)zeq is o gradient p-Young measure.

Proof _
By Proposition 4.4 for any fixed j there exists a sequence ul, € uj +
C8°(2; R™) (u; is the underlying deformation for (v});eq) such that (6Vu£ (m))_—,;eg —*

(¥3)zeq in Ly,(S2; K1) and u] — uj = 0 in Wy P(Q; R™) as k — oo, and the
functions |Vu}|? are equi-integrable. In particular Theorem 3.7 shows that

lim. /Q (1 + |Vl (2)P)dz = /Q /R (1 +[ol)dvids.
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Because of the convergence (V)zen —* (Vz)zen by usual diagonalization
arguments we may isolate a sequence uj ;) bounded in W!?(Q; R™) such

that (6Vui(j)(z))zen —* (Vz)zen in Ly (Q; Kq) as j — oo and

/ (1+1Vd (@)P)de - / / (1+ [v]P)diidz — 0, — oo.
Q QJRrm

Thus, the first assertion follows from Proposition 4.4.
To prove the second assertion note that the tightness condition implies

P, = /R (14l in LNQ), 5 — oo,

see Theorem 3.7. Now we proceed as before, and because of the convergence
/ (1+ Ve (2)P)de = / / (1 + [v[P)dvde
Q Q JRrm

by the same theorem we obtain that the functions |Vui( o |P are equi-integrable.

By the second part of Proposition 4.4 (v;);eq is a gradient p-Young measure.
Both assertions of Proposition 4.5 are proved. QED

Proof of Theorem 4.2

Without loss of generality we may assume that 0 € Q. Consider first the
case (Vz)zeq = (dvug(z))zen- Recall that ug € 14 + Wo1 P (4 R™).

For each ¢ € N consider a cover of §2 by disjoint sets {25 of the form
a; + ejﬂ (j € N) with diamQj- < 1/i, and a set Nj; of zero measure. Suppose
also that for each i’ > 1, j' € N either Q}', - Q} or Qj', n Q} = {.

Define vi(z) = eguo(z—:—,ﬁ) forz € Q;, v} (z) = l4(z) otherwise. Then
2

AV(‘va‘(:z))zeQ; = AV(JVuo(z))zeﬂ for each j.
We claim that

(dgo (z) )zeq —* AV(6Vuo(z) )zen-

Let (0yyk(z))zeq be a subsequence (not relabeled) which generates a Young
measure (V;)zeq. Let = ni(UjQ;'), where Q; is the set of interior points
of Q; It is clear that meas(Q\ ) = 0. For each z¢ €  there exists a
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sequence Qj-(i) such that zg € Q;.(i) for each 7 € N. By the Lusin property
(Theorem 3.2) and Lemma 3.4

AV(Vz)zem(,) —* g, in Co(R™) as i = 00
F1¢
for a.a. g € (). Because
AV((vak(I))zeﬂi.(.) —* Av(ux)zem(‘) in Co(an)l as k — oo and
FAS (e

AV(‘SVv"(z))zGQ;.(i) = AV(‘SVuo(z))a:EQ for any k > 1

we infer that AV(Vz)zen;'.(i) = Av(byyy(z))zen for all i € N. Then vz, =

AV(8yu,(z))zeq for a.a. zo € .

Because each subsequence of the original sequence (dgyi(z))zen contains
a subsequence converging weakly* in L, (£; K1) to the homogeneous Young
measure Av(8yy,(z))zeq We obtain that the original sequence has this prop-
erty.

By Lemma 2.2 the functions |Vv*|P are equi-integrable. Hence AV(0yuo(z))zen €
GMp(A). In the case up € la + W01’°°(Q; R™) we have that v' —l4 —* 0 in
WL (Q; R™). Thus Av(Sgug(e))zen € GMoo(4).

If (vz)zeq is a gradient p-Young measure with the underlying defor-
mation ug € l4 + Wol’p (;R™) then by Proposition 4.4 there exists a se-
quence u; € la + C§°(Q;R™) generating (vz)zen as a gradient p-Young
measure (in this case the functions |Vu;|P are equi-integrable). Because
Av(Oyy(z))zen —* Av(vz)zen and the modulus of equi-integrability of p-
powers of gradients of sequences generating Av(8gy,(z))zeq does not exceed
modulus of equi-integrability of |Vu;|? (cf. Lemma 2.2) we obtain that the
sequence Av(Syy,(z))zen satisfies the requirements of the second assertion
of Proposition 4.5. Hence Av(vz)zeq € GM,(A). This completes the proof
of the first claim of the theorem.

Let us prove the second claim. Let (vz)seq be a gradient p-Young
measure. There exists a sequence ; of compact subsets of Q such that
meas (2\ ) — 0 as k — oo, the restrictions of v(.) to 2 are continuous in
p metric, and all points of (. are Lebesgue for the map z — (1 + |v|P;vg).

