NOTICE WARNING CONCERNING COPYRIGHT RESTRICTIONS:

The copyright law of the United States (title 17, U.S. Code) governs the making

of photocopies or other reproductions of copyrighted material. Any copying of this
document without permission of its author may be prohibited by law.



NAMT
98- 018

Dynamics of Ginzburg-Landau
Vortices

Robert Leon Jerrard
University of Illinois

Halil Mete Soner
Carnegie Mellon University

Research Report No. 95-NA-018

September 1995

Sponsors

U.S. Army Research Office
Research Triangle Park
NC 27709

National Science Foundation
1800 G Street, N.W.
Washington, DC 20550



Univew‘?%y Libraries
Carnegie Matlon &,nwema‘!

Dittsburah i"”\ 18213

TMAU
219 -3f



Dynamics of Ginzburg-Landau Vortices

Robert Leon Jerrard!

Department of Mathematics
University of Illinois
1409 West Green Street
Urbana, Illinois 61801, U.S.A.

Halil Mete Soner?

Department of Mathematics
Carnegie Mellon University
Pittsburgh, PA 15213, U.S.A.

September, 1995

1Partially supported by the Army Research Office and the National Science Foun-
dation through the Center for Nonlinear Analysis and by the NSF grants DMS-
9200801.

2Partially supported by the Army Research Office and the National Science Foun-
dation through the Center for Nonlinear Analysis and by the NSF grants DMS-
9200801, DMS-9500940 and by the ARO grant DAAH04-95-1-0226.

C‘N’ﬂﬁf”i.” eitan U

Univerzity Uibrarias

Lo . It s e am
. Ed oy







1 Introduction

It is formally expected that, for a large class of Ginzburg-Landau type reac-
tion diffusion equations, the dynamics of the nodal set asymptotically depends
only on the local geometry of the nodal set. More interestingly, the asymp-
totic behavior of the solution is determined by the nodal set, thus dominating
the other properties of the solutions. In the case of scalar solutions, this phe-
nomenon is well understood for several canonical equations. Typically, the
solutions form sharp interfaces, called domain walls, and the time evolution of
these sets is governed by geometric equations. See for instance, [13], 1], [14]
and the references therein.

Neu [10] demonstrated this scenario for complex-valued solutions of a non-
linear Schrodinger equation and a Ginzburg-Landau type equation. By formal
asymptotics, he showed that the zeroes of these complex solutions, which he
calls vortices, persist in time, keeping their original winding number, and the
asymptotic vortex dynamics reduce to a set of ordinary differential equations
for the vortex positions. In particular, vortices with opposite sign attract each
other, while the ones with the same sign repel. His results were extended to
the full Ginzburg-Landau model by Peres & Rubinstein [11] and later by E [5].

The main goal here is to rigorously study the asymptotics of the sequence
of solutions u* considered by Neu {10] and E [5], in the limit € | 0. Functions
u® solve a Ginzburg-Landau type reaction diffusion system

€

€ € u € N
(1.1) uf — Auf = = (1 - |u)?) in £ x (0, 00)
and the boundary condition
(1.2) ué(z,t) = g(x), Vze o,

where 2 is an open, bounded set in R? and g is a given function with |g| = 1.
Equation (1.1) is the gradient flow of the Ginzburg-Landau functional

1.3 I = I = € )
(1) (w) = I(w) = [ ew)de
where, for R? valued functions of 2, the energy density e.(w) is given by

(14 efw) = gVul + 5 W), W)= 0~

Recently, Bethuel, Brezis and Helein [3, 4] obtained a very detailed charac-
terization of the Ginzburg-Landau functional in the limit ¢ | 0. In particular,
they showed that, for any open subset O of R? and aw : O — R? with |w| =1
on 00,

(1.5) I6(w) 2 7 | deg(w; O)| |Ine| - C,
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where C is a constant depending on O and the boundary values of w. Suppose
that d = deg(g;?) > 0. Bethuel, Brezis and Helein also showed that

inf{IG(w) : w=g on 80} = dr|ln¢
+min{ W,(7) : §={¢",.-, 4"} CQ} +0(e),

where, as € | 0, |o(¢)|/e — 0 and W, is the renormalized energy defined in
[4]: see §2, below. Moreover, the zeroes of the minimizers converge, along a
subsequence, to a minimizer of W,. In [4], it is assumed that 2 is star-shaped
and this restriction is later removed by Struwe [18], who also gave alternative
proofs for several results of [4]. Further results were obtained by Lin (8] and
Jerrard [6]. In particular, Jerrard [6] proved the lower energy bound (1.5)
for a smaller class of functions w, but with a constant C independent of the
boundary values of w. In our proof, we will use this version of (1.5) as stated
in Lemma 4.1, below.

Formal analyses indicate that, if initially u has isolated vortices, then these
vortices move with a velocity of the order of |Ine|~!. Therefore to obtain
nontrivial vortex dynamics, we rescale the time variable by a factor of |Ine|
and set

v¥(z,t) == u(z, |In(e)| t).

Then v¢ solves the boundary condition (1.2) and
(1.6) kv — At = % (1= [P in Qx (0,00),

where

ke= (IIn(e))) ™"

Our chief result, Theorem 2.1, is this: assume that initially there are M
isolated vortices with degree £1. Then, in the limit, these vortices persist
and solve a set of ordinary differential equations (2.10) as long as they remain
separated. The vortex equation (2.10) is, in fact, the gradient flow of the
renormalized energy W,. Our key assumption is an energy upper bound:

(1.7) /Q e(v'(-,0))(z)dz < M7 |lne| + C.

Then, by the standard energy estimate (3.4), this upper bound holds for all
later time.

