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ABSTRACT

Ve consider a class of stochastic linear functional differential systems
driven by semimartingales with stationary ergodic increments. Ve allow smooth
convolution- type dependence of the noise terms on the history of the state.
Using a stochastic variational technique we construct a compactifying stochastic
semiflow on the state space. A multiplicative Ruelle-0seledec ergodic theorem
then gives the existence of a discrete Lyapunov spectrum and a saddle-point

property in the hyperbolic case.

Running Title:
LYAPUNOV EXPONENTS OF LINEAR STOCHASTIC
FUNCTIONAL DIFFERENTIAL EQUATIONS

Key Vords:

Stochastic f.d.e., measure-preserving flow, semimartingale, stationary
increments, measure-valued process, quadratic variation, multiplicative cocycle,
compact cocycle, Lyapunov spectrum, multiplicative ergodic theorem, exponential

dichotomy.



§1. Introduction.
In [20] the first author developed a multiplicative ergodic theory for a

class of n-dimensional stochastic linear functional differential equations

dx(t)

B(x(t-d),x(t),x;)dt + g(x(t))dw(t) (*)
x(t+s), -t < s <0, t>0,0<d<Tr

"

xt(s) :

with state space K, := R" L2([-r,0],mn). The analysis in [20] depended
crucially on the fact that the diffusion term g(x(t)) does not look into the
(past) history x(s), s < t, of the state. The present article is an attempt to
relax this limitation. (Note, however, the pathological example in Mohammed
[19], pp. 144-148.) 1Indeed we wish to extend the results of [20] in two
directions:
(i) Ve allow "smooth" convolution-type dependence on the history x(s),
t-r<{s<t, in the noise coefficient.
(ii) The driving noise processes consist of a large class of semimariingales
with cadlag paths and jointly stationary (ergodic) increments. Within
this context, our results appear to be new even in the non-delay case

T = 0.

More specifically we look at a linear stochastic functional differential

equation
0
dx(t) = [{ 0]#(t)(ds)x(t+s)]dt + dN(t) I K(t)(s)x(t+s)ds + dL(t)x(t-) (I)
-T, -I
(X(O),XO) = (V,ﬂ) € l2'

In the above stochastic f.d.e. (s.f.d.e.), p is a stationary measure-valued
process such that each p(t,v) is an nxn-matrix-valued measure on [-r,0]. The

random field K(t)(s) is a.s. ¢! in (t,s) and stationary in t. The process N is a




general nxn-matrix valued semimartingale (Métivier [17], Definition 23.7, p. 153)
with jointly stationary increments. The second noise process L is also
nxn-matrix-valued, has jointly stationary increments but admitting a
representation as a continuous local martingale plus a right continuous process
of locally bounded variation. The Ita stochastic differentials dN and dL are to
be understood in the spirit of the French school e.g. Dellacherie and Meyer [4],
Meyer [18], and Métivier and Pellaumail [16]. Assuming that (x,K,dN,dL) form an
ergodic process and satisfy fairly general moment conditions, we show that (I)
has an almost sure Lyapunov spectrum

Lin 1 Logl(x(t) x, )y,
consisting of a discrete non-random set of Lyapunov exponents {Ai}?=1 CRU {o}.
If none of the Lyapunov exponents A; is zero, we obtain a flow- invariant
exponential dichotomy for the stochastic flow X on K, associated with the
trajectories {(x(t),x): t 2 0, (x(0),x,) = (v,1) € My} of (I).

In order to construct a sufficiently robust version of the flow X of (I),
the key idea is to show that the s.f.d.e. (I) is equivalent to a random integral
equation (viz. equation (IV) of §4). Both the cocycle property (Theorem
(4.2)(vii)) and BRuelle-Oseledec integrability condition for the stochastic flow X
(Theorem (5.1)) are then read off from the integral equation. This method of
construction of the flow is different from the one used by Mohammed in [20]. It
has the added advantage of being conceptually simpler and perhaps more efficient.
This technique also points the way towards possible applications to certain types
of stochastic linear P.D.E.s.

Once the regular version of the flow X is constructed, the existence of the
Lyapunov spectrum (Theorem (5.2)) and the stable-manifold theorem (Theorem (5.3))

are established using Buelle’s infinite-dimensional multiplicative ergodic



theorem (Ruelle [23],[22]). This part of the analysis is closely parallel to the
one used by Mohammed in [20].

In order to outline the scope of the theory we indicate below examples of
linear stochastic differential equations which are covered by the theorems in
this article. The reader may formulate the appropriate conditions under which
these results apply to the examples listed below. Note that in all of these

examples the state x(t) is a multidimensional process.

Example 1: Linear o.d.e.’s driven by white noise

p
dx(t) = a(t)x(t)dt + L o (t)x(t)dV,(t) | (1)

i=1

The matrix-valued processes a(t), ai(t) are stationary ergodic and non-
anticipating; the Brownian motions Vi, 1 < i < p, are independent and one-
dimensional. The case of constant coefficients a(t) = a, oi(t) =0, 1¢ i<op,
has been studied by several authors e.g. Arnold, Kliemann & Oeljeklaus [2],
Bas’minskii [7], and Baxendale [3]. The Lyapunov spectrum of (1) has been
discussed by Arnold & Kliemann [1] when a(t), o,(t), i = 1,...,p, are stationary
ergodic processes which are independent of Vi, i=1,...,p. Note that our
results do not necessarily require that a(t), ai(t), i=1,...,p, be independent
of the noises Vi, i=1,...,p.
Example 2: Random delay equations driven by white noise

m P
dx(t) = i§1ai(t)x(t-di(t))dt + .Zlai(t)x(t)dvi(t) (2)

i=

The coefficients a;, 0; are matrices (possibly stationary) and the delays di
are non-anticipating stationary bounded processes with non-negative values. The
equation is driven by several Wiener processes Ui. The dynamics of (2) was

studied in (Mohammed [19] VI §3, pp. 167-186) within the context of Markov




processes on the state space C([-r,0],R") and under the condition that each d; is
fixed in t and is independent of (vl,...,vp). A sufficient condition is given in
([19], Corollary 3.1.2, p. 184) which guarantees asymptotic stability in
distribution of the trajectory {x,: t > 0} of (2). Cf. also Lidskii ([14]) in
the case ¢, = 0 and d; Narkovian. Observe that (2) reduces to (1) when d; = 0,
1<1i<m.

Example 3: Diffusions with distributed memory

P 0
dx(t) = L o (t)] K(s)x(t+s)ds av,(t) (3)

i=1 -

The matrix-valued processes vi(t), 1 <1i<p, are stationary (ergodic) while
K(s) is just a deterministic matrix-valued function. The Brownian motions V.,
1 < i< p, are one-dimensional. Although equations like (3) fall under the class
studied by Ito and Nisio ([10]) and Mohammed [19], so far little is known
regarding the almost sure asymptotic behavior of the trajectory (x(t),xt) as

t - w.

Example 4: Linear o.d.e.’s driven by Poisson noise
P
dx(t) = a(t)x(t)dt + iglai(t)x(t-)dni(t) (4)
The driving noises N,(t) are one-dimensional Poisson processes and the
coefficients a(t), ¢;(t) are stationary ergodic matrix-valued, for 1 < i < p.
For constant coefficients, a(t) = a, o,(t) = o, a.s. forall t 20, 1< i <p,
the Lyapunov exponents of (4) were studied by Li & Blankenship ([12]) using

classical results on random matrix products.

Example 5: Linear functional differential equations driven by Poisson noise
P

dx(t) = {{ }p(t)(ds)x(t+s)]dt + X ai(t)x(t—)dNi(t) (5)

-r,0 i=1



Here 4 is a measure-valued process as in (I), ¢,(t) are stationary matrices
and Ni(t) Poisson processes, i = 1,...,p. Under suitable conditions on the
coefficients p, o, unique solutions to (5) are known to exist (Doléans-Dade [5],
Métivier & Pellaumail [16], Protter [21]). However, to our knowledge, issues of
almost sure asymptotic stability for solutions of (5) have hitherto not been

explored.

Example 6: Linear f.d.e.’s driven by white noise
P
dx(t) = H(t,-,x(t),x,)dt + iglgi(t,-,x(t))dvi(t) (6)
The coefficients H(t,-,-,-), g(t,-,-) are stationary ergodic processes with
values in L(lz,Rn) and L(R") respectively. The Brownian motion W(t) =
(Vl(t),...,Vp(t)) is p-dimensional. The case of constant coefficients
corresponds to equations like (*) whose Lyapunov exponents were studied in the

article [20] referred to earlier.

It is evident that the s.f.d.e. (I) also includes as special cases various

(finite) "linear combinations" of all the examples mentioned above.

§2. Basic Setting and Hypotheses
Ve wish to formulate the basic set-up and hypotheses on the stochastic

f.d.e.

dx(t)z{{-ro]

H

ﬂ(t)(ds)x(t+s)}dt+dN(t)IOK(t)(s)x(t+s)ds-+dL(t)x(t-),t>0

x(0) =v e R, x(s) =1n(s), -T<s<0; r>0

which will be needed in the sequel.




Suppose (ﬂ,f,(?{)t>0,P) is a filtered probability space satisfying the
"usual conditions" (lét;vier & Pellaumail [16], Dellacherie & Meyer [4], Protter
[21]). Let #: R - 01 be a measurable flow preserving the probability measure P
viz: |

(i) For each t > 0, 6(t,-): (8,7,) - (8,7,) is measurable;

(ii) For each t € R, Pod(t,-)" ! = P.

(iii) For every tioty € R, 0(ty,-)00(ty,-) = 0(ty+t,,-).

Ve shall impose two sets of hypotheses on the coefficients of (I). The
first set of hypotheses, denoted by (Ci)’ i=1,2,..., guarantees the existence
of a continuous linear stochastic flow on the state space K, := m“xmz([-r,o],m“)

with the Hilbert norm

0
Il = 1012+ [ in(s)Ps v e 8, g€ 02(1r,0] Y. (7)

Observe that |-| stands for the Euclidean norm on R". The second set of

hypotheses (Ij)’ j = 1,2,..., pertain to moment-type restrictions which are
designed in order for the stochastic flow to satisfy Ruelle-(Oseledec
integrability condition (Theorem (5.1), §5). These integrability hypotheses are
spelled out in §5.

nxn

The space of all real nxn matrices is denoted by R and is usually given

the Euclidean norm
n
2
IA* == L
1,]=

The symbol X([-r,0],R"") shall stand for the space of all nxn-matrix valued

2 _ n nxn
laij, A - (aij)i’j=1 E R .

nxn
R

Borel measures on [-r,0] (or -valued functions of bounded variation on

[-r,0]). This space will be given the o-algebra generated by all evaluations.



A solution of the stochastic f.d.e. (I) is a stochastic process x: [-T,m)xfl
-+ R™ such that x|R'=Qt has cadlag paths, is (?i)t>0—adapted and satisfies the

stochastic integral equation

t t 0 t
v+J { u(u)(ds)x(u+s)du+l dN(u)I K(u)(s)x(u+s)ds+I dL(u)x(u-), t20
-1,0 0 -T 0

x(t) = (I1)

n(t), -T<t<0

almost surely. Note that in (I) and (II) all n-vectors are column vectors and
the'products are to be understood in the sense of matrix multiplication.
Throughout the article we shall adopt the following terminology regarding a
stochastic process {y(t,w): t € R, v € 0} defined on the whole line. Ve shall
say that y is (Tt)t>0-adapted if y(t,-) is fb—measurable for all t < 0 and
¥,-measurable for all t > 0. Similarly, ve say y is an (7t)t>0-semimartingale
(local martingale, etc.) if the restriction y|R*xfl is an (Tt);>0—semimartinga1e

(local martingale, respectively).