Let Vu; be a sequence generating (vz)zeq as a gradient p-Young measure.
Let zo be a Lebesgue point of and let B(zo,€) C § for an € > 0. For
j € N consider a sequence u{ ,i € N, defined on B(zg,€) C §2 by the formula

ul (zo +y) = j{ui(zo +y/J) — ui(z0)}-
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For |y| < € we have that Vu](zo+y) = Vu;(zo+y/j). Then Vui,i €N,
generate a gradient p-Young measure (1])zeB(zo,) With 12, +y = Vzoty/is
y € B(zo,€). By continuity of the restriction of v : @ — (K3, p) to 2 and
Proposition 3.4 we infer (v])zeB(zo,e) = Vzo in Luw(B(zo,¢€); K1) (here vy,
is a homogeneous Young measure). Moreover, since zj is a Lebesgue point
for the map z — (1 + |v|P; ;) we have

/ (1+ Ivl”;ug)dx - / (1 + |v|P;vze)dz, 7 — 0.
B(zo,€) B(zo,¢€)

Thus (v])zeB(z0,¢) Satisfies the tightness condition with the integrand 1+|-|P
(cf.Theorem 3.7). By the second assertion of Proposition 4.5 we infer that
Vg, is a homogeneous gradient p-Young measure. This proves the second
claim of the theorem.

The proof of the theorem is completed. QED

Proof of Corollary of Theorem 4.2
It is obvious that inf,egn,(a)(L; V) < infyegny,(4)(L;v). The inequality

inf (L;v) < inf !
VEG Moo (A) $eCe([;R™) meas )

/ L(A + Vé(z))dz

holds because Av(dyg(z))zen € GMoo(A) (cf. Theorem 4.2). To prove the
converse inequality

. 1
inf
$€CP(BR™) meas §)

[rAa+ve@nas < dnf (L)

notice that by Proposition 4.4 a v € GMp(A) is generated as a gradient
p-Young measure by gradients of a sequence ux € lg4 + C§°(Q2;R™). In
particular, by Theorem 3.7

/Q L(Vug(z))dz — (L;v) meas 2 as k — oo.

The first assertion is proved. Let us prove the second one.
If L is quasiconvex at A then for any k£ € N the inequality

/ﬂ L(Vug(z))dz > L(A) meas

holds with the above u, and, as a consequence, (L;v) > L(A).
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Conversely, if ¢ € 14+C$°(Q; R™) then the inequality (L; Av(6vg(z))zen) 2
L(A) holds because Av(dyg(z))zeq € GMoo(A). This implies the inequality
Jo L(A+ V¢(z))dz > L(A) meas Q. Thus L is quasiconvex at A.

The proof of the corollary is completed. QED

The proof of Theorem 4.3 from [KP3] is based on an abstract version of
Hahn-Banach theorem for special functional spaces, the relaxation theorem
in the simplest form (Theorem 4.6), and some technical approximation re-
sults (see Lemma 5.1 and the proof of Theorem 1.1 from [KP3]). We also
prove this result first in the homogeneous case through the relaxation theo-
rem (we give a direct and self-contained proof of the latter theorem). In this
case we propose a proof based on the integral representation of the metric
p and Proposition 4.5. This proof admits far-reaching extensions, see [S4].
Then we extend the result to ihe general (nonhomogeneous) case utilizing
construction in the proof of Theorem 3 from [S1].

Theorem 4.6 Let L : R"™ — R be a continuous function satisfying the
estimates

AP + B, < L(v) < AlvfP+B,, pE€ [1,00[, Ay > A > 0.

Then there ezists a function L¢, which is the greatest among all quasi-
convez functions minorizing L. This function is given by the formula

L%(A) = inf L(v)dv,
vEGM,y(A) JRm

where GMp(A) is the set of all gradient p- Young measures with the center
of mass at A. Moreover L% is continuous and satisfies the same estimates
as L.

There are proofs of this theorem not involving Young measures (see
[Dal], [Da2]). In this case L9°(A) is defined first as

inf !
¢eCe(R™) meas 2 Jo

L(A+ Vé(z))dz.

Then the result follows from the corollary of Theorem 4.2. We propose here
a proof which may be easily extended to the general case (see the proof of
Theorem 1.2 in §5), but involves Theorem 2.1.

Proof Consider first the case p > 1.
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By Theorem 3.7 and Proposition 4.5 the infimum of I(v) := [gam L(v)dv
over GM,(A) is attained. Let V(A) denote the set of minimizers of this
problem.

If Ay & A as k = oo and v; € V(Ag) then for a subsequence v; we have

Jll’x{.lo I(vj) = likn_l'ir.}fI(uk), vi =* v,
where v is automatically a gradient p-Young measure with the center of
mass at A (cf. Proposition 4.5). By Theorem 3.7 lim;oI(v;) > I(v).
Thus, liminfx_,o L9¢(Ax) > L(A), i.e. L is lower semicontinuous at A.