Bauman, Chen, Phillips and Sternberg [2] obtained the first result in this
direction. They studied the large time asymptotics of (1.1) on R?, with e =1
and showed that, as t — oo, the solution converges to a point on the unit
circle. Rubinstein and Sternberg [12], studied the dynamics of one vortex



in the limit ¢ | 0 under several a priori assumptions on the behavior of the
solution around the vortex. They proved that the speed.of the vortex, in the
original time scaling, is of order |In¢|~!. In particular, they assumed that, for
all time ¢, there is exactly one zero of u¢(-,t) and the degree around this point
is equal to one. Later, Lin [9] studied the dynamics of |d| vortices, where d
is the degree of the boundary data g. In this case, all vortices have the same
sign and Lin proved that, in the original time scaling, they move with a speed
of order |In¢|~. Our result differs from these in two key points. We do not
assume that M = |d|, and we rigorously derive the vortex equation.

One key step in the proof is the lower energy bound
/ﬂ e(u(-,1))(z)de > 7 M|Ine| - C(t), Vt>0,

so that the unbounded part of the upper and lower bounds agree. When
M = |d|. this lower bound follows from the stationary results. However, in the
general case, one needs to localize the estimates around each vortex. We prove
this lower bound by using the local stationary result of the first author and
a local regularity result which states that a uniform in ¢ local integral bound
of the energy density implies a uniform pointwise estimate of the energy in a
slightly smaller region. This result, proved by the authors in [7], is stated in
Lemma 4.2. These two results imply the desired lower bound, as long as the
vortices stay isolated. Then, we show that the vortices remain separated by
the following energy estimate:

[ndus < [ndus + el [ ps(0) s,

where O¢ is an open set not containing the vortices,
dps() = E*(z,) dz, B¥(2,1) i= ev(,1)) (@) = 5 [V (a, () P4 (24(. )

and 7 is a smooth, positive function which is equal to a quadratic function
around each vortex: see (3.5). This estimate with n(z) = |z|* was first used
in [2] and later in [12]. Our argument is similar to that of [12].

In Lemma 5.1 and 5.2, we combine all these to conclude that there are
vortices y*(t), depending continuously on ¢, such that, along a subsequence e,

. M
vy S,

=1

where
€n . €
vt o= ke

In Lemmas 5.3, we show that away from the vortices v** converges uniformly
to the a function v(z,t), which is explicitly defined in §2. Moreover, E* also
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converges to |Vv|?/2, away from the vortices. Finally, this convergence result
and the energy identity (3.3), with an appropriately chosen test function, yield
the ordinary differential equation (2.10) satisfied by the vortices.



2 Main Result

We assume that initial data v§ := v¢(0,-) satisfies the following: there are M
distinct points {a§,...,a$,} C Q and a constant c* satisfying: v§ = g on 92,

1 . . € € . . €
@1)  Ro=7 gin { min{laf - ail}, min{dist(a,60)} } >0,

(2.2) d; := deg(vg; 0Bg,(a5)) € {-1,+1}, i=1,..,M,

(2.3) sup{E«(x,0) : |z—af|> Ro/2,i=1,...,.M, e€(0,1]} <",

3
(24) inf {|[v§(x,0)| : \z —af| 2 Ro/2, ¥i=1,.... M, €€ (0,1]}2 o,
(2.5) [ E@.0)dr < Mrllnd +¢
(26) sl < 1, €|Vl + €| D) < ¢
We further assume that
‘ 111'13 a:. = Q;

exists forall i=1,..., M and

M
(2.7 v§(dz) == keE*(x,0)dz = 7 _ 8(a,}(dx).

=1
In view of (2.2) and (2.3),

M
(2.8) d := deg(v§; 0) = deg(g;09) =) _ d;.

=1

The assumption (2.7) is not restrictive. Indeed it follows from the stationary
results stated in §4 and a slightly stronger version of (2.3).

There are initial data satisfying above hypotheses: see Remark 2.1, below.

We continue by introducing several functions. For § € R! and £ = (b,c) €
R2, let

¢t = (-c,b), 7(6) := (cos(8),sin(h) ), t(8) := (7(6))*,
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and for a non-zero vector, z, let (z) be the multi-valued function satisfying
A0(z)) = =, Vz#0. "
|z| A

Note that, locally on R?\ {0}, there are smooth, single-valued representatives
of 6(-) and, moreover, each representative satisfies

t0(z)) _ z*

Vi(z) = = , Vz #0.
D= T
For M distinct points 7 := {¢',...,yM} C £, set
M 3 .
=Y dif(z -y, T # Y.
=1

Since [v§| = |g| = 1 on 99, for every § C Q there is, by (2.8), a single-valued
smooth function yg defined on 02 satisfying

(2.9) (o +O(z;9) ) = vg = g(z), T € 0N

Let p(z) = p(x;¥) be the solution of

and ¢ = o on 0.
Finally, set

R(§) = 5 min { min{1y(6) - "]}, min{ dist(s*(£),09) } },

and let §(t) := {y*(t),...,y™(t)} be the solution of

(2-10)%y‘(t)=—2d,- ((Vw(y (t); 4(¢) ) + Z m

y™(t) — (1)
ly™(@) -y @)12 |’

on (0,Tp) with initial data y*(0) = a;, where
To:=inf{t >0 : R(g(t))=0}.

Our chief result is the following:
Theorem 2.1 Ase |0,

M :
(2.11) vf(dx) := kE(z,t)dz = 7Y Sy (d), vVt e [0,To),
i=1



and v¢ converges to
i p(z; (1)) + O(z;7(1)) ),

uniformly on any compact subset of { (z,t) € A x [0,Tp) : z # y*(t) }. More-
over, there are zeroes, y“<(t), of v¢(-,t) such that

y'(t) = lim y™(t), Vte [0, To).

A lengthy computation shows that the differential equation (2.10) can be
rewritten as

%ng=.av¢mwdgm>

where W(y) = W,(¥) is the renormalized energy defined by Bethuel, Brezis
and Helein [4]: given ¥, let F(z) be the harmonic function satisfying

x—y) n

(
VFn=g/\gr Zd |2 )

=1 lz—y

o9,

where 7 is the unit, outward normal vector and g, is the tangential derivative.
Note that VF(z) = (Vo(z;%))*. On 89, set

M
®(z) = F(z) +)_ di Injz -y,
1=1
then, the renormalized energy is given by ([4, (47) page 21])

delnly—y|+——/ (g A g,)dH! - ZdF(y
i#]

Remark 2.1 Given any sequence a¢ := {af,...,a$,} there are functions v§
satisfying (2.3)-(2.7) and the boundary condition (1.2). Indeed, let

O¢(z) :=O(x;a*) = id,ﬁ(x —a$),

and ¢ be a smooth, single-valued function satisfying
(et +0°) = g(x), z € 0N.

