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1 Introduction

In this paper we study lower semicontinuity and relaxation of some integrals of
the calculus of variations of which a prototype example is given by

I(u) = fn {F(Vu(z)) + 9(detVu(z))} d , 1.1)
where 2 C R¥ is an open, bounded domain,
51; kP - C2 < £(6) < Cr(1+ KP) -1; ftl = C2 < g(t) < CL(1+ It])

for some C; > 0,C2 > 0,N -1 <p<Nandfora.llEeMN"~,t_€R.
Integrands of the type (1.1) are considered in nonlinear elasticity and the
condition p < N plays a fundamental role (see [B]) as it allows discontinuous
deformations.
1t is well known that if W : M"*N — R is a quasiconvex function (see
Section 2) satisfying
0 < W(E) < CO+IelY) (1.2)

then
lklt—?.:{g /n W(Vui(z))dz > /n W(Vu(z))dz
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whenever u;,u € WH(Q;R"), ux — u in W19(Q; R") (see [AF], [Marl)).

The lower semicontinuity problem for polyconvez integrands below the criti-
cal exponent g was firstly stated by Marcellini [Mar1]. In particular, if we restrict
to our prototype example (1.1), Marcellini [Mar1) proved the lower semicontinu-
ity for p > NN_-:T This result was extended to the case p > N — 1 by Dacorogna
and Marcellini [DM]; Gangbo [G] incorporated in this setting a dependence on
z and u as well. Later, Dal Maso and Sbordone [DMS], Fusco and Hutchinson
[FH), and Celada and Dal Maso [CDM] extended the lower semicontinuity result
to the limiting case p= N — 1.

Counterexamples to lower semicontinuity have been provided by Maly [Mal1]
for p < N — 1 and by Gangbo [G].

In the guasiconver case (1.2), lower semicontinuity below the critical ex-
ponent was first studied by [Mar2] for p > qn'—"ﬁ, under some structure con-
ditions on the quasiconvex integrand. Maly [Mal2] considered the case where
P> q%, P > ¢ — 1, and he analyzed the lower semicontinuity on smooth
mappings.

Here we study a class of integrands larger than the ones included in (1.1),
and not necessarily polyconvex. Considering the functional (1.1) with W(§) :=
J(€) + g(det€), we define the relaxed energy for every u € W?(Q;RV) as

Fp(u) == in}

{ux

iminf / W(Vui(z))dz| up — uin WHP(Q; RN),
k=400 Jo
u, € WHN(Q;RV)

and we prove that, for every p > N — 1,
£ 2 [ QW(Vu(z))dz
a

and equality holds provided u € WV (Q; RV).

The novelty of this result is that, in the relaxation process, the integrand
QW is at best quasiconvex and the convergence takes place in W?(Q;RN)
where p is smaller than the critical exponent. Hence the results obtained earlier
for p > g or for polyconvex integrands cannot be applied here.

Also this is, as far as we know, the first relaxation result for subcritical
Sobolev spaces as opposed to the lower semicontinuity results obtained in the
previous works mentioned above. We emphasize the fact that when relaxing an
energy functional the energy density is, in general, represented by a quasiconvex
function which is not polyconvex.

This paper is organized as follows:

In Section 1 we prove the general theorem of lower semicontinuity when
¢ -1 < p < g, for quasiconvex integrands with ¢ growth satisfying a suitable
structure condition (see Theroem 2.1). In Corollary 2.3 we obtain a relaxation
result and the integral representation for F,(u) when the integrand is not quasi-
convex. In Section 3 we show that Theorem 2.1 can be applied to integrands of



the type (1.1) (see Theorem 3.1) and in Theorem 4.1, Section 4, under the same
hypothesis on the integrands of (1.1), together with polyconvexity, we prove
that

Fp(u) > /nf(Vu) + g(det Vu)dz

for a certain class of deformations u ¢ W'¥(Q;RV). This shows that the
condition u € W'9(Q;RN) imposed in (2.17) cannot be relaxed. Precisely,
we prove that for some radial deformations u ¢ W'V (Q; RV), singular at the
origin, Fp(u) is equal to the sum of the integral in the right hand side of (1.1)
plus a Dirac mass supported at the origin.

