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RELAXATION OF MULTIPLE INTEGRALS IN
¥ SOBOLEV SPACES BELOW THE GROWTH
EXPONENT FOR THE ENERGY DENSITY

IRENE FONSECA! AND JAN MALY?

ABSTRACT
The integral representation of the relaxed energies

FoP(u, Q) :={ }{hmmf F(z,un, Vuy,) dz : u, € WHI(Q,RY),

n—00

u, — u weakly in WI"’(Q,Rd)} ,

Ioc n—00 loc

P(y,Q) = {mf {hmmf / F(z,un, Vun)dz : u, € WHI(Q,R?),
u, — u weakly in Wl”’(Q,]Rd)}

of a functional

E:u.-./F(z,u,Vu)dx, u e WH(Q,R?),
Q

where 0 < F(z,{,€) < C(1+ [¢|" + |€]9) and maX{l,r%i-},qﬂﬁ-l} <p<
is studied. In particular, W'P-sequential weak lower semicontinuity of E(-) is
obtained in the case where F = F(£) is a quasiconvex function and p > ¢(N—1)/N.

Keywords: lower semicontinuity of multiple integrals, quasiconvexity, relaxation,
trace-preserving operators
1. INTRODUCTION

We study lower semicontinuity properties of functionals
(1.1) w / F(z,u,Vu)dr, ueW'P(Q,RY),
fy!
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RELAXATION OF MULTIPLE INTEGRALS 3

bounded above by F. As it turns out, PF < QF and we say that F is polyconvez
when PF = F.

In this paper we will treat the case where g is the growth exponent of F' and
p < g. As a first step towards obtaining an integral representation for 9?(u,),
we aim at identifying a lower bound for the relaxed energy, precisely

(1.4) FOP(u,Q) > /n QF(Vu) dz,

assuming that the growth assumption
(1.5) 0 F(§) <C+[¢9)

is verified. In view of (1.4), we need to establish a lower semicontinuity result for
quasiconvex integrals (see Theorem 4.1), namely

(1.6) lim inf /,, F(Vuy)dz > /n F(Vu)dz

n—oo

if u € WhP(Q,R9), u, € WH9(Q,RY), up, — u weakly in W?(Q,R?) and F is
quasiconvex. It is well known that this inequality holds true when p > ¢ (see [2, 4,
20, 21]). As indicated by (1.3), we remark that the inequality (1.6) may no longer
be valid if p < q.

The study of lower semicontinuity properties for (1.1) when p < g finds its moti-
vation on questions in nonlinear elasticity. As an example, in the case where F is the
polyconvex function F(£) := |det €], the condition p < N plays a fundamental role
in the study of cavitation, as it allows deformations to be discontinuous (see [3]).
It can be shown that, within the class of polyconvex energy densities, and under
suitable structure conditions, if u, € WH¥(Q,R") converges to u € W1?(Q,RV)
weakly in WP, then

liminf/ F(Vun)dIZ/F(Vu)d:c
Q Q

n—00

provided p > N — 1. This result was first found by Marcellini [19] for p > 7,5;2-1—,
then extended by Dacorogna and Marcellini [8] for p > N — 1. The borderline case
p = N — 1 was considered in [15] with a partial success, and completely established
by Acerbi, Dal Maso and Sbordone [1], [9]. Improvements are due to Gangbo [13]
and Celada and Dal Maso [6]. An elementary approach has been found by Fusco
and Hutchinson [12].

The quasiconvex case is more general. Under the growth condition (1.5), and
some additional structure conditions, the lower semicontinuity property was proved
by Marcellini [19] for p > ¢ -F’-Z_—l, by Carbone and De Arcangelis [5] in some further
special cases, by Fonseca and Marcellini [11] for p > ¢ — 1. Recently, Maly [17]
extended the later result to the borderline case p = ¢ — 1. Notice that all the
above mentioned results need some additional assumptions. Our approach allows
to eliminate additional assumptions if the growth is (1.5) and p > qyﬁl, and it is
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where  C R¥ is a bounded, open set and F : @ x R x M?*¥ — R is a nonnegative
Carathéodory function. Here, and in what follows, M4*¥ denotes the set of real-
valued d x N matrices.

We are interested in problems where there is lack of convexity, which leads us
to considering various types of relaxed energies. Let p,q € [1,00] and let u €
Wi?(Q,R?). We introduce the functionals

FOP(u,Q) := {inf} {liminf / F(z,un, Vu,) dz : u, € WH9(Q,RY),
Un [e)

n—oo

u, — u weakly in WI’P(Q,Rd)} ,

FEP(u,Q) := {inf} {n& inf X F(z,un, Vup) dz : u, € Wol(Q,RY),

C
Un

u, — u weakly in Wl"'(Q,Rd)} .

The value of the functional F9? may depend, in a rather complicated way, on
the values of p, ¢, and on the regularity properties of u. Consider the example
where N = d, F(z,(,€) = F(§) = |det€|. Notice that F is polyconvex, hence is
quasiconvex (see the definitions below), and the growth condition

0< F(&) < ¢V

is satisfied. It is well known that
(1.2) FOP(u,Q) > / | det Vu| dz
0

if p,g > N ([2,3,7,21]). Recently, (1.2) was shown to hold also for ¢ > N and
p > N — 1 (see Celada and Dal Maso [6]; for related work, we refer to [1, 8,
9, 12, 15, 18)). If u € WHN(Q,R9), then we get equality in (1.2), whereas for
u ¢ WHN(Q,RY) it is difficult to describe F9P(u,§) (for partial results on this
direction, see Remark 3.3 and [1, 11]). We obtain

(1.3) FOP(u,Q) = 0

if g < N (see [4, 14]) or if p < N — 1 (see [15] and [10]).