To prove upper semicontinuity notice that if v € V(A) then the measures
v o Ay are gradient p-Young measures centered at A, respectively, and

v —=* v, limsup LI(Ag) < lim I(y) = I(v).
k—o0 k—o0
Therefore L€ is continuous.
Since each function ¢ € C§°(£2; R™) can be approximated in W*-norm
by piecewise affine ones, to establish quasiconvexity it is enough to prove
the inequality

/ﬂ LI(A + Vé(z))dz > LI(A) meas

for piecewise affine functions ¢ € Wol (4 R™). Fix such a ¢. Let €,

(j = 1,...,k) be a finite collection of subdomains of 2 on which A + V¢

has constant values A, ..., A respectively. Let v; € V(4;), j € {1,...,k}.
By Proposition 4.4 there exist functions u; € C§°(£2;; R™) such that

/.L?C(Aj)dx = /Q o L(v)dv;dz > /ﬂ L(A; + Vuj(z))dz — €/k.

2;

Define 4(z) as ¢(z) +u;(z) for z € Q;, j € {1,...,k}, and as ¢(z) otherwise.
We have

/n L%(A + V(z))dz = /

k
LY(A + V(z))dz + / L%(A;)dz >
s @ie+ 3 [ 4y

k
/n\ulenj LA+ Vé(z))dz + JZZ:I /Q,- L(A; + Vuj(z))dr — e >
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/ L(A + Vi(z))dz — e + / (L(A + Vé(z)) — L(A + V(z))}da.
Q Q\Us_, Q;

The first term in the right-hand side of the inequality exceeds LI°(A) meas 2
since

/n L(A + Vii(z))dz = (L; Av(byaa))zen) meas 2,

where Av(dvg(z))zen € GMp(A) by Theorem 4.2. The second term tends
to zero as k — oco. Because € > 0 may be chosen arbitrary small we obtain
that

/Q L¥(A + V(z))dz > L9(A) meas Q.

This proves quasiconvexity of L9€.

By the construction L€ is the greatest function among quasiconvex ones
minorizing L. Indeed, if F is a quasiconvex function minorizing L then for
any v € V(A) we have

L%(A) = (L;v) > (F;v) > F(A),

where the last inequality follows from the corollary of Theorem 4.2. Hence
L%(v) > A; + Bj|v|P, while the estimate Az + Bq|v|P > L(v) > L%(v) is
obvious.

The theorem is proved in the case p > 1.

Consider the remaining case p = 1. To treat this case consider a family
of auxiliary integrands L, (-) := L(-) + p| - |2, p > 0, and their quasiconvex-
ifications Li°. For any fixed v € R™™ the values LI°(v) decrease to L(v)
as 4 — 0. Because L{° are continuous functions bounded below by B; the
function L is upper semicontinuous and is bounded below by B;.

Because the inequality

/ﬂ LE(A + V(z))dz > LI(A) meas ©

holds for any ¢ € C§°(€; R™) and A € R™™ the same holds for the integrand
L by monotone convergence theorem and then L is quasiconvex.

To establish continuity of L it is enough to prove lower semicontinuity.
The latter follows from quasiconvexity of L. In fact if Ay — A then there
exist functions ¢r € lg4 + C§°(2; R™) such that meas{z € Q : ¢p(z) #
A} — 0 and ||@k|lwr.e < ¢ < 0co. Then

.(Ax) meas Q — /ﬂ E(A + Véi(z))dz — 0.
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Since the second term exceeds L(A) meas 2 we infer that lim infy_, o L(Ax) >
L(A).

Therefore L(A) is a continuous quasiconvex function. By the Dini con-
vergence theorem L{° — L as p — +0 locally uniformly. Because Li¢ are
the greatest functions among quasiconvex ones minorizing the integrands
L(-) + p| - |? the function L is the greatest among quasiconvex ones minoriz-
ing the original integrand L.

In order to prove

B = il (B0

notice that by Corollary of Theorem 4.2 the following holds

= — 1 qc - 1 . . 2. _
L(A) ”l_lgle# (A)= lim_ inf (L(:)+pu|-|%v)

140 vEG M2 (A)
. . . 2. _ . . — . ).
ul—lgrlo ueGIAI}i(A)(L( )l uEGlAI/}fo(A)(L’V) uEG’l}\l/If;(A)(L’ V)

This completes the proof of Theorem 4.6. QED

Proof of Theorem 4.3

Necessity of the conditions (i)-(iii) follows from Theorem 3.7, Theorem
4.2 and its corollary. To prove their sufficiency we will prove first the theorem
in the homogeneous case. In this case the result follows from the integral
representation for the metric p. The result will be then extended to the
general case following the construction in the proof of Theorem 3 from [S1].