Define y
z—a —~/ € €
(o) = 11 o (B2 v o),
i=1
where H : R! — [0, 1] is any smooth, non-decreasing function with H(0) = 0
and H(1) =



Remark 2.2 At Ty, two vortices, say y™~! and y™, with opposite sign collide
(i.e.
yMH(To) = y™ (To) dy dp-1 ="-1).

Suppose that, at Ty, all other vortices are away from y™~1(Tp) = y™(To).
Then it is expected that these two vortices cancel each other and the remaining
vortices solve the differential equation obtained by deleting these two vortices.
Analysis of this cancellation is an interesting open question. The difficulty is
this: at the ¢ level, the total energy is expected to decrease by 27 |Ine| at Tp.
Since in our analysis, it is crucial that the |In¢| part of the upper and lower
energy estimates agree, our proof fails after Tp.

A related question is to understand the break up of an initial vortices with
degree greater than one. It is expected that such vortices break up into several
degree one vortices and then solve an augmented differential equation. Our
energy type estimates of §3, in particular (3.5), show that, in the original time
scaling, this break up does not happen in finite time.



3 Energy Estimates

Let E¢, p; and k. be as in the Introduction. Then (1.6) gives
(3.1) Ef = divp* — koot

(3.2) VES = —k.pt +div(c9),

where for 7, j = 1,2,
2 2
€ __ Z €a _ ea € _ Z 6a . 6a
p] - vt v:tj ) Uij - LI,‘ LIJ‘ :

Let n(z) be a smooth, positive function with Vn(z) = 0 for z € 9Q. As in
[7, §2], multiply (3.1) by 7, (3.2) by V7 and subtract the two identities. After
integrating by parts:

(3.3)%/7] dy; = —kC/n [v§)? dz + |In €| / (D"’an€ - Vvt — AnE‘) dz.

Taking n = 1, the foregoing computation and (2.5) yield the standard energy
estimate

t
(3.% E¢(z,t)dz + ke/o /Q ¢ |2 dzds = /Q Ef(z,0)dz < Mr|lne| +c".

The energy estimate (3.3) with n(z) = |z|* was first used by Bauman, Chen,
Phillips and Sternberg [2] and later by Rubinstein and Sternberg [12]. We
modify the quadratic function in the following way. Let Ry be as in (2.1) and
choose 7 so that

n(z) = jle—aff’, z&Br(a)

n(z) 2 mo=¢RS,  z€ 0°:=0Q\U Brlq),
Vn(z) = 0, z € 09,
D%l < C.

Then D?p = I in |J; Bg,(af) and therefore
D*nVv* - Vv — AnE* = -——;W(v‘), in O°.

Moreover, for z € O,

D*pVvs - Vvt — An E¢ < C E-.
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Hence 5
= [ndus < Cui(0%),

with an appropriate constant C, independent of e. We integrate:
t

(35) [ndus < [ndug + 1l [ ps(0)ds.
0

We close this section by stating pointwise estimates that follow from (2.6)
and the heat kernel representation of the solution v¢ (for details see [15, §3]) :

(3:6) pI<L el Vol + € D7

<C

10



4 Stationary Results and Regularity

In this section, we recall and summarize several technical results that will
used in the next section. The first result is a local lower bound for the energy
functional I¢. Bethuel, Brezis and Helein [4] studied the minimizers of /¢ with
given boundary data. They obtained lower bounds and the exact asymptotic
behavior of the minimizers in star-shaped domains. Later, Struwe [18] removed
this restriction. Further results were obtained by Lin [8, 9] and Jerrard [6].
The following is a special case of the local lower bound proved by Jerrard [6].

Lemma 4.1 Let 0 < e < 1, € < R and w : Bop — B; be a continuously
differentiable function satisfying,

IVw| < %, deg(w; 0BR) # 0, |lw(z)| > V|z| € [R,2R)].

N -

Then there is a constant C(k;), depending only on k,, such that

/Bm ec(w)dz > 7ln (?) — C(ky).

Moreover, there ezists z* € Br such that w(z*) = 0 and for every A € [¢, R)

/BA(I_) e(w)dz > 7ln (-j-) — Clky).

The following pointwise gradient estimate is proved by the authors in [7].

Lemma 4.2 (Regularity) Let0 < e <1, ¢ < R and u® be a solution of (1.1)
in Bgr x (0,4R?). Suppose that

(4.1) sup{/ ee(u(-,t))dz : t €[0,4R? } < k.
Bar
Then there is a constant C(k,), depending only on ky, such that

ecw(, )@ < 8 v < R, te (B2 4RY).
R2

Further assume that
ec(u‘(-,0))(z) < k; V|z| < 2R.
Then

C(ky)
R2

ec(w(, ) () < Vig| < R, t € [0,4R?).

11



The proof of the above theorem consists of two main steps: first, by a mono-
tonicity result of Struwe [16], we establish the above result for small k; and
then we use a blow-up argument, similar to the one used by Struwe [17].

The following result uses the fact that the range of the limit function is
the circle. It is the key step in proving the convergence of v¢ away from the
vortices. Our proof closely follows Lin [8, 9].

For 7= {y!,...,y™} C 9, recall that
-, 1. . i P
R() =5 min { min{ly’ - 9]}, min{ dist(s",09)} },
and, for {r},...,7m} C (0,R(3) A1) and 7o € [0, R(¥) A 1], set
Q. :={z€Q : dist(z,00) > 7 },
r=min{r;, : i=1,...,.M},

O:={a:€ﬂ,o D=y >, ‘v’i=1,...,M}‘
In the following lemma, we consider a smooth function
w:— B]
satisfying the boundary data (1.2). We define d;, ©(z) = O(z:7), 0:(z) =
6(x — y*) as in §2 and assume that € € (0, 1].