As it is usual, the relaxed energy is related to the quasiconverification of F. We
recall that, when F(z,n,£) = F(£), the quasiconvezr envelope of F is defined by
(see [7, 22))

QF(£) = inf { /(0 .

’

 F &+ V() dz: o € C2((0, 1)N,Rd)} :

It is clear that QF < F, and F is said to be gquasiconver if QF = F. Also, the
polyconvezr envelope, PF, of F is the supremum of all rank-one affine functions



4 IRENE FONSECA AND JAN MALY

based on a method presented by Maly in [16], where lower semicontinuity is shown
to hold in the context of W1P-weak convergence of C!-functions.

Further, we investigate the dependence of F9?(u,U) and F2¥(u,U) on the open
subsets U C 2. We assume that

(1.7) 0< F(z,¢,§) <CQA+[¢|" +1€1%)-

We prove that if p > max {qﬂﬁ—l-, r%i—:}, and if F9P(u, ) < oo, then there exists
a finite, nonnegative, Radon measure u such that

(1.8) F¥P(u,U) = u(U)
at least for open sets U C Q with u(8U) = 0. In addition, we can show that
(1.9) FP(u,U) = AU)

holds for all open sets U C €2, where A is some finite, nonnegative, Radon measure.
The representation formula (1.8) may fail if p < q%, as illustrated by an example
provided by Celada and Dal Maso [6): if F(£) := |(|N~! + |det£| and if p= N -1,
then F%P(u,-) is not even subadditive (see Remark 3.3 (i)).

If F is independent of z and ¢, then the lower semicontinuity result (1.6) im-
plies the estimate p, > QF(Vu)LY for the absolutely continuous part, ua, of u.
Actually, in all known examples the equality u, = QF(Vu)LN holds.

This paper is organized as follows:

In Section 2 we construct a linear operator Tu from W1? into WP which
conserves boundary values and improves integrability of u and Vu. Namely, the
Wl4.norm of Tu is estimated in terms of a special maximal function if p > q-NI—;—l.
We use this trace-preserving operator to ”connect” two functions across a thin
transition layer and to estimate the increase of the energy. We remark that the
standard way to perform this connection, by means of convex combinations using
cut-off functions, would not achieve a comparable result, namely an arbitrarily small
increase of the energy on an arbitrarily thin transition layer, since the admissible
sequences may not remain bounded in W1¢(Q, R%).

In Section 3 we prove that F)P(u,) is a Radon measure and we obtain a rep-
resentation of F9P(u,-) by means of a Radon measure y, in the sense described
above (see (1.8), (1.9)). Moreover, we show that (1.8) holds for all open sets U C
provided it exists a Radon measure v such that

(1.10) FOP(u,U) < v(U)

for all open subset U C 2. In Remark 3.3 we provide a couple of examples to
illustrate the sharpness of these results.

In Section 4 we establish that (1.1) is lower semicontinuous in W1P-weak if F
is quasiconvex (see Theorem 4.1). This enables us to obtain a lower bound for
For(u,U),

FUP(u,U) > / QF (Vu(z)) dz.
U
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In particular, when (1.10) holds then the absolutely continuous part of u with
respect to LV, u,, satisfies

Ha(z) 2 QF (Vu(z))

for LN ae. € Q. Here, and in what follows, LV denotes the N-dimensional
Lebesgue measure. If, in addition, u € W19(Q,R9), then we obtain the usual
relaxation result,

FOP(y,U) = /U QF (Vu(z)) dz.

The extension of this lower semicontinuity result to more general energy density
functions F = F(z,(,§) is addressed in Remark 4.3 and Example 4.4.

2. TRACE-PRESERVING OPERATORS

Throughout this section we consider fixed exponents r,q > 1, and

>max<{1 r.u M
P TN TN [

Further, let € C2°(2) be a nonnegative function, and [t;1,t2] C (0,]|9]|cc). Suppose
that 0 < |V7n| < A on {t; < n <t2}. Given a subinterval (a,b) C (t1,t2), we write
Zb .= {a < n < b}.

In the sequel we will need an operator on W1?(Q) which improves the integra-
bility properties of a function and its gradient in Z%, while conserving the function
values elsewhere.

Fix to € (t1,t2) and consider the level set 'y, := {n = to}. There exists a
diffeomorphism ®,, of I'y, x [t;,t2] onto —Z-:: such that

{ B (2,t0) =2
n(Peo(2,t)) =t

for all z € T'y,,t € [t1,t2]. Precisely, given z € Ty, it suffices to consider the flow h,

verifying

(2.1)

dh; _ _Vn(h(t
&= :t

and set @, (2,t) := h.(t). The mapping ®,, satisfies the bi-Lipschitz condition and
the jacobians of ®,, and <I>,'O1 are bounded. Also, using ®;, and by virtue of the
Sobolev imbedding theorem on smooth N — 1-dimensional manifolds, one can show
that if v is a smooth function then

22 /{ I dHN-l)” <o /{

where 1 < 3, and either 8> N—-1lorr < %ﬁ;&f:l%, and C = C(N, B,r,1,t1,t2).

(1l® + 1Vol?) ar* 1) ",

n=to}
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2.1. Lemma. Consider s € (t1,t2) and p > 0 such that [s — p,s + p] C (t1,t2).
Let f be a nonnegative measurable function on Q. Then

/{n=a} (-/B(z,ﬁ) fw) dy) dHN—l(Z) s CpN_l ‘/Z.w flv)dy

s—p

where C = C(N,n,11,t2).

