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ON CARDINALITIES IN QUOTIENTS OF INVERSE LIMITS OF
GROUPS

SAHARON SHELAH AND RAMI GROSSBERG

ABSTRACT. Let A be Xy or a strong limit of cofinality Ro. Suppose that
(GmyTmn @ m <n <w)and (Hp,nt, ,, : m < n < w)are
projective systems of groups of cardinality less than A and suppose that
for every n < w there is a homorphism o : H,, — G,, such that all the
diagrams commute.

If for every pn < A there exists (f; € G,, : 1 < p) such that
i#j=>fif;! ¢ 0,(H.,) then there exists (f; € G, : i < 2*) such

thati # j = fif;" € ouw(Hy).

1. INTRODUCTION

The main result of this paper was motivated by our interest in the
structure of the group Ext,(G,Z) for G abelian torsion free. For basic
results about the structure of Ext(G, Z) the reader is refered to sections 47
and 52 of Laszlo Fuchs book [Fu], however all we need is Definition ??
below. Since Shelah’s proof of the independence of Whitehead’s problem
of ZFC (see [Sh 44]) much was done since that paper, for a summary see
the introduction to [GrSh] and Chapter XII of Eklof & Mekler’s book is
dedicated ([EK]) to the structure of E'zt.

In [GrSh] we have dealt with the cardinality of Ext,(G,Z). The
main Theorem of [GrSh] states that for a strong limit A of cofinality R, for
every torsion free G of cardinality A either

|Ext,(G,Z)| < Aor |Ext,(G,Z)| = 2*.

In section 2 of [GrSh] we indicated that the proof of the main the-
orem can be adapted to give a result concerning cardinalities of inverse
systems of abelian groups subject to certain conditions (See Theorem 1.1
below). We did not include a proof there. Recently we were asked to supply
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2 SAHARON SHELAH AND RAMI GROSSBERG

a complete proof to that theorem. Charles Megibben in a widely circulated
preprint [Me] (which to our knowledge did not appear yet in print) even
claimed that he proved a result that contradicts Theorem 1.1.

The aim of this paper is to present a complete proof of Theorem 1.1
below.

Notice that we do not make any assumptions on the groups, in par-
ticular the groups need not be commutative and can be even locally finite.
See more on the subject in [Sh 664].

Theorem 1.1. [The Main Theorem] Suppose A is Ry or it is strong limit
cardinal of cofinality X,.

(1) Let (G, Tmn : m < n < w) be an inverse system of groups of
cardinality less than \ whose inverse limit is G, with T, , such that
|Gr| < A ( T is @ homomorphism from G, to G, < f < v <
W = Ma B0 MRy = Mg and Ty q IS the identity).

(2) Let 1 be a finite index set. Suppose that for everyt € I, (H} ,ml
m < n < w) is an inverse system of groups of cardinality less than \
and H! with 7}, , be the corresponding inverse limit.

(3) Let foreveryt € 1,0t : Ht — G,, be a homomorphism such that all
diagrams commute (i.e. Ty, 00}, = o} ol form < n < w), and
let o, be the induced homomorphism from H! into G,

Assume that for every i < ) there is a sequence (f; € G, : i < )
such that for i # jandt € 1 = fif7' ¢ Rang(ol). Then there is
(fi € G, 11 <2 suchthati # jandt € I = fifi1 ¢ Rang(ol).

Notation 1.2. Since A has cofinality Ry we can fix A\, < A for n < w such
that \ = 3 _ A, foralln < w,\, is regular and 2*» < X,,; < X and
Gal + 2 sex [ Hal < A

Denote by e, , e the unit elements. Without loss of generality the
groups are pairwise disjoint.

Definition 1.3. (1) Fora <wlet Hy = [,y H and Heo = [] 5., Hp,
HSO‘ = HﬂSQ HB'
(2) For g € H, letlev(g) = , for g € H! letlev(g) = a (without loss
of generality this is well defined).
(3) Fora < B <w,g € Hjletg | H, = 7}, 4(g) and we say g [ H, is
below g and g is above g | H! or extend g | H..
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@ Fora<B<w,feGgletf[Gy=map(f)

We will now introduce the rank function used in the proof of Theo-
rem 1.1, it is a measure for the possibility to extend functions in Lemma 1.7
we show that it is an ultrametric valuation.