2 The General Case

Let @ C RY be an open, bounded domain, N,n € N; let W : M"*N — [0, +00)
be a Borel function such that

(H1) 0<SW(E) S C(1+[Elf) forall £ € M™N
and there exists A € [0, +00) such that
(H2), W(AB) < C(1+ W(B))

forall Be M™N A=014+(-)-6)zQz, forall6 € [0,1],z € S*~1U{0} and,
if A=0, then W(#(1-2®2)B) < Cif|z]=1,0 € [0,1], for some C >0, ¢ > 1.

Let p>1, p>g¢—1, and for u € WP(Q;R") consider the relaxed energy
e — 1.2(0-R"
Fowy = or | mint /n W(Vus(z))dz|ux — u in WP(Q;R™),
{us) up € WL9(Q;R")
We recall that W is said to be quasiconvez (see [D],[Mo]) if

W(A) < n—nfa%@ /D W(A + Vo(z))dz

forall A € M™*N D c RN open, bounded, Lipschitz domain, ¢ € W2'°(D;R").
Also, the gquasiconvez envelope of W is defined as
— 1 1,00 .pn
aw) =it { L [, wa+vetenaelo e wi=@im )}

where @ = (32, 3)" .



Theorem 2.1 Let W : M™*N — [0, 400) be a quasiconver function satisfying
(H1) and (H2)x, for some A > 0. Let u € WIP(Q; R"), ur € WH(Q; R") such

that up — u in W1P(Q; R"™). Then

limint /n W(Vus(2))dz > /n W (Vu(z))dz.

The proof of this result is based on a method introduced by Marcellini [Mar2]
and also on a truncation argument used by Celada and Dal Maso [CDM]. The

truncating functions are of the form, for A € (0,+c0),

t, 0<t<1
eat):=¢ =M+A+1, 1<t<A
0, t>A

where A :=1+4 %; while, for A = 0,

t, 0<t<1
po(t) :=
1, t>1.

For p > 0 set
VoY) =

If 2> 0,p < |y| < Ap, then

V¥a,(y) =014 (-2-0)28z, |z|=1,0€]0,1],6 := L¢,\ (M) 2= —

Iyl p

VL) =0 if |y>Ap

V@) =1 i li<p.
Alsoif A=0
V¥,(y)=1 if |z|]<p
V¥o,(y)=01-282z) if [y|>p.
Thus we conclude that ¥, , € WL*(R"™;R"),
1¥2,0ll1,00 < C(N).

(2.1)

y

b

[yl

(2.2)

(2.3)

(2.4)

As in [Mar2] we will make use of the following lemma (see [Marl}, [Mar2]

Lemma 2.2).



Lemma 2.2 Let W : M™"*N — R be a quasiconver funciion satisfying the
growth condition (H1). If g —1 < p < q then there ezists a constant C; > 0
such that

/n W(E(z) - Win(z))ldz <

S Cilit+ €1+ Inl 122" 1€ = lle-

whenever £, € L™(Q; M"*VN), and where r := p—_—%.,

Proof .It was proven in [Mar 1] that the quasiconvexity of W together with

(H1) yield
1£(€) = Sl £ Cr(1 + kel + )~ [ = n]

for all £, € M™*N and some C, > 0.
The result now follows using Holder’s inequality with exponents ;;Ll and r.8

Proof of Theorem 2.1. The case p > ¢ is well known and it holds without
assuming (H2), (see [AF], [Mar 1]), and so we restrict our attention to ¢~ 1 <
p < q. We divide the proof into four steps.

Step 1. Let Fy € M"*V be a fixed matrix, u; € Whe(Q;R"),uy — Fpz in
W1P(Q; R"). Assume in addition that

u;y — Fozin L'(Q;R"). (2.5)

Without loss of generality we may assume that

gTi{gAf(Vuk(z))dz = k_ljrrm/nf(Vuk(z))dz < +o00.

Here we follow an argument similar to that of [Mar 2] Lemma 2.3 (see also
[DG)).

Let Qo be a fixed open set compactly contained in §, let R := di—"(w,
let M € N be fixed. For i € {1,...,M} we define

Q; = {z € Q| dist (z, Q) < ﬁn}.

Then Q = UM,Q;, Q; O -1, and given i € {1,..., M} we consider cut-off
functions ¢; € C3(;) such that

1, z € Q,’_]
0<ypi<]1, ‘Pl’(:) = ’ "v¢l”oo < ﬂlg'_l
0, z€Q\Q;
We set ) . )
u} == 'up + (1 = ¢') Foz.