Lemma 4.3 Suppose that |lw| > 1/2 on O, and that there is a constant k,
independent of r, satisfying

M
(4.2) / e(w)dz < 7 |Inri| + k,
o i=1

(4.3) / e(w)dH (z) < © Vi=1,..M

aBr‘,(yi) —_— T?’ ) b Y
(4.4) /a . e(w)dH (z) < k.
Then, there is a single-valued, smooth function ¢ defined on O such that
(4.5) w(z) = |w(z)|i(p(z) + O(x)), z€O0,
and

[1ver<c+ce ME

re '

with a constant C depending only on k, R(Y) and the boundary data g.

12



Proof. 1. Since |w| > 1/2 on O, the definition of ©(z;¥) implies that there
is a single-valued, smooth function ¢ defined on O, satisfying (4.5).

Set p := |w| so that, by (4.2) and (4.5),

@e) [ o [%lveﬁ Lol + V- ve] dr< 7S |Innl + k

=1

Since © is harmonic in O, by integration by parts,

/w Ve = / @ve. ”+Z/B,(y. oV -1,

where n and n' are, respectively, the outward, unit normal vectors of 92,, and
9B, (y'). The definition of © yields

/ VO .ni=0,
0Br,(v)

and therefore, for any A,

/BB Ve nt

»/BBri(y") [p—A]VO-n

< Cr; sup |VO.-n'| sup |g—Al.
dBr, (') 0B, (v*)

Fix 7 and choose

1
A= |
2n ;i JaB. (v v

p-NsC [ |Vl

8Br; (y)
Since |w| > 1/2 on O, by (4.3) and (4.5),

i 1/2 C
o0 (880" ([, o) <&

Then, on 9B, (y'),

with an appropriate constant C. Since n* = —7(6;),
(6 (6,
Ve(s) - n'(z) = - de Voi(z Z o, FO): 50
k=1

Therefore, on dB,,(y"),

@G A6
o= T R@)

|V@(z) -n*(z) l Edk
k#1

13



which yields
<C

M .
ve.n'
; '/aBT‘,; (y') ‘P

with a constant C' depending only on k, R(7) and g.

2. Since © is harmonic in O,
/anrowem:/mro[cp-,\]ve-n

for any A. Choose
1

A= ——
09| Jon, ¥

so that, by (4.4),

_ . <
I/mo[sa AVe:n| < C sup|vel /mm Vgl

< C

Combine the previous two steps. The results is:
(4.7) ‘/O Vo ve[ <c

with a constant C depending only on k£, R(¥) and g.
3. Set R* = R(y) A 1. The definition of © yields

1 2 M R l 12 1
/O§|ve| dr > ;/ /as,m > V6. dH (z) dr

M R g M
= —dr=n |Inr;| — C,

where C = wM|1In R*|. Substitute this and (4.7) into (4.6) and use the fact
that |w| > 1/2 on O. The result is:

1 2 2[1 2 1 2 jl 1 2 2
- < - hd . S el
/O SIVel? < /Op SIVOP + 5|Vl + Vip - V6| dz + C /02p ve|
M 1
< C+rn) |lnn| - O§p2|V9|2

i=1
< c+/oé (1- %) [VeP.

14



Since

Q

IVO(z,t)| < re0, -

7)
we conclude using (4.2) that

[ (1-#)ver < 1% (/OW(w)dx)m <o VTl

r2

15



5 Proof of the Main theorem

We start by showing the localization of the energy.

Lemma 5.1 There are constants to > 0, C and functions
yi’€ : [O,to]ﬁBRo/g(a:), i=1,...,M,
such that v:(y*<(t),t) = 0 and for any € € (0,1], t € [0,%o], X € [¢, Ro)

(5.1) pi(BA(y™(t)) > 7 In (é) - C, Vi=1,...,M.

€

Proof. Set
Q:={z€Q : |z-qi| € (Ro,2Ry) }.

1. For € € (0,1], set
te:=sup{T >0 : [v(z,t)| > 1/2, V(z,t) € Qx[0,T]}.

By assumption (2.4), t. > 0. The continuity of v¢, (2.2), and the properties of
the topological degree imply that

| deg(ve(-,t); 0BRr,(as)| = 1, Vt<t, e€(0,1],t=1,...,M.

We apply Lemma 4.1 to w = v*(+,t) with R = Ry. The gradient estimate (3.6)
and Lemma 4.1 imply that for every t € [0,t], e € (0,1],and ¢ = 1,..., M
there exists ’

y"“(t) € Bro(a;)
satisfying v¢(y*¢(t),t) = 0 and (5.1) for all A € [¢, Ro] with a constant C
indepenedent of e. Then the global energy estimate (3.4) yields

(5.2) pi{z : lze—y™ @) > A Vi=1,...,M}) < C+rMIn(Ry/\),
forallt € [0,t],e€ (0,1], A€ [e,Ro)and i =1,..., M. Set

- T.:=sup{ T €[0,t] : y"(t) € Bryj2(a5), Vte[0,T], i=1,...,M }.
Since v¢(y*¢(t),t) = 0, by (2.4), Te > 0 for all € € (0, 1].

2. Let 7 be as in §3 and let O¢ be as in (3.5). By taking A = Ro/2 in (5.2),
we get

pi(0°) < pi({z @ |lz—y™*(t)| 2 Ro/2, Vi=1,...,M})

< C, Vt < Te.

16



Then, by (3.5),

t (.
[ndus < [ndus + Clinel [ p5(0°)ds < [ndus + Clinelt,
for all t < T.. Since, by (2.7),
lim k. [ ndus =0,
there is a sequence c(¢), such that, as € | 0, ¢(¢) — 0 and

/nd,u§ < [ele) + Ct] | Ine], Vi<T.