Proof. It can be seen easily that if z € T, then B(z,£) C Z:i’:. Hence, using the
change of variables y = ®,(z,t) and (2.1), we obtain

/(m} (/B(z'%) @) dy) dHN=1(2)
s+p
=Ch. (/._,, (/<a er‘.:lé.(v-t)-é.(z,a)|<'§'}f°¢’(a’t) aH""(0)) dt) dH™(2)

at+p
=C/ (/ (/ foQg(U,t)dHN—l(z)) dt) dHN-l(U)
r, Vs—p “J{z€l,: |9.(0,t)-P.(z,8)I<{}

<C HN_I({Z €T, |D4(0,t)—D4(2,5)| < %}) fods(o,t) dHN(U,t)

T, x(s—p,s+p)

<cp" [ fy)dy,
s-p

since, due to the Lipschitz continuity of the mapping ®;,

HNY({z €Ty [2,(0,t) - €,(z,9) < £}) < 0pM 1.

2.2. Lemma. Lett; < a < b < ta. There ezists a linear operator T: W1P(Q) —
WLP(Q) such that Tu =u on Q\ Z%, and

”Tu”WLq(Z£) + “Tu“L"(Zg) S C(b - a)‘r( sup (t - a)—l/p “ullwl,p(z‘:‘)
(2 3) t€(a,b)

+ sup (b—1t)"V?|u ,

22,007 Wlnoizn)

where C = C(N,p,q,7,n,t1,t2) and 7 = 7(N,p,q,7) > 0.

Proof. Set
Tu(z) :=][ u(z + 6(z)y) dy,
B(0,1)
where
0 ifn(z) 2 b
1 bonlz)  jfatb o p(z) < b
6(z) = ~— max{0, min{n(z) — a,b—n(@)}} ={ 24 >
24 2)os g < p(z) < o

0 if n(z) < a.
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It is clear that Tu(z) =z if z ¢ Z?2, and

Tu =][ u(2)dz
B(z,6(z))

for z € Z}. Let c:= 2£b and denote

M, := sup (t—a)'I/ |ul? dy,
t€(a,b) zZt

MI:

sup (t— a)“I/ (lu|P + |Vu|?) dy.
te(a,b) zt

Assume, first, that u is smooth and fix a > p. If p € (0,(b—a)) and if z € {n =
a + 2p}, then 6(z) = £ and B(z,6(z)) C Z2+%. Thus,

a+p
@ < e ([ wwia)’

< CpNapMe(=3) ( /;3 - [u(y)IP dy)

<05 ([ 0P as) " ([ P a)

Using Lemma 2.1, we obtain

/ ITu|*(z) dHV1(2)
{n=a+2p}

-3
P

21

<o ([ wora)” [ ([ pwPay)dEyie)
z3t3 {n=a+2p} “JB(z,%)
_E;e P 71 N-1 P
<cr ([ o 0P d8) 7 Ji o POP )

—Na  n_ 7
=cp ([ L, WP d)”

(2.4)

By virtue of the co-area formula and (2.4) for a = g, and since |V7| is bounded
away from zero, we obtain

1(p-
. {(b=a) . No1
|Tul%(z)dz < C |Tu|q(z)dH" ~*(2) ) dp
¥4 0 {n=a+2p}
1(b-a) q
<C pmFIN ([ )P dy)” dp.
0 Zo+‘p
a+p

The latter inequality has been proven for smooth functions u. Using a standard
approximation argument, together with Fatou’s Lemma, it can be seen easily that
it is still valid for any u € LP(2). In addition, and since

/ ., lu(@)PP dz < CMop,
Zotse

a+p
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we have
5 rus(e)as <omd [ R
2.5 P2 A
< CM7 (b~ a)™,
where e N-1 -]X
p q

By means of an entirely similar argument we conclude that
9
/ |Tul?(z)dr < CMF (b—a)I™.
¥4

Now we obtain estimates on the gradient of Tu. We have

8Ty du 2 bu 08
@], (seron+ S g o+ e (o)

and thus
(2.6) |VTu| < CT|Vu.

It follows that the L9 estimate (2.5) holds also for derivatives, so that
ITullwrazs) < Cb—a) ( sup (¢ =)V flullyinczy
te(a,b)

+ sup (5= )7 [ulyrszp):
te(a,b)

Note, however, that the right hand side of the above inequality may not be finite.
Next, using the co-area formula, (2.4) with a = p, and (2.6), we obtain, for smooth
functions u,

/ (ITul® + |VTulP) dy
zg
$(b-a)
< C/o (/{FHM |TulP(z) + |VTulP(z) dHN 1(2))dp

=¢ /ow—a) (..., o ()P + 1Vu)P) dy)dp

) C/O%(b_a) (/:Hp(/{":t} P~ ([u(2)P + [Vu(z)|P) dHN_l(z)) dt) dp

+p

= C/:(‘/{ . (/mi“{“‘“'z%u'}p‘l(lu(znp + |Vu(z)|”)dp) dHN'I(z)) dt

t—

@2.7)

<c [ ()P +Vuw)P) dy
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A similar bound holds for
/ (ITvl® + [VTv[P) dy.
z¢

It is easy to see that Tu is weakly differentiable on 2 (and thus, by the above
estimates, Tu € WP(Q) and (2.7) holds with Z¢ and Z? replaced by Q) if u is
smooth enough. If v € W»?(Q) and if {u,} is a sequence of smooth functions
converging to v in W?(Q), then clearly Tu,(z) R Tv(z) for all z € 2, while,

by (2.7), {Tu.} is bounded in W?(Q). Thus, a subsequence of {Tu,} converges
weakly in W1?(Q) to v and by (2.7) we have

/ (ITvlP + [VTulP) dy < C / (IW@)P + Vo)) dy,
[y) (7]

and we conclude that T is a linear continuous map from W1?(Q) into W1?(Q). It
remains to prove the L"-estimate. Fix 8 > 1 such that

1 1 1 11 1
. e <« = <mind=- =4 —\
(2.8) P r(N—1)<ﬂ"mm{p’r+N—l}

Given a smooth function u, by (2.2), by (2.4) with @ = 3, and by (2.6), we have

([, o rer@ar @) se [ (e + vrute) anie
{ {

=a+2p} n=a+2p}

<cp ¥ ([ (P +vu)p) a)*;

a+3t(’|u
a+p
hence, just as in the proof of (2.5), we obtain

b
ITul"SC/ p~ (/
Ze 0

a+3p
Zn+F

(u(w)P + [Vu()P dy)” dp.