In the homogeneous case v, does not depend on z (we will denote this
measure as v). Recall that GM,(A) denotes the set of all homogeneous
gradient p-Young measures with the center of mass at A.

We prove first that GMp(A) is a convex set. Let v, v? € GM,(A),
A €]0,1[. Let ©1, Q2 be disjoint open subsets of 2 such that meas (92;) =
meas (0€22) = 0 and meas 2; = Ameas 2, meas 23 = (1 — )\) meas .
By Proposition 4.4 there exist sequences u}! € l4 + C(Q;R™), u? €
14 +C§°(2; R™) generating v! and v? as gradient p-Young measures respec-
tively. Hence the measure, which equals ! on Q;, v? on §y, is a gradient
p-Young measure. By Theorem 4.2 its average, which is Av! + (1 — A\)v?, is
also a gradient p-Young measure. This proves convexity of GM,(A).

Let &, = (14| |P). To prove the inclusion v € GM,(A) it is enough to
prove existence of a sequence vy € GMp(A) such that

ok, v) + [(@o;vk) — (Po; v)| = 0,k — oo. (4.1)
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In fact, the convergence of the first term to zero means that vy generates
v. Then, by Proposition 4.5 convergence of the second term to zero implies
v € GMy(A).
We will prove (4.1) by contradiction. Recall that
d 1
Vg, V) = —— [(D;; i) — (Dy; V)],
Prt) = 3 o (Baved = (@)
where the sequence {®;} is dense in Co(R™™).
If (4.1) does not hold, then for a sufficiently large [ and an € > 0 we have

l
1
inf ) {@0i k) = (05 et (i k) — (i; . (4.2
uedbyay{Poi) = (B0 V)|+iz=;21”¢i”0|( W= @i} > e (42)

Then, the subset of R'*! given by the vectors

1 1
((@0;#), —(QI’P)’ ERE —“—“(‘I’l,ﬂ)),# € GMP(A),
2{|@4||

2|2l
is convex in view of convexity of GM,(A), and the vector generated by v
does not belong to its closure. Hence, there exists a vector ¢ € Rt! such
that

] l
inf i(Dis p) > i((®Ps;v) + 6,0 > 0.
HGGMP(A)§JQ< ) g%( )

Then

l
MGG]?};(A)<L, p) > (L;v) + 6, with L ;)c,@,. (4.3)

Note that the coefficient ¢y can not be negative - otherwise the value at
the left-hand side is —oo. In the case ¢y = 0 we can replace L by L+n® and
(4.3) still holds for n > 0 sufficiently small. Note now that this integrand
L satisfies conditions of Theorem 4.6 and that the left-hand side in (4.3)
is equal to L9(A). Since L > L% everywhere we infer that L°(4) >
(L% v) + §, that contradicts the assumption (ii) of the theorem.

The above contradiction proves that v € GMp(A). Hence the theorem
is proved in the homogeneous case.

Let v be a homogeneous gradient p-Young measure with the center of
mass at A and let {2 be an open subset of Q such that meas (9Q) = 0. The
Young measure (1o Vup(z)),cq is also a gradient p-Young measure. Indeed,
if v is generated by w; € l4 + Cg°(f2; R™) as a gradient p-Young measure
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then (v o Vug(z)),cq is generated by gradients of the sequence w; — 14 + uo.
Because w; — l4 € C$°(§; R™) the measure, which equals v o Vug(z) for
z € and 0vuo(z) for other z € (1, is gradient p-Young one.

By Proposition 2.3 we can prove also that if ;,...,$; are disjoint mea-
surable subsets of §2, vy, ..., are homogeneous p-Young measures with the
centers of mass at A;,..., A; respectively then the measure (7;)zeq, which
equals v;0Vug(z) for z € Q; (i = 1,...,1), Syy,(s) for other z € (Q\UL_, ),
is also a gradient p-Young measure. To prove this notice first that if Q; are
open sets with meas (92;) = 0 then the claim follows from the result of
the previous paragraph. If Q; are compact sets then the claim follows from
Proposition 2.3 and Lemma 2.2. In the general case the same arguments let
us prove the claim by approximating §2; with compact subsets.

Consider now the general case of nonhomogeneous measure (v;);eq. For
each k € N there exists a compact subset £ of 2 such that meas (2\ ;) <
1/k, the restrictions of ug, Vup and [gam (1+|v|P)dy(.) to £ are continuous,
the restriction of v : @ — (Kj, p) to i is continuous, and for each z €
the measure v, satisfies the condition (ii) of the theorem.

We will prove that the measure (vX);cq defined as v, for z € Q, and
as dyy,(g) for T € (2 \ ), is a gradient p-Young measure. By the second
part of Proposition 4.5 this result will be enough to complete the proof of
the theorem. Indeed, in this case (v¥)zeq —* (Vz)zeq in Ly (9 K1) and
(v¥)zeq satisfies conditions of the second assertion of Proposition 4.5.