3. Suppose that T. < co. Then we claim that |y*<(T.) — af| > Ro /2 for some
i€{l,...,M}. Indeed for allt < Tr and i € {1,..., M}, y**(t) € Bpr,/2(af)
and, taking A = Ry/4 in (5.2), we get

pi({z : |z —ail > (3/4)Ro, Vi=1,...,M})
<pi{z @ lz—y*(t)]| > Ro/4, Vi=1,....M})

<C, Vt<T, e€(0,1]
By the regularity result Lemma 4.2 and (2.3), there is a constant C satisfying
E¢(z,t) < C?, V(z,t) € Q x [0,T), €€ (0,1].
In particular, in Q5 x {0, T.), W(v¢(z,t)) < C?? and therefore
[v¥(x,t)] > 1 = 2C, V(z,t) € Q) x[0,T).

Set ¢; = min{1, 1/(8C)} so that |v(z,t)] > 3/4 for all € € (0,¢], (,t) €
Q x [0,T,). By the continuity of v, t. > T, and therefore |y**(T.) —a$| > Ry/2
for some i € {1,...,M}.

4. By the previous step,

(Ro)?

32 V z € Bry/a(y*(Te)),

n(z) 2 ¢ =
and, by (5.1),

[ ndus, 2 ¢ 45, (Bros6(T)) 2 cal Inel - c,
with appropriate constants ¢; and c¢3. In view of Step 2,

[c(e) + CT]|Ine] > c2]lne| — cs.

17



Choose ¢, € (0, ¢;) and £y > 0 so that
[Clo + c(€)] |Ine] < collne| —cs,
for all € € (0, €5). Therefore £, < T, and
y>*(t) € Bry2(af) Vte(0,t), e€ (0,6, i=1,...,M.

In the foregoing argument we assumed that T, < oo, however if T, = oo, the
above conclusion is immediate.

5. Hence, (5.1) holds with 7, for all € € (0, ¢;]. However, by (2.4),
to = tAo /\min{Tc €€ [62, 1]} > 0.
o

Let to be as in Lemma 5.1 and @ be a dense, countable subset of [0,]. By
a diagonal argument, we choose a subsequence, ¢, | 0, so that

(5.3) y'(t) == lim y"*(2)
exists forall t € Q and ¢ € {1,...,M}. Set
vy (dz) := v~ (dz) = k., B (z,t) dz,

so that as n — oo, by (5.1) and (3.4),

M
(54) 1/? S Z 6{y‘(t)}a Vte@.
=1

Lemma 5.2 For every i € {1,...,M}, y*(:) extends to a Hélder continuous
function, with exponent 1/2, on [0,to] and (5.4) holds for every t € [0,to).
Moreover, y“ converges to y* uniformly on [0,1o).

Proof. 1. Fix i and let ¢(x) be a smooth, positive function with compact
support in Bg,(a;). Then for any t € Q,

: | "
' (®) = lim = [ganr.
2. Since dvf = k E*(z,t)dz, by (3.1),
3 [ pavs = k[ [ kegluil + Vo pda] < k190, [ 1971z
dt t € € t — o0
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and therefore, for 0 < s <'t,

[oavi~ [ gavs < Vgl k. (/:/nwvfﬁdxdt)m ([/ﬂ|vf|2dxdt)l/2.

3. The energy estimate (3.4) yields
/Q|W‘|2dxs(:[|1ne| +1), Vi >0,

d
- /t/ (e Pdz dt < |Ine| [/ E(z,s)dz - | E‘(a:,t)dx].
sJa't - ) ’ Q
Using (5.1), with A = Ry, and the energy estimate, we conclude that

t
//ﬂ|v;|2dxdtgcmnq+1], VO< s<t<to

4. Combine the previous two steps. The result is:

[edvi- [sdv:<ClIVol Vi=s,  ¥O0Ss<t<t
and, by Step 1,

¢y (1) — 3y (s)) < C VPl V=, Vs<t, steq.

For any ¢ € {1,...,M}, s < t, s,t € Q and s sufficiently close to t, there is
a smooth function ¢, with compact support in Bg,(a;:), satisfying:

oy 1) =2, ¢ (s)) =1, [IVollew=lt'(t) -y ()"
Hence for all s < t sufficiently close to t and s,t € Q
ly'(t) — y'(s)| < CVE—s,

and therefore, y* is a Holder continuous function on Q. We extend y* as a
Holder continuous function on [0, to).

5. To prove the uniform convergence; let ¢, be a sequence in [0,t,). Choose a
further subsequence ny so that t,, and y““*(t,,) converge, respectively, to t
and y** for all € {1,..., M}. Lemma 5.1 implies that, as k — oo,

M
Vt"kk — T Z 6{yi,o) .
=1
Then, for any s<t,s€ Q, i€ {1,..., M} and ¢ as before,

¢(y"*) — ¢(y'(s)) < C |Vl Vi—s,
and therefore y** = y*(t). o)
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Our next result is about the behavior of v¢ away from the vortices. Let 7,
¢(z;9) and ©(x;§) be as in §3. For 7 € (0, Ro], A € (0, 1], set

Q = {ze€Q: dist(z,00) >r},

Qrx {(,0) € x[0,t0) : | —¥'(t)l > ARy ¥i=1,..,M},

Qrat) = {z€Q : (x,t) €Q,n},

n
A

{@t) e x 0t : |z —y*(t)] >2\Ry Vi=1,..,M}.

The uniform convergence of y** imply that, for sufficiently large n, QF, C
Q- . Moreover, the energy estimate (5.2) and the regularity result Lemma 4.2
imply that

(5.5) sup B < C(A).

2
Qr,A T

In particular, there is e(r, A) > 0 such that

Qe C T, en € (0,€(r, N)],

where
= {(z,t) € Ax [0,8) : |v(z,t)] >1/2 }.

Then, for €, € (0,¢(r, A)] there exists a single-valued, smooth function, ¢ :
Qrx — R, satisfying

vi(x,1) = [o°(z, 1) *(z, 1) + O(z; ¥°(2) ),  (z,1) € Qr,

where 7¢(t) = {yV<(t),...,y™*(t)}. Moreover, we may choose ¢ independent
of A\, .