Using a density argument we conclude that this inequality is still valid for u €
W1r(Q), from which we obtain

z }(b—a) Nr , T
[ rur@as<omf [T,
ze 0
< CMF(b-a)™,

where 7, :=1 — (N - 1)(% - %) > 0. This concludes the proof.
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2.3. Elementary lemma. Let ¢ be a continuous nondecreasing function on an
interval [a,b], a < b. There ezist o’ € [a,a + 3(b—a)], b’ € [b— 3(b—a),b), such
thata<a' < b <b, and

B(t) = 9(@) _ 49(b) - $(a)

t—a’ ~ b-a
(2.9) V) —Y(t) () — ¥(a)
V-t b-a

for allt € (a', V).

Proof. Without loss of generality, we may assume that a = 0, ¥(a) = 0. Let a’ be
a point of [0, b] where
Y(b)

o(t) = (t) - 3t==

attains its maximum and let b’ be a point of [0,b] where ¢ attains its minimum.

It is clear that formulas (2.9) hold. To show that a’ < %, it suffices to remark

that ©(0) = 0, while ¢(t) < 0 whenever t > %. Indeed, as v is nondecreasing,
3t3l’ib-l22 > (b) > ¥(t). In a similar way, one can show that ¥’ > b — %b.

2.4. Lemma. Let V CC Q and W C Q be open sets, Q = VUW, v € WH(V)
and w € WH9(W). Let m € N. There ezist a function z € W,29(2) and open sets
VicVand W CW, suchthat VUW' =Q, 2=vin Q\W, 2=w on Q\ V',

(2.10) LNV Nnw)<Cm?

and

211) zllLrviawny + lzllwreqvawn
2.11
S Cm_T(“vnwl,p(vnw) + ”w”Wl.P(VnW) +m ”w - v”LP(VnW))’

where C = C(p,q,7,V,W) and 7 = 7(N,p,q,7) > 0.

Proof. Let n € C°(2) be such that

(2.12) =0 onQ\V and n=1 onQ\W.

By Sard’s Lemma, the image of the set of all critical points of 1 is a closed set of
measure zero; hence, there is an nondegenerate interval [a,b] C (0,1)\n({V7n = 0}).
Choose m € N and define

f:=1+|Vv|P + |Vul|?P + |[v]P + |w|? + mP|w — v|P.

Since {a < n < b} C VNW, we may find k € {1,...,m} such that

(2.13) / fdxsl/ fdz,
{ar<n<bi} m Jyvaw
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where ax :=a + Lk——xnx,b——“)-, b :=a+ ﬂb—,;—“-l. Using Lemma 2.3, with

vt)= [ faz,

n<t
we find [a’, '] C [ax, bi] such that b’ —a’ > 1(bx — ax), and

t—a
fdz <3 / dz,
/{a'<n<t} v —a {a'<n<t’} d

b -t
fdr <3 —— / dz
~/{t<7)<b’} b —a {a’<n<d'} d

for all t € (a/,d’). Set
Vi=an{n>ad}, W:=Qn{n<b'},

(2.14)

v, on {n > ¥},
u= ‘—%—j—ﬂ-"_al t,’ta'fl— = in{d' <n< ¥},
w, on {n <ad}.

By (2.12), it is clear that V' C V, W/ C W, and V' U W' = Q. Also, (2.10) holds
because |V7| is bounded away from zero on {a < n < b} and b’ —a’ < "‘T". A
direct computation shows that

[ulP +[Vulf < Cf

on {a’ < n < ¥'}. Using (2.13), (2.14) and Lemma 2.2, we find a function z €
WirP(Q)suchthatz=u=von{n 2t} =Q\W,z=u=won{n<a'} =Q\V
and (2.11) is satisfied.

3. THE RELAXED ENERGY: DEPENDENCE ON THE DOMAIN

Let u be a Radon measure on Q. We say that u (strongly) represents F9?(u,-)
if
wU) = FP(u,U)
for all open sets U C 2. We say that u weakly represents F9P(u,-) if
p(U) < F¥P(u,U) < u(0)

for all open sets U C Q. Strong and weak measure representations for F2?(u, )
are defined in an similar way. In this section we will study measure representation
properties of the relaxed functional 72’7 (u, -) for a functional (1.1) satisfying (1.7).
We show that if

r,q2Dp,

1 N-1 N-1

p > max { ’TN_‘H'.’ q N } ’

then FP(u,-) can be represented by a Radon measure and F9P(u,-) is weakly

represented (see Theorems 3.1, 3.2). We characterize the case where strong mea-

sure representation for F9P(u,-) occurs. We include an example of weak measure

representation which is not strong and an example which illustrates that measure

representation properties may fail altogether if the condition (3.1) is violated.
First we state the main results which will be proved later in this section.

(3.1)
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3.1. Theorem. Let F be a Carathéodory function satisfying (1.7) and let p,q,7
verify (3.1), u € WHP(Q,R9). If F2P(u, Q) < oo, then there ezists a nonnegative,
finite Radon measure A on Q which represents FIP (u, Q).

3.2. Theorem. Let F be a Carathéodory function satisfying (1.7) and let p,q,7
verify (3.1), u € WYP(Q,R?). If FoP(u,Q) < oo then there ezists a nonnegative,
Radon measure u on 0 which weakly represents F¥P(u, ).

3.3. Remark.
(i) The latter result is sharp, in that we may find p = ¢&3! and u € WP(Q,R%)

such that F%P(u,-) cannot be weakly represented by a measure. Indeed, let B
stand for the unit ballin RV, let g=d =N, r=p=N -1, u(z) := % and

F(€):= |€|V~! + |detg].

