NOTICE WARNING CONCERNING COPYRIGHT RESTRICTIONS:

The copyright law of the United States (title 17, U.S. Code) governs the making

of photocopies or other reproductions of copyrighted material. Any copying of this
document without permission of its author may be prohibited by law.



THE CONDITION IN THE TRICHOTOMY
THEOREM IS OPTIMAL

by

Menachem Kojman

Department of Mathematical Sciences
Carnegie Mellon University
Pittsburgh, PA 15213

and
Saharon Shelah

Institute of Mathematics
The Hebrew University of Jerusalem
Jerusalem 91904, Israel

Research Report No. 98-209 2
January, 1998







THE CONDITION IN THE TRICHOTOMY THEOREM
IS OPTIMAL

MENACHEM KOJMAN AND SAHARON SHELAH

ABSTRACT. We show that the assumption A > &t in the Tri-
chotomy Theorem cannot be relaxed to A > k.

1. INTRODUCTION

The Trichotomy Theorem specifies three alternatives for the struc-
ture of an increasing sequence of ordinal functions modulo an ideal on
an infinite cardinal kK — provided the sequence has regular length A
and ) is at least k7.

The natural context of the Trichotomy Theorem is, of course, pcf
theory, where a sequence of ordinal functions on k usually has length
which is larger than xk**. However, the trichotomy theorem has already
been applied in several proofs to sequences of length £*", (n > 2) (see
[4], [1] and [3]).

Therefore, a natural question to ask is, whether the Trichotomy The-
orem is valid also for sequences of length k*, namely, whether the con-
dition on the minimum length of the sequence can be lowered by one

cardinal.

Below we show that the assumption A > k** in the Trichotomy
Theorem is tight. For every infinite x, we construct a n ideal I over
and <;-increasing sequence f C On" so that all three alternatives in
the Trichotomy theorem are violated by f.

2. THE COUNTER-EXAMPLE

Let & be an infinite cardinal. Denote by On” the class of all functions
from k to the ordinal numbers.

Let I be an ideal over k. We write f <; g, for f,g € On*, if {i <
k: f(i) 2 g(@)} € I and we write f <;gif {i <k : f(i) > g(i)} € I.

A sequence f = (f, : @ < A) C On" is <j-tncreasing if a < B < A
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implies that f, <; fs and is <;-decreasing if o < f < A implies that
fﬁ <1 f a- v

__ A function f € On” is a least upper bound mod I of a sequence
f={(fa:a< ) COn"if f, <; f for all @ < X and whenever f, <; g
for all o then f <; g. A function f € On" is an ezact upper bound of f
if fo < f for all @ < A, and whenever g <; f, there exists a < A such
that g <; fo. For subsets t,s of k, writet C; sif s—t € I.

The dual filter I* of an ideal I over « is the set of all complements
of members of I. The relations <;, <; and C; will also be written as
<r, <r~ and Cy-.

Let us quote the theorem under discussion:

Theorem 1. (The Trichotomy Theorem)

Suppose A > skt is regular, I is an ideal over k and f = Ingf, :
a < A) is a <j-increasing sequence of ordinal functions on k. Then f
satisfies one of the following conditions:

1. f has an ezact upper bound f with cff(i) > k for all i < k;

2. there are sets S(i) for i < k satisfying |S(¢)| < k and an ultra-
filter U over k extending the dual of I so that for all o < X there
exists ho € [];.S(4) and B < X such that fo <v ha <v f3.

3. there is a function g : K — On such that the sequencet = (t, : a <
A) does not stabilize modulo I, where t, = {i < k: fo(i) > g(¢)}.

Proofs of the Trichotomy Theorem are found in [5], IL,1.2, in [3] or
in the future version of [2].

Theorem 2. For every infinite k there ezists an ultrafilier U over
and a <y-increasing sequence f = (fo: o < k*) C On® such_
conditions 1, 2 and 8 in the Trichotomy Theorem fail for f.

Proof. Let A = k™.

Let us establish some notation.

We recall that every ordinal has an expansion in base A, namely can
be written as a unique finite sum Y, ., A so that Bey1 < fr and
o < X. We limit ourselves from now on to ordinalz { < A*. For such
ordinals, the expansion in base & contains only finite powers of A (that
is, every [y is a natural number).

We agree to write an ordinal ¢ = Aa; + M 1gy_; + -+ + ap simply
as a finite sequence oy;_1...09. We identify an expansion with A
digits with one with n > [ digits by adding zeroes on the left. If
¢ = ooy .. .09, we call ok, for k <1, the k-th digit in the expansion
of ¢.

For a < X and an integer [, define:
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Al = {0y q...00: o < aforall k <1} (1)

Al is the set of all ordinals below A\* whose expansion in base A
contains Il + 1 or fewer digits from co.

Fact 3. Foralla< A andl < w,
L Ua<A Afx = )‘H-l
141
2. The ordinal ¥;_o ¥ = Gar... @ is the mazimal element in
ALy
3. if { = qoy_1...0 € A} is not ma zimal in Ay,,, then the im-
mediate successor of ¢ in Ay, is obtained from ¢ as follows: let
k be the first k <1 for which oy < . Replace oy by o + 1 and
replace oy, by 0 for allm < k

Fix a partition {X,, : n < w} of k with |X,,| = & for all n. Let n(i),
for ¢ < k, be the unique n for which 7 € X,,.