Hypotheses (C)
(C;) The process p: Rxfl - H([-1,0],R"") is measurable (74)¢>( adapted and

stationary with the representation
p(t,w) = p(0,0(t,0)) teR, wed.
(C,) For each w € ff and t > 0 let u(t,w) be the positive measure on [-r,n)
defined by
b(t,0)(8) := [p|(t,0){(A-t) n [-1,0]}

for all Borel subsets A of [-r,m). Note that |u4| denotes the total

variation measure of y with respect to the norm on R™™™. It is easy to

check that, for each v € 1,




v(0)(+) := g”ﬁ(t,w)(-)dt

is also a positive measure on [-r,m). Suppose that v(w) has a density Q%é?l
with respect to Lebesgue measure which is locally essentially bounded for

each fixed v € 1. This implies that for each t > 0 and v € 01 the measure

t
wmmo):gzmwxow

dv(t,w

has a locally bounded density S

Ve suppose further that the map
2 .
[0,0) = L°([-,0],R)
[-1,0]

dv(t,w
v el

is continuous for each v € 1. Note that the last condition is satisfied in

the deterministic case p(t,w) =4%, t>0, wel, for a fixed
p° € U([-1,0] BT,
(C,) Let Cl([—r,O],Rn'n) be the space of all ¢! maps [-r,0] - R™*™ given the
o-algebra generated by all evaluations. Assume that
K: Rt 5 C1([-1,0],K")

is a measurable (74)15o- adapted (stationary) process such that
K(t,v) = K(0,0(t,w))

for all t € R and all w € .
Suppose also that for a.a. w, K(t,w)(s) is jointly ¢! in
(t,s) € R*'x[-r,0].
(C4) The process N: Rxft - R ™ is an (¥,) 450" Semimartingale with N(0,0) = 0 and
admitting the following additive cocggle property
N(t+h,0) - N(t,0) = N(h,0(t,0))
for all t,h € R and v € 0 (Métivier [17], Definition 23.7, p. 153).



(C5) The process L: Rxfl - R™" is an (7£)t20-semimartinga1e admitting a
representation
L=K+YV
wvhere M is a continuous (Tt)tzo-local martingale and V is an (7t)t20-adapted
process whose sample paths are all right continuous and of bounded variation
on compact sets of R'. Suppose L and M are such that M(0) = 0, L(0) = 0 and
are additive cocycles:

L(t+h,0) - L(t,v) = L(h,0(t,0))
(8)

M(t+h,0) - M(t,w) = M(h,0(t,s)), t,heR, weHA.

Remark:

Conditions (04), (05) imply that N and L have jointly stationary increments.
In fact (g,K,dN,dL) is a stationary process. As an alternative to the above
setting we could have started with a stationary process (y,K,dN,dL) defined on
some probability space and having the required regularity properties. Ve then

form the underlying product path space and define a shift # on it by

0(t,0) (s) = (uy(+5) 0y (t+5)- uy(t))
vhere v = (ul,w2) and the suffixes 1,2 refer to the components corresponding to
(#,K) and (N,L) respectively. It then follows that on the product path space

0(t,-) is measure-preserving and the canonical processes will automatically

satisfy Hypotheses (C;), (C5), (C4), (Cg)-

§3. Some Preliminaries

Our strategy for a sample-wise analysis of the s.f.d.e. (I) is to free the
equation of stochastic differentials and replace it by an equivalent random
family of integral equations. In order to comstruct these random integral

equations we shall require some preliminaries. These are discussed below.



Recall that the driving cadlag process L splits up in the form L = N + V
where M is a continuous local martingale satisfying the additive cocycle property
in Hypothesis (05). Our first result in this section says that the additive
cocycle behavior of M induces a multiplicative cocycle property for the solution
p: R'xft o R™™™ of the linear s.d.e.

dp(t)
v(0)

(See assertion (iii) of Theorem (3.1)). In order to prove the cocycle property

(I1I)

dM(t)p(t), t> o]
I.

for the solution of y of the above equation we approximate the local martingale M
by a family of C! processes {lk}i’=1 defined by
k t
K(t) ==k [ Mu)du, teR. (9)
t_

k
It is clear that each ' is (7£)t>0-adapted and has a.a. sample paths ¢! with

(lk)'(t) = k{M(t)-M(t- %)} for all t € R. Furthermore Hypothesis (Cg) implies

that each lk has the property

W (t+h,0) - W(t,0) = WE(h,0(t,0))

k

for all t,h € R, w € f. Now for each k > 1, let ¢*: Rxt » R™® be the unique

solution of the random family of o.d.e.’s
de(t:')

k
v (0)

where (M) denotes the R" ™ valued quadratic variation process of M defined by

() (£)95(¢,-)dt - (6, )6 (t,7), teR

. (111
Ie ™M

k)

<l>ij = m§1(lil’llj)’ K= (lij)g,jzl (10)

(Leandre [13]). Observe also that for each t, v, k, ¢k(t,w) is invertible

([13])-

Ve begin by showing that (M) is an additive cocycle whenever X is.

10



Lemma (3.1):

Let N.: R« 2+ R, i =1,2, be real (Tt)tzo-semimartingales such that
N;(0) = 0 and
Ni(t+h,”) B Ni(t,w) = Ni(h,ﬂ(t,w)) (11)

for all t,heR, wel, i=1,2. Then there is a set 91 € F of full P-measure
and a measurable version of the mutual quadratic variation denoted by [Nl,Nz]:
R'x - R which satisfy

(¢) P(0y) = 1; 6(t,-)(8y) C By for all t 2 0;

(22) [Nl,Nz](t+h,w) - [Nl,Nz](t,w) = [Nl,N2](h,0(t,u)) (12)
for all h,t € R® and v € a,.
Proof:

The relation (11) implies that the semimartingales N +No, N;-N, also satisfy

an additive cocycle property. So in view of the identity
[N,,N] = L[N, +N,] - L[N-N.]
1272 171772 71 "2
it is sufficient to prove the lemma for a single semimartingale {: Rxfl - R

satisfying (11). Vrite

t

W® = ®? - 2 o)), t20, a0 (13)

(Métivier [17], p. 184). Approximate the process {Q(s-): s > 0} by the sequence
k s
(s) =k | ,Q(u)du, s23o0. (14)
57k
Then, for each k, Qk is predictable and for all w € 1, lim Qk(s,w) = (s-,w)
k-m

for every s € R'. Furthermore, it is easy to see that for every w € ff and s € R

we have

k
1°(s,0)| ¢ sup [Q(u,0)|, k21
0<ug

11



12

i.e. {Qk}i’_1 is dominated by the increasing process ¢(s,w) := sup |[Q(u,v)],
; 0<u<s

s > 0. Define the sequence of processes

t
k
W) = 0?2 [ eane), t20, k21 (15)
Then by the dominated convergence theorem for stochastic integrals (Métivier

[17], Theorem 24.2, p. 171) it follows that, for each t > 0, {[l]]k(t)}i'(’:1
k.
converges in probability to [Q](t). In fact there is a subsequence {[{] J};zl of

k.
{[Q]k}i:1 such that for a.a. v € ! the sequence of paths {[{Q] J(-,w)}:']!’:1

converges uniformly on compact subsets of R' to a limit
k.
[Q](t,0) := Lim [Q] I(t,0), te€R (16)
j-o
(Métivier [17], Theorem 24.2, p. 171). Ve now show that each [Q]k, k>1, is an

additive cocycle over f. Using integration by parts we can replace the right
hand side of (15) by a version of [Q]¥, denoted by the same symbol and satisfying
WEE) = 00?2 s 0akee) ()
for all w e, t e R'. Fix t,h € R", v € 0 and consider
[0 (0, 0(t,0)) = Q(h,0(t,0))? - 205 (h,0(t,6))0(h,0(t,0))
+2fumamwm$@J@mn
= {Q(t+h,0)-0(t,0)} - 2{Q"(t+h,0)- Q(¢,0) HA(t+,0)-Q(t,0)}
+2fmunw)-umww&uww)

= Q(t+h,0)2 - 2Q(t+h,0)Q(t,0) + Q(t,0)2 - 205(t+h,0)Q(t+h,0)
+ 2Q(t,0)Q(t+h,w) + 2Qk(t+h,u)Q(t,u) - 2Q(t,w)2

.2 {t+hﬂ(s,u)dﬂk(s,u) - 20(t, ) {05 (t+h,0)- 05 (¢, 0)}



t+h
uumm2-mﬂummuumM+zg 0(s,0)d0%(s,0)

t
a0 2t 060 + 2 [0, 0a0 (5,00
[0 (t+h,0) - [5(t,0)- (18)

Define the set n1 € F of full P-measure by

k.
By := {o: v €N, }im [q] I(t,v) exists uniformly for t
o

in bounded subsets of R'}.
To prove that f, is #(t,-)-invariant, fix v € f, and t € R*. Then it follows

from (18) that
k. k. k.
Lim [q] 3 (h,0(t,0)) = Lim [q] I (t+h,0) - lin [q] I (t,0)
exists uniformly for h in bounded subsets of R*. This says that 6(t,v) € n,.
Thus 6(t,-)(8;) € 8, for all t > 0. If ve set k = kj in (18) and let j - o we

immediately get

[Q](h,0(t,0)) = [Q](t+h,0) - [Q)(t,0), t,h 20, weh,.

This completes the proof of the lemma. 0
Remark:

In Lemma (3.1) the semimartingales N., i = 1,2, need not have continuous
sample paths. However if both N;,Ny are sample continuous, it is easy to modify
f, so that for each v € 8;, [N;,N,](-,0) is continuous and assertions (i), (ii)
of the lemma hold.

The next lemma shows that under Hypothesis (CS) each (¢k,0) is a

multiplicative cocycle.

13



Lemma (3.2): ‘
Suppose N satisfies Hypothesis (05). Then there is a set ﬂ2 € F of full

P-measure such that 0(t,-)(92) €N, for all t > 0 and

PE(6y7t9,0) = 95(tg0(t1,6)) 95 (t;,0) (19)
for all k > 1, t,,t, € R, we n,.
Proof:
Since XN satisfies Hypothesis (05), it follows from equation (10), Lemma
(3.1) and the remark following it, that there is a version (M) of the quadratic
variation of N and a set fl, € ¥ of full P-measure such that f(t,-)(8,) € 8, for

every t > 0,

(M) (t+h,0) - (M) (t,w) = (M) (h,0(t,0)) (20)

for all w € ,, t,h € R*, and (M)(-,v) is continuous for every v € n,.

To prove the multiplicative cocycle property (19) let us fix ty 20, k21

and v € f,. Ve shall comsider the two R™™- valued paths

zl(t) = Vk(t+t1’”)’ zz(t) = ¢k(t,0(t1,w))¢k(t1,w), t20. (21)
Note that z,(0) = z,(0) = ¢k(t1,w) and from (III,) it follows that
dzy(t) = () (tety,0)2, (£)dt - Z0Q0) (t4t,,0)2, (1)

= (lk)'(t,o(tl,u))zl(t)dt - éd(l)(t,ﬂ(tl,w))zl(t), t > 0.
Also

1
dzg(t) = (%) (t,0(t1,6))zy(t)dt - ZAQH) (5,0(t;,0))z5(t), t 2 O.
Therefore by uniqueness of solutions to (IIL,) we have z,(t) = zo(t) for all
t > 0 and (19) holds.