Definition 1.4. (1) For g € H!,f € G, we say that (g, f) is a nice
t-pair if ot (9) = f | Gn.

(2) Define a ranking function rk;(g, f) for any nice ¢-pair. First by in-
duction on the ordinal o (we can fix f € G,), we define when
tk¢(g, f) > « simultaneously for all n < w and every g € H},

(@) rki(g, f) > 0iff (g, f) is a nice t-pair

(b) rk(g, f) > ¢ for a limit ordinal ¢ iff for every § < § we have
rkt(g7 f) 2 /3

(c) tke(g, f) > B+1iff (g, f) is a nice ¢-pair, and letting n = lev(g)
there exists ¢’ € H},, extending g such that tk,(¢’, f) > 3

A ti(g, f) > —1.

(3) For a an ordinal or —1 (stipulating —1 < a < oo for any ordinal o)
we have rk,(g, f) = a iffrki(g, f) > a and it is false that rk,(g, f) >
o+ 1.

(4) rki(g, f) = oo iff for every ordinal « we have rk;(g, f) > «a.

The following two claims give the principal properties of rk; (g, f).
Claim 1.5. Let (g, f) be a nice t-pair.

(1) The following statements are equivalent:
(@) rki(g, f) = o0
(b) there exists g’ € H! extending g such that o.,(¢') = f.
(2) If rki(g, f) < oo, then rk(g, f) < AT.
(3) If ¢’ is a proper extension of g and (¢', f) is also a nice t-pair then
(@) rki(g’, f) < rki(g, f) and
(b) if 0 < rki(g, f) < oo then the inequality is strict.

Proof. (1) (a) = (b): Let n be such that g € H. It is enough to define
gx € H} for k < w, k > n such that
D gn=g
(ii) gk is below gi1 thatis 7§ ;. (gk+1) = gx and
(i) rk¢(gk+1, f) = oot
Let ¢' := limggy it is as required. The definition is by induction on
k > n. For k = n let go = g. For k > n, suppose g is defined. By
(iii) we have rk;(gk, f) = oo, hence there exists g* € Hj, extending
gx such that tk;(g*, f) = oo, and let gg4; := g*.
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(b) = (a): Since g is below ¢/, it is enough to prove by induc-
tion on « that for every k > n when gx := ¢’ [ H} we have that
rky (gv f) 2 Q.

For a = 0, since o’,(¢') = f | G, clearly for every k we have
ok(gx) = f 1 Gk so (gk, f) is a nice t-pair.

For limit «, by the induction hypothesis for every # < a and every
k we have rk;(gx, f) > 5, hence by Definition 1.4(2)(b), tk;(gk, f) >
a.

For a = (3 + 1, by the induction hypothesis for every k > n we
have rk;(g, f) > (. Let ko > n be given. Since gi, is below gx, 41
and rk;(gky+1, f) > B, Definition 1.4(2)(c) implies that rk;(gx,, f) >
B + 1; i.e. for every k > n we have rk;(g, f) > a. So we are done.

(2) Let g € H! and f € G, be given. It is enough to prove that if
tk:(g, f) > AT then rk¢(g, f) = oo. Using part (1) it is enough to
find ¢’ € H! such that g is below ¢’ and f = o’ (¢').

We define by induction on k& < w, gy € HY . such that g is below
gr+1 and 1k, (gk, f) > AT. For k = 0 let g = g. For k + 1, for
every a < AT, as rk¢(gx, f) > a by 1.4(2)(c) there is gk o € Grik+1
extending gx such that rk;(gx o, f) > <. But the number of possible
Gra 18 < |HE 1] < 2Mn+k+1 < X hence there are a function g and
aset S C At of cardinality A* such that @ € S = g o = g. Now
take gx+1 = g.

(3) Immediate. U

Lemma 1.6. (1) Let (g, f) be a nice t-pair. Then we have rk(g, f) <
rk(g=", f71).
(2) For every nice t-pair (g, f) we have rk(g, f) = rk(g, f~1).

Proof. (1) By induction on « prove thatrk(g, f) > o = tk(g7}, f1) >
« (see more details in Lemma 1.7).
(2) Apply part (1) twice. O e

In the following lemma we show that the rank is indeed ultrametric
(ordinal valued).

Lemma 1.7. Let n < w be fixed, and let (g,, f1), (g2, f2) be nice t-pairs
with g, € H: (¢ = 1,2).