Then u € W1#(B,R") for all s < N, in particular for s = p,
p+— F¥P(u,pB) — / F(Vu)dz
pB
is of order p at 0, whereas

FUP(u, B\ pB) — / F(Vu)dz = 0.
B\pB

Hence, F9P(u,-) cannot be additive. The same argument works here also for
Fioc(u, -). This example is essentially due to Acerbi and Dal Maso [1].

(ii) In (i) the additivity property failed due to the fact that p < q%. Now we
will see that, in spite of requiring p > qﬁ’ﬁ—‘, the measure representation may not
be strong. Let ¢ = d = N and u(z) := o> but now p > N — 1 (which is the case
in which Theorems 3.1 and 3.2 are valid), and

F() := | deté).

Let u := LN(B) 6y be the LN (B)-multiple of the Dirac measure at 0. Then (see
[11], Theorem 4.1),

(3:2) FOP(u,U) = u(U)
if u(0U) = 0. If U = {z € B: z; > 0}, then we have
FoP(u,U) = p(U) < p(0)

(this can be seen using the approximation u,(z) = u (z + 2e;)). In the case where
U := B\ {0}, we have

(33) FoP(u,U) = u(B) = u(U) > p(U),
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as each v € WH9(U,R9) is also in W19(B,R¢?) (the point 0 is a removable singu-
larity). Clearly, F%P(u,-) cannot be a measure since in this case, and by (3.2), it
would have to be the measure u, contradicting (3.3).

Theorem 3.1 ensures that a similar example does not exist for the relaxed en-
ergy FP(u,-)-situation; notice that it may happen that v € Wu(U,R?) and
v ¢ W,od (B, RY).

(ii) If U cC V C Q, then, obviously,

Fod(u,U) < FP(u,U) < FRi(u,V).

loc
Hence, if the measures 1 and A from Theorems 3.1 and 3.2 exist, then A = u|Q.

3.4. Lemma. Let F be a Carathéodory function satisfying (1.7), and let p,q,r
verify (3.1). Let VW C Q be open sets, V CC Q and = VUW, and let
u € WHP(Q,R9). Then

FOP(u, Q) < FOP(u, V) + FOP(u, W).

Proof. Choose ¢ > 0. We find open sets V' C V and W/ € W such that Q = V/UW’
and V' NW' C VN W. Using the definition of relaxation and Rellich’s compact
imbedding theorem, we find v, € W4(V,R?) and w, € W19(W,R¢) such that

v, — u weakly in W}P(V,R9),
1
lvn = ull Lo vinwey < g

/ F(z,vn,Vug)dz < F9P(u,V) + ¢,
v

wy — u weakly in WHP(W,R9),
1
llwn — u”u(vrnwl) < w

/ F(z,w,,Vw,)dr < FP(u, W) + €.
w
By virtue of Lemma 2.4, we may find open sets V,, ¢ V', W,, ¢ W', and functions

2z, € WH9(Q, RY), such that V,, UW,, = Q, z, = v, on Q\ Wp,, 2, = w, on 2\ V,,
and, by (1.7),

/ F(z,24,Vz,)dz £ C 1+ |za|" + |V2,|9) dx
VaNWhp Va W,

<Cn7F7,

LNV, nW,) <

319

where 7 is as in Lemma 2.4. It follows that

/F(x,zn,Vzn)de/ F(z,v,,,Vv,,)d:z:+/ F(z,wn, Vw,)dz + Cn™F;
Q v w
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hence
liminf [ F(z,2zn,V2,)dz < F9P(u,V) + F4P(u, W) + 2¢.
o}

n—0oo

It remains to prove that z, — u weakly in WP(Q). It is easy to check that
the sequence is bounded in W1P(Q,R?). Furthermore, taking into account that
LN (V, N W,) — 0 and Rellich’s compact imbedding theorem, we see that each
subsequence of z, contains a sub-subsequence converging to u a.e. It follows that
z, — u which concludes the proof.

3.5. Remark. A similar assertions holds for 7,7 (u, ), with essentially the same
proof.

Proof of Theorem 3.2. We write

FU) = F¥P(u,U).
First we assume that the coercivity assumption
(3.4) F(z,¢,8) 2 c(I<IP + €17)

is satisfied. Let u, € W“’(Q,Rd) be a minimizing sequence such that u, — u
weakly in W?(Q, R?), and

lim F(z,u,,Vu,)dzr = F(Q).
Q

n—oo
Passing to a subsequence, if necesssary, there exists a nonnegative Radon measure
p on  such that
PR N —
w nll'rr;o F(Vu,) L [Q=pu
(weak* convergence in measures on §?). In particular, we have

(3:5) u@) = F(Q)

and for every open set V C Q2
(36) F(V) < liminf | F(z,un, Vim) do < u(P)
- v

Conversely, let V C Q be an open set and fix ¢ > 0. We find an open set Z cC V
such that

n(V) - u(2) <e.
Then, using Lemma 3.4, (3.5), (3.6), we have
(V) S u(Z) +e=p@) - p@\2)+e < F(Q) - FOQ\Z) +e < F(V) +e.

Letting € — 0 we obtain
n(V) < F(V).
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Now, we remove the assumption (3.4). By the above part of the proof, and for every
€ > 0, we obtain a measure u. representing the relaxation F, of the functional

/ (F(z,u, Vu) + elul® + €|Vul?) dz.
(9]

Since _
1e() = Fe(Q) < F(Q) + esup||un|lwrr < C,

we may select ex — 0 such that the subsequence p., converges weak* in the sense
of measures to a finite, nonnegative, Radon measure u. Let U C € be open. Then,
obviously,

F(U) < u(),
and passing to the weak* limit,

F(U) < u(D).
Conversely, given €' > 0, there exists a sequence v, such that v, — u weakly in
W1lP(U) and

/ F(z,vn,Vv,)dz < F(U) + €.
U
Then, for k large enough, we have
/ (F(z,vn, Vg) + eklvn|P + €x|Vvn|P) dz < F(U) + 2¢/,
U
thus
we, (U) < F(U) +2¢'.
Passing to the weak* limit and letting £’ — 0 we conclude the proof.
We show that (1.10) is a necessary and sufficient condition for strong represen-

tation. This will be a consequence of the following lemma.