The following theorem shows that (p,f) is a multiplicative cocycle:

14



Theorem (3.1):

Suppose N satisfies Hypothesis (05). Then there is an (7£)t>0-adapted
version p: R x0 -+ R™® of the solution of (III) and a set fy C l such that
() B3 €7, P(Rg) = 15
(22) B(t,-)(n3) € 8y for all t 2 0;
(i59) p(tyot,0) = Pty 0(t;,0))p(t,,0) (24)

for all tistg 20 and every v € 03;

(iv) ¢(-,0) is continuous for every v € fs.
Proof:

The idea is to show that the sequence of multiplicative cocycles {(wk,ﬂ)}i"::1
(Lemma (3.2)) has a subsequence {(pk,,ﬁ)}i,zl which converges almost surely
uniformly on compacta to the required cocycle (y,f). Ve break the proof up into
three steps:

Step 1:

Ve use a smooth partition of unity to approximate the identity map

nxn nxn
R -+ R

id ___: R™® 5 R™" by a sequence of bounded C® maps £ ,

lRnxn'
m=1,2,3,..., satisfying
fm(A) = A

vhenever [[A|| < m; and f» together with all its derivatives are globally bounded

on m“‘“, for each m > 1. For each k,m > 1 let ¢k

o R'x - R™" be the unique

sample continuous solution of the d.e.

k ky, k 1 k

dgp(t) = () (£)f(pp(t))dt - zd(M)(t)f (pp(t)), t €ER n
k nxn (I1L)
py(0) =T e R .

Following Mackevicius ([15], Example 1, Corollary 1) we see that there is a

sequence of a.s. finite stopping times {TJ.}:'].":1 such that Tj ] wa.s. as j » o and

15



lin £ sup  |ME(t)-M(t)[% = 0 (25)
ko  0<t<T.
for j = 1,2,3,... It is easy to see that (III?) can be localized on each

stochastic interval [O,Tj] to give

k
dpm(tATj)

d(H°) (6N )£, (PR (EAT;)) - Z800) (AT, )£, (rf (AT;))
¢§(0ATj)

m
. (1L} )

Since each f is C® with bounded derivatives and {lk(-ATJ.)}‘l':=1 is a sequence of
52 symmetric approximations to the continuous local martingale l(-ATj), it

follows from Theorem 1 of (Mackevicius [15]) that

lin B sup  [loX(t)-g, ()12 = 0, mj=1,2,..., (26)
k- Osthj

wherevym: R'x - RV is the unique sample- continuous solution of the
Stratonovich s.d.e.

dg_(t)

v, (0)

I

(111™)
I.

ft

od(t)E (p,(t)) - %d(l)(t)fm(wm(t))}

Step 2:
Ve shall prove that {pk}zzl converges to ¢ locally uniformly in probability
i.e. given ¢,6 > 0, j = 1,2,..., there exists k (= kO(e,é,j)) > 1 such that

[ sup 16(8)-p(8)] > ] < 5 (27)
0<t<T.

for all k > k To this end we fix €,6 > 0 and j > 1 till further notice. Since

0

sup [p(t)| < w
0<t<T,
a.s., we may choose and fiz m > 1 sufficiently large such that

8
P| s t)|2m- £ <3 - (28)
[Osng.lw( )| g] i

Now

16
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P[ sup |pk(t)-p(t)| > c] CP L+ Py + Py (29)
0<t<T,
i
wvhere
[ k k €
Py := P sup [*()-s(t)] > §]
177 Logeer, n 3
Py = [ sup [ok(t)-py(t)] > §]
LO<t<T,
and P, := | sup |p.(t)-p(t)] > ‘].
3 ‘OStﬁTj m 3
By (26) there exists k; = ko(e,é,j,m) > 0 such that
Py < § (30)

for all k > k;. To estimate P, observe that the coefficients of (III™) and (III)
agree on the ball B, = {A: A € R™™™, JIA|l ¢ m} of radius m. Hence gy and ¢
satisfy the same s.d.e. whenever g _(t), ¢(t) € B . So by uniqueness of solutions

the following estimate easily follows

)
P, < P[ sup |p(t)| 2 m - 5] < (31)
8 ogth.' | 3 14

because of (28). Similarly, wﬁ(t) = ¢k(t) whenever ¢;(t) or ¢k(t) € B and it
follows from (30) and (28) that

k
P, < P[ sup g (t)] 2 lq
0<t<T,

I

k € €
P| su t)-p (t)]| > +P| s t)| >m-
[ 212, 1700 ()] > ] + P sup {pg(0)] > m - g

] €
<+ + P| su t)| >m-
7 [Ogth.|¢( )| 5]
) (52)

Combining (29), (30), (31) and (32) immediately gives (27).
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Step 3:

k,j

For each j = 1,2,..., the sequence y :=  sup |¢k(t)-¢(t)|, k>1
0<t<T,

converges to zero in probability as k -+ o because of (27). Hence by induction on
j, there exist subsequences {pk’j}ﬁzl, j=1,2,..., of {wk};zl with the following
properties
k,j o . k,j'l [ 1] : .
(a) {y }y-1 is a subsequence of {p }y-q for each j > 1;

(b) for a.a. w € 0, iim pk’j(t,w) = p(t,v) uniformly for t € [O,Tj(w)].
=

The diagonal subsequence {p° := ¢k"k'}§,=1 of {¢:k}i"(’:1 converges to ¢ a.s.
uniformly on [0,T] for every 0 < T < w (cf. Protter [21], Lemma (2.3)). Define
the set

B := {v: v €y, iim ¢k'(t,u) exists uniformly for t € [0,T]
"

for every 0 < T < w}.
Clearly 93 € F and P(03) = 1. To see that 03 is shift-invariant, let w € ns,
tl,T > 0. Then the limit

. k‘ . k’ . k‘ -1
lim ¢ (t,0(t;,0)) = lim ¢ (t+t ,0) lim ¢ (t,,0)
k’-w SR k’-w P e 1

exists uniformly for t € [0,T]. Note that in the above equality we have used
Lemma (3.2). Hence #(t;,v) € ;. This proves assertions (i), (ii) of the
theorem. To complete the proof of the cocycle property (24) pick a version of ¢,

also denoted by the same symbol, such that

<+

p(t,w) := iim ¢k’(t,u), weh;, teR
’ o

and pass to the limit as k’ -+ o in the identity
k' k’ k’
¢ (t1+t2,ﬁl) =9 (t290(t19“’))¢ (t13“’)

v ENg, ty,ty € R'. ‘ o
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By [11] and [13] we know that p'l(u) exists a.s. for all u > 0 and is sample

continuous in u. Ve may then consider the stochastic integral J; p'l(u)dN(u).
The next result gives a version of this integral which satisfies the additive
property (33) below. This fact will be needed ir the construction of the flow of
the s.f.d.e. (I).
Theorem (3.2):

dssume Hypotheses (04) and (05). Then there is a set ﬂ5 C 03 € F of full
P-measure and a cadlag (Tt)t>0~adapted process T: R'x - R™® such that

(i) 0(t,-)(85) € B for all £ > 0;

(s2) I(t,-) = Ot¢_1(u)dN(u) for each t > 0 a.s.;

.. ..1
(i68) Z(ty+t9,0) - Z(ty,0) = ¢ “(ty,0)0(t,,0(t,0)) (33)
for all tistg € R* and every v € 95.
N.B.

The version p above is the one given by Theorem (3.1).

Proof:

The idea of the proof is to approximate the stochastic integral
t g Y ok-1
g ¢ ~(u)dN(u) by I (¢7) “(u)dN(u), use integration by parts to read off the
0

additive property (33) and then pass to the limit as k = w.
For each k > 1 define the cadlag process Zk: R" x 0 - RV by

k.-
2, (t,0) = (%) (5, 0)N(t,0) - gt d(y )di(“’”) N(u,0)du, t € R', v € 0. (34)

Since (gzk)'1 has paths locally of bounded variation, then integration by parts

gives

L(t,-) = gt(wk)-l(u)dN(u), t € R, a.s., k > 1. (35)



Now, since N satisfies Hypothesis (C;), it follows from Lemma (3.2) that

d, k-1 k -
£ 1w, 0(84,0)) = P (ty,0) g (rF) Husty,0) (36)
for tisu € R', v € 02. )
Using (34), (36) and the additive cocycle property of (N,f), a simple
computation shows that
k-1
Zk(t1+t2,w) - Zk(tls"’) = (y) (tla”)zk(tz’o(tla"’)) (37)
for tisty € R+, v € n2, k> 1. ) :
For a.a. w € 0, p(t,v) is invertible for all t € R® (Jacod [11], Leandre

[13]); so it follows immediately from the cocycle property (24) that the set of

full P-measure
fy := {v: v € By, p(t,0) is invertible for all t € R'}

is 0(t,-)-invariant for every t € R'. Let {¢k'}i’,=1 be the subsequence of
{wk};zl constructed in Step 3 of the proof of Theorem (3.1). Then, for each
w € 03,

¢uwr1=5m(#d*uwx t eR (38)

uniformly for t € [0,T], 0 < T < w.

Now use the dominated convergence theorem (Métivier [17], Theorem 26.3, p.
183) to find a subsequence {¢k'}§,=1 of {¢k’};,=1 such that for a.a. w € 0 the
limit

t 1. t
2(t,9) := Lin ()] (6F) T @aN) = )] v @aNw) (39)

exists uniformly for t € [0,T], 0 < T < w. Let fiy be the set of all v € fi, such
that the above uniform convergence (39) holds. Therefore for each v € i,

t € R*, the sequence

20



k'
Zk'(taa(tl’w)) =9 (tla"’) [Zk'(t+t19”)'zk-(t1aw)]
converges uniformly for t € [0,T] as k* - w. Hence i is 0(ty,-)-invariant. The

proof of the theorem is completed by passing to the limit as k" - o in the above

relation. o

§4. The Random Integral Equation

Ve are nov in a position to formulate the random integral equation which we
advertised in §1. Ve shall first show that this integral equation is pathwise
equivalent to our s.f.d.e. (I). Ve then establish the existence of a unique
solution to the integral equation which depends linearly and continuously on the
initial data (v,y) € 12. The cocycle property for the trajectory
X(t) := (x(t),xt), t > 0, then follows directly from uniqueness of the solution
to the integral equation.

Throughout this section we assume Hypotheses (Ci) i=1,2,3,4,5 and take
p: Rxl = RV, Z: R - B™® to be the processes constructed in Theorems (3.1),
(3.2) of the last section.

Let [M,N] denote the R"™™ valued mutual variation process of M and N viz.

[M,N] = ([I,N]ij) where

n
LBIPPRE §1[lin,nmj],
n : .
X = (lij)i,j=1’ N = (Nij)?,j=1' From Hypothesis (C,), (C5) and Lemma (3.1), it

follows that there is a version [M,N] of the mutual variation of M and N and a
set N, € 7 of full P-measure such that B(t,-)(My) c M forall te R' and
{([M,N](t,0),0(t,0)): t € R, v € ﬂl} is an additive cocycle.