(1) If (91, f1) and (g2, f2) are t-nice pairs, then (g1 g2, f1f2) is a nice pair
and rki (9192, f1f2) > Min{rk.(ge, fe) : £ = 1,2}

(2) Let n,(f1,q1) and (f2, g2) be as above. If rk(gy, f1) # rki(g2, f2),
then rky(g1 92, f1f2) = Min{rk,(ge, fe) : £ = 1,2}.



ON CARDINALITIES IN QUOTIENTS OF INVERSE LIMITS OF GROUPS 5

Proof. (1) It is easy to show that the pair is ¢t-nice. We show by induc-
tion on «a simultaneously for all n < w and every g, g» € H! that
Min{rk(ge, f¢) : £ = 1,2} > « implies that 1k(g; go, f1f2) > .

When a = 0 or « is a limit ordinal this is easy. Suppose a = 3+ 1
and that rk(ge, f¢) > B+ 1; by the definition of rank for £ = 1, 2 there
exists g, € H},, extending g, such that (gj, f,) is a nice pair and
tk;(g;, fe) > B. By the induction assumption rk;(g} 95, fif2) > 5.
Hence ¢} g5 is as required in the definition of tk;(g1 92, f1f2) > B+ 1.

(2) Suppose without loss of generality that rk(g;, fi) < rk(go, f2), let
oy = 1k(g1, f1) and let ay = 1K¢(92, f2). By part (1), tk¢ (g1 92, f1f2) >
a, by Proposition 1.6, tk; (g5, f;') = o > ay. So we have

o1 = tke(g1, f1) = tke(919205 ", fifafs )
> Min{rk(9192, f1/2), tke(95 ", f )}
= 1k¢(9192, f1.f2) > .

Hence the conclusion follows. (J,; 7

Definition 1.8. (1) Let 4 < A and let @ = (o : t € I) where o is
an ordinal less or equal to A\*. We say that f = (f; : i < pu) u-
exemplifies & € T, (or f is a p-witness for & € T'y,) iff
(@) fi € Gyand f; | Gp, = eg,

(b) fori # jand t € I we have rk;(ege, f,-fj_l) < a4 (possibly is
-1).
(2) Let

I'n=1{a&: a=(a:tel),oanordinal <%,
and for every u < ) there is a sequence (f; : i < p)

which p-exemplifies & € I’ n}.

() A, ={ael,:fornofwehave B €[, < alie A,y B <
o) and 3 # a}.
Claim 1.9. (1) I',, is not empty. B .
(2) A, is not empty in fact (Va € T',)(36 € An)(B < @).

Proof. (1) Leta; = sup{rk;(g, f)+1: g€ H}, f € G and 1k(g, f) <
oo}, by 1.5(2), this is a supremum on a set of ordinals < A* (as
—1+1 = 0) hence is an ordinal < A\*. So (o} : t € I) is as required.

(2) If not, then choose by induction on ¢ < w a sequence B¢ € ', such
that 3° = &, B¢ < B¢ B¢ # B¢ So for each ¢ € I, the sequence
(Bf : £ < w) is a non-increasing sequence of ordinals hence is even-

tually constant, say for some ¢; < w we have £ € [{;,w) = 8¢ = B¢,
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so as I is finite, £(x) = max{¢{, : t € I} < w, so %) = g+l
contradiction. Ui

Claim1.10. (1) If p < ¢/ and (f; : 1 < i), //-exemplify & € T',, and

h: p — p' is one to one, then (fy;) : 1 < p), p-exemplifies & € T'y,.

() If {fi : i < p), p-exemplify & € T and f; [ Gnya = f fori < p,
then (fify! i < u), p-exemplify & € Tpyy.

() Ifa €Ty, thena € Ty

(4) If & € A, then some 3 < & belongs to Ay 1.

(5) Forsomen < w thereis & € (\,,5, An.

(6) In clause (b) of Definition 1.8(1) it suffices to deal with i < j.

Proof. (1) Trivial.
(2) Clearly.
Clause (a):
(fio fo—l) [ Goy1 = U::Jrl(fifo*l) = (01“5+1(fi))(05+1(fo))_1 =
ffl=egu -
Clause (b):
Fori # j and ¢t € I, note that

(fife Vfifoh) = fifd Hhofit = £
so we can use the assumption.

