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Partial Regularity Of The Dynamic System Modeling The Flow Of Liquid Crystals
Fang-Hua Lin * and Chun Liu*

Courant Institute

Abstract
Here we established the partial regularity of suitable weak solutions to the dynamical
systems modelling the flow of liquid crystals. It is a natural generalization of an earlier
work of Caffarelli-Kohn-Nirenberg on the Navier-Stokes system with some simplications
due to better estimates on the presure term.

§1. Introduction.

In [LL] we studied the following dissipative system which comes from the modeling of
the flow of liquid crystals:

vi+ (v:V)v—vAv+ VP = -AV . (Vd © Vd) (1.1)
V.v=0 (1.2)
d; + (v-V)d =~(Ad - f(d)) (1.3)

where € is a smooth, bounded domain in R3, v(z,t) represents the velocity of the flow,
and d(z,t) is the optical molecule direction. Here we take f(d) to be the gradiant of a
scale function F(d),

f(d) =VF(d) (1.4)

A typical example of F(d) is given by F(d) = % (|d|2—1)2. As € goes to zero, we see that
d becomes an unit vector field.
We also have the following initial and boundary conditions:

v(z,0) = vo(z) with V-vo=0,d(z,0) = do(z),for z € Q, (1.5)

v(z,t) = 0,d(z,t) = do(z), for (z,t) € N x (0, 0). (1.6)

In that paper, we have already shown the existence of the global weak solutions and the
global classical solutions under certain conditions. The local existence of classical solutions
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was established as well. The most important property of the solutions of (1.1)—(1.6) is
the following “basic energy inequality”:

%% /Q(|v|2 + A|Vd|? + 2AF(d))dz < - /Q(uww2 + AylAd — f(d)|?)dz,
for almost all ¢t € (0, T).

However, there is still a gap between the case of existence and the case the solutions
being regular. Because of that, in this paper, we want to give a partial regularity result
for suitable weak solutions of the system (1.1)—(1.6). The existence of such solutions can
be shown easily, see the discussions in Section 2.

The situation here is very much like that for the Navier-Stokes equations. There have
been a lot of works concerning the regularity properties of the Navier-Stokes equation:

vi—Av+ (v-V)v4+ VP =f (1.7)

V.-v=0 (1.8)

in ©Q x [0.T]. with the initial-boundary condition:
v(-,0) =vq, V]ga=0 (1.9)

Serrin[Se] has shown that a weak solution of (1.7)—(1.9) will be locally bounded
(hence locally regular in spatial direction) under the following assumption:

veLw (@) with2+2<1

Fabes, Jones, Riviere[FJR] and Sohr, von Wahl[W] extended this result to the equal
case.

We note that, in Serrin’s result, the regularity with respect to the time, t, variable is
much weaker. The so called classical solution usually means the one with infinitely smooth-
ness with respect to the spatial variables. Actually the following example constructed be
Serrin prevent one from further expectation of the regularity in the time direction. Let a(t)
be any measurable function and f(z) to be a harmonic function, then v(t) = a(t)V f(z)
is a weak solution of equations (1.7)—(1.9). Of course, for the boundary value problems,
the situation may be better, see [La).

The gap between the case of existence and the case of regularity still exists for the
Navier-Stokes equations. Schefer ([S1]—[S4]) first proved that under some conditions, the
Hausdorff dimension of the singular set for the weak solutions of Navier-Stokes equation is
g. The best known result in this direction is probably that of Caffarelli, Kohn Nirenberg
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[CKN] which shows that the singular set of a "suitable weak solution” of the system
(1.7)—(1.9) will satisfies:
P!(S)=0

where P! is the one-dimension Hausdorff measure with respect to the parabolic matric in
R3 x R. Also, by using an estimate of Solonnikov [S01], they proved the existence of the
"suitable weak solution” in their paper.

The main technical devices in [CKN] are an induction argument and a decay estimate.
The induction argument is a localized version of Scheffer’s argument [S4], which gives the
P3 estimate on the singular sets. However, due to one missing estimate for the pressure
(see the proposed conjecture in [CKN] page 780), the argument in [CKN] becomes very
difficult. However they still managed to get the conclusion P1(S) = 0.

Motivated by the results of [CKN] and the relation between the system (1.1)—(1.6)
and the Navier-Stokes equation (1.7)—(1.9) which was established in [LL], we will show
the following partial regularity results for the system (1.1)—(1.6).

Main Theorem. If the domain and the initial-boundary conditions in problem (1.1)—
(1.6) are smooth enough, then there exists a suitable weak solution such that the singular
set of this solution has one-dimension Hausdorff measure zero in space-time.