Fix k € N. Suppose that C = [—a,a[" contains Q4 and let C} (j =
1,...,2") be quadrants of C. For each ¢ > 1 decompose C’} (j=1,...,2™)
in 2" cubes of equal size in the similar way. Let B} = CiNQy (i € N;j €
{1,...,2™}). Fixi € N. Let z; € B;-, let v2* be equal to v(z;) o Vug(z)
for z € B, j € {1,...,2™}, and to dyy(s) otherwise. Then (ViF)seq is a
gradient p-Young measure by the claim proved above.

Because the restriction of v* : Q — (K}, p) to € is continuous in p metric
we obtain that (V3¥)zcq —=* (Vf)zeq as i = oo (cf. Lemma 3.4). Moreover,
the sequence (V2¥),cq, 1 € N, satisfies the requirements of the second claim
of Proposition 4.5 - tightness with the integrand 1+|-|P. To prove this notice
that because of continuity of the restrictions of Vug, [gam (1 + [v|P)dy,) to
Q) the family of homogeneous measures p;y, := vz © Vug(y), where z,y €
Q, satisfies the tightness requirement: [gam\p(o ar)(1 + [v[P)dpzy — 0 as
M — oo uniformly with respect to z,y € Q. Actually, the family {v; :
z € Qi } satisfies this requirement in view of continuity of the restriction of
Jram (1 + |v|P)dy() to 2 and Theorem 3.7. Because sup,cq, |Vuo(y)| < oo
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we obtain that the whole family p. , satisfies this requirement.

By the second assertion of Proposition 4.5 (1/X);¢q is a gradient p-Young
measure for each k € N.

This completes the proof of the theorem. QED

5 Optimal results on relaxation and convergence
in energy

In this section we prove Theorems 1.2 and 1.4 stated in the introduction.
Before proving these theorems we will first prove a version of lower semicon-

tinuity theorem from [AF] for completeness. The proof follows arguments
from [KP3], [Kr], [P].

Theorem 5.1 Let L: QA xR™ xR"™ — R be a Caratheodory integrand
such that |L(z,u,v)| < AJv|P + B, ug € WHP(;R™), p € [1,00].

1) If the function L(z,uo(z),-) is quasiconvez at Vuy(z) for a.a. z € Q
then liminfy_,o0 I(ux) > I(up) for any sequence ux — ug in WHP(Q; R™)
such that the negative parts of L(x,ux(z), Vug(z)) are equi-integrable.

2) Conversely, ifliminfx_, oo I (ux) > I(uo) for any ux — ug in WHP(Q; R™)
such that the sequence |Vug|P is equi-integrable then for a.e. z € Q the func-
tion L(z,uo(x),-) is quasiconvez at Vuo(z).

Proof

Without loss of generality we may assume that Vu, generates a gradient
p-Young measure (vz)zeq and (ug, Vuy) generates Young measure (0,4(z) ®
Vz)zeq. By Theorem 3.7

liminf I(ug) > / / L(z,uo(z), -)dvzdz.
k—o00 QJRrm

By Proposition 4.4 and the Localization principle (see Theorem 4.2) for al-
most all z € Q the measure v, is a homogeneous gradient p-Young measure.
In view of quasiconvexity at appropriate points we have '

... He un(a), Jdve 2 Lz, o(z), Vuo(@))

for a.e. £ € Q (cf. Corollary to Theorem 4.2). This proves the first part of
the theorem.

We will prove the second one by contradiction. Let Qx C € be an
increasing sequence of compact sets such that meas(Q \ Q) < 1/k, the
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restrictions of ug, Vug to 2 and the restrictions of L to 2 x R™ x R™™
are continuous. Suppose that for a Lebesgue point zy of € the function
L(zo, uo(zo), ) is not quasiconvex at Vug(zg). By Corollary to Theorem 4.2
there exists a v € GMp(Vug(zo)) and € > 0 such that

L(zo, uo(z0), Vug(zq)) > /an L(zo,uo(zg), )dv + €.

The same is true for all z € € sufficiently close to z¢ and v, obtained
from v by exchanging the center of mass from Vug(zp) to Vug(z). A Young
measure, which equals v, for such z and dyy,(;) for other z € , is a
gradient p-Young measure due to Theorem 4.3. By the last inequality lower
semicontinuity fails along a sequence associated with this Young measure.