(3) So let x < X and we should find a p-witness for @ € ', ;. We
can choose p’ such that 4 X |Gpy1| < ¢/ < A Asa € Ty, clearly
there is a p'-witness (f; : ¢ < ') for it. Now the number of possible
fi [ Gny11s < |Gy (really) even < |Rang(m41,,) N Ker(mg ng1)|)
hence for some f € Gp,;; and Y C p’ we have: |Y| > pand
i €Y = fi | Goy1 = f. By renaming {i : i < pu} C Y, now
(fifg} i < p) is a p-witness by part (1).

(4) Follows by 1.10(2) and 1.9(2).

(5) By 1.10(3) by the well foundedness of the ordinals (as in the proof of
1.9(2),(8).

(6) Because for i < j, (f;f;7') ™" = (fif;’!) and 1.6(2). Oy .10

Convention 1.11. By renaming and 1.10(4), without loss of generality a&* €
A, for every n.

Claim 1.12. Each «;(t € 1) is a non-successor ordinal (i.e. limit or zero).

Proof. Fixn < w.

B Assume s € Iis a counterexample. So af = §* + 1,4* > 0. Let
B = (B : t € I) be defined as follows: §; is a; if t # s and is B* if
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t = s. We shall prove that 3 € T, thus getting a contradiction. So let
p < X and we shall find a p-witness for 3 € [',4;. Let i’ be such that
p|Gry1] < ' < A Asa* € T, (see 1.11) there is a p'-witness (f; : ¢ < ')
for @* € I'y, as earlier without loss of generality 1 < p = f; [ Gpy1 = f
for some f. We shall prove that (f; f;* : i < p) is a u-witness for 8 € T'p;.
Let f! = fify ! fori < p.

Clause (a):

1 Garr = (fofdY) | Ganr = eq,,, because f; [ Gnyr = fo |
G,

Clause (b):

Leti # j < p. Ift € I\{s} then
tky(€Gnins i ()71 = tkilegnn, fifi1) < thilec,, fif;') < of = B
(Why? By group theory, by 1.5(3)(a), by choice of f, by choice of £,
respectively).

Ift = s, then rk(eq,, fif; ') < tki(eg,,,, fif;') by 1.5(3)(6),
and proceed as above. Uiae

Notation 1.13. Fora < wlet T, :=[[, A, T =111
ness used).

n<w In (nOte: tree-

Claim 1.14. There are forn < w, asequence (f,; : i < \,) and an ordinal
v < af (af is the ordinal from 1.11) such that

(1) fn,i € Gwa fn,i an+1 = €Gnn1 for all i < /\nf

(2) foreach t € 1 for every h € H! and i < j < ), we have:
rke(h, fuifn;) < s

(3) rkt(eH,‘ly fn,zfn—,Jl) > 7:1—1f0ri <j < )‘n
andyt_, > 0= rkt(eyé,fn,if,:}) > At

@) 1oy <Yhifaf >0andy, = —1ifa; = 0.

We delay the rest of proof for a while.

Convention 1.15. Let ., g,;(n <w,i < ;) be asin 1.14.

Definition 1.16. We set f, = gn_1 7(n—1)Fn—2n(n-2) - - - Gon0) fornp € T5,.
Then define f, for n € T, as follows: f, is the element of G“ satisfying
fn I Gn = fon. It is well defined by:
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Fact1.17. (1) Forn €1, and m < n < w we have

fn[n f Gn+1 = fr][m [ Gn+l-

(2) Forn € T,, we have f, € G, is well deﬁned (as the inverse limit of
(fomm [Gnin<w),son<w— f | Gp = fon

Proof. (1) Asm,, is a homomorphism it is enough to prove
(forn(foim)™Y) T Gni1 = eg,,,, hence it is enough to prove
n <k <w= (fanfrpsny) | Got1 = eq,,, which follows from
k<w= fnfkfv;[%k+l) I Gk+1 = €g,,,, Which means
femk) | Gk+1 = eg,,, Which holds by clause (a) of 1.11.
(2) Follows by part (1) and G, being an inverse limit. Oy 17

Proposition 1.18. Letn,v € T,. If n # vandt € 1, then f,f; ' ¢ ol (HL).