Like what Scheffer [S1] and Caffarelli,Kohn Nirenberg [CKN] did for the Navier-Stokes
equation, the ”suitable weak solution” here will have the following ”generalized energy
inequality”:

T
2/ /(|Vv|2+ |V2d|?)¢dzdt
0 Q

T
< [ [vP+19aP) 6.+ Ad)dsa
0.7 (1.11)
+/ / (Iv|? + |Vd|? + 2P)v - Vodzdt
0 Q .

T
+ fo /Q ((v-V)d ® Vd) - Védzdt + R(f, ¢)

for any ¢ which is a smooth function and has compact support in Q x (0, T).
The second to the last term in (1.11) represents the following:

T T
/ / ((v-V)d ©Vd) - Vodzdt = / / viv,d*v;d*V;pdzdt
0 Q 0 Q

The term R(f,¢) is given by R(f,¢) = fOT fQ Vf(d)Vdedzdt. Under very mild
assumption on f(d), one can easily show that d is bounded. Hence the term R(f, #) can
be bounded by other terms in the inequality.
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The generalized energy inequality can be formally obtained as follows. Multipling
(1.1) by v¢, integrating by part, we have

T
1 1
/ /(—-—|v|2¢>t — =|v|*vV¢ — Pv - Vv)dzdt
o Ja 2 2
T 2, 1 12 1 2
=/ /(—|Vv| o+ —2-|v| Ag + §|Vd| v-V¢ - AdVdve)dzdt
0 Ja
Then take derivative of (1.3) with respect to the spatial variables,

Vd, + Vv-Vd+v-VVd = AVd + Vf(d)

and multipling it by Vd¢, integrating by part, one obtains
T 1
/ / (—§|Vd|2¢t + Vv .VdVd¢ + v - VVdVd¢)dzdt
0 Q

T
= / / (—|V2d|2¢+%lVd|2A¢)dxdt+R(f,d)
0 Q
Since
T T
/ / (Vv -VdVde + v - VVdVd¢)dzdt = / / (-AdVdv¢ — v - VAVAV¢)dzdt
0 Q 0 Q

We finally arrive at (1.11) by adding these two result.

This paper follows very closely to [CKN]. In Section 2, we will prove several key
estimates. These estimates form a frame of the induction argument. After taking out the
terms involving d, these estimates are just those for the Navier-Stokes equation. After
using a stronger estimate for the pressure due to Von Wahl, our arguments are some what
simpler than that of [CKN].

In Section 3, we will first prove the key decay estimate. Combining this decay estimate
and the results from Section 2, we will be able to obtain the main theorem.

Viscousity constants v, A,~ play no role in the results of this paper. For this reason
we shall simply assume them to be all 1.

§2. Notations And Basic Estimates.

Suppose  is an open, smooth domain in R3, we define a cylinder with the top center
point (z,t) to be
Q,(:v,t)={(y,'r)lly—:z:|<r,t—‘r2 <T<t} (21)

For any X ¢ R® x R,k < 0, we define

P*¥(X) = lim P%(X) (2.2)

6—0+
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where P¥(X) = inf{}"2, 7*|X < U2, Qr;,ri < 6} here Q,, represents a parabolic
cylinder. We know that P* is an outer measure. All Borel sets are P* measurable,
and P* is Borel regular (cf. [Fed)).

Also, we have

H* < c(k)P* (2.3)

where H* is the Hausdorff measure with respect to the parabolic matrix d((z,t), (y,7)) =
[lz — yl? + It — 7|2]2.
Next, we define another kind of cylinder

7
Q(z,0) = (@ ly -2l <t = g7 <T<t+%r2} (2.4)

As we have seen in [LL], for the system (1.1)—(1.6), v has scaling dimension -1, P
has dimension -2, d has dimension 0, while £ has dimension 1 and time ¢ has dimension 2.

We define LP(0,T; L9(S2)) to be the closure of C* functions under the following norm

T
IVl oz Loy = ( /0 ( /Q Iv|?dz)3 dt)} (2.5)

In the case of T' = oo, we simply write it as LP(L9(Q2)). If p = ¢, we will write it as
L7(9).

The following lemmas will be very important in this and the next section.

Lemma 2.1 (Poincare Inequality). If 2 is a bounded smooth domain, then

lBllem.» ) < (2, m,p)[[V™d|lLr(q) (2.6)

for all € HT"P(Q).

Lemma 2.2. For a bounded, smooth domain Q, for any function v € L*°(0,T;L™(Q2)) N
L2(0,T; HY(Q)), and v vanishes at the boundary, then there exists a constant ¢ depending
only on n, the space dimension, m and p, such that

T
/ / Iv(z, )| %dzdt
0 Q

T
< cq(/ / |Dv(z,t)|Pdzdt)( sup / |v(z,t)|™dz) "
o Ja

o<t<T

(2.7)

where ¢ = EQ—'—:?Q




Note that in the case n = 3,m = 2,p = 2, the lemma gives the bound of the L%
norm of the function. Since the weak solutions obtained in [LL] satisfy:

v € L2(H') nL*°(L?),d € L(H?) N L>®°(H)
we have, by Lemma 2.2, that
10 10
veLs,VdelLs.