As W is quasiconvex, ui € W,"(;R") and W satisfies (H1) we have (see

[(BM])
/ W(Fo)dz = W(Fo)meas() < / W (Vi ())dz
o (1]

/ W(Fo)dz-i-/ W(Vui(z))dz-}—/ W(Vui(z))dz
a\Q; 0:\0i-a f o POy

hence
/n W(Vur(z))dz — W(Fp)meas(;) >

> - / W(Vui(z))dz.

Summing this inequality with respect to i =1,2,...,M and dividing by M
yields

T meas(@) 1 ¢ ;
/nW(Vu;,(z))dz - W(Fo)—lM— > -HZ; /n.\n.-, W(Vui(z))dz.

(2.6)
On the other hand

Vu}', = gp"Vu;, +(1- gp‘)Fo +(ur — Foz) ® Vpi

and using Lemma 2.2 we obtain

L o = [ V() - W) Vun(e)is

+ / W(d (z)Vur(z))dz =: I + I (2.7)
0:,\0,-3

where
L < G+ |V |+ ¢ Va5 nan. ) lIVuE = ¢ VUl . )
< Gill1+2[Vui| + [Fol + V¢ lleolur = Fozlllfz i na,-1):
(111 + |Fol + IV¢'lleo lua = FozlliL-ann._y))
M+1\"! -
< G mas(gi\ﬂi-l) +\— "uk - Foluz,(ln.\n_l)
R
M+1
. (meas(ﬂ.-\ﬂ.--x) + R "u; - Fo:"L'(ﬂ.\ﬂ.-;))
2
M+1
<

-1
Cs (meas(ﬂ.-\ﬂ.‘-l)+( R ) ||u,,-Foz||;:(‘n__,,,__‘)) (2.8)



On the other hand, using (H2), with z = 0 we have
L< / C(1 + W(Vux(z))dz
nl\nl-l

which, together with (2.6), (2.7), (2.8), yields

/W(V (z))dz — W(F i——me“m‘)
A ui(z))dz (0).-=, i

> -5t (1 + C(M, R)|jux — Fozu}‘;'(g‘)’) -4C (meas(Q) + /ﬂ W(Vug(z))dz) .

Taking the limit as £ — +o0 followed by the limit as M — +o0o we conclude
that

lim inf / W(Vu,(z))dz — W(Fp)meas(2) > 0,
k=400 fo
where we have used the fact that
/ W(Vu(z))dz
a
remains bounded.
Step 2. Under the same hypotheses of Step 1, we remove the additional assump-

tion (2.5).

i) A > 0. Let m € N and choose an increasing sequence pm,pm —

M4 0OC
+00, pm A > ”Fo:l]Ln(n), where A=1+4 %,

—l-sup/ Jur(z)ldz < 1 (2.9)

pm E o k m . .
Let Cy > 0 be such that

sup [ f(Vur())dz < Co.

n
Since
m
Co > / W(Vur(e))dz > 3 / W(Vui(z))dz
o =1 {PNA‘-‘<|“I|<puAi}

then we must be able to find i{(m) € {0,...,m — 1} and a sequence

({2, c {w),



such that

C
W(Vui™(z))dz < =2. 2.10
irm A sl pa 1] (Vup " (2))dz < — (2.10)
Set )
B(m): = ppAi™)
Un: = W¥ip,.(u), u(z) = Foz,
Uni: = ¥ap.(ur)

(see (2.1)-(2.4)). Then Um s ey Um in WP (Q;R"),Un: € WH(Q;R™)

—-—

and sup; [{Um i|lL= < B(m), thus Up & Mt Um strongly in L™(Q; R"). More-
— - 00
over, as pmA > ”FO"'“L-n(n;R-)' then

Un(z) = Foz

and by Step 1 we have

/n W (Fo)dz

W (Fo)meas() = /n W(VUn(z))dz

IA

liminf/ W(VUp t(z))dz
k=400 n !