3.6. Lemma. Let F_be a Carathéodory function satisfying (1.7) and let p,q,7
verify (3.1), u € WHP(Q,R9). Let U be an open subset of Q. If u is a Radon
measure on §! weakly representing F9?(u,-) then

n(U) = FoP(u,U),
provided _
3.7) ir}}f{f‘”’(u,U\K): K C U is compact} = 0.

Proof. We need to establish the inequality F??(u,U) < u(U). Fix € > 0 and, by
virtue of (3.7), let K C U be a compact set such that

FP(u,U\K) <e.
Choosing an open set W such that K C W CC U, by Lemma 3.4 we have
FoP(u,U) < F9P(u, W) + F¥P(u,U \ K)
< F¥P(u,W)+e
S pW)+e
Su(U) +e¢,
and this concludes the proof.
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3.7. Corollary. Let F be a Carathéodory function satisfying (1.7) and let p,q,r
verify (3.1), u € WhP(Q,R?). If p is o finite Radon measure on Q) weakly repre-
senting FOP(u,-), then p represents F4P(u,-) if and only if (1.10) is satisfied.

Proof. If (1.10) is satisfied, then clearly (3.7) holds for any open set U C Q. Thus,
by Lemma 3.6, u represents F9(u,-). The converse implication is trivial.

3.8. Remark. If u € W19(Q,R9), then the hypotheses of Corollary 3.7 are ful-
filled by setting

v(U) :=/;}F(:r,u,Vu)d:c.

As we will see in Corollary 4.5, in this case, and if F does not depend on z and (,
we have y = QF(Vu)LY, and, in particular,

FOP(u,Q) = / QF(Vu)dz.
(9]

We conclude this section proving that F2'?(u,) admits always a measure rep-
resentation.

Proof of Theorem 3.1. Assume, in addition, that the coercivity condition (3.4) is
satisfied. As in the proof of Theorem 3.2, we find a Radon measure A on € such
that

A(U) < FEP(u,U) < A(T)
for every open set U C 2. Given an open set U C {2, we are going to show that
A(U) 2 FE2(u,U).

Consider an increasing sequence of open, bounded, smooth sets Uy, cC U, h € N,
— oo

such that Uy C Up4, for all hand U = |J Uy. By the definition of relaxed energy,
h=1

for h > 3 there exists a sequence up, , € Wlf;g(Uh \ Up_2,R%) such that
Uhn =2 U weakly in Wl"’(Uh \U;._g,Rd),

n

and
(3.8) / F(z,unn, Vunn) < FLP(u,Un \Un-2) +275.
Un\Uh-2

Fix positive integers aj, to be determined later in the proof, and after extracting
a subsequence from us , (still denoted by uj ), we may assume that up, — u
n—00

a.e. in U \ﬁh_g and

llwn,n — u”lf”(Uh\Uh-z) S 2-h—na;1-
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We make use of Lemma 2.4 to connect upn to Upt1,n 8cross Uy \ Up—;. There
exist open sets Vh",’n,th,l,n such that V,:’n C Up \Up-g, Vitin € U1 \Un-1,
Uh+1 \Tjh—2 = V}:-n U Vh_;-l,m

LYV NV ) < Ch274 "zt
and there exist functions 2, € W19(Upy1,n \ Un-1,R?) such that 2, = up , in
(U \Tr-1) \ Vit1,n0 2hyn = Uht1,n in (Unsa \Th-1)\ Vh-t.n’ and

/ F(z,2p0,V2pn)dz < C (1 + |zn,n|" + V2 n|?) dz
VinWVWiiin Vit aWViiim

< Cha;fpz—pf (n:+-h)’
where 7 is as in Lemma 2.4 and C), depends on h. Now we specify the choice of
ay, so that a; " 9Ch, < 1. Let z, € Wli’g(Q \ U1,R?) be given by z, = zp, on
Vh'fn NViiin 20 = et 00 (Ungr \Un-1) \ (Vi UV ,). Fixk e Nk > 2.
We have

/ F(z,2,,V2,)dr < Z / F(z,2,,Vz,)dz
h=k+1" Un\Un-1
[o o]

< Z / F(z,uph41,n, VUnt1,n)dT
hek+1 Un41\Un-1

+/ F(x,uh,n,Vuh,n)d:c+/ F(z, zh,,,Vzhn)d:c}
U}. Vh

\Uh-1 nMWVitin

= E (2 Ioc (u Uh+1\Uh_ +2—h+1 Z 2-q?(n+h)
h=k+1 h=k+1

[e <]
< Y 2A(Uns2 \Un-g) + 27571 4 02797 (n4H)
h=k+1

< BA(U \ Up_y) + 275+ 4 0297 (n+h),
Due to (3.4), (3.8), and since Fl'P(u,Q) < oo, the sequence z, is bounded in
WLP(U\Uy,), and, as in Lemma 3.4, we show that z, — u weakly in WiP(U\Uy).
We infer that

FEP(u,U\Uk) < 6A(U \ Ug—1) + C275+1,
Hence, (3.7) is verified and, by virtue of Lemma 3.6, we conclude that
MU) = Fpf(u, V).

Now, using the same argument as in the proof of Theorem 3.1, we remove the
additional assumption (3.4).