Lemma 2.3. For v € H!(R3),

/Br [v]? < C(/Br IVv|2)a)(/Br v|2)$-e + }%(/B, v[2)$ (2.8)

where C is independent of r,

ZSqSG,a=%(q—2)-

The proof of this lemma can be found in [CKN]. One interesting case is when
q= 1—30, a = 1, we recover the L* norm stated above.
Let us consider the global weak solution of (1.1)—(1.6) so that,

v € L*(0,T;L?) nL%(0, T; H')

2.9
d € L*°(0,T; H!) N L%(0, T; H?) (29)

and satisfies (1.1)—(1.6) in the weak sense.

the next Theorem will give an estimate of the pressure P. It follows from that of Sohr
and von Wahl [SW] for the Navier-Stokes equations.

Theorem 2.5. Let  C R® be a smooth, bounded domain. vo,do are smooth enough.
. 2 1,1 1_1,1
$,p€ (L,o0) withn < £+ 2,2+ 02 <1,. =35+ 3, such that

v € L*(0,T;L?) nL%(0, T; H')

d € L*®(0,T; H) nL?(0,T; H?)
Then there ezists a P € L*(0,T; LP(Q?)) with VP € L*(0,T;L9(2)) which satisfies (1.1)—
(1.6) together with v,d.

Remark. In Theorem 2.5, if we take s = p = 2,n = 3,¢ = 15, we get that

5
3
P € L8(0,T;L3). And this proves the conjecture of [CKN] page 780.
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There are several ways to prove the theorem. Besides the method used by Sohr and
von Wahl [SW], one can also use the estimate by Solonnikov [Sol] which was actually
used by Caffarelli, Kohn, Nirenberg in [CKN] to prove the existence of the suitable weak
solution of Navier-Stokes equation. We will just sketch the idea of the proof here.

Since we have that

v - Vv € L*([0,T),L3(Q)) nL2([0, T], H}(Q))
which implies that
v e LT ([0,T),L¥(Q)), Vv € L2([0, T}, L3(Q)) (2.10)
By Holder’s inequality, we have that
v-Vv e Li([0,T),L(Q)) (2.11)

The same argument works for the term V(Vd O Vd).
We rewrite the equation (1.1) in the form:

Vi — VAV + VP = —(v-V)v — AV - (Vd © Vd) (1.1)’

The left hand side is the Stokes operator, while the right hand side is in L$ space-time.
The Solonnikov [Sol] gives

VP € L4([0,T],L%(Q)) (2.12)
which in turn gives:
P e Li([0,T),L7(Q)) (2.13)
see [CKN].
If we use Lemma 2.3 with 10
q= _3—3 a=1
we obtain: c
Jwi# <c(f1ovpy [ v+ S v (214)
But if we choose —@a_?:?_o— ),__?’_
=132 13 Y713
we have
[t <cfrovps [ vmE + S ([ vpB 219
T13

Applying the Holder’s inequality again:

5
Ivv-vik < Cividlivvi

2.16
< CL||Vv|)3 + co|lv] };»_‘g) (210)
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To estimate the the second term, we note that:

([ M <o 1vvpyb( [ vt + S [p (2.17)
thus, ‘
v < (froviy [ wey+ S wie (218)

All the above integrals are taken with respect to the space. And we see that
v-Vv e L¥([0, T], L (Q)) (2.19)

After we do the same estimates fot V(Vd () Vd), we get,

15

VP e Li([0,T), L1 (Q)) (2.20)

which, by the Sobolev’s embedding theorem, implies,
P € L3([0,T],L3(Q)) (2.21)

Now we can give the definition of the "suitable weak solutions” of the system (1.1)—
(1.6). Since the estimate of the pressure in Theorem 2.5, we don’t need the unnatural
restraint P € L#(Q x (0,T)) as in the definition of [CKN].

Definition. (v,d) is called a suitable weak solution of the system (1.1)—(1.6) on an open
set D C R3 x R if the following conditions are true:
1. (v,d) satisfies the system (1.1)—(1.6) in the weak sense, i.e., it is a weak solution.
2. There exist constants FEq, Fy such that,

/ (V]2 + |Vd]? + F(d)]dz < E;

D (2.22)

/ / [|Vv|? + |Ad - f(d)|*]dzdt < E
D

where D, = DN (R3 x t).
8. For any ¢ € C®(D), ¢ > 0, the generalized energy inequality (1.11) holds.

Remark. The existence of the suitable weak solution can be shown by the exactly the
same method as that of [CKN] and [LL1], together with Theorem 2.5 and we will omit the
detail here.