Proof. Suppose for the sake of contradiction that for some g € H! we have

ol(g) = fﬂf;l'

Let k be minimal such thatn [ k = v | k, n(k) # v(k), without loss

of generality 7)(k) < v(k). For £ > k let £ be tky(g [ H{, faresy forern))-

We will reach a contradiction by showing that £ > k = 0 < &% < 4% and
0> k= < gl

Note

(*)1if€ < a < w, thentke(g | H, forafie) = 0as of(g | H) = o'(g) |
G, = (fyf;") | F}and 1.17.

For { = k, we show that £&¥ < ~. Leti = nq[k],j = v[k]. By
the choice of k,7 # j. In this case fnr(l+1)fu_r%e+1) = fk,,,(k)fk";(k) by the
minimality of k and, of course, fi.n() fi ;(k) = frifrj, hence £F = thk(g |
HP, frife;) < e by clause (b) of 1.14. Note: if o = 0, then v;, = —1

for m < w hence &F = —~1, but (f,f;') | Gk = (fn[(k+1)fl;_[zk+1)) I Gy
immediate contradiction. So assume & > 0 hence 0 < 7%, < 7l ;.

Now we proceed inductively. We assume that £¢ < £F and show that
51 < ¢ Leti =n[l+1],5 = v[¢ + 1], and let
¢ = tke(g T Hipys fargern) For(esny)- Observe:

(K2 ¢ < tkelg T Hf, faesyfiesy) = € [why? by 1.5(3) and (x),
above.]

So
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(*)a §£+1 = rke(g [ Hé+1v fnr(l+2)fu~[%£+2))

= k(g I Hipr, ferrmeryy (Farern Fiesn) feaver)

= Tkt(emg+l (9 rH;+1)6Hf+lafl+1,n(l+1)(fn[(“—l)f,,_[%z.g_l))f£+1,u(£+1))'

Now:

(*)4 I'kt(th¢+l
(*)5 rkt(g I H£+17 fnl(£+1)f,,_f;e+1)) = ge < fk < %tc < 75

(why? the equality by the definition of £, the first inequality by the induc-
tion hypothesis and the second inequality was proved above (for ¢ = k), the
last inequality by 1.14 clause (d)

, fex1.m0e+1)) > 76 (Why? by clause (c) of 1.14)

(*)s tke(emy, ,» Ger1p(e+1)) > 775 (Why? by clause (c) of 1.14).
Hence by 1.5(3)

()7 rkt(*'ng+x (g1 Hf+1)61{;+17 fer1.n00 (fnr(e+1)f,,_;%e+1))fe+1,u(e+1))
= 1k(g [ Gesa, fn[(2+1)f,,_[ze+1))-

Together we get the induction demand for ¢ + 1. Oi1s

Before proving 1.14 and finishing we prove

Claim 1.19. A4ssume —1 < 3, < aj fort € Land n < w and p < A. Then
we can find (f; : i < p) such that

(1) fi e Gw andfi r Gn-H = eGn+1
@ telandi+#j= rkt(eH,zl,f,-fj_l) €[04 )
) telandi < p= riy(en:, fi) € [Bs, o).

Proof. For each s € I we define 3° = (37 : t € I) by:

gs = ap ift#s
)8 ift=s

So B° < &, B3° # &, 50 as & € Xnc,Ay, necessarily ° ¢ T, hence for
some p° < A there is no p’-witness for 3° and n (check the definition of
T,).

Let p; < Abe > p+ max{y®:s eI}
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Let x < A be large enough (so that it will be possible to use the
finite Ramsey theorem when A = Ny and when A > R, the Erdos Rado
theorem we require that x — ()7 where 6 = 2« 1Hzl),

Let (f; : i < x) be a x-witness @ € I',, and even & € I',,4;. For
eacht € I, h € H! define the two place function F, ;, from [x]? to {0,1}
fori < j < xlet

Fip{i, g} = {0 if  rky(h, fif;1) < B

1 Otherwise.

Define the two-place function F' from [x]*: Fori < j < x let
F{i,j} = (Fin(i,5) : t € Lh € H}).

Clearly [Rang(F)| < 2%« Hal,

Hence an application of one of the above partition theorems pro-
vides us withasetY C x, |Y| = u; such that F' | [Y]? is constant. Without
loss of generality Y = p;.

For each s € I, clearly (fify* : i < p®) is not a p’-witness
for 3%, but the only thing that may go wrong is the inequality, i < j <
uo= rks(eyz,f,-fj‘l) < B, so for some i < j < p® we have that
rk,(eny, fif;') > B holds, hence

(x) s €landi < j < py = tk(ens, fif]') > Bs.