Lemma 5.3 For A € (0,1/2], there are constants C > 0 and C()) > 0 satis-
fying

[ Ve Pz < C+ Cen,

Qr,k(t)

for every t € [0,t0], 7 € (0, Ro/2], and e, € (0,¢(r, A)].
Proof. We suppress the subscript n in our notation and write ¢ for ¢,.
1. Fix A € (0,1/2] and for i € {1,..., M}, let

N . s € 1 . 2
k(i) = k(t,i,¢,A) :=inf{ r 3Br(y‘:=(t))E (z,t)dH (z) : T € [A°Ro, ARo] }-
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By (5.2) with A = A\?R,,
1)) = p({zxeQ: |z—y"(t)| € [\’Ro, ARo] })

< p({zeQ:lz—y* )2 R Vi=1,...,M})

< C+2rM|ln}|,
where C is a constant independent of A, ¢, 7 and t. The definition of k() yields,

1() > /:Z E%)dr= k(i)|In Al.

Hence, k(i) < C* := 2rM + C/In2 and therefore there exists r; = ri(A,t,¢€) €
[\2Ry, ARy) satisfying

/ Bt dH @) < S
3Br, (v4(1))

1

The above argument was first used in this context by Struwe [18].
2. Set 7o = Rop/2 and fix A, t and € € (0, €(ro, A)]. Set
©(z) = O(z; 7(¢)) 05 (x) = 6(z — y*<(t))

and A
0={zeQ,: zgUB.("®) }

The local lower bound (5.1) with A = r;, and the energy estimate (3.4) yield

M
n(0) < ﬂi(ﬂ)—gﬂi(Bﬁ(y"‘(t)))

M
< C+ aM|lne — 7 Y In(ri/e)

=1
M
< C+nr Z | In 7yl
=1
Hence the hypotheses of Lemma 4.3 are satisfied and consequently,
sup / IVet2dz < C + CN)e, ¢ € (0, ¢(ro, \),
telo,to) YO
with constants C'(\), independent of ¢, and C, independent of € and A. Since
€(ro,A) < €(r, A) for all 7 < 7g, and Q,, A(t) C O for all sufficiently small e,

€)2 <
sup /Q,O,A(z) IVef|*dz < C+ C(Ne, e € (0,¢(r, \)].

t€[0,to]
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3. Since Q, \ Q,, C Qy(t) C TE(¢) for € € (0,¢(r, A)], on 2, \ O,
V™| < C[1+ Vo]l

Hence
v€n2<(vll/ V,ufnz <('.
/n,\nr0 Venlh < Cl 2\ rg | 1<

0

By redefining ¢(r, ), if necessary, we may assume that C(\)e(r, A) < C and
therefore

5.6 / Voo’ dz < C,
(5.6) 0ua) Vo™ |"dz <
for every t € [0,%0], T € (0, Rg], A € (0,1], and €, € (0,¢(r, A)].
We estimate the L? norm of ¢ next. Given the gradient bound (5.6), it

will be enough to control ¢ near the boundary, as in the following lemma.

Lemma 5.4 There are constants C > 0 and 1o > 0 satisfying
a3 €n
[ @ — el@ g @) dn @) < C (T + ﬁ) ,

for every t € [0,t0], T € (0,70], and €, € (0,¢(r,1)].

Proof. We suppress the subscript n in our notation and write ¢ for €,. Fix
t € [0,%0].

1. Let s* := |09 and p : [0,s*] — O be the arc length parametrization of
09, ie., |p'(s)] =1 and

MN={p(s) : sel0,s']}.
Since A1) is smooth, there is 7o > 0 such that, for every r € [0,7q],
0. = { p(s) —rn(s) : s€0,s] },

where n(s) is the unit outward normal to 652.

2. Since
(5.7) sup { us(2\ Qy,) : t€[0,t0), €€ (0,1] } < o0,

by a covering argument (see [4, §IV.1]), there are {s*<,..., sV} C [0,s*] and
constants C, N* satisfying
N( S 'N"

{z € Q\Qy : (x,t)| <1/2} C { p(s)—rn(s) : r€[0,ro), s€ I},
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where
I = Jls" = Ce, s + C N [0, 5]

1

3. Fix r € (0,70). For ¢ € (0,¢(r,1)], we extend ¢ to a smooth, single-valued
function on

QiU {(z,t) € Ux[0,t) : z=p(s)— pn(s) forsomesg I pe[0,7]}

Moroever, we may choose ¢ so that ¢(z,t) = p(z;7¢(t)) for £ € 00 and, as
€elO,
p(z; 7 (1) — »(z:¥(1)),

uniformly in z € 99Q.

Since ¢(z;y*(t) ) is smooth,

[ 160 74(0) ~ elas) — rn(s); ) P ds < Cr°

and therefore
a<é+Cr?

where

o= [ 1 R) = m(s).1) = olp(s) - rm(s): (1)) s,

Gi=2[ I (s),0) = ¢(p() = rn(s). O ds

4. For s & I¢, |v¥(p(s) — rn(s),t)] > 1/2 and ¢*(p(s) — rn(s),t) is defined.
Moreover, at (p(s) — rn(s),t)

V| < Cl1 + [V
By (5.7),

(58 a < a+cCr?

INA

r [ ol |V (p(s) — én(s), DI? de ds + Cr?

IN

cr /lo,s‘l\le /0'[1 + Vv (p(s) - &n(s), t)?] d¢ ds + Cr?

INA

€12 2
Cr /ﬂ\nro[1+|Vap|]dx+Cr

IN

Cr.

23



5. Since || < N*Cé, by (5.8), there is § € [0,s*] \ I¢ such that

o5 (p(8) — T(8), 1) — @(p(3) — rn(8); F<(t))]? < Cr.