The key theorem of this section is the following,

8



Theorem 2.6. There exist constants ¢,Cy > 0, such that, if (v,d,P) is a suitable weak
solution of (1.1)—(1.6) on Q; with the following property,

/ (VP + |VdP + |P|})dzdt < € (2.23)
Q:

Then
|v(z,t)| + |Vd(z,t)| < C

for Lebesgue almost every point (z,t) € Q 1

Definition. A point z,t is called a regular point of the solution if |v(z,t)| + |Vd(z,t)| <
Cfor Lebesgue almost every point (z,t) € Q 1. The complement of the set of all the regular
points will be called the singular set.

Remark. Suppose that Theorem 2.6 is true. Let V be a neighbourhood of S, which is
the singular set of a solution in D =  x [0,T]. For each point (z,t) € S, we choose
Q> (z,t) C V such that, for any 4, we can find r < 4, and

r~%// (V| + (VA% + [P3) >
Q;(z,t)

This is because otherwise, by using Holder’s inequality, we see (2.23) will be true and
(z,t) will be a regular point.

Applying a Vitali-type covering lemma, we obtain a disjoint subfamily Q7 (z,t), such
that

ScC UiQ;,j (z,t),ri <

and we see that

Srf< 6—12// (V% +|Vd/¥ + |P|})dzdt
t :j (I,t)
< 56-1// (V% + |vd)® + [P|})dzdt
14
Since ¢ is arbitrary, we get that S has Lebesgue measure zero. and also

5
Pi(S) < z//V(M‘eQ + V¥ + [P|})dzdt

for every neighbourhood V of S.
Since

//(M% +|Vd|¥ + |P|3)dzdt < 00

9



and since V is arbitrary neighbourhood of S, We have

P:(S)=0

The proof of the Theorem 2.6 is built upon an induction argument which was used in

[S1] and [CKN].
We pick a point (a, s) € Q; (0,0), such that,

// (V[ + VA + [P|})dzdt < ¢
Q%(ars)

Here we mnotice the fact that Q%(a, s) C Q1(0,0).
Let Q™ = Q. (a,s), where r, = 27",
The induction argument follows from the following Lemmas.

Let (v,d,P) be a suitable solution of (1.1)—(1.6) satisfying (2.23), (2.24).

Lemma 2.7.If2 < k < n,

sup ][ (|v]? + |Vd|?)dz
|z—a|<rx

8—ri2<t<s

g [ [ qovi+ v2aPydzat
Q*

< Cet

then

][ ][ (|v|3 + IVd|3) + ré ][ ][ [v||P - Po1|dzdt < €3
Qn+1) Qn+1)

Lemma 2.8. if 3 <k <n,
][ ][ ([ + |VdP) + r3 ]/ ][ I[P — Ppldodt < et
Qk Qk

sup ][ (Iv[2 + |Vd[?)de
|z—a|<rni1

8—r,<t<s
+1.3 / / (|Vv|? + |V2d|?)dzdt
Qn

< Céb

then

10
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Here f and f f denote the averages. Also,

B, =P,(t) = ]f Pdz
|z—a|<ra

Proof of Theorem 2.6. Using the generalized energy inequality, where we choose the test
function ¢ to be smooth, positive with value between 0 and 1,and ¢ =1 0on Qz and ¢ =0

our of Qp, and the Holder’s inequality, we have that (2.25), is true.
Then by applying Lemma 2.7 and Lemma 2.8, we get

f (V|2 + |VdR)dz < Ce?
|z—a|<rn

for any (a,s) € Q%(O, 0), and r,, = 27".

Then we have |v|?(a, s)+|Vd|?(a, s) < C, for any Lebesgue point (a, s). In particular,

v is essentially bounded in Q %(0,0).
(Q.E.D.)

Proof of Lemma 2.7. From (2.7)and (2.25), together with Lemma 2.3, one has,

/B Ivlsdz<(/B |Vv|2dz)} (/ 'V|2d“’)%+%(]larlvt2dx)%
// |V|3dxdt<(// |Vv|®dzdt)? (_,2(/ Iv[2dz)3dt)}

+ — ( |v|2d:c) 2dt
7‘2 -r2 JB,

Thus we get,
-3

f][ [v3dzdt < C(r2e$) i (r2(r3Ce?)3)% + Cr7 r2(r3Ced)d

< Crie+Crie

f ][ |v|3dzdt < Ce < et

The same estimates work for the term f f. |Vd|®.

by using (2.25;), that is,

(2.27)

(2.28)

(2.29)

(2.30)

For the last term of the left hand side of (2.12,,41), we can use the Green function

representation of P
3 1
P=-=[ -
6P =1 | mooAu(eP)y
3

~tr oo Ty (PA®+2(V4,VP) + $AP)dy

11



Note, by equation (1.1), that
AP = -V vIV;v' - V;;(V;dV;d) (2.31)

After integration by part, we see,

P=P;+P,+ P;s (2.32)
where
T OICOLEE Y e A O RS
3 - Y

4= 5 IIU— PV ;(vivi + V,dV;d)dy
v (2.34)