Let fi, c f be as in Theorem (3.2) and g := 0 N “1. Denote by £ the vector

space of all Borel-measurable maps g: [-r,») - R" such that g|[-r,0] belongs to
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L2([-r,0],Rn) and g|[0,0) is cadlag. For each v € fig define the linear map
I(w): €+ € as follows: For any g € £ set

I(¢)(g)(t) := g(t)  a.e. te [-r,0] (40)

and
t
16 () (8) 5= p(t:6) [5(0) - ['2(0,0) K(1,6) (0)8(0) - K(w,0) (-x)g(u7)
7 B0 0) (s0))(5)s)0s3(0,0) K1) () C08) s
u-r -T

t t
+£¢%mm{rofwwxumwmegfkmmwwwmwﬁ

"4
- gt¢'1(u,w)d[l,N](u,w) Jik(u,w)(s)g(u+s)ds] (41)
for t € R'.
Our first result in this section (Theorem (4.1) below) shows that the random

family of integral equations

x = I(w)(x), x€€ welg (IV)

(x(0),%0) = (v,1) € My
is equivalent to our s.f.d.e. (I).

Note that, if we fix and suppress w € 96 and use the cocycle property for

(¢,0), then (IV) reads
x(t) = p(o)[v - ] [*30) (K (1) (0)x(u)-K( w(nﬂun+{: (K(u) (s-u))x(s)ds}du
+ p(t)2(t) I K(t)(s)x(t+s)ds + | p(t-u,6(u,-)) { u(u) (ds)x(u+s)du
R g p(t-u,0(u,-))dV(u)x(u-) - g p(t-u,o(u,-))d[n,u](u)jrx(u)(s)x(u+s)ds,

t eR (IV)
x(t) = g(t) a.e. -t <t <O.
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The existence of a unique (cadlag (Ti)tzo-adapted) solution to the above
integral equation will be established in Theorem (4.2). We now prove:
Theorem (4.1):

The s.f.d.e. (I) and the random integral equation (I¥) are equivalent:
Bvery cadlag (7t)t>0-adapted solution of (IF¥) is a solution of (I). Conversely,
every solution of }I) has a version which satisfies (IV).

Proof:

Fix (v,9) € K, and let x: [-r,0)xft = R" be a solution of the s.f.d.e. (I)
starting off at (v,7).

The R"-valued process
t
H(t) :=v + I {
0

R gth(u) [’ku) (5)x(uss)ds, © € B (42)

t
u(u) (ds)x(u+s)du + g dv(u)x(u-)

_r’

is clearly an (Tt)tzo-semimartingale because x is (Tt)tzo-adapted. Denote by

[M,H] the B.V. process

+

[M,H] := ([I,H]i)2=1, [I,H]i(t) = [lij,ﬂj](t), telR.

J:

(g =)
[y

Applying the integration by parts formula (Métivier [17], Equation (26.9.3), p.
185) to the process

t t
$(6) = o)y + [ arw - [yleamnw), ¢ ew,
0 0

it is easy to see that X satisfies the linear s.d.e.

dx(t)

o (V)
x(0)

"

di(t) + dM(t)X(t), t € R+J

v

Now our s.f.d.e. (I) says that x also satisfies the above s.d.e. (V). So by

uniqueness of solutions to (III) we get that



t t
X(1) = x(6) = p{v + [ a0 - [rlmamnm} @)
for all t € R*, a.s. (see also Jacod [11], Theorem 2).
Inserting H from (42) into (43) and using the definition of Z (Theorem
(3.2)) we get

ﬂn=¢uﬂv+f¢%w{

-1,0

t 4
uwwwﬂwwM+g¢ (u)dV(u)x(u-)
t 0
. g dz(u) | K(u)(s)x(u+s)ds
-T
t 0
; g v L (u)d[X,N] (u) er(u)(s)x(u+s)ds}, teR.  (44)
Note that the last term in the above relation is obtained via the equality
[n,g(')dN(u) on(u)(s)x(u+s)ds](t) - gtd[l,N](u)IOK(u)(s)x(u+s)ds, t € R'. (45)
- -T

Now in (44) integration by parts (Métivier [17], p. 192) and Hypothesis (03)
yield:

t 0 0 t d 0
g dZ(u)JrK(u)(s)x(u+s)ds - Z(t)jrx(t)(s)x(t+s)ds ; g Z(u) & IrK(u)(s)x(u+s)ds du

0 t
7(t) frx(t)(s)x(t+s)ds i g 1w {?rx(u)(s'-u)x(s’)ds’du

1]

0 t
Z(t)JrK(t)(s)x(t+s)ds - g Z(u){K(u) (0)x(u) - K(u)(-r)x(u-r)}du
t u
; £ 7(u) {_ré%(x(u)(s’-u))x(s')ds'du, t € R, (46)

Substituting the above relation into (44) implies that x satisfies the integral
equation (IV) a.s. for all t € R,

Conversely, let x be a cadlag (7,),,,-adapted process which solves the
integral equation (IV). Using (46) it i; easy to see that x satisfies (44). If
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we define H by (42) as before, then (43) holds. The latter relation implies that
x fulfills (V) and is therefore a solution of our s.f.d.e. (I). This completes

the proof of the theorenm. ' o

The following result is the main theorem of this section. It is crucial for
"the existence of the Lyapunov spectrum of our s.f.d.e. (I). Basically it says
that the random integral equation (IV) has a unique solution which yields a
robust version of the trajectory (x(t),x;) of (I).
Theorem (4.2)
Let Hypotheses (() be satisfied. Then for each v € iy and (vyn) € K, the
integral equation (IV) has a unigue cadlag solution x(+50,(v,y1)): [-T,0) = R".

Define the map X: R+xﬂx12 - L by

X(t,0,(v,yn)) = (x(t,0,(v,1)), xt('a“’a(v:”))) (47)

fort eR', we B, (vyn) € K,. Then the following is true:
(¢) For each (v,n) € Ky, {X(t,-,(v,7)): t € R'} is the unique
(Tt)t>0-adapted trajectory of the s.f.d.e. (I) starting off at (v,n).
(¢¢) For e;ery w € B and (v,n) € Ky, the path X(-,0,(v,7)): R' - K is
cadlag.
(2%2) The map X(t,w,-): K, - X, is continvous linear for all t € R* and
v E 06.
(tv) For each w € fg, the map
R" - L(),)
t» X(t,o,-)
18 Borel-measurable and locally bounded with respect to the uniform

operator norm on L(NK,);



(v) For each t > r and v € 06, X(t,0,-): K, -+ K, 1s compact;
(vi) The event ﬂ6 has full P-measure and is shift-invariant:
8(t,-)(Rg) C g for all t € R,
(vid) X(ty,0(t ,0),°) o X(tyy0,-) = X(t +tg,0,") (48)
for all v € N5 and t,ty € R*.
Proof:

Ve establish a unique cadlag solution x(-,-,(v,7)): [-r,w)xt » R" for the
integral equation (IV) using the classical technique of successive
approximations.

Fix v € n6 and 0 < T < o till further notice. Define a sequence of

successive approximations

56,0, (v,m): t € [r,0), (V1) €My}, k= 1,2,...

as follows
xl(t,w,(v,n)) i {n(t) a.e. t € [-r,0) (49)
v t2>0
and
K (4,0, (v,1)) = T(0) (K(- o0, (v,m)) (£), ¢ 2 -1, (50)

(v,n) € My, k > 1. Tt is clearly seen, by induction on k, that xk(-,u,(v,n)) €€
for k 2 1 and (v,5) € K,.

In order to examine the convergence of the sequence {xk(t,w,(v,r/))}i=1 we
first contend that there are positive numbers Cl’ 02, C3 (depending on w, T, g, N
and L only) such that

t t
IHM@MGIsqm@H+Csz@H®+C3£m@ﬁMWHM (51)
for all ge £and 0 <t < T.

The proof of (51) goes by estimating separately each of the eight terms on
the right hand side of (41). Ve shall only indicate here how to treat the two
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terms

. t 4
h@)Fwﬁw)Jv(m@{ #(u,0) (ds)g(u+s)du (52)
0 -1,0]
t 4 0
I,(8) = p(t,0) g v 1(u,0)d [0, K] (u,0) er(u,w)(s)g(u+s)ds- (53)
Changing the variable s to s-u’in (52) and recalling Hypothesis (C2) ve see that
t
@)1« [jsun B0}l [ (e el (00) Cweds)en
o 1 t 4
<oy ool [ 1801 [ 5,0 () au] 09)
t
<o)l (0l T 18(s) 1(6) as)
<Gl ool e [theo] | J lg(s)lds, 0 <t ST (54)
where

-1 -1
le(-s0)ll ) == sup [lp(t,0)ll, Il “(-50)ll == sup |lg “(t,0)]l
0<t<T 0<t<T

and %%(w) is the locally bounded Radon-Nikodym derivative of v with respect to

Lebesgue measure on [-r,o). Similarly, using Hypothesis (C;), we have

135(8) | < llo(-50)l ¥] (u,0) J“ K(u,0) (5-u)g(s)ds

< Nl IRC- ) () IUMW@@MUﬂmwmamu
¢ H¢(°,w)HmHK(‘,w)(~)Nm{£ uw‘l(u,u)udl[n,NJ|(u,u)}Jr|g(s)lds,

0<t<T (55)

where ||K(-,w)(-)|[m sup I[K(t,0)(s)|| < , by Hypothesis (C3). The reader may
-1¢
0(t<T

check that all other six terms on the right hand side of (41) satisfy similar
estimates to (54) and (55).



Furthermore, for each g € € let

AT(v) (g) (t) := I(v)(g)(t) - I(w)(e)(t-)
denote the jump of I(w)(g) at t € [0,0). Noting that

sup |[AN(t,0)]| < ®,  sup [IAV(t,0)]] < = a.s.,
0<t<T 0<t<T

it follows from (41) that
t
|A1() (g) ()] < C4IAZ(t,v)I-_Irls(u)|du + |g(t-)]-14V(t)]

<ol smien - lge)l), o<t (55)"
for positive constants C4, 05 depending on v, T, K, N, L.
For the time being let us suppress v € fic and (vyn) € Ky; so we write
xk(t) = xk(t,u,v,n), k > 1 and let a: R* - R* stand for the non-negative

increasing cadlag path

v

a(t) :=t + |V|](t,o), t20.

1]

Ve shall show that there are positive constants Ci : Ci(w,T,p,N,L),

i=6,7,8,... independent of k, (v,n) such that

£ (8 )-x5(8-) | ¢ Cﬁ'l“ft'?k'l g O] k21 (69)

k-2 k-2
18 (1)-aK(8) | < ¢, %6 28T sup 1xP(t)-x'(t)], k22 (57)
7
(k-2)1 0<t<T
and
k-2 k-2
C. “a(t)
k+1 k 6 2 1
x t)-x(t)| <C sup |x“(t)-x"(t)|, k > 2 (58)
|77 (t)-x7(t) | < Cg ——pmyT— douby |x“(t)-x"(t)|

for all 0 < t < T. To prove (56) we use induction on k > 1. Note first that it
holds trivially for k = 1. Suppose now that (56) is true for some k > 1. Then

it follows immediately from (51) and (56) that there is a positive constant Cg
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such that

X2 (t-)- () | < g gt'lx**l(u-)-xk(u-)|da(u)
k-1 t- 1
e C§ o 1x2(8)-x1 (1) | g o(u-)¥ Lda(u)

k k 2 1
C. a(t- sup |x“(t)-x"(t)] (59)
6 2l 0<t<T |

where we have used the inequality

IA

I

t
[Tau)¥ Yda(u) < L a(t)®, t20, k21. (60)
0
Note that the above inequality (60) is easily checked by using successive
integrations by parts and the fact that e is non-negative and non-decreasing.