By induction on a < k™, define f, : K — On so that:

L fa(i) € AZ-:-)l - AZ(’)

2. For all n,l < w and finite, strictly increasing, sequences (oy :

k < 1) C X it holds that for every seq uence ((; : k < I) which
satisfies (x € A} ,; — Aq,, there are kK many ¢ € X, for which
/\kSIfak(i) = (k-

The first item above says that f,(7) is an ordinal below \* whose
expansion in base A has < n(i) digits, at least one of which is a. The
second item says that every possible finite sequence of values ((x : k < l)
is realized K many times as (f,,(¢) : k < A) for an arbitrary increasing
sequence (o : k < 1).

The induction required to define the sequence is straightforward.

Define now, for every a < k%, a function g, : kK — On as follows:

ga(1) = min[(AG 41 (1) U (A+"O1}) — fa (d)] (2)

Since fo(i) < X‘(.")“ for i € X,, the definition is good. If f,(i) is
not maximal in AZ(J:)l, then go(7) is the immediate successor of fo(i) in

AZS:)I Let us make a note of that:
Fact 4. There are no members of AZ(J:)I between fo(i) and gq(?)

We have defined two sequences:
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fz(fa:a<)‘>
7= a:a <)

Next we wish to find an ideal modulo which f is <j-increasing and
g is a <j-decreasing sequence of upper bounds of f.

Claim 5. For every finite increasing sequence g < a3 < +++ < a; < A

there ezxists i < k such that for all k <1

fak (z) < fak+1(i) < Gays (Z) < Yoy (Z) (3)
Proof. Suppose ap < a3 < -+ < oy < Ais given and choose n > [. Let

1+1
Co = Qo0 ...0p € Ay . Let (441 be obtained from
first I + 1 — k digits of {x by agi1:

ooy ... OgOgy1 ... O = Cl
Qo0 ... Q10 ... O = (g

oYy ...... 051...051=§1
QpQlg +-vv.- Qg... Ol():CQ

Thus§o<(_:1<...<§¢and§k€A£,k§Agk is

(x, by replacing the

not maximal in A}, (because n > l). Let & be the immediate

successor of ¢ in A} .
By Fact 3 above, we have

10... ...0... ...0=¢6

aoal...(ak_1+1)0...0=§k

Aol .o o v (0[[_1 + 1)0 = fl
Therefore (o < (1 < LG <& <€ <.

< &. To complete

the proof it remains to find some i € X, for which fq, (i) = ¢ for
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k <1, and, consequently, by the definition (2) above, gq, () = &. The
existence of such ¢ € X, is guaranteed by the second condition in the
definition of f. O

For a < B < A, let

Cop ={i <k : fali) < fp(i) < gp(i) < ga(i)} (4)
Claim 6. {Cyp: a < 8 < kt*} has the finite intersection property

Proof. Suppose that ag, fo, 01,051, ..,04, [ are given and o < B < A
for k < I. Let (ym : m < m(x)) be the increasing enumeration of
Uk<:{ax, Bk} To show that (., Ca, g, is not empty, it suffices to find
some i < k for which the sequence g, (i) is decreasing in m and f,,, (4)
is increasing in m. The existence of such an i < k follows from Claim

5. a

Let U be any ultrafilter extending {C,p : @ < f < A}. Since for

every a < it holds that f, <y fs <v gs <v 9a, We conclude that f is

<y-increasing, that g is <y-decreasing and that every g, is an upper
bound of f mod U.

Claim 7. There is no ezact upper bound of f mod U.

Proof. It suffices to check that there is no h € On" that satisfies f, <y
h <y g for all a < k*. Suppose, then, that h € On" satisfies this.
Since h <y go, we may assume that g(i) < A*®*! for all i < k (by
changing h on a set outside of U).

Let i < k be arbitrary. Since (J,, AR = An@+1 there is some
a(i) so that h(i) € A%(i). By regularity of X it follows that there is
some a(*) < A such that h(7) € AZE?) for all i < k. By our assumption
about h, fox) <U h <vU gax)- Thus, there is some i < k for which

fa) (@) < h(3) < g (). However, all three values belong to A"

a(*)+1)
while by Fact 4 there are no members of AZ?*)) +1 between fg(,);) and
9a(») (1) — a contradiction. 0

Claim 8. there are no sets S (2) C On for i < k which satisfy conditio
n 2 in the trichotomy for f and U.

Proof. Suppose that S(i), for ¢ < &, and h, € [];_, S(i) satisfy 2. in
the Trichotomy Theorem. Find o < A such that S(i) C A% for all i.
Thus f, <y ha <v go — contradiction to 4. O

Claim 9. there is no g : Kk — On such that g, f and the dual of U
satisfy condition 3. in the Trichotomy Theorem.
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Proof. Let g : K — On be arbitrary, and let t, = {i < & : fa(i) > g(i)}.
As f is <p-increasing, fo r every a < < A necessarily t, Cy tg. Since
U is an ultrafilter, every Cy-increasing sequence of sets stabilizes . O

a
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