47r / P Vijo(v ivi+V,dV; jd)dy
P; = —%—/V-V-—l—d)( )(vivi 4+ V;dV.d)d (2.35)

5 = yp iVj Ix — y| Yy idV; Y .

where ¢ is the cut-off function equal to 1 in {|y| < ;} and equal to 0 outside {|y| > 1},
and

IVigl <C, |Vigl<C. (2.36)
We decompose Ps = Pg + Py, where

3

1
= ViV ——
47T |y|<2r,.+1 Ix - yl

Py = ¢(y)(viv?! + V;dV;d)dy (2.37)

Pl

¢(y)(v vI + V;dV; d)dy (2.38)
am 2rn+1<lyl<}

We note that

lP"PrIS Z |Pi"'13i|,
1=3,4,8,9

here

P, = F;
B,

For Pg, we can use the Calderon-Zygmond’s inequality to obtain, we get:

[ mEsc [ (vP+1vae) (2:39)
Bn+1 Bn

12



Therefore

/B M- B <o /B JRGGH /B (v + 94
o[ GGK £ P
= C(/Bn+l(|"|3)%(f3n(IVI3 +|vdpP)}
+C</Bn+l(|v|3>%</3"(ps)%)%rg%
so(f (PRI avP+ivapd

For Ps, Py, Py, we bound |P; — P;| uniformaly in B,4;. Indeed, for |z| < rn41, we

have
VP <C / P (2.40)
By
VP <C /B (VP + |vdP) (2.41)
1
v|? + |Vd|?
vrise [ T (2.42)

Thus for 7 = 3,4, 9, one has,

/ |v||Pi—Pi|50rf,</ (VP +IVdP)} sup |Piz) - B
Bnt

Bn+1 1€Bn+1

< o / (VP + [VdP) sup VP
n+1l

z€B,,

by the mean value theorem.

Remark. We can also use the Poincare Inequality in the last estimateabove. Indeed,
[ owir-pisc(  (vP+1vaR([ 1R - R
By Bnt1 Bnia

SCrnH(/B (|v|3+IVd|3)%<f VPt

Bny1

< o / (VP +IVdP) sup VP
Bn+1 z€B,,

and hence we have

v _ P r3 v3 3,4
/Bm| 1Py PsISC_n(/BW(I 3+ |vd| )s(/& P))
SCTg(/B (|v|3+1Vd13>%</B Pi})E

I

13



/ [VI|Py - By| < Or3( / (VI + IVaP)}( ] (V]2 + [Vd]?
Bn+1 Bn+1
<oi(f (vP+Ivami([ v+ 1var?
Bn1

and

_ ' 2 Vd 2
/ [VIIPs — By| < Cr3( / (vi*+1var)} | LIV 5,
Bnt1 Bni1 rm<lyl<i ly]

To summerize, we have obtained

//‘;n+1 |v||Pg — Pg|dzdt < C(/‘/QM1 |v]3)%(/Ln(lv|3+ |Vd|3)%

< Crrsz+15

/f |v||Pg—-P9|dxdt<Crn+1rn+1/ Mk
Qn+1 Qn+1

v|? +|Vd|?
ra<lyl<g

s-ri+1<t<s |y|4

n n
13 5 l 2
3 3 —4,3 % __ 6 -1 _ 5
<Crl Te €3 E T TRed = Cry € E rk = Crp 1€

/ / VIIPy = Pldodt < Or ([ / v/ / (VP + Va3

< C’rn+1rn+le < Crn+1rn+le

// |v||P3—P3|da:dt<Crn+1(// vI®) (// |33

< Crn+1rn+le < Crn+1rn+le

and

In the other words, we have

1 —
ko ]/][ W||P = P| < Ce < ¢}
Qn41

(QE.D.)

Proof of Lemma 2.8. Without lose of generality, we will assume (a, s) to be just (0, 0).
First, we have to obtain a modified version of the generalized energy inequality (1.11).
Take the test function of the form ¢(z,t)n(t>2), where n = 1 when s > 1 and 7 = 0 for
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s < 0 and it is a smooth function between 0 and 1. After putting this in (1.11) and taking
the limit of € goes to zero, we get the following:

t
/ (V|2 + |Vd[?)gdz + 2 / / (V]2 + [V2d[?) ddzdt
Qx{t} 0 JQ

t
2 2
< /0 /Q (VI + [VAP)(de + Ad)dods i

t
2 2 .
+ /0 /Q (V2 + VA + 2P)v - Vdad
t
+/0 /ﬂ((v-V)d@Vd)-V¢dzdt+R(f,¢)