This proves (56).

To prove (57) we replace g in (55)’ by - xK1 and use (56) and (60) to
obtain
t
|4 (1) a2 (1) < 05{£ (- ) L (ue ) du + |xk(t-)-xk-1(t_)|}
k2 k2 . k2
< Cs{ C6 * [ a(u-)¥2%da(u) + % ~ () } sup |x2(t)-x1(t)|
2T 0 )T Joct<T
k- 2 k-2
<c % " a)T sup 1x%(6)-xM(t)], 0¢ t < T
&2)7 0<t<T
where

Cp := Cgla(T)+1].
The inequality (58) now follows directly from (56), (57) and the obvious

inequality
1)) ] ¢ ) ) | ¢ )k @), o<ttt ka1

Now let B := {(v,n): (v,7) € Ky, ||(v,n)lly < 1} be the closed unit ball in
2

l2. Ve no longer suppress v € ns, t, (v,7), but rather think of xk as a function
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xk(-,w,-) of (t,(v,n)) € R+xlz into R". It follows easily by induction from
(50), (49) and (51) that for each k > 1 we have

I, = sup  sup [x(t,0,v,1)| <o (61)
0<t<T (v,n)€B

In particular for fixed k > 1 and t > 0, each xk(t,u,-): K - R" is a continuous
linear map.

Let E be the space of all bounded maps f: [0,T]=B » R" such that for each
(v,9) € B, £(-,v,n) is cadlag, and for each t € [0,T], f(t,:) is continuous on B.

Ve equip E with the Banach norm

Ifllp = sup  sup [f(t,v,n)].
0<t<T (v,n)€B

Then E is a real Banach space. It follows directly from (58) that the series
®

) {xk+1(.,g,.)-xk(-,u,-)} may be compared with the convergent exponential series

k=2
@
) CSCIé'2 a(T,0)k 2 sup su |x2(t,u,v,n)—x1(t,w,v,q)|.
k=2 “2)T— 0<t<T (v,n)€B

k+1

o
Hence the series L {x (-,w,-)-xk(-,u,-)} is absolutely convergent and so the

sequence {xk(-,w,-)};=1 converges to a limit x(-,w,-) € E. This limit extends by
linearity to a map x(-,w,+): R+x12 - R" such that for each t € R”,
x(t,w,-): 12 - R" is continuous linear; and for each (vym) € lz, x(-,0,v,9):

R* - R" is cadlag. Furthermore,

sup sup |x(t,,v,7)] < o. - (62)
0<t<T (v,7)€B

Let us momentarily suppress v and fix (v,5) € K,. Since all the processes
appearing on the right-hand side of (41) are (7,),,,-adapted (Hypotheses C), we
can easily see by induction on k that each xk(t,-,v,q) is ?i-measurable for

t > 0. Letting k -+ o ve get that x(-,-,v,n) is an (7t)t>0-adapted solution of
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the integral equation (IV). This implies by Theorem (4.1) that it is also a
solution of the s.f.d.e. (I).
To prove uniqueness of the solution of the integral equation (IV) for each

v e, let y(-,0): [-r,m) - R" be any solution in £ of (IV) with (v(0),y4)

6’
= (v,9) = (x(O),xO). Then using (51), (55) and the same argument underlying the

proofs of (56), (57) and (58) the reader may check that

k-1 k-1
O ~ @(t50)" ~ gup |x(t,0)-y(t,0)|  (63)
&-1)7 0<t<T

k-1 \k-1
Og ~ e(ts9)" ~ sup |x(t,0)-y(t,0)|  (64)
&1)T 0<t<T

|x(t-,0)-y(t-,0)| <

|4x(t,w)-Ay(t,0)| < C7

and

(o) (t0)] € 6 %6 080T () gl (65)

&-1)T  0<t<T

for all 0 < t < T and every integer k > 1. It follows from (65) (e.g. let k - «)
that x(t,0) = y(t,w) for all 0 < t < T and pathwise uniqueness follows.

Let the flow X: R* x 0 x My -+ M, be defined by (47). Then it follows from
(62) that for each w € flg we have

t
2 2 2
sup  sup  X(t,0yv )2 = sup  sup (Ix(t,0,wom) |2+ | x(u05v,0) ] 2d0)
0<t<T (v,n)eB 2 0<t<T (v,n)eB t-r

< m (66)
The Borel measurability of X follows easily from the corresponding property for
x. Hence (iii) and (iv) are proved.

To prove (v) we fix t) > r and v € fg. If ve define Xk

: m*xnxlz - X, by
k
(0,0, (v,1)) = (X(0,0,%,0) 55 (-,0,7,7))

for u € R, (vyn) € K, then it is clear that each Xk(u,u,-): K, - K, is

continuous linear and
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. k
lim sup | X" (u,w,-)-X(u,s,- = 0. 67
koo  O<u<T " ( ¥y ) ( ¥y )"L(l2) ( )

Hence it suffices to show that Xk(to,u,-) is compact for every k > 1 as the
compactness of X(t,,s,-) will then follow from (67). In order to do so we pick a
sequence {(vi,rli)}';’:1 C B and show by induction on k that there is a subsequence
{(vi,on3.))5, 24 of {(v;5n;)}5., such that {xk(u,u,vi,,r/i,)}"i”,=1 converges
uniformly for u € [0,T]. This will obviously imply that {Xk(to,w,vi,,ﬂi,)}?,zl
converges in K, because uniform convergence implies convergence in K. Therefore
it remains to justify our inductive hypéthesis. first note that

{xl(u,w,vi,qi) = vi}';’=1 clearly has a su£sequence uniformly convergent for

u € [0,T], because |vi| <1 fori=1,2,... . Suppose next that the inductive
hypothesis holds for some k > 1. In the subsequent computation we shall denote
all subsequences of a given sequence by the same symbol in order to simplify
notation. So we pick a uniformly convergent subsequence {xk(u,w,vi,ni)}‘;=1 of
{xk(u,u,vi,ni)}?zl. Note that the choice of such a subsequence may depend on k,

w but not on u € [0,T]. Now write

e 0,v,m) = 10 EEChovm)), D21, (68)
8
1)) = LI, 0<¢teT (69)
j=1
where
I,(g)(t) := p(t)g(0) (70)
t
L,(g)(t) := p(t) g dA (v)g(v-) (71)
0
I,(g) (t) = p(t) JrA2<u)g(u)du (72)
t-1
1,(8)(t) := p(t) g Ly (u)g(v)du (73)

tru
(e (1) = o(t) [']” A3(0,9)8(c)0s an (74)
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t |

Io(g) (1) := ¥(t) {_IA4(t,u)g(n)du (75)
t

I,(g)(t) = p(t) | Ay(u) { 4(u) (-u+ds)g(s)du (76)
0 u-r,u
t )|

Ig(8) (1) := p(t) g dhg(u) i;rA4(u,s)g(s)ds- (77)

Observe that in the defining relations (70)-(77), g € £, v € Ry is suppressed,
A2, A3, A4, A5, p are continuous matrix-valued processes and ¢, Al, A6 are cadlag
matrix-valued processes of bounded variation. Our strategy is to show that each
sequence {Ij(xk(-,w,vi,ni))(t)}zzl, j =1,2,...,8, has a subsequence converging
uniformly on [0,T]. Ve shall only discuss the cases j = 6, 7. The remaining
cases may be treated similarly. Consider first the sequence

{Iﬁ(xk(-,m,vi,rli))(t)}‘;’:1 for 0 < t < r and write

0 t
GG A IO L ENCAES A AL RGO

. 0 . t
HOIE EVCRIN LIRS EWCRESCRAR AL

Then by continuity of A4 it follows that Ji, J; are continuous functions

[0,r] » R" and

. 0
sup |33(6)] < a0 sup [ [n;(u)u
0<t<r 21 -r
i>1
1/2
<o) <o (80)

because "”i"£2 <1 for all i > 1. Similarly by (61) we see that

sup |J;(t)| < o. (81)
0<t<r
i1
Ve now show that the families {Ji: i> 1}, {J;: i > 1} are equicontinuous.

Let ¢ > 0 be given. Then by (uniform) joint comtinuity of A, there is a
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§ € (0,¢) such that

"A4(t2’“) ' A4(t1au)” <€ (82)
for all u € [0,T] whenever [ty-tyl < 6, ty,t, € [0,T]. So suppose t ,t, € [0,r]
are such that t, < t, and to-ty < 6. Then

. . ' P
EHCAREHINEY| 2rrux4(t2,u)u|ni(u)|du
.

0
: { (o) Ay (ty,0) 175 (0) Lo
-

1/2 1/2
< llngl glibgl, 1oty /2, elngl o 7 /
< "A4"mel/2 + ertl/2,

Also by (61) we have

. . t
2
|33(t5) - (8] < { 144 (b 0) 1 [x* (u,0,v,,9;) [du
1

It1 k
+ ! A4 (tg,u)-A4(t ,u)llx"(u,0,v,,n,)|du

k k k
< NN 1ty tol + exlxTil < ellxTll CliAgll+r)

where

k k
K = sup  sup  [xK(u,0,v,m)] < @ (61)
0<u<T (v,n)eB

Hence by Ascoli’s theorem there is a subsequence of {Ji + J%}?zl, denoted also by
the same symbol, such that {Ji(t) + J%(t)}‘;’=1 converges uniformly on [0,r].
Therefore since ¢ is locally bounded it follows from (78) that the corresponding
subsequence {Is(xk(-,u,vi,ni))(t)}“i’=1 converges uniformly for 0 < t < r. A
similar argument to the above yields the uniform convergence for r < t < T of a
further subsequence of {Ie(xk(-,u,vi,ni))(t)}. Hence the above subsequence
converges uniformly on [0,T].

Next let us look at the sequence {I7(xk(-,w,vi,rli))(t)}°i’=1 for 0 < t < 1.
From (76) we obtain



L (K(-,0,v;,m,)) (1) = p(1)T5(1) + I5()} (83)
where
. t
36 = [ago) [ s Cands)age)an (84)
0 u-r,0
i t k
) = g A (u) {0 u]p(u)(-u+ds)x (5,0,v;,7;)du (85)

for 0 <t < r. To prove that {Ji(t)}"i’=1 has a uniformly convergent subsequence
wve pick a uniformly convergent subsequence of {xk(s,w,vi,ryi)}‘;’:1 and use
Bypothesis (C,) to see that for the corresponding subsequence of {Ji(t)} we have
. . t ot
k k -
BAORO] {g g [ (5,0,v5,m5)-xK (5,0,v,7;) |BCw) (ds)dulAgl,
k k

sup  |x (S,U,Vi,ﬂi)-x (S7Usvj9ﬂj)|(u(r)[0’r])“A5”m

0<s<r
which goes to zero as i,j - o. Thus {J;(t)} has a uniformly convergent

I

I

subsequence. To prove that {J%(t)}?zl is uniformly bounded we use (84) and
Hypotheses (C,), (05) to get

: t
EHOTEY {{_r,o]||A5(u)n|1[u-r,0](s):|ni(s)||u(u)(-u+-)|(ds)}du

I

I

sl _J(r)m(s)|{gtﬁ(u)(-)du}(ds)
(r) L) s)|1n5(s) 148
ggéﬂ(s)rdsr/z
T 2 <t o

gl J

I

0
||A5uuni||m2{_f )

1/2

I

lagll_

where

dv(r

3 = sup

o -r<s<0

Ol ARy TR

A similar computation shows that

35



36

du(ty)
93eg)- 1301 < gl S | 25y - L) (s s
du(t ) de(ty)
< gl % - Hm2 (86)

for 0 < tiy tg <1 and i > 1. Because of the (uniform) continuity of the map
[0,r] 3t w Qgéﬁl € mz([-r,o],m) (Bypothesis (C,)), the above inequality implies
that {J;(t)} is equicontinuous for 0 < t < r. Therefore {J%(t) + Ji(t)} has a
uniformly convergent subsequence for 0 < t < r. Thus (83) implies that
{17(xk(-,a},vi,ryi))(t)}‘;’___1 has a uniformly convergent subsequence on [0,r].