The proof of the theorem is completed. QED

Proof of the Theorem 1.2

Let 2% C 2 be a sequence of compact sets such that meas(Q2\ Q) = 0
as k — oo, and the restrictions of L to 2z x R™ x R™™ are continuous. By
Theorem 4.6 for each (z,u) € Q x R™ the function

L¥(z,u,-) = ueci:rg ()/L(x,u,v)du(v).
o

is continuous and quasiconvex. Moreover it satisfies the estimates
By + AP < L¥(z,u,v) < By + Ag|v|P

and is the greatest function among quasiconvex functions minorizing the
original one.
Let V(z,u, A) be the set of all solutions to the problem

/ L(z,u,-)dv — min.
vEGMp(A)
By Theorem 3.7 and the first assertion of Proposition 4.5 V(z,u, A) is a
nonempty compact set in the metric space (K, p) (see §3). We will prove
continuity of the restriction of LI to Qx x R™ x R™ by arguments from
the proof of Theorem 4.6.

Let (zp,un,vn) = (To,uo, v0) as b = 00, vy € V(zh,up,vy). Then

lim inf(L(zp, up, ); vn) = iminf LI(zp, up, vy).
h—oo h—o0
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Moreover, for a subsequence v; of v, we have
lihlgilgf(L(.’Eh,Uh, Vivw) = jE%lo(L(xj,uj, )ivi),vj =% yg in Co(R™™)'.
By the first assertion of Proposition 4.5 vy € GMp(vg). By Theorem 3.7
(L($0, Ug, '); VO) < lim inf(‘L(xh’ Up, )a Vh)'
h—oo

This proves lower semicontinuity of the restriction of L€ to 2, x R™ x R"™
at (o, uo, vo).

In order to prove upper semicontinuity notice that if vy € V(zo,up,vo)
then vp o v, € GMp(vp) and (1 + |- [Psp0vp) = (1 + |- |P510) as b — oo.
By Theorem 3.7 this implies convergence

(L(zh,un,");v0 © vp) = (L(zo,uo, ); o).

Therefore

lim sup LI(zp, un, vp) < limsup(L(zp, un,"); vo © vr) = (L(zo, o, *); 10)-

h—o0 h—o0
This proves upper semicontinuity of the restriction of L9¢ at (zo,ug,vo).
Thus, we have proved continuity of the restriction of L% to 2 x R™ x R"™
for every k.

Fix u € WL?(Q;R™) and consider compact sets €2 C € such that
meas (% \ Q) < 1/k and the restrictions of u, Vu to Q) are continuous.

Consider the multivalued mapping W : z € Q@ — V(z,up(z), Vup(z)).
Let z be such that the function L(z,ug(z),-) : R™ — R is continuous.
Then V(Vup(z)) is a nonempty compact set in the metric p introduced
in §3 in view of Theorem 3.7 and the first part of Proposition 4.5. Thus
W (z) is closed for a.e. z € Q. Because of continuity of the restriction of
L(-,uo(+), Vug(-)) to % the =2striction of W to  is upper semicontinuous:
if v, € W (i), zx — = and p(vg,v) — 0 (this is the same as vy —* v) then
v € W(z). Thus, W is measurable in Q.

By Theorem 3.5 there exists a measurable selection of W. By theorems
3.3, 4.3 this selection is a gradient p-Young measure. For a sequence uy
associated with (vz)zeq we have that the sequence (ug, Vuy) generates the
Young measure (§,,(z) ®Vz)zen and the functions |Vui|P are equi-integrable.
Hence Theorem 3.7 yields

I(we) — /Q /R Lz, uo(a), )dvads = /Q L%z, uo(z), Vauo(z))dz = I%(ug).
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By the corollary of Theorem 4.2 the identity

) 1
Z,u,v) = inf
$eC(R™) meas 2

L9 /Q L(z, 4,9 + Vo(y))dy
holds for a.a. z €  and all u € R™.
By Theorem 5.1 the functional 19 is lower semicontinuous: limg_,o0f9%(ug) >
I9¢(ug) for ux — ug in WHP(Q; R™). It is obvious also that I(u) > I9%(u),
u € Whr(Q).
This completes the proof. QED

Remark 1 The growth conditions from the theorem may be dropped if
one considers more special class of integrands. Let L: Q2 x R"™ — R be a
Caratheodory integrand such that 0 < L(z,v) < Aj|P + B, p > 1. Then,
the sequential weak lower semicontinuous envelope of the functional I(u),
defined as

I(u) = inf{lim inf T (uz) : ux — u in WHP(Q;R™)},
k—o0

is an integral functional with the integrand L%¢. This can be proved through
approximation of the original functional by ones satisfying standard growth
conditions.

Consider first the case of continuous L and compact Q. As in the
proof of Theorem 4.6 consider a family of auxiliary integrands L,, where
L,(z,v) = L(z,v) + p|v|*’, p > 0, and their quasiconvexifications L%, for
which all conclusions of Theorem 1.2 hold. Hence L‘ll;i (z € N) is a sequence
of continuous functions quasiconvex in v and decreasing to a function I such
that 0 < L(z,v) < AJv|? + B.