Next we choose the test function to be of form ¢,, = x¥,, such that

__ 1 a5
’l,bn—we n=t (244)

and x is the cut-off function with is smooth, between 0 and 1, and equal to 1 in Q 1 (0,0)
and equal to 0 outside Q;(0,0).
We note that 1, is the fundemental solution of the backward heat equation

u+Au=20

with singularity at (0,72).
After putting these test functions in (2.43), we obtain that:

sup ][ (V]2 + [Vd])dz + r? / / (V] + [V2d?)dzdt
|z—a|<ra Q*

8—r,2<t<s

t
2 2
< /0 /B (19 + V) g + A

(2.45)
t t
+ / / (Iv|® + |Vd|®)V¢ndzdt + / / (VPVndzdt)
0 JB, 0 /B,
<I+I1I+111
Direct calculation shows that:

|fne + Bon| < C (2.46)
|¢n| < Cr3%,|Vén| < Cry%, on QT (2.47)
|¢n]l < Cr3,|Vén| < Crpt, on QF1\QF, (2.48)

15



Therefore, by the Holder inequality, one has the following.

2

1<c / / (v +1vaP) < ([ / (VP + [VdP)? < ceb (2.49)

by (2.24), and

n : n
1<cy ryt / / (VP + IVd[¥)dzdt < CS ryed < Ced (2.50)
k=1 Qx k=1

For eash k£ > 1, take 1 to be a smooth cut off function with value 1 at Q Irk and 0
out of Q,, with the property:
V| < Ot

III < CZ/ Pv -V((mk = Mk+1)Pn) // Pv -V (nndn) (2.51)

Use the dlvergence-free property of v,

Z/ Pv - V((mk = Mk41)bn) < Z// (P = Pe)v - V((mk = M+1)dn)

k>3 k>3

where P, = Pi(t) = ﬁ)fék P
Similarly, one has

//Ql Pv - V(nnon) S/Ln(P“Pk)V-V(nnqﬁn)

When k = 1,2, one simply has
[ [ @=Bov-Vim-nsemy <c [ [ 1P
Qx Q:
Thus
I < CZT // v||P = B| +c// v]|P|
< C’Zr,%eg < Cet
k=3

and this yields the result. (Q.E.D.)

Remark. From the proof of the Lemmas, we see that, by using the new estimate for the
pressure, the proof is somewhat simplier than that in [CKN]. We also see that it is the
generalized energy law which relates the quantities of the different scaling dimensions.
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§3. Proof Of The Main Theorem.

We will proof the following key decay estimate. This decay estimate and Theorem 2.6
will imply the main theorem.

Lemma 3.1. If (v,d,P) is a suitable solution of the system (1.6)—(1.7). Then there
erists a constant e, such that, if

r—0

lim sup > / / (IVv[2 + [V2d[?)dzdt < e (3.1)
Q;(0,0)

Then there exist v < 1 such that if r < 1, then

T v|® + |Vd|®)dzdt + (——= Plzdzdt
)2 ,,(o,o)(l >+ [Vd[%) ((77)2 ,,(o,ml I )
+ (— vl|lv|® — Iv|?|dzdt)?

Gz ] g WP = WPdadt

7/ - aFieas)?
+ (—5 v|||Vd|* - |Vd|?|dzdt)?
G | L, IO = ez

+((;;—)2 / /Q o \P|lv|dzdt)?

<stz [/ r(o’o)(lvla-l—lle"')d:cdt-{-(# / /Q oy PlHdaa)
+ (o [ /Q oy VIV~ Pzt

+(e [ /Q o MV = [VaFazan?

1 3
+(z-7')—2/»/;1,(0,0) |P||v|dzdt)?]

(3.2)

Proof of Lemma 3.1. First, for the convenience of the latter arguments, we define several

17



dimensionless quantities:

A(r)=  sup r‘l/ (Iv]® +|Vd|?)dz
B, x{t}

—frict<}r?

B(r) =r-1 / / (V]2 + [V2d|2)dzdt
C(r)=r- / / (V[ + |Vd[*)dzdt

-2f/ |P|? dzdt

E(r):r—2// |v|||v]2—|v|2|d:rdt+r"2// v[IIVd[? - TVa|dzdt
Q: Q:

=2 / / \P||v|dzdt
Q;

We will assume that r < p,

What we want to prove in the Lemma 3.1 is a decay estimate of the quantity
C(r) + D(r)? + E(r)? + F(r)%.