Using the inductive hypothesis and the relation
L, (<K(+,0,v.,1:)) (t) = p(t){3L(r)+3i(n)} +
7 SEM AL ERARANE 4

t
<o) [ 450 { w(u) (- usds)x¥(s,0,v;,m,)du,

u-1,u
forr <t < T, it is easy to see that {17(xk(-,w,vj,ni))(t)}‘;’=1 has a subsequence

which converges uniformly for 0 < t < T.

In view of (70), (71), (72), (73), (74), (77) the reader may check that the
remaining six sequences {Ij(xk(-,u,vi,ni))(t)}?:l, j =1,2,3,4,5,8 have
subsequences which converge uniformly for 0 < t < T. Therefore the inductive
hypothesis is valid for k+1 and Xk(to,w,-) is compact for every k > 1. This
completes the proof of assertion (v) of the theorem.

Assertion (vi) holds trivially because iy = fi, n f, and 0., i, are of full
P-measure and are #(t,-)-invariant (Theorem 3.2). _

Finally we prove the cocycle property (vii) for (X,6). Fix ty 20, we fg
and (v,n) € K,. Let yi(-,u): [-r,0) - R", i = 1,2 denote the paths

yl(t,0) :
y2(t,w) :

x(t,ﬂ(tl,w),X(tl,w,v,ﬂ)), t2-r (87)

x(t+t1,w,v,n), t>-r. (88)



Note that the cocycle property (48) will follow immediately if we show that
1 _ .2 89
vy (t,0) = y°(t,0), t2-r. (89)
To prove the above relation (89), first observe that

(51(0,6),55(+19)) = X(t4,0,7,1) = (y2(0,8),¥5(+»0))- (90)

Ve shall next prove that y2 satisfies the integral equation (IV) with w replaced
by 0(t1,w) viz:

2 (t,0) = I(8(t4,0)) (¥2(-,0))(8), t 2 0. (91)
Since y1 also satisfies (91) with the same initial condition X(tl,w,v,n),
uniqueness of the solution to the integral equation will give (89) and hence
(48). Because of the relation

2 (6,0) = T(0) (x(+,0,v,7)) (84t4), 20
(91) will follow from

1(6(ty,0)) (y2(+,0)) (t) = I(w)(x(+,0,v,7)) (t+ty), t 2 0. (92)

Therefore it remains to prove the above relation (92). To do so we outline the
following rather lengthy computation. Start with the left hand side of (92) and
use the definition of I(#(t,,v)), Theorem (3.2)(iii), Theorem (3.1)(iii),
hypotheses (C,), (C3), (Cy) and the additive cocycle property of [M,N] to get
I(o(tl,w))(yz("w))(t) = V(t50(t19“))1(u)(x('a”svaﬂ))(tl)

t

- p(tety,0)] {B(urty,0)-5(t,,0))
0

x[x(u+t1,u)(0)x(u+t1,w,v,n)-K(u+t1,w)(-r)x(u+t1-r,w,v,n)

u+t1
£+t1—

+

. 5%(K(“+t1’”)(s‘(“+t1)))x(s,w,v,ﬂ)ds]du

0
+ W(t+t1a”){z(t+t13“)'Z(tlsm)}I K(t+t1)”)(S)x(t+t1+s’”av,”)ds
-T
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t
+ ¢(t+t1aU)J ¢-1(u+t1su) { ]p(u+t1,u)(ds)x(u+t1+s,u,v,q)du
0 -1,0

r’
t
GO R CER LU NI R R

t 4 0
—¢(t+t1,w)£ ) (u+t1,w)d[l,N](u+t1,w)! K(utty,0) (s)x(u+ty+s,0,v,7)ds. (93)

In the above relation we change the variable u to u-t, and substitute for

I()(x(+,0,v,7))(t;) from (41) to obtain

1(6(t4,0)) (y2(+,0)) (t)

1() (x(+0,v,m)) (t2)

t+t1

w(ml,w)zul,w){ [K(u,6) (0)x(u,0,v,7)
1

K(uaw)('r)x(u'r’“av,ﬂ) +

+

+

Ju g%(K(u,w)(s—u))x(s,w,v,n)ds]du

u-r

+

0
¢(t+t1,u)Z(t1,w)_f K(t,,0) (s)x(t;+5,0,v,7)ds. (94)

The equality (92) now follows from (94) by integrating the relation

0
é% er(u’w)(S)X(U+S’W)Vaﬂ)ds = K(u,w)(O)x(u,u,v,n) - K(u,w)(-r)x(u—r,u,v,q)

N 2K (w0 (5-0)x(5,0,v,)ds

u-T
with respect to u between ty and ty+t. This completes the proof of the cocycle

property (48). o
Remark:

The continuity of X(t,w,-): K, K, in the norm Il is guaranteed by
2

Hypothesis (02). On the other hand, if the state space N, is replaced by the
space D := D([-r,0],R™) of all cadlag paths g: [-r,0] = R" with the supremum norm

38
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llnll := sup |n(s)|, then Hypothesis (C,) may be dropped and Theorem (4.2) will
r<s<0

hold with l2 replaced by D.

§5. Lyapunov Exponents

In this section we prove the existence of a countable set of Lyapunov

exponents

Lin g log [X(t,,v(-),()ly, (95)

t-o
for the stochastic flow of the s.f.d.e. (I) which we constructed in §4 (Theorem

4.2). Such a Lyapunov spectrum corresponds to almost sure exponential growth
rates for trajectories {(x(t),x;): t 2 0, (x(0),xy) = (vo9)} of (I) starting off
at possibly random initial states (v,7) € L2(ﬂ,l2;7b). The existence of the
Lyapunov spectrum is achieved using Ruelle’s infinite-dimensional discrete
version of Oseledec’s multiplicative ergodic theorem (Ruelle [23], [22]). In the
hyperbolic case, when all the Lyapunov exponents are non-zero, we establish an
exponential dichotomy for the flow which is invariant under the cocycle (X,d).
The continuous-time 1limit (95) is shown to exist by noting the compactness of
X(r,v,-) (Theorem (4.2)) and then discretizing (95) using multiples of the delay

Ir:

.1
11(1m i log lIX(kr,-,v,n)ly - (96)
-m 2

A key step in identifying the limits (95) and (96) is to establish the
integrability property

E sup log |IX(t,,0(ts,-),- < 97
OStl,tzsr g " ( 1? ( 92 ), )"L(l2) @ ( )



where "'"L(lz) is the uniform operator norm on L(M,) (cf. Lemma 4, §4 in [20]).

Much of the work in this section is directed towards realizing the above
integrability property. To begin with we shall use the following moment
hypotheses on the driving processes in the s.f.d.e. (I):

Hypotheses (I):

(I;) If v is the measure defined in Hypothesis (C,), suppose that

3
E sup duss | <o ;
-1$s<2r
(I) E sup  [K(t,-)(s)I* < w5

0<t<2r

-r<s<0
B sup {77 K&, ) I+ 1 R, @I <o BIVICE )Y < 0

0<t<2r

-r<s<0

-] denotes the (Euclidean) norm on R™".

I,) Vrite the semimartingale N in the form N = N0+¥0 where the local (%,),..-
3 g t)t30

martingale NO - (N(i)j)lil,j:1 and the bounded variation process Vo - (V(i)j)lil,j=1
satisfy
4
B{ING;1(2r, )} < o,
4
0 4 [ 0 2]
). I} =E| L |AV. <
E{[Vj;](2r,-)} ogsgzrl ij(s)] ®,

B{IV§;1(2r,)}° < o,
for all 1 < i,j < n. Note that lvgj|(2r,-) is the total variation of ng
over [0,2r] and Avgj(s) is its jump at s.

(I4) Vrite M = (M and suppose that

B{(M;5) (2r, )} <o

n
ij)1,5=1

for all 1 < i,j < n.



(15) Suppose there exists a non-random time t;, > 0 such that
C LM ) | (tg,e) € EP(,R).
1,3,k,

Our first goal is to establish the integrability property (97) under
Hypotheses (C) and (I). To do this we stress the dependence on v €  of the
"constants" C,, i = 1,2,...,8 appearing in (51), (55)’, (56), (57), (58). From
the proof of Theorem (4.2) ((58)) it follows that for each v € fl; ve have

sup |x(t1,0(t2,w),(v,n))|

0<t ,tolr
[l (v, m) i<t
< sup 08(0(t2,w))exp{ sup 06(0(t2’”))‘ sup a(r,ﬂ(tz,w))} x
0<to<r 0<to<r 0<to<r
x sup |x2(t1a0(t2,w)>V>ﬂ)'x1(t1,0(t2)”)av,ﬂ)I
0<t,to<r
I (v, m)I<1 .
+ sup |x“(ty,0(ty,0),v,1)| (98)
OStl,tzgr
I (vym)lI<1
Cg(w) = Cy(w) + C5(w) (99)
Cg(w) = Cg(0)a(r,v) + C,(0) (100)
Cr(w) = Cg(v) [o(r,0)+1] = Ce (o) [IV](x,0)+1+1] (101)
Cs(w) = sup |lp(t,0)ll - sup [IK(t,e)(s)l - sup [IAZ(t,)]|
0<t<r 0<t<r 0<t<r
se[-r,0]
+  sup [lAV(t,0)]. (102)
0<t<r
Note that the integrability property (97) is implied by
[10g"  sup  Ix(ty,0(tp,0),v,1) [dP(6) < a- (103)
n 0t |, tokr

I (v,m) <1
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Taking log® in (98) and using the elementary inequality
log*(a+b) < log*a + log™b + log 2, a,b € R (104)
we see that

1°g+ sup lx(tl,a(t2,”)9va’7) l

Ostl,tzgr
l(v,m) <1
< log" sup Cg(d(ty,0)) + sup  Co(d(ty,0))- sup a(r,6(ty,0))
05t2$r Ogtzgr 0$t2$r
1
+log"  sup  |x2(ty,0(tg,0),v,0) - X'(ty,0(tg,0),v,7))]
1 2 1 2
Ogtl,t25r
(v, n) <1
+log"  sup  |x%(ty,0(ty,0),v,7)| + log 2. (105)
OStl,tzgr
Il (v,n)ll<1

In view of the above inequality we establish (103) by showing the existence
of appropriate higher order moments for each of the random variables appearing on
the right hand side of (105). This is done in the following sequence of lemmas
under Hypotheses (I) and (C).

Our first lemma asserts that Hypotheses (I;) and (Cy) are sufficient to
guarantee the existence of all higher order moments for the stochastic flows
{p(t): t 20}, {y 1(t): t > 0} (Theorem 3.1).