By the arguments from the proof of Theorem 4.6 (proposed for the case
p = 1) we obtain that L is quasiconvex and continuous in v and upper
semicontinuous in z. Then L is a Caratheodory integrand that implies
existence of a sequence of compact subsets 2 of 2 such that meas (\%) —
0 as k — oo and the restrictions of L to Qx x R"™ are continuous. Note that
by the Dini convergence theorem the sequence L‘{;i converges to L locally
uniformly in each compact subset of 2, x R™™.

For Caratheodory integrands L and general §2 we may reduce the consid-
erations to the particular case treated above. This proves that L is always
of Caratheodory type. The rest is a straightforward consequence of the
construction.
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Remark 2 It follows from the proof of Theorem 1.2 that L€ is contin-
uous for continuous and coercive L (here coercivity means A;|v|P + B; <
L < As|v|P + By, A3 > A; > 0). In the case of noncoercive L the function
L9 can have discontinuities. To construct a desired example notice that
there exists a continuous integrand L(z,v) : [0,1] x R — [0, 00] such that
L(0,v) > v? and L(z,v) = 0 for z €]0,1], |v| > M(z) (here M(z) — oo as
z — 0). Then L(z,v) = 0 for |z| # 0, LI(0,v) > v2.

Proof of Theorem 1.4
Without loss of generality we may suppose that (ug, Vui) generates a

Young measure (Jy,(;) ®Vz)zen and the sequence I(uj) converges as k — oo.
By Theorem 3.7

lim I(ug) > / L(z, uo(z), )dvpdz.
k—00 Q JRrm

Moreover, equality holds if and only if the functions L(z, ux(z), Vui(z)) are
equi-integrable. By the Localization principle v; is a gradient p-Young mea-
sure for a.a. £ € §). Because L(z,up(z),-) is strictly closed p-quasiconvex
at Vug(z) for a.e. z € Q the inequality

/an L(z,uo(z), )dvy > L(z,up(z), Vuo(z))

holds for all such x, where the equality holds if and only if vz = dyyy(z)-
Hence the convergence I(uy) — I(ug) holds if uy — ug in WH(Q; R™) and

the functions L(-,ux(:), Vug(-)) are equi-integrable, cf. Theorem 3.7 and
" Proposition 3.8. This proves the first claim of the theorem.

To prove the second claim consider an increasing sequence of compact
subsets € of the interior of © such that the restrictions of ug, Vug to €2k
are continuous, the restrictions of L to x x R™ x R™™ are continuous and
meas (2\ Q) — 0 as kK = 0o. Let us establish first that either L(z,uo(zx), )
or —L(z,uo(z), ") is quasiconvex at Vug(z) for a.a. z € . Otherwise there
exists k € N, Lebesgue points z;,z2 of x and gradient p-Young measures
v1, v with the centers of mass at Vug(z1), Vug(z2) respectively such that

/an L(z1,uo0(z1),)dv1 < L(z1,uo(z1), Vuo(z1)) — ¢,

/R L(z2,u0(z2),-)dva > L(z2,uo(z2), Vuo(zz2)) + €, > 0.
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We can isolate neighborhoods V;, V5 of 1, z2 in €2 such that

Rnrm L(‘T,UO(:L‘)) ')d(ul OVUO(SL‘)) < L(III,’U,()(Z'),VUO(:E)) —€ TE ‘/1’

‘/l;nm L(z,uo(x), )d(W? 0 Vug(z)) > Lz, ue(x), Vug(z)) + €, = € Vs,
[ L(z,u(@), Vuo(z))ds =
nuv,

[ U B o(e), a0 oVuo(eNdat [ ([ L wole), )0 oVuo(w)) e

By Theorem 4.3 a Young measure (v;)zcq, which equals v! ¢ Vuy on V7,
v?0Vug on V,, and 0vuo(z) for other z € Q, is a nontrivial gradient p-Young
measure with the centers of mass at Vug(z), z € Q. Moreover, the weak-
strong convergence property fails for a sequence associated with this measure
(cf. Proposition 4.4). This contradiction proves that either L(z,uo(z),-) or
—L(z,uo(z), ") is quasiconvex at Vug(z) for a.a. z € .

Therefore we may assume without loss of generality that L(z,uo(z),-) is
quasiconvex at Vug(z) for a.e. z € Q.

For a fixed k € N consider the set K (I is a natural number) consisting
of all z € Qk such that there exists a gradient p-Young measure v with the
center of mass at Vug(z), for which the following holds:

/ @+ Py <B, (5.1)
S D@ u0(@), ) < L@, u0(a), Vao(a)) + 1/, (5:2)
v({veR":1/k < |v — Vuo(z)| < k}) > 1/k. (5.3)

We will prove that meas K; — 0 as | — oo by contradiction. This fact
is enough to establish the second claim of the theorem.