By (5.5), for any s € [0, s*]
lo(p(s) — rn(s),t) — @(p(s) — rn(s); §(t))I*

< 9 + 200 (p(3) = r1(8), 8) — p(p(8) — rn(8); F())

< -gz +Cr.
r
Hence
p e o C 1
NP (p(s)=rn(s), )= p(p(s)—rn(s); § @) ds < |I] (5+C7) < C+n)e
o

Again we may assume that e(r,1)r~2 < r and therefore

(5.9) L 1@t - e i) dn'(@) < Cr,

for every £ € {0,t0}, 7 € (0, Ro), and ¢, € (0, ¢(r, 1)]. By the Sobolev embedding
theorem, (5.6) and (5.9) yield

€n 2 <
(5.10) /, Lo @ OPdz < C

for every t € [0,t0), r € (0, Ro], A € (0,1] and ¢, € (0, ¢(r, )]

Set
U:={(z,t) eUx[0,t) : z#4'(t) Vi=1,...,M}.

Proposition 5.5 Asn — oo, v** converges to

v(z,t) = i p(z; §(t)) + O(x; ¥(1) ),
uniformly on compact subsets of U. Moreover, |Vv*:|?> and 2 E* converge to

|Vv|? strongly in L},.(U).

Proof. We suppress the subscript n in our notation and write € for €,.
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1. Let r,, be any sequence tending to zero and set Q,, == @, r.., €(m) :=
€(Tm,Tm) and so forth. By (5.6) and (5.10),

(5.11) sup{/ lp€(z, 1) 2 + |V (z,t)|2dx

€ [0,0], € € (0,e(m)], m=1,2,...} < o0,

where @ (t) is the t cross section of Q,,. We use this estimate and (5.5) in
a diagonal argument to construct a subsequence, €, | 0, and ¢ such that, for
every m,

P —p strongly in L*(Qm),

V% — Vo in weak®L*(Qm).
Since U = lim Qr,, ¢ is defined on U. In view of (5.11) ¢ extends to Q x [0, o)

and it satisfies

sup / lol? + |Vel?dzr < oc.
te[o,t0) /O

Moreover, for every m,
v*(z,t) = v(z,t) = 7i(p(z,1) + O(z;5(t) ) in L*(Qm),

and Vv converges to Vv in the weak* topology of L™= (Qm).

2. Fix m and recall that k. = |In¢|~!. We claim that o(z,t) = ¢(z; ¥(t) ) and
that ¢ converges to ¢ uniformly on @,. Indeed, let t, — t* € (0,t,]. For all
k satisfying e, < e(m), set

wh(z,t) = o (z.tke, + ti), (z,t) € GX,
O (x,t) := O%(x,tke, + ti), (z,t) € G,
pk(x,t) = |v*(x,tke, + ti)l, (z,t) € G’fn,

where

Grh={(z,1) : (z,thy +1") €Qm},
and, for sufficiently large k,

Q:, x [-t5,0] C GE, £ =1"|Inel,

Qn={ze, : lz-y{t) 2 rmnR Vi=1,... M}

Moreover, w* satisfies

u*(z,t + te|Inex|) = pF(z, )7 (w*(z,t) + ©%(z,1)),
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where u¢ is the solution of the Ginzburg-Landau equation (1.1) in the original
unscaled variables. From (1.1) we obtain

(612)  (*Puf - V(AP VEE+O9) =0, i G

and, by Step 3 of Lemma 5.2,

/ot;/rzlui"l"’dxdt<C,

with a constant C independent of k. Since p* > 1/2 on G¥%,,
0
/ / it + ©*P drdt < C.
-t Jas,
From (5.11) and (5.5), we also know that
sup { /Q lw¥| + |Vw*)? dz } < 00,

m,k,t

and, by (5.5),
sup IVw*||peo(ary < C(m).

Since, on Q}, X (—00,0], ©F is uniformly smooth in the z variable, the family
{w* + ©*}22 | is precompact in CLLH(Q%, x (—oc, 0]). Moreover, as k — oo, ©F
uniformly converges to

O(x) := O(z; g(t") ).

Hence there are a subsequence, denoted by k again, and a bounded function
w defined on Q x (~00,0] such that for every m, w* converges uniformly to w
on every compact subset of Q2 x (—o0,0] and

0
sup/ lw)? + |Vw|?dzr < oo, / / |w|? dz dt < oo.
t<0 JQ —o0 JQ

Note that © is harmonic in U and, by (5.5), p* converges to one in HL (Q%, x
(=00,0)). Welet k — oo in (5.12) and conclude that w solves the heat equation
on QF, X (—00,0]. In view of our estimates, w is a solution in £ x (—o0,0].
Moreover, by (5.9),

w(z,t) = ¢(z; §(t")), z € 09

Since, by definition, ¢(z; (¢*) ) is harmonic in 2, standard uniqueness results
for the heat equation imply that

w(z,t) = o(z; §(t") ), (z,t) € 2 x (~00,0].
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This proves our claim that ¢(z,t) = ¢(z;%(t)) and that ¢ converges uni-
formly to ¢. Moreover, since the limit is independent of .the subsequence, ¢
is convergent along the original sequence.

3. Let t¢ — t* be given. We claim that, for any m and T > 0,

0 1
h ¢ ) € € =T/ a )t‘ 2d .
6}})1 /—T-/Qm(u) Ef(x,tke + t)dzxdt on D lv(z, t*)|* dz

This convergence result is very similar to the convergence results proved by
the authors [7, Lemma 6.1}, so we only give the outline of its proof. For ¢
sufficiently small, set O = Q. (),

E(z,t) := E(z,tke + te) = ec(u(-,t + |Ine|te)) () (z,t) € Qx[-T,0].
We compute:

~ - €12 2

Ef — AE“+ |D*u|* + %IU‘VU‘P + 4—l€—l:——|—W(u‘) = 5—2(1 — uf]?) | Vu?,

(see [7] for d_eta.ils), Moreover, by the regularity result, there is an open set Q,
containing O x [-T,0], so that E* is bounded on @, uniformly in e. Hence,

(5.13) Ef — AR+ |D%uf]? + M—(g—) <C,
€

and therefore 0
sup / / |D?uf|? dz dt < oc,
€ -T JO

lim [ OT /. W) grdt = o.