Like in the proof of the Lemma 5.2 of [CKN], we can get the following estimate by
using the interpolating estimate in Lemma 2.3:

(3.3)

L]

) <A AWE +(0)°A(0)1B()}) (3.4)

Next we make use of the generalized energy inequality again. This time we take the
test function ¢ as follows:

¢ is smooth and compactly supported in Q7. It is between 0 and 1. It is equal to 1
in Q; and 0 out side of QJ. It has the properties:

VA<D, Iad+lad< (35)

By using this test function, we immediately get, for —%7'2 <t< -é—'r2, that

[ v+ ivapes [ [ (vP+1VaP) 6+ Ad)dodt
B, x{t} Q;

2 +|Vd|?)v - Vedzd 2P)v - Védzd
+//Q;(|vl+| |“)v ¢xt+/Q;( Yv - Vodzdt 36)

+// (v V)d © Vd) - Vodzdt + R(f, §)
Q;
<IV+V+VI4VII+VIII

18



We now estimate the right hand side of (3.6) in the following way. By using the Holder
inequality,

wesf / (v +IvaP) < S(f / (VP +Ivd®)3ed <Cpich(n)  (37)

While by the divergence free property of v, Poincare inequality and Holder inequality, we
have :

v=/] VIV + V4 ~ WP VaPlasdt < Cp*B(p)

where g above means the average of g in Q7. The reason of introducing it is to lower the
power of V|v|? as we will see later.

The term VI which has the pressure P is nothing else but F(p).
We now deal with term VII

VII<C / / d(v - V)VdVedzdt + C / / dvd(v - V)Vedzdt
Q; ;
501/(/ |v|3dx)%(/ (vvd| dz)3dt
p B; B;
+C-l—2 / ( / Iv|2dz)? ( f |Vd|2dz)? dt
p B; B; (3.8)

<CX( / / v[3dz)? ( f / |VVd|[*dzdt)? p¥
pJJq; Q;

+C-13(// |v|2 + |Vd|%dz)
p Q;

< Cp¥C(p)  B(p)?t + Cp'C(p)?

and

VIII < Cp? / / V]2 + [Vd|2dzdt < CpC(p)}
Q;
From above we see that:

A(r) < &) () + (B)B() + (B)F (o) + (DO B(o)}) (3.9)
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Here we can estimate the term E(r) by using the methods as we mentioned earlier:
B0 < [([[ e v - P
+ (/ ||Ivd|? — |Vd|2|%dz)%]dt
B;
< / ( / v[Pdz)3 / (VIV] + V|Vd])dz)dt
< [« / vz} / (v +Vd)da)} (310
( / (IVV]2 + [VVA[)dz)}]dt
2 3 3 2 2 ir3
< (rA(r)) (//Q; Iv[2dzdt) (//Q:qvw + |VVd2)dzdt)dr
<r¥(C(r)} + A(r)B(r))

What we need next is the estimate of the pressure P term, which is probabily the
most difficult part, we decompose it into

P=P+P (3.11)

where 3
lx P(y)Ad(y)dy + 5 I |3V i¢P(y)dy, - (2.12)
P=2 f WPy, (3.13)

This can be obtained from the Green’s representation of P, and integrate by part.
The test function ¢ here is equal to 1 in {|y| < 3p} and equal to 0 out of {|y| > p}. with
the property:

Vil < Cp™1,|Vije| < Cp~2. (3.14)

Realizing that these are of convolution form, one uses Young’s inequality and Holder’s
inequality,

[ 1Bt <ot ([ (uv+ 99 (Vava)as)? (315)
r P

Also, by using the properties of the test function ¢ and the fact that ¢ is constant near z,

1
P, <C—/ P 3.16
P <05 1P (3.16)



/|P1|2<r (/ 1Pt <1l
B,
< — P|:
_p3/Bp|I

[ [ [ e (3.18)
T Q; p Q;

Realizing that (3.15) have too much derivatives on d in the right hand side, we have
to decomposit P, further by again use

/ P}
B

‘ (3.17)

nl'o|

Hence,

AP = -V,;vV, v + V,V](VdVd) (3.19)

Put (3.19) into (3.13) and integrating by parts once more, we have

P, =Fs+ P; (3.20)
where 3
Py = - |$ — |3(j)(vVv +VdVVd + VdAd)dy (3.21)
3
P, = e / Epy Vo(vVv +VdVVd + VdAd)dy (3.22)
It follows that c
P < 5 [ (vIvvl+va|vva) (3.23)
B,
which in turns implies,
3 C 2 21y 3 2 2y 2
|P7]2 < ;3-( (Iv]*+1vd|)) s ( : (|Vv[®+[|VVd|))s
[4 (4

and

3
/B 1Pl < 0L /B (VI + 1vd /B (Vv +99ap}

Finally we do integration with respect to time to obtain,

//.|P7|2 <C;

<cSotai(f jQ (Vv +|vVaP)t (3.24)

3

o4 A(p) / ( / (V[ + [VVdP))

w

A

3
T
< C;}gp”A(p)%B(p)%
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For the Ps term, since we do not have the gradient on ¢, we simply use Young’s

inequality,
(f, 1mitai <o D[ mivvpE)
< Cpk( /B it )
<cot([ W[ ([ v
B, B, B,
Thus
| Rtz <cot([ wmE([ mEi[ v
Br Bp BP BP
and