3.9. Remark. The growth condition (1.7) can be further weakened. The constant
1 may be replaced by an integrable function. If p > N — 1, then, in view of the
Sobolev imbedding theorem, the function z in Lemma 2.4 is bounded. In this case,
it is enough to assume, instead of (1.7), that

0 < F(z,¢,€) < c(IC)(1 + 1£]7)

for some increasing function c.

loc



18 IRENE FONSECA AND JAN MALY

4. THE RELAXED ENERGY: A LOWER BOUND

4.1. Theorem. Suppose that ¢ >1 and p > q(N —1)/N. Let F be a quasiconvezr
function on M4*N satisfying (1.5). Let u € WL?(Q,RY), u, € WHI(Q,R?), up, —
u in WHP(Q,R9). Then

liminf/nF(Vu,,)d:cZ/(;F(Vu)dx.

n—oo

Proof. The proof will be carried out in two steps.
Step 1. Suppose that @ = B = B(0,1) and u is linear, u(z) = &z for § € M4*VN.
In view of Rellich’s compact imbedding theorem, passing to a subsequence we may
assume that

lun = ul, < n7.

Let R < 1, and set p := LE-}—‘. We apply Lemma 2.4 to v := u,, w:=u, V = pB
and W = B\ RB to obtain functions z, € W*9(B,R?) and open sets V,, CC V
and W,, C W such that V, UW,, = B, z, = u, on B\ W,, 2, =uon B\V, and

C(R

¥ (v, < SR

/V  |Valtds < C(R)n,
nn n

7 > 0. Since 2, —u € W3"¥(B,R?), due to the growth condition (1.5) it is legitimate
to test the quasiconvexity of F' with z, and we obtain

/F(Vu)de/F(Vzn)dx.
B B
It follows that
/ F(Vu)dz - / F(Vun)dz < / F(Vz,) - F(Vuy) dz
B B B

= / (F(Vu) - F(Vu,)) dz + / (F(Vzp) — F(Vuy)) dz
B\V,

VaNW,

< f F(Vu)dz + / F(Vz,)dz
B\V, VanW,

<cC (LN(B\Vn)+/

< C(LN(B\RB)+C(R)n™"")
<C(1-R)+C(R)n" 7.

1+ |Vz,]9) da:)

nNW,

To conclude, it suffices to let first n — oo and then R — 1.
Step 2. Let u € WP(Q,R?), u, € WHI(Q,RY), u, — u weakly in WiP(Q,RN).
Without loss of generality, we may assume that

sup/ F(Vu,)dz < oo.
n Ja
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Passing, if necessary, to a subsequence, we obtain the existence of finite, Radon,
nonnegative measures g and v such that

hmmf/F(Vun)dx= lim /F(Vun)d:z;
Q n=eeJa

n—oo
and
p=w' lim F(Vu,) LV,
n-—00
v=w" lim |Vu,|PLV.
n—00

‘We are going to show that

(@1) aw(eo) = Jim LIk > F(Tu(ao))

holds true for almost every zo € €. Assuming that (4.1) is verified, for any ¢ €
C.(0),0< ¢ <1, we have

nl%LF(Vu,,)dzZﬂl’g&Ach(Vu,,)dz

=/sadu
1]

dp
> —

> /‘; ¢ F(Vu)dz.

It suffices to let ¢ to converge increasingly to 1 and to apply Lebesgue’s monotone
convergence theorem, to conclude that

n—oo

lim / F(Vun)dz > / F(Vu) dz.
Q Q
It remains to prove (4.1). To this end, we consider z¢ € 2 such that

d . B(zo,
(4.2) v (@) = lim, c%(éfio,eg)

exists and is finite,
v(B(zo,€))

m exists and is finite

dv .
(43) azw (%o) = lima,
and

(4.9) lim 1][ . u(6) = u(eo) = Vatzo)(y — z0)| dy =o.

e—0t € /p
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We select e — 0% such that u(8B(zo,ex)) = 0,v(8B(zo,ex)) = 0. It is well
known that conditions (4.2), (4.3) and (4.4) are satisfied by all points o € £,
except maybe on a set of LV measure zero. Then

. W(B(zo,ex)) C
lim ——2 % — lim  lim F(Vun(z))dz
koo LV (B(Zo,€k)) ko0 n=00) B(zo 1) (Vin())

= lim lim F(Vun,k(y))dy’
k—oon—oo B(O,l)

where
un (o + €xy) — u(zo)

€k

Un k(Y) =

Then u, x € WH9(B(0,1),R?),
lim hm ltnk — uO"[,l(B(O,l)) =0

k—oon—
and

dv
k—o00 -— dLN (IO) < wv
where ug(z) := Vu(zo)zx. Hence, we may extract & subsequence vi = un, x such
that (passing, if necessary, to a subsequence) vx — ugo weakly in W1?(B(0,1),R9),
and

lim sup hm 1 5Up IVunkllLss) <

To) = F(Vue(y)) dy.
CN( 0) = k o (Vi (y))
From Step 1, we deduce that
z F(Vue(y))dy > F(Vu(zy)).
ch( 0) = o) (Vue(y)) dy (Vu(zo))

This shows (4.1), and thus it concludes the proof.

4.2. Corollary. Suppose that g > 1 andp > q(N —1)/N. Let F be a function on
MI*N satisfying (1.5), and let u € WHP(Q,R?). Then

FOP(u,Q) > / QF (V) dz.
[1]

Proof. Since 0 < QF(£) < F(§), it follows that QF satisfies the growth condition
(1.5), i.e.

0<QF(§) <CA+ [¢]9).