Lemma (5.1):
Let K satisfy Hypotheses (65) and (I5). Then for each 0 < T < o and every

integer p 2 1,

E sup |o(t,)|?P < o, (106)
0<t<T
E sup ¢ 1(t,)1%P < o (107)
0<t<T
and
2
E sup  [lp(ty,0(t0,-), ) I <o . (108)

OStl,t25T
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Proof:

For each t € R' we write
n
p(t) = (¢ij(t))i,j=1

where
n

t
pij(t) = 6ij + s§1 g psj(u)dlis(u), i,j =1,2,...,n a.s.

M 0 and so the function "_"2p is

Recall that ||-|| denotes the Euclidean norm on R
smooth on R™" for any integer p > 1. Hence by Ito’s formula (Métivier [17],

Theorem 27.1, pp. 188-189) we obtain a.s.

n
t
oI =1+ 2p I g eI Dy (w)pg; (w)dl  (u) +
1 t
R COIRIR A O R s PO DHOINOIVOLUR BID
p. 1 [ o) 12 Dy () ()M, M H(), b 2 0 (109)
p i,i,a,81 0 plu WSJ' u ij u is’Miq ’ 2 V.

Define the continuous increasing process
n

OISR (NS SIORIEEY (110)

i,k,s,q=
and a sequence of stopping times
Ty += inf{t: t > 0, [lp(t)] > m}, m=1,2,3,... .
Set

¢m(t) = p(t A Tm), t>0,m=1,2,... . (111)
Since M is a martingale, (109) implies that

tAT
Bllp ()17 < 1+ 2p(p-1)n%E g ®p, (u)[12Pd(u)

tAT
+ pnE g ®lp (u)[1%Pdp(u).
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Hence there is a deterministic constant Cy = Cg(n,p) > 0 independent of m and t

such that

Blry I < 1+ 08 [l @IPer(a), ¢ 0 (112)
vhere 7 is the continuous predictable increasing process
7(t) = B(t) +t, t 0. (113)
For a.a. w € i1 ve denote by 7'1(-,0) the inverse of 7(-,0). Then for each t 2 0,
7'1(t,-) is an (7£)t>0—stopping time. Thus in (109) ve can replace t by
7’1(t,-)A1m and take-expectations to gefl

-1
Elleg (7 1612 < 1+ CgE g’ ) 12Par(w)
=1+ Cg gtEuym(7'1(u))H2pdu, t>0. (114)
Applying Gronwall’s lemma to (114) gives
Blay (L)1 <o ®) 120 (115)

for all integers m > 1. Now from the definition of y ((111)) it is clear

that a.s.
. - -1
Lin g, (7 1(1)) = p(r7 (%))
B
for all t > 0. Since the right hand side of (115) is independent of m, it

follows from Fatou’s lemma that

C.t
- L. - 9

Ellp(7 1(¢))I%P < Liminf Elp (v 1) e ® <o (116)
o

Now let k > 1. Then by similar reasoning we may replace 7'1(t) in (116) by

7’1(t) A k and get
C.t
Elo(7 L)) [P ce 2, t2o0. (117)



Since ¢ is an (Ti)t>0-martingale and 7’1(t) A k is a bounded stopping time, it
follows from Doob’s optional sampling theorem that {¢(7'1(t)Ak): t > 0} is an

(7 martingale and

- ) >0~
- -1 2
B sup ey 16) A 0)I%P < CygBlle(r () A I)IPP < Cype

(Ikeda & Vatanabe [9], p. 34). The constant C,, does not depend on k or T.

C,T
9 (118)

Taking liminf as k -+ o in (118) and using Fatou’s lemma once more gives

-1 2p .. -1 2p CQT
E sup |lp(y “(¢))II"" € €y liminf Eflp(y “(T) A k)| < Cipe ™ < .
0<t<T k-

Since 7'1([0,T],-) = [0,7’1(T,-)] a.s., the above inequality now reads:

2p CQT
E Sup_y ()| < CIOe (119)
0<ugy (1)

for every T > 0.

By Hypothesis (15) we can define the deterministic time
T0 = eszup ﬂ(to,w).

Then T+t 2 7(t0) a.s. and so0 t; < 7'1(T0+t0) a.s. Replacing T by Tg+t, in
(119) we see that

Co(To*tg)
< o

B sup  p)I*P < Cyge (120)

<ust
for all p > 1.

Now invoke the cocycle property for p, Holder’s inequality and the

measure- preserving property of f(ty,-) to get

1/2 1/2

2 4

B sup llpu, )P < [ sup lIeCu, 00, )I) - [Elo(to, ) 1*P]
0Su$2t0 05“5t0

1/2 1/2
B s oc, 1) [elocegn 1)
OSugtO

< .
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Hence by induction it follows that

2
E sup lo(u, )P <o
Ogugmto

for every integer m > 1 and (106) holds for every T > 0.

In order to prove assertion (107) of the lemma, note first that a simple
application of the product rule shows that p'l is the unique solution of the
matrix s.d.e.

ay (e) = -¢ L)du(e) + ¢ () (), t>o] -

v 1(0) =1
n
vhere <l>ij = k§1<lik’lkj) (cf. Leandre [13], p. 273).

Vrite p'l(t) 2= (¢;;(t))g’j=1 and apply Ito’s formula as before (cf. (109))
to get

n t
i) c1+c, - I 1|£ Il @IP® Vel gt g ) +

1,]),8=
n t ) ) )
TR T Ol s HONTHOILICUMIOR
1 t
TR | R O AP O RO PO

i,j,k,€,s,r=1 0
+ 19 @I ) | ) Uy M () (121)

a.s. for all t > 0. The constants C11’ 012, 013 depend only on p. For each

m > 1 define

m
"

. -1,.-1
inf{t: t > 0, sup [lp (7 "(s))ll > m}
0<s<t

and

o l(t) = g 1 A 7)), t 20
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It is clear that a.s. ngl(t)u <m for all t > 0. In (121) we replace t by

s A 7'1(1'), square both sides and take E  sup_ to get
m 0¢<s<r ~(t)

Eoswy IRl @IP < p ] e )Hv'l(u)H4pdﬂ(u)

ogs<r 1(v)
-1 J “1(u)]|*Pd >0, (122
+ CB{B(7 " (t)) H¢ (u)[*dB(u)}, t (122)
where the constants 014, 015 depend only on p and n.

Now ﬂ(7'1(t)) <t a.s., so (122) implies

1,4
E sup, ey (8)II°P
0<s<y ~(t)

I

7 (%) -
1+C B sup gt (s)I®Parw), o0 ¢t
0 0<s<u

t
1o G [ B sy i), 0<teT,
0 0<s<y “(u)

with C ¢ = Clﬁ(n,p,T) > 0 and independent of m > 1. Hence by Gronwall’s lemma,

C, .t
E sup, lelGs)*Pce’®, octer, m
0<s<7r “(t)

-1,.-1
If m> sup_ e 2 (7 1(s))l, then
0<s<T

v

1. (123)

A

e, (s)1l = o1y Iy i), as., 0¢t <M.

Thus it follows from (123) and Fatou’s lemma that

0$s$7 L(t)

Gt
B osw gy e TP cel® ¢, 0¢t¢r.

Now using the above inequality, Hypothesis (15) and the cocycle property for p'l

one easily obtains the assertion (107) of the lemma.
Finally note that (108) follows immediately from (106), (107), the cocycle

property for ¢ and Holder’s inequality. This completes the proof of the lemma. O



Lemma (5.2)
Suppose E{|V|(2r,-)}P < w for a fized p > 1. Then
E sup {a(r,0(ty,-))}P < w.
0$t2$r
Proof:

The lemma follows directly from

a(r’v(t27w)) =TI+ |V|(r,0(t2,w))
and the fact that

IVI(z,0(ty,0)) < |V](r+ty,0) + [V](t,,0) (Hypothesis (Cg)).

Lemma (5.3):
Let N,N satisfy Hypotheses (05), (04), and let p > 1 be such that

E{(lij)(2r,-)}p

A

0
BN (2r, )P <
and
p
E{[v0.](2r,)}P = E[ ) |Av9.(s)|2] <w forall1<i,j<n.
1 0<s<2r 1
Then
E sup {l[lsN]l(rso(tz,'))}p < o.
O$t2$r
Proof:

First observe that the given hypotheses on NO and V0 imply that
E{[Nij](2r,-)}p <w, i,j =1,2,...,0.

To see this, we write

[N;;1(2r,-) = [NG;] (2r, ) + 9 2r|Av§’j(s)|2 + 2[80;,¥9,) (2, )

<sg
< N1 (r,0) + V91 (2r, ) + {89 am, )} 20V Cor, )12

(124)

(125)
(126)

(127)

(128)

(129)

(130)
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a.s. for i,j = 1,2,...,n, by the Kunita-Vatanabe inequality (Elliott (6], p-

126). Hence by Holder’s inequality
B[Ny (2r, )1 ¢ 3PB(NY; (2r, )P + 3PB{[VE;] (2r, )P

« 3PN, (ar, ) 1) /2 B VY ) or, )1

< w, i,j = 1,2,...,n
and (129) holds.
To prove (128) we recall that |[M,N]|(r,-) is the total variation of the

R"™ valued process

n
_ n
[M,N] = [[I’N]ij = kgl[lik»nkj]]i,jzl
measured with respect to the Euclidean norm ||-]| on R™*". Then by the

Kunita- Watanabe inequality we have a.s.

| GNT (x5 0(ty,0)) < "1,§=1 RAILAAIICLCR)
n n ,
<n BB gden )} 4Dy er, )2

for all 0 < t, < 1. Taking supremum over t, and expectations we see from

Holder’s inequality that
n

E0222SI{I[I,N]I(r,0(t2,-))}ps017i,§=1 kgl(E{[-ik]<2r,-)}P)1/2(E{[Nkj](2r,-)}P)1/2

n

5 1/2, o 1
< Cl7i,§:1[k§1E{[lik](21,')}p] . [kEIE{[Nkj](2r,')}p]

/2

which is finite by (125) and (129). This completes the proof of the lemma. o

The following lemma gives an integrability property for the process Z

defined in Theorem (3.2):



50

Lemma (5.4):
Suppose N satisfies Iypofheses (65) and (I5). Let NO, V0 be such that
B{INg;)(2r,)}P < o (131)
E{IV9; I (2r,-)}*P < (132)

for all 1 < i,j < n and a given p > 1. Then

E sup "Z(tlyo(tzs'))"p < o. (133)
0<ty,to4r )

Proof:

From Theorem (3.2)

Z(tlaa(tz:')) = ¢(t2,-){Z(t2+t1,-)-Z(t2,-)} a.5., ti,t9 2 0. (134)

Therefore

1/2 1/2

2 2

B osup 12ty 0(t9,))IP < 2P{E sup llo(ty, )PP} - {E sup lace, %P
0<t 41T 0<t<2r

0<t, ,togr to<
(135)
In view of this and (106) of Lemma (5.1), it is sufficient to prove that
Esup [|Z(t, )% < w. (136)
0<t<2r
. _ n
Now write Z(t) = (Zij(t))i,jzl where
1 2
Zij(t) = Iij(t) + Iij(t)’ (137)
ot
1 N 1,8 0
O RO (138)
ot
2 B “1, 10
i) = L g i p(wdvy; (u), (139)

fort >0, 1< i,j < n, a.s.