The sets K; are open in Q. Actually, if (5.1)-(5.3) hold for a measure
v € GMp(Vug(zo)) and a point zo € K; then the same holds for any z €
sufficiently close to zo with v o Vug(z) instead of v.

Since we have assumed that lim;_,,, meas K; > 269 > 0 and K;;; C K]
we obtain meas (N K;) > 26p. Let K C M K; be a compact set such that
meas K > 4.

Fix | € N. Then for each z € K we can find a ball B with the center
at this point and such that for each point 2 € BN K inequalities (5.1)-(5.3)
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hold with v o Vug(z), where v € GM,(Vuy(z)). Let B(z;,e) (i =1,...,0')
be a finite cover of K by such balls and let v(z;) € GM,(Vug(z;)) be mea-
sures associated with the centeres of these balls. Let Q’l = B(z1,€e1) N
K, Q@ = (B(z2,€2) \ B(z1,61)) N K. For other i > 2 define Q,; as
(B(zi41,€i+1) \ Ui, B(zj,¢;)) N K. Consider also compact subsets 2} of
Q% such that meas (U; Q%) = &.

The measure (V});cq, which equals v(z;) ¢ Vug(z) for z € @ (i =
1,...,U'), 8vy,(z) - otherwise, is a gradient p-Young measure. Actually, if we
replace Qﬁ by disjoint open sets then the claim follows from Lemma 2.2 and
Proposition 4.4. By Proposition 2.3 we can approximate 0% by such open
sets, that leads to the desired result again through Lemma 2.2.

By the compactness theorem there exists a subsequence (V%)cq (not
relabeled) converging weakly* in L,,(Q2; K;) to (v;)zeq- Because (5.3) holds
for any z € U;{% (with v} instead of v') and meas (U;§%) > & > 0 for each
I € N the Young measure (v;)zeq is not trivial.

For each | € N there exists a sequence ué € up + C(BR™), j € N,
generating (vL)zeq as a gradient p-Young measure (cf. Proposition 4.4). We
can isolate a sequence “5‘(1)’ l € N, such that

(Fgut  (ay)ocn =" (e)sea, [ (1+ [Vl ()P)ds < k (because of (5.1))
() 0 J

|I(u§-(l)) — I(ug)| < 2meas Q/l (because of (5.2)).

Then ug(l) — yg in WHP(2;R™) and the weak-strong convergence prop-
erty fails along the sequence ugu) in view of nontriviality of (v;)zeq (cf.
Proposition 3.8).

This contradiction proves that meas K; — 0 as Il — oo, and, as a con-
sequence, that the set of all z € Q; for which L(z,uo(z),-) is not strictly
p-quasiconvex at Vug(z) has zero measure.

The proof of the theorem is completed. QED

Remark If the function L(z,uo(z),-) is quasiconvex at Vug(z) for a.e.
z € Q and L is bounded from below a simpler proof for the second part of
the theorem is available (see [S2, §3]). Moreover, in this case it is enough to
restrict considerations to sequences u; with equi-integrable |Vug|P.

In this case we may consider the set ;; consisting of all z € 2, for
each of which there exists a gradient p-Young measure v with the center of
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mass at Vug(z) and such that

[ a+1-paws;, (5.4)
[ L@ (), )dv = Liz,u0(@), Vuo()), (55)
V(B(Vuo(@), 1/3)) < 1-1/3. (56)

This defines a multivalued mapping V : Q;x — 2M®E™) | where V(-)
consists of elements of G Mj(-) satisfying (5.4)-(5.6). Because of boundedness
of L from below it is not hard to prove that this mapping is closed and
upper semicontinuous in p metric (see §3 of [S2]). By Theorems 3.3 and
3.5 there exists a selection (uz)zeq;, € Ly(9Qjk; K1), which automatically
satisfies conditions (i)-(iii) of Theorem 4.3. Let v, = p; for z € Qjy,
and vz = dyy,(g) for z € 2\ Q. Then (vz)zeq is a gradient p-Young
measure by Theorem 4.3. Hence, if meas {;; > 0 then the weak-strong
convergence property fails along the sequence of Sobolev functions associated
with (vz)zeq. This proves that meas Q;; = 0 for any j,k € N. Therefore
L(z,ug(z),-) is strictly p-quasiconvex at Vug(z) for a.e. z € .

In the situation of Theorem 1.4 one may consider analogous multi-valued
mapping V, but growth conditions do not suffice to prove closedness and
upper semicontinuity of V in p metric. These properties hold with respect
to convergence in the metric p(v, n) := p(v, u) + [{(1+ |- |P;v) — (1 +]-|P; )],
but both V and GM,(A) are not complete in this metric. Probably more
subtle theorems on measurable selections (see e.g. [CV]) can be helpful here
in order to utilize selection arguments and, as a consequence, to restrict the
class of sequences uj to ones with equi-integrable |Vuy|P.
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