IA

lim inf / W(Vuk(z))dz+./ wW(0)dz+
k=too | H{lurl<Bm} {lual>ABn)

+/ W(V\I’A.p_(ug)Vuk)dz} .
{Bm<lusl<ABm})

Using (H2),, (2.2) and (2.10) we have

W(Foymeas(®) < liminf / W(Vui(z))dz
7 CCo

m

+ limsu {WO ] /u z)|dz +
im sup (OF v nl ()|
+Cmeas {fm < |ur| < ABm}

< liminf / W(Vui(z))ds + L +C | CCo
k=400 Jn

m m

Letting m — <00 we conclude that

W(Fy)meas(Q) <liminf /n W(Vue(z))dz.



ii) A = 0. As in part i) , choose B, an increasing sequence, O, oo +00,
such that

-i-sup/ lup(z)|dz < -rl'-. ,

m
Bm > "FO-"""L-e(n;R-)- Then Upm i — Um = Foz in WP(;R"), strongly
in L, and by Step 1

/ﬂ W(Fo)dz = W(Fo)meas(Q)

IA

liminf / W(VUm (z))dz
k-+oo f9]

IA

liminf / W(VUi(z))dz
k=+oo | J{lurl<Bm}

+ / W61 -:8 z)vu,,(z))dz}
{luﬂ)p-)

where 6 := and z = k&, and where we have used (2.3).
By (H2)o,esssup W((1 - 2® 2)Vui(z)) < C, and so

W(Fo) - meas(2) < lkl_r_.nlgg {/n W(Vu(z))dz

+Cmeas{|u;| > ﬂm}}
.. C
%Tlglof/nW(Vuk(z))dz-{— -

IA

It suffices to let m — +o00.

Step 3. Let u € W'P(Q;R"),u, € WH(Q;R"),u, — u in WP,
In addition, assume that
W) > kP (2.11)

for some k£ > 0 and for all £ € M™*N_ Without loss of generality we may
suppose that

lle':Llof -/n W(Vug(z))dz = k-l!Too/n W(Vug(z))dz < 400.

Then there exists a subsequence (for simplicity, we do not change the notation)
and a finite, non-negative, Radon measure g such that

N o
W(Vut)ﬁ k—+oo”



weakly —# in the sense of measures, where £V denotes the Lebesgue measure
in RN. Using the Radon-Nikodym Decomposition Theorem (see [EG]), we may
write

B=pal +p,
where p, € L(Q;[0,400)) and p, is a finite, nonnegative Radon measure,
singular with respect to LV.
We claim that
Ba(z0) > W(Vu(zo)) for LNa.e.zg € Q. (2.12)

Assume that the claim holds. Choosing (™) € C$°(;[0, 1)), with limpm— 400 ¢{™)(z) =
1for all z € Q,p(™) < p(M+1), then

{iﬂ’i':!/,,W(Vuk(z))dz 2 limjnf /n ™) (2)W (Vi (z))dz
= / ¢\™)(z)dp(z)
¢™)(2)pa(z)dz

> [ ™ (@)W (Vu(z))dz
a

v

and using Lebesgue’s Monotone Convergence Theorem, letting m — +o00, we
conclude that

/nW(Vu(z))dz SlkiTirg/nW(Vuk(:))dz.

Now we prove the claim (2.12).
Let zo € 2 be a Lebesgue point for u such that

1
lim - 7/ lu(y) — u(zo) — Vu(zo)(y = 2o0)|dz =0, (2.13)
=0 € JQ(z0.0)
pa(z0) = lim L‘SQ£+°‘D exists and is finite , (2.14)

where
- w3 AN (31 )
Q(IO)G)-zO"'e 92'9 ) - 9 '9 .

It is known that the set of points zo € § for which (2.13) or (2.14) fail has
L -measure zero (see [EG]).
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Then, selecting a sequence ¢ — 0% for which u(8Q(zo,¢)) = 0, we have

lim ﬂgﬁw_ﬂ:o-‘

=0+

I‘a(zo)

lim L H w(v dz
Jm hm oW o) (Vur(z))

¢—o+k—'

lim lim /W(Vug (2))dz

where
up(zo + €z) — u(zo)

€
Then u; . € WH9(Q; R") and by (2.14) and (2.11)

U () :=

{Vup } is bounded in LP(Q; M™*V) (2.15)
In addition, as u; — u strongly in L!, by (2.13)

Jim  lim lluk,e = Vu(zo)zllr(q)

ui(zo + €z) — u(zp) — Vu(zo)(zo + €z — z0) d
€

= lim lim
1—00+k-'+m Q

= lim %/ |u(zo + €z) — u(z0) — Vu(zo)(zo + €z — zo)|dz
€0+ Q

= lim 3 for., o () = u(z0) - Vu(zo)(y - zo)ldy.