51

Therefore (136) will follow from
(140)

1
[y
~

[ )
-
[y
A
ed
~
e
A
=

Esuwp |I%:(t)|P <o, m
o<t<er 1

It remains to prove (140). Using the martingale property of the Ngj and standard
estimates on the stochastic integral in (138) (Métivier [17], E. 3, p. 212),
there is a deterministic constant C,g = Cls(n,p) > 0 such that

n er 0 2p
1 2p -1
Eswp |15 (8)|2P<c,, I EI g1 (u)aN .(u)|
0<t<2r 1 18 oy lp ik

IN

no2
g L[] iy w|’

- 0 p
C,o L E{ sup |¢.1(u)|?p[N .J(2r,-) }
18 -1 locucor 3K kj2ree

I

I

) 1/2 5 1/
18 {k§1E023§2rl¢1k(u)l p} ' {k§1E([Nkj](2r,-)) p}

which is finite by (107) and (131).
The estimate

Esup |12:(t)|P <o, i,j=1,2,...,0
o<t<2r 1

is obtained in a similar way from (139) by using (107) and (132). This proves
(140) and the lemma. O

The next lemma establishes the integrability of the second term on the right

hand side of (105).

Lemma (5.5):
Adssume Hypotheses (€) and (I). Then
E{ sup Cg(0(ty,-)) sup a(r,0(ty,+))} < w. (141)
0<t <r 0<t ST



Proof:

Let v € ;. Then, by (99),

6
06(0(t2,w)) = 02(0(t2,w)) + C3(0(t2,u)), ty 2 0 (142)

vhere 02(-) and C3(-) are the random variables appearing in (51). Recall that

these were arrived at by estimating each of the eight terms on the right hand

side of (41). In particular, replacing v by 0(t2,w), ve get

sup_ Ca(0(ty,0)) ¢ sup . llo(ty,0(tq,0))ll- (143)

Stolr 0<t s tog2r
Furthermore, substituting #(t,,v) for o in (41) and using the cocycle property

for ¢ (Theorem 3.1), the stationarity of u,K (Hypotheses (C,), (C;)) and

Bypothesis (C,), the reader may check that

4
sup Co(f(ty,0)) < L C5(0) (144)
0¢to<r i=1 ‘
where
1 2
Clo) := 6 sup Ilo(ty,0(t0,0))]% sup IIZ(t,0)l- sup IK(t,6)(s)] (145
0t ,to<r 0<t<2r 0<t<2r
-1<s<0
2 2
2(0) 1= 2 sup  [lp(ty,0(te,0)) 1% sup [Z(t,0)] x
Ogtl,t25r 0<t<2r
d d
« | sup to) ()l + sup 2K (e,0)(s)] (146)
{ 2, 7 @)+ oup 7K,
-r<s<0 -1<s<0
3 dv(w
63(e) = sup _llp(ty,0(ty0)l- sup |24E(s)| (147)
2 0<t ,ty<2r DIV rescor! 98
o) = sup  [lp(ty,0(t0,0))l- sup [K(t,0)(s)lI-sup | [M,N](r,0(ty,0))-
Ostl,t2$2r 0<t<2r 0$t2$r
-r<s<0

(148)
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Now multiply (145) by o(r,0(ty,v)), take supremum over t, € [0,r] and note
that all the factors involved belong to L4(R,R;P) by virtue of Lemma (5.1)
(p = 4), Lemma (5.4) (p = 4), Hypothesis (I,) and Lemma (5.2) (p = 4). Therefore

by a simple application of Holder’s inequality (Hewitt and Ross [8], p. 138), we

see that

Esup  Ca(-)a(r,0(ty,")) < m. (149)
O$t2$r

By similar reasoning the random variables sup C;(-)a(r,0(t2,-)), i=2,3,4,
0<t <1
_2-

have finite expectations because of Hypotheses (I,), (I;) and Lemma (5.3)
(p = 4). Since the left hand side of (143) is square- integrable (Lemma (5.1)),

the assertion (141) of the lemma is proved. ul

The integrability of the first term in the right hand side of (105) is given
by
Lemma (5.6):

dssume Hypotheses (C€) and (I). Then

E0§2p< 08(0(t2,-)) < m.
Stosr
Proof:

From (100), (101) and (102) we see that

sup Co(8(t,,w)) < sup C.(8(t,,0))a(r,0(t,,0)) +
s 0g(0(ty,)) ¢ 510 Co(8(t,0))a(x,0(ty,0))

-2_r _2_

¢ sup llp(ty, 0060l sup [K(t,0)(s)] - sup B (ty,6(ty,0))]

0t 5 togr 0<t<2r 0ty 5 todr
-1<s€0

x [ sup a(r,0(t2,w)) + 1] +
05t2$r

o sup [I8V(tg,0(tg,0)) | sup a(r,0(ty0)) + 1], weng  (150)
<t ,to<r 0<to<r



But, by Theorem (3.2) (iii),

sup  ||AZ(ty,0(ty,0))ll < sup [lp(ty,0)|l-  sup [IAZ(t +t,,0))]l
0<t, , to<r 0<t. < <ty tolT
1°%2 2 1°%2
<2 sup |lp(ty,0)]| sup [|Z(t,0)]l. (151)
0<t o< 0<t<2r

2..
Also by Hypothesis (Cg) we have

sup "AV(tl,ﬂ(tz,U))"
0$t1,t2$r 0<t

f

sup AV (t +t00))]
108981

I

[V|(2r,0). (152)

Combining (150), (151) and (152), the Hypotheses (C) and (I) easily imply
that

E 0ﬁup Cg(0(ty,+)) < w
Stosr
(cf. Lemma (5.5) and its proof). o

Ve are now ready to prove the basic integrability property for the cocycle
(X,0):

Theorem (5.1):
Adssume Hypotheses (C) and (I). Then

B sup  Log'[K(ty,0(tns)s )iy + < o (97)
0<t ,to<r 127722 7 AL (M)

Proof:

As noted at the beginning of this section, it is sufficient to prove (103).

In view of (105) and Lemmas (5.6), (5.5), we need only show that
E log’ Sup |x2(t1,0(t2,-),(v,q)) - xl(tl,o(tz,')9(vyﬂ))| < w (153)
0$t1,t2§r

I (vsm)lI<1

and
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Elog"  sup [x2(ty,0(tg,0),(v,m))] < o (154)
Ogtl,t2§r

(v, m)lI<1

Observe first that

x (b, 0(t5,0),(vi1) = v, ty,ty 20, 0 € Bg, (v,1) €My
and so (154) implies (153). The prove (154) we use the definition of x?
(relation (50)) and the estimate (51) to obtain

%2 (41, 8(t5,8), (v,m) | = |1(8(t9,0)) (' (+,0(t5,0),(v,7))) (t,)]

t
< 0y (0(tg,0)) v] + Oa(0(ip0)] Ix" (3, 0(t90), (v,1)) du «

t
+ C3(0(t2,"’)).(l; le(u' 90(t2’“’),(va'l)) |d|V|(u,0(t2,u))

2
€ € (8(ty,0)) 1v]+r/20,(8(t0,0)) Inll + Cg(0(t,0)) |¥]a(x,B(ty,0))
(155)
for all v € 06, 0 < ty,ty <1,y (vym) € K. Taking suprema over 0 < t,, t, < 1,
(vyn) € M, with ||(v,n)|| < 1 and expectations in (155) immediately gives (154)

because of Lemmas (5.1) and (5.5). This completes the proof of the theorem. 0

Once the integrability property (97) is established we can now state the
following multiplicative ergodic theorem for the stochastic flow (X,f) of (I).
The proof of the theorem is analogous to that of Theorem 4 in Mohammed ([20], §4)
for the white noise case L = W, N = 0. In the case when @ is ergodic the theorem
gives a discrete set of non-random Lyapunov exponents for X. The reader may
supply the details of the argument by consulting the proof of Theorem 4 in [20]
(pp. 117-122). See also Lemmas 6 and 7 ([20] pp. 113-117).
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Theorem (5.2):

Suppose 6 ié ergodic and let the stochastic f.d.e. (I) satisfy Hypotheses
(€) and (I). Then there ezist

(a) aset® €F such that P(') = 1 and 0(t,-)(0°) C A" for all t € K,

(b) a fized (i.e. non-random) sequence {Ai}gzl of real numbers,

(¢) @ random family {Ei(w): i>21,we ﬂ*} of closed finite-codimensional
subspaces of K,

satisfying the following properties: .

(z) if the Lyapunov spectrum {Ai}?=1 is infinite, then A, ; < A, for all

i>1 and %i: A; = -w; otherwise the spectirum is a finite set {Ai}gzl
with N > 1 ¢ non-random integer and Ay =@ < Ap g <Ceee g <Ay

*
(2t) for each w e 0,

E;,1(v) CE(0) C ... CEy(v) = By(0) := Ky, i21.

(i22) for each v € 2" and (von) € E,(0)\E;,,(0),

.1
Lim T 10gIIX(t,w,(V,17))"l = "i
t-w 2
and
.1
lim + log||X(t,w,- =
ti: t ogllX(t,w, )"L(]2) 1°
*

(iv) for each i > 1, the family {E;(¢): w € B } is F-measurable into the

€rassmannian of K and is tnvariant under the cocycle (X,0) i.e.

X(t,0,) (B () € By(O(t,0)), w€R, 820,

*
(v) for each i > 1, codim Ei(u) 1s fized independently of w € 0} .

As in [20] we say that the s.f.d.e. (I) is hyperbolic if its Lyapunov

spectrum does not contain 0. By a straightforward adaptation of the argument in
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Corollary 2 of [20] (pp. 126-130) we get the following version of the

stable-manifold theorem (viz. an exponential dichotomy) in the hyperbolic case:

Theorem (5.3): (Exponential Dichotomy)
Let Hypotheses (€) and (I) hold and § be ergodic. Assume that the s.f.d.e.

(I) is hyperbolic. Then there ezist
(a) a set 0 € F such that P(ﬁ*) =1 and 0(t,-)(ﬁ*) = ﬁ*for all t € R,
(b) @ measurable splitting '
X, - Uu) ® S(s), wel
with the following properties:
(¢) Uw), S(v), v € ﬁ*, are closed linear subspaces of K, dim 4(v) is
finite and fized independently of w € ﬁ*.
(¢2) The maps w» U(v), w v S(vw) are F-measurable into the 6rassmannian
of K.
(7¢2) For each v € 0 and (vsn) € U(w), there ezist ty = t (u,v,n) > 0

and a positive 51, independent of (w,v,n), such that

6:t
1
HX(t,w,(V,ﬂ))"l 2 "(v’ﬂ)"l e, t2 tl'
L2 2
(iv) For each w € & and (v,9) € S(v), there ezist ty = to(v,v,n) > 0

and a positive 62, tndependent of (w,v,n), such that

-0,t
2
Nx(t,w,(v,ﬂ))ﬂl2 < "(V,ﬂ)”lze y t2 t2-

(v) For each t > 0 and v € ﬁ*,
X(t,u,-)(U(0)) = U(O(t,v)),
X(t,0,-)(5(0)) C 5(0(t,0)).
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Remark:

Under the hypotheses of Theorem (5.2), the Lyapunov spectrum of (I) does not
change if the state space N, is replaced by D := D([-r,0],R") with the supremum
norm ||-f| . In fact the existence of the limit

*
lim £ log "x(t,ld,(V,f]))"lz y wE€ER

t-w

ot =

implies the existence of

lim
t-o

and both limits agree for (v,n) € K,. To see this the reader may note the

*
log [[K(t,0, (vom)l. » €0

L L

inequalities:

(20, (v,m) < (o) P2 (0, (vom)Il, ¢

v
[
-

v
o
-

IX(ts0, (vom))ll, € sup [[X(t+s,0,(v,n))lly > t 2
-r<s<0 2

*
for v € 8 and (v,n) € K,.
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