This means clause (b) holds and clause (a) by definition of (f; : ¢ <
x) is a x-witness for @ € T',. Clause (c) follows. So (f; : ¢ < p) is as
required. Ui

Proof. of 1.14

Stipulate 7" : if & > 0 it is 0, otherwise is it —1. Assume n < w
and (7% _, : t € I) is well defined, 7}, _, < of. Let y%* be: 7, _; + 1 if o is
a limit ordinal and 7,_, = —1 otherwise (i.e. o = 0, see 1.12). Note that
to construct the family {f,; : ¢ < A,} we will combine Claim 1.19 with a
second application of the Erdés Rado Theorem.

Let 6 = (2/HaxIHzl) x |T] and x < A be such that x — (A, + 2)}
(exists by Ramsey theorem if A = R, and by Erdos Rado theorem if A >
Ro). Apply Claim 1.19 to get a family { f; : ¢ < x} satisfying:

(1) fi an+1 = €Gp41>
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(2) fori # jandt € I, we have v, < rke(en:, fifj'l) < of.

Fort € 1, = (g1, 92), 91,92 € H. such that o} (g) = eg, define a
coloring F; ; of [I]® by two colors according to the following scheme: for

e< (<&, let :
Jred if rkt(glafief(—l) < rkt(g%féf&—l);
Fuste, 0.6} = {green if rkt(gl,fisfc_l) > rkt(g%f(fe—l)

By the Ramsey theorem (if A = ¥;) or Erdos Rado Theorem if A > R,
there is a set J C yx, otp(J) = A, + 2 such that each coloring is constant
on [J]3. Let the value of F; on [J]® be denoted ¢, . Observe that ¢, 5 is
never green as this would produce a descending w-sequence of ordinals as
ifeg € J, ¢ < €41 for € < w, then 1k, (g, fe, f5,},) > tki(g, fe,p, f5,1,), 50

€42
(tki(g, feo foryy,,) * € < w) is strictly decreasing.

Let e(x) = Min(J) and Jp = {¢ € J : otp(e N J) < A} and
a is the \,-th member of J, 3 the (A, + 1)-th member of J and let v} =
tke(ene, fafz '), by clause (b) above v5* < 7} < afsoa; =0 =7} =
—landa} > 0= 7L, <At

We claim that {f; fe‘(i) 11 € Jo} (remember Jy C J,|Jo] = )
provides a set that can play the role of {f,; : ¢ < A,}. We note

()1 tke(g, fef71) < p fore < ¢ in Jp [why? clearly o < 8 < e < ¢
are in .J hence by the choice of J we have tk (g, f. /') < rki(g, fef3!) <

tki(9, fafs ') = 1)

Now clauses (1), (4) of 1.14 holds by clause (1) above, clause (3) of
1.14 holds by (*), and clause (4) of 1.14 holds by the choice of the ;. We
are left with clause (2). Let h € H!, as above clearly for T < £ < ( < £in
J we have 1k, (h, fefc‘l) < 1ky(h, f<f£‘1). Hence for Te < ¢ < £ in Jy we
have

> tke(eny, fof71)
= tke(h™", (fef D) (fefEH™)
> Min{tk,(h, f-£7), tke(h™Y, (fo ™)
= Min{k,(h, f. f;1), tke(h, ff')}
> Min{rk(h, fx f71), the(h, frf71)}
= rky(h, frfo).
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So giving also clause (2) of 1.14. Oy 14 Oy

Remark 1.20. The result about the cardinality of Ext,(G,Z) can be de-
rived from Theorem 1.1 using the following definition (which constructs an
isomorphic group ot Ext,(G, Z)).

Definition 1.21. Given an abelian group G, let G* := Hom(G,Z) and
for a prime p denote by G? the group Hom(G,Z/pZ). For g € G* let
g — g/p be the natural homomorphism from G* into G?. By G*/p denote
the subgroup of G which is the image of G* /p under g — g¢/p. Finally

Ezt,(G,2Z) := G?/(G*/p).

Recall that when ) is Ry or strong limit of cofinality ¥y then AR =
22,

The group H,, corresponde to the subgroup G*/p and the o’s are
inclusions.

We have learned from Paul Eklof that Christian U. Jensen in his
book [Jen] have a proof of Theorem 1.0 of [GrSh] for the case that A = R,.
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