€—~0+ g
In view of (2.15) we may take a diagonal subsequence v; of u; . and we ob-
tain v; € W4(Q; R™), v; — Vu(zo)z in L1(Q;R"), {fQ [Vy; |p} is bounded.
Therefore v; — Vu(zg)z in WP(Q; R") and by Step 2 we conclude that

paleo) = lim [ W(Tu(e))ee

v

W(Vu(zo)).

Step 4. Under the same conditions of Step 3, we remove the assumption (2.11).
Let k > 0 be such that

sup/ |Vup(z)P dz < K < +00.
&t Ja

11



Let u € WP(Q; R") and apply Step 3 to

We(€) := W(E) + gl .

Indeed, as p < g, it is clear that W, still satisfies (H1) and, given A = 61 — (A +
0)z ® z, then ||A]| < C()) and so

W(AB) = W(AB)+¢|ABP < C(1+W(B))+¢C())|BJF
(C+C\)[1+W(B)+¢|Blf]
(C+C(V)(1+ W(B)),

WiA

for all B € M™*N_ Hence Step 3 yields

/W(Vu(z))dx = lim /W(Vu(z))+c|Vu(z)|”d.1:
n €e—0+

lim [ W(Vu(z))dz

=0+ Jq

< hﬂgflgm:li/ W(Vui(z))dz
< liminf liminf / W(Vug(z))d:z:-i»d-{}
€e—=0+ k—<+o00 fo)

liminf / W(Vug(z))dz.
k=400 n

1
Corollary 2.3 Let W : M"*N — [0,400) be a Borel measurable function sat-

isfying (H1), (H2), for some A € [0,400). Letp > g—1,u € WIP(;R"), u; €
Whe(Q;R"), upy — u in WP, Then

lkiT*igg/nW(Vuk(z))dzZ/GQW(Vu(z))d:c

and

fp(u)z‘/nQW(Vu(z))dz. (2.16)

Moreover, if u € WH(Q,R"), then
Fp(u) = /‘;QW(Vu(z))dx. (2.17)

Corollary 2.3 uses the invariance of quasiconvexification under the structure
condition (H2),, namely

Proposition 2.4 Let W : M™*N — [0,400) be a Borel measurable function
satisfying (H1) and (H2),, for some ) € [0,4+00). Then QW also satisfies (H1)
and (H2),.

12



Proof .It is clear that

0<QW(E) SW(E) <C(1+KP)
for all ¢ € M™*N hence (H1) holds. Given B € M"*N A = 01— (A+6)z0z2,0 €
[0,1),z € S*1 U {0}, let i € W*(Q;R™),Q := (3, %)N, be such that

QW(B) = lim_ /Q W(B + Viu(z))dz.

Then
QW(4B)

IA

liminf | W(AB+ V(Aps)(z))dz

= liminf | W(A(B+ Vex(z)))dz

IA

limnf f C(1+ W(B + Vipi(z)))dz

= C(1+QW(B)).
(]

Proof of Corollary 2.3. The result is well known for p > ¢ (see [AF], [Marl)}),
hence we restrict our attention to the case g— 1< p<gq.
By Proposition 2.4 and Theorem 2.1 we have

llTlrg/nW(Vug(z))dz > lelxg/nQW(Vuk(z))dz

v

/ QW (Vu(z))dz.
(1]

and we conclude (2.16).
Suppose now that u € W 4(Q; R"). Then

Fo(u) 2 Fp(u) (2.18)

because p < ¢ and, in view of the well-known relaxation results in W19 (see
[AF]) we have

Fo(u) = ./nQW(Vu(:c))dz
which, together with (2.16) and (2.18), yields

F,(u) = /n QW (Vu(z))dz.

13



Remark 2.5 i) If p > ¢ then we do not need to assume (H2), in Theorem
2.1 and Corollary 2.3 (see [AF], [Mar 1]).

i) If ‘IN- < p then Corollary 2.3 was obtained by Marcellini (see [Mar 2]))
under the weakened hypothesis replacing (H2),,

(H2) W(tB) < C(1+ W(B))

for all B € M"*N t € [0,1). Note that (H2)' is used in Step 1 of the
proof of Theorem 2.1, while the full strength of (H2),» was only required
to carry out the truncation argument in Step 2, where it is shown that we
can modify the original sequence {u;}, into a new sequence {v;}, where

p

vy — uin L'strongly, r = ———.
k gly P—g+1

However, if p > qw% then the Soblev exponent ﬁ-v-},, > -P—_% and so
WP — L™ (compact embedding). Therefore, in this case we do not need
to construct {vi} as the original sequence {ui} converges strongly to u in
L.
i) fg-1<p< qnl_{-l and if uy — u in L' strongly (this happens e.g. if
sup ||uk]|co < 400) then, under the conditions of Theorem 2.1 with (H2),
k

replaced by (H2)', we have

—o+w

hmmf/ W(Vu( z))dz>/ W(Vu(z))dz.