Hence, if u, € W19(Q, R?) and if u,, — u weakly in W1?(Q, R?), then by Theorem
4.1

liminf/ F(Vun)d:L'Zliminf/ QF(Vuy,)dzx
Q n—oe Ja

n-—0o0

> / QF (Vu) dz.
o
Taking the infimum over all such sequences we obtain

FoP(y) > / QF (Vu)dz
9]
as required.
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4.3. Remark. It is easy to verify that the blow-up argument of Theorem 4.1,
Step 2, can be used to prove that

(4.5) FP(u,Q) > / QF(z,u, Vu) dz,
(1]

in the case where F(z,(,§) = a(z)g(£), a is nonnegative, continuous, and g satisfies
(1.5). The generalization of (4.5) to more general energy density functions F =
F(z,¢,€) can be obtained under some smallness assumptions on

IF(I, C’ 5) - F(xlsclag)l'

However, these conditions are far from being ‘natural’. By analogy with the case
where p > ¢, we consider to be ‘natural’ those conditions of the form

\F(z,¢,€) — F(z', ¢, )] S w(lz — 2’| +1¢ = ¢'DIA + [€]9),

where w is a bounded modulus of continuity. The latter ensures (4.5) if p > q.

We recall that Gangbo [13] proved that lower semicontinuity holds whend = N =
g, p>N -1, F(z,(,€) = a(z,{)g(z, ), a is continuous, nonnegative and bounded
away from zero, g is continuous, and g(z,-) is a polyconvex function for all z € .
In that same paper, Gangbo used heavily the fact that d = N, without which
lower semicontinuity may fail (see Example 4.4). In addition, he showed that the
continuity of the integrand function is an important feature. Indeed, he exhibited
an example where F(x,€) = xx(z) det &, xx is the characteristic function of a
compact set K, and where, given N -1 <p < N,

uv—-»/ |det Vu|dz
K

is lower semicontinuous in W?(Q,R¥) if and only if LV (6K) = 0.
4.4. Example. This example is similar to examples by Ball and Murat [4] and
Maly [15].

Here Q denotes the cube (—=1,1)" in RV, and N -1 < p < N. Let u, :
Q — RN*! be a 2/n-periodic function, given by u,(z) = (pn(|z|)z,¥n(|z])) if
z € [-1/n,1/n)N, where
| 1, r>n"1,

en(r) =< 1/(nr), n*<r<nl,
nk-1 r>nk,

and

1, r>n-k+1
Ya(r) =4 k+ ll—l'l‘—;, n~k < r < n k1,
0, r<n~k

The integer k is fixed so that {u,} remains bounded in W?(Q,RN+1), precisely
(k — 1)(N —~ p) > N. Then u, are Lipschitz-continuous, and u, — u := (z,1) in
Wl’p(Q,RN"'l),
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Now, define F : RV*1 x MN+)xN _, [0, +00) by

F(¢, ) == b({n41) |det(&i 5)i,5=1,....N] s
with 1+ 3t2

b(t) := TR

As it turns out,
/ Flu, Vu)dz = 2V b(1)
7]
> 2V b(1) + an (5(0) - b(1)) = liminf / F(tn, Vin) dz,
n— o)

where an denotes the volume of the unit ball in R¥. Note that a(¢) := b((n+1) is
continuous, bounded away from zero, and

|F(¢,€) = F(¢',€)l Sw(I¢ = ¢'NIC+ 1Y),

where w is a bounded modulus of continuity. It is well know that the latter condition
provides W1V (Q, RN+1) weak lower semicontinuity.

4.5. Corollary. Suppose that ¢ >1 andp > q(N —1)/N. Let F be a function on
M2xN satisfying (1.5), and let u € WH9(Q, R?). Then

FOP(u,Q) = / QF(Vu) dz.
9]

Proof. Since u € W9(Q2, R?) and (1.5) holds, the standard relaxation results apply
(see [2, 7)). Thus, we may find a sequence of functions u, € W19(Q, R?) such that

lim [ F(Vu,)dz — / QF(Vu)dz,
[9] Q

n—0oo

and so

7o) < [ QF(Vu)ds,
Q
which, together with Corollary 4.2, yields the desired representation.

4.6. Remark. Notice that if QF is convex, i.e. QF = F** where F** denotes the
lower convex envelope of F, then

FOP(y, U)=/ QF(Vu)dz,
U

for every u € W1P(Q, R?), for every p > 1, and every open set U CC .
The result is trivial in the case where p > ¢, since the standard relaxation
theorems can be applied (see [7]).
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Suppose now that p < gq. If the sequence {u,} C W9(Q,R?) converges to
u € WHP(Q,R?) in Wl.weak, since F** is convex we have

lim / F(Vun)dz > lim / F**(Vuy)
(1] n—oo Ja

n-—o0

> /ﬂ F**(Vu)dz.

Conversely, consider a smooth kernel w > 0 in RN with support on B(0,1),

Jayw(z)dz = 1, and given k € N we set wi(z) := kNw(kz). For each k € N
select a sequence vk, € WH9(U,R?) such that

Vkn — wg*uin WH(U, Rd) weak
n—00

and
lim /UF(Vvk,,,)dz = /;} QF (V(wg * u))dz.

n-—00

As p < ¢ we may extract a diagonal subsequence uy := vk n(k) such that

1
"uk — Wk * u”WI,p < Ea

' /U F(Vue)dz — /U F(V (i * u))dz]| <

<1
k

Therefore uy — u in WH?(U,R?), and
FUP(u,U) < liminf | F(Vug)dz
k— o0 U
= liminf/ QF (V(wg * u))dz.
k—oo Ju
However, since QF is convex and as the measure u*, given by
< pi o >i= /ka(z = y)e(y) dy,
is a probability measure, using Jensen’s inequality we have
lim inf / QF(V(wk * u))dz = liminf / QF (< pk,Vu>)dz
k—oc Juy k—oo Jy
< hminf/ < uk QF(Vu) > dz
k—=oc Ju
= / QF(Vu(z))dz.
U

‘We conclude that
Fop(y,U) = / QF(Vu)dz.
v
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