€l0 €
These estimates, together with the uniform gradient and time derivative es-

timates of uf, imply the claimed convergence of the energy; see [7, Lemma
6.1].

4. To complete the proof of this lemma, it suffices to show that

1
5.14 i “(z, = / 2 'Vl drdt.
(5.14) im o E¢(z,t)dzxdt o 2 |Vv|*dz dt
For sufficiently small €, let M, be the smallest integer greater than to |Ine|,
ti:—i—, 1=0,1,...,M,,
| In €|

and, for ¢t € [ti71, 8],

f
g.(t) = |lng| /tl /Qm(ti)E(:r,s)dxds
0 € l
= /.1/,,,@9 E(z, 7k + ') dzdr
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Since E¢ is bounded in Q,,,

1 Efdrdt=1lim [ o.(t)d
i € t=1 et .
im [ Bedzdi=tim [” g(t)dt

For t € [0,10], let I(¢, €) be the smallest integer greater than ¢. Then, as € | 0,
ti®9 — ¢ and, by Step 6,

1 2
g:(t) = /Q o 3VulE P dzat

Moreover, g. is bounded by a constant K(m) independent of e. Therefore,
(5.14) follows from the dominated convergence theorem. o

Proof of Theorem 2.1. Let ¢, be as in Lemma 5.1 and ¢,, %*(t) be as in

(5.3). By (2.7), ¥*(0) = a; for each i. We will first show that ¢(-) is a solution
of (2.10) on [0, to).

Fix ¢ and t € [0,10). Without loss of generality, assume that ¢ = 1 and
1
y (t)=0.

1. Let ¢ be a smooth function with V¢ compactly supported in 2. Since
dvi = kE*(z,t)dz, by (3.3),

d € __ 2 €12 2 €, € _ ; €
a/od)dvt ——/O(ke) & || +/OD SV - Vot — Ag B¢ d.
Steps 1 and 3 of Lemma 5.2 yield,
(' (s)) - 6(0) = lim [ [ D?6vv Vv - 8¢ Eduar, Vs € [0,td].
o Jt Jo

If the support of D?¢ does not include {y!(7),...,y™ (1)} for all 7 € [t, 5], by
Lemma 5.3,

1 s 1
(515)  4(y'(s) - #(0) = = /t /o D*$Vu- Vo= zA¢|Vol* dr dr.
2. For A€ R? and 6 € [0, Ro/4], let ¢5s = (A - z) H(|z|), where, for r > 0,
1, r € [0,6],
H(r):={ 2-r/é, T € [6,26)
0, r > 26.

We calculate:
D*¢s=(A-n)n@nrtH"(r)+ n® A+ A®@n+ (A -n)(I —n®n)] H(r),
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where r = |z|, n = 71(§) = x/r and ® is the tensor product. Although ¢s is not
smooth enough, by an approximation argument, we use (5.15) with ¢ = ¢s.
For all s sufficiently close to ¢, we find that

¢y (s) —9(0) = ['(s)-y'(®)] A

(516) = —1 /ts [Il(T,(S)+Iz(7‘,6)+]3(7,6)] dr 'A,
where
= = — Vo - — 2(Vv - Vud
L(s,6) 5 /o, 6(2|Vv| +|Vv-n|*)n (Vv -n)Vudr,

1
Ix(s,8) = 2 /aB%(IVv-nl?— SIVe)ndh! (@),

13(8, 6)

_ o Lo 1
/936(|VL n| 2|Vv| yndH (x).

Since the left hand side of (5.16) is independent of § and (5.16) holds for all
AeR?

(5.17) yi(s) —yi(t) = hrn / [[1(,68) + I(7,8) + Is(7,8)] dT

for all s sufficiently close to t.
3. Recall that £(f) := (7(8))* and

d:=0p+ %dﬁi, 6;(z,s) := 8(x — y'(s)).

i=1
Then, v = 7(®P) and, for a = 1,2,

Ve = (vwﬁd‘-va) ({(2) )a

=1

M
_ (w+2dft”(0z-) Ix—y‘(s)l") (ft®),-

=1

We evaluate the following functions at z = r 7i():

Vo = l+—2d’( (Vo) +3d, P )l)-ﬁw)wl(x),
=2

— — (6) .—0 Y

(6) = w+Zd @) O (f®)),
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[Vu-(0)? = Es(x),
(Vv-7(6))-Vv = i(VU“-'Fi(&))Vv"

= d; (V +Zd )I)’fi(@) t(0) + Es(z),

=2

where E;, E, and Ej are bounded functions. We use these identities in the
definition of I;(s,9) :

2d 2m ] -
Ii(s,8) = ki(s, 6) 5+—‘/ / 5 (B(s,2)7(0) J7(6)—(A(s, 2)-71(6) ) {6) db dr,
where k; (s, 6) is bounded and
7(6:)
lz =y ()’
il £(6:)
A(s,z) =V + ) di———,
(505 = Vet L Ty
observe that (A(s,z))* = —B(s, z). Since for a fixed v € R?,

[Toaeya@ o=, [T w6)ie)do =",

B(s,z) = —(Vyp)* + %d,-
=2

as 6] 0,
I,(s,6) — 37d; B(s,0),

uniformly in s € [0,%,]. A similar calculation shows that
27
Ly(s, 8) = ky(s,6) 6 — 2d; /0 (B(s,x) - 7(0) ) 7(6) do

and therefore, as 6 | 0, Ix(s,8) — —2md;B(s,0), uniformly in s € [0, o).
Similarly, as 6 | 0, I3(s,6) — wd1B(s,0), uniformly in s € [0,t,] and, by
(6.17),

v(s) = 9'(t) = 24 | B(r.0)dr
for all s sufficiently close to t. Since B is continuous,

2 y0) = 24 B,y (), Vt € [0, to].

4. In the previous steps, we have proven Theorem 2.1 on [0,%p]. Since the
family of functions {v¢(-,to)} satisfies the assumptions (2.2)-(2.7), we complete
the proof of the theorem by an iterative argument. o
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