//:|P6|%dxdt50p%(Lp|v|2)g(//Q- P %// |Vv| 2

(3.25)
4 vI3 1 r—4 32 vi|2 3
SCr(f/Q;i 9t 4 (/B,,'V” <//Q;|v )
We therefore obtain
D(r)? < C[(%)2D(p)* + (=)2A(p)? B(p)}
p p (3.26)

T\2 T\-6 3 3
+(p) C(p)+(p) A(p)2 B(p)°]

Finally, we estimate the term F(r).
By the property of P, (3.16), one concludes,

/ |P1||v|d:c</ vd.rl Pd:z:
B,

<—/ lv|z |v|2d:c/ Pdz
<—r%</ [vf?) %/r|v|3)3</3p:P|%)%p

//;lplnvldxdts;,li’%(/ |Vl2)%(// IVI3)3‘(// |P|3)3r}

+(p—2//¢ IPI%)E

22
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On the other hand, one has
/ |P]|v]dz < / |Pe + P7||v|dz
B, B,

< —/ |v|dx/ (Iv]|Vv] + |Vd||VVd|)

+</ V)3 </ |Pel)

<—(] vI?) </ VI + [Vd[?) (/ Vvl + [Vvaf?)}

+p4(/ v )f</ v ))4</ Vv[2)3

(/ V2 + |VdP) (f Vv[2 + [VVdP)}

+r4</ V)R + 2 / V) (/ Vv[2)
and hence

//(;: | P2||v|dzdt < ;—i(/Bp V|2 + llez)(//Q‘ T2 4 [TVA[)
“f [ e ] [ ey

<

B~ lﬁ
wla| Wleo

(3.27b)

Therefore,

F(r) < (=) (A(p) + C(r)} + D(p)?)

5 T2 2 Py_14 2 (3.28)
(—) (p)B(p)+(;) C(p)* + (Z)7"A(p)B(p)

Now we can combine all the above estimates to get the followings.
C(vp) < v°A(p)? +72A(p)? B(p)*
D(vp)? < v*D(p)* + v*A(p)? B(p)? +7*C(p) + 7~ °A(p) B (;p)3
Finally we have
C(yp) + D('rp)2 +E ('wo)322 +F (*rp)%
<P Ao +770 A0 B30} + 7 D(56) + 2 A(50)} B(30)

(N0

+ 'r“C(—p) + '7‘6/1(—0)2 B(—p)
+C(vp) + A(vo) B(yp)E + 13 AG p)? + (H)C(p) +7°C( p)+78D( =p)®
+ 7’3A(-2-p)%3(50)% +7‘21A(§p)23(§p)3
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and using the estimates of A(r), one has concluded that,

C(vp) + D(1p)* + E(vp)? + F(7p)?}
< G()[C(p) + B + F(p)f + D(s)? +C(o)} B(30)1] + C (o)} B(p)}

+ HmAGG0)!B(z0)}

here H(v) is a smooth function for v not equal to zero, and G(v) is a function for 4 which
is some linear combination of the positive power of v. We will put (3.9) again in the last
term of the right hand side.

Now we see, if we take v small enough to make G(vy) small, then take B(p) which is
the € small enough to make H(y)B(3 p)% small, we will get (3.1).

Remark. In the above argument, we see some special features of system (1.1)—(1.6).
For the Navier-Stokes equation, AP is equal to the quadratic form of Vv, but for the
system (1.1)—(1.6), it als depends on the multiplication of Vd and V3d! (see (3.15)) We
overcome this difficulty by integrating by part (see (3.20)).

The immediate result consequence of Lemma 3.1 and Theorem 2.6 is the following

Theorem 3.1.There ezist a absolute constant € > 0, such that, if (v,d, P) is a suitable
weak solution of (1.1)—(1.6), and

limsupr"lff ( t)(le|2+ |V2d|?)dzdt < € (3.29)
-z,

r—0

then (z,t) is a regular point.

The following somewhat standard covering argument can be used to prove the Main
Theorem.

Let V be a neighbourhood of S, which is the singular set of a solution in D = Qx [0, T].
For each point (z,t) € S, we choose Q}(z,t) C V such that, for any 4, we can find r < 6,
and

rot / / (IVv]? +|V2d|?)dzdt > (3.30)

(z,t)
Applying a Vitali-type covering lemma, we obtain a disjoint subfamily Q7. (z,t), such that
S CuiQs,, () (3.31)

and we got that

ne 2 [,

(Vv ]2+ [V2d[?)dzdt < e / / (Vv +|V2d[2)dzdt (3.32)
r(z,t) \%4
J
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Since § is arbitrary, we get that S has Lebesgue measure zero. Also we know that

PY(S) < 2 / / (|Vv]2 + |V2d|?)dzdt (3.33)
14
for every neighbourhood V of S. and
/ / (|Vv|? + |V2d|?)dzdt < oo (3.34)
Since V is arbitrary, we have
P}(S)=0 (3.35)
which completes the proof of the Main Theorem!
(Q.E.D.)
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