We justify this fact using exactly the same argument of ii).

iv) The result of Theorem 2.1 may fail if p < ¢ — 1.
To illustrate this fact, we use an example due to Maly (see [Mall]). Let

W(£) := |det§],

W is polyconvex, W satisfies (H1) with ¢ = N and (H2), with A = 0.
Indeed, if A=6(1-2®2),2€ SN-1U{0}, thendet A=6" if 2= 0, in
which case

W(AB) |det(AB)| = |det A]|det B|

6V |det B| < |det B|

and if |z| = 1 then det A = 0, in which case
W(AB) = W(0) forall Be MN*N,

Let u(z) := z,Q = (0,1)N. Maly [Mall] showed that there exists a se-
quence of diffemorphisms u; € C*(Q;R"),u; — u in L’ strong, for all

14



8§ < +00,u, — u in WLN=1-¢for all ¢ > 0, and
liminf/ W(Vur(z))dz = liminf/ |det Vu(z)|dz
= 0< / |det 1] = meas(Q).
a
v) In Section 4 we will exhibit an example of an energy density satisfying

the conditions of Corollary 2.3, and a function u € W1=¢(Q; R"), for all
€>0,ug¢ WH(Q;R"), such that

f,,(u))/rlQW(Vu(z))d:r

whenever ¢ — 1 < p < ¢. This shows that the integral representation
(2.17) for the relaxed energy Fp(u) does not depend on the Sobolev space
in which weak convergence takes place, but rather on the regularity of u.

3 A Special class of Energy Functionals

In this section we apply the results of Section 2 to functionals of the type (1.1),
) = [ {S(Vul2)) + g(det Vu(2))} da,
n

where Q@ C R¥ is an open, bounded domain. We set

W(E) := f(§) + g(det§).

Theorem 3.1 Let f: M¥N*N . R, g: R — R be Borel measurable functions
such that

—Cl—llfl”—Czsf(f)scx(l+l£|”) (3.)

and

2 -G <o) S i1+ 1D (32)
1

for some C; > 0,C2>0, N=1<p< N, and for all§ € M¥*N t ¢ R. Let
u € WIP(Q;RN),u, € WWN(Q;RY), up — u in WHP(Q;RN). Then

lim inf /n {f(Vur(z)) + g(det Vug(2))} dz > /n QW (Vu(z))dz
If, in addition, u € W'V (Q; RN) then

Fn(u) = inf(y,) {lk!iﬂxolg ./n {f(Vve(z)) + g(det Vui(z))} dz : v € WI-N(Q;RN)’
v — u in ww(n;n")} = / QW (Vu(z))ds.
1]
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Proof .In view of Corollary 2.3, it suffices to prove that W satisfies (H1) with
¢ = N and (H2), for some A > 0. In fact, we may assume that W > 0, i.e.
C2 = 0, by adding the constant C3, and we have

WE) = f(§)+9(det§)
Ci(1+[E°) + Cr(1 + |det£))

IA

< K@+
for some constant K > 0. Also, setting A = 1 we have
A = 01-(1+40):9:z
= 0(1-$:0:)
and so det A = 8V (1 -4 |z|2). If z =0 then

W(AB) W(6B) = f(6B) + g(8" det B)

IA

Ci(1+|6B°) 4+ C1(1+ |6N det B|)

IA

Ci(1+ |BJ + |det B))

IA

C1(1+ C1f(B) + Cyg(det B))

C:1 (1+ f(B) + g(det B))

IA

= C: (1+W(B))

where we have used (3.1) and (3.2). Also, if |z| = 1 thendet A = 6V (1 - 13¢) =
—6N-1 ||A|| € Cs for all 6 € [0,1),|z| = 1, and so, by (3.1) and (3.2),

W(AB) < Ci(1+|ABP)+Ci(1+|6¥-1det B))

A

C4(1 + |BI + |det B))

IA

Cs(1+ f(B) + g|det B)

IA

Cs((1+ W(B)).
and this concludes (H2),,A = 1.
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In the particular case where f =0, i.e.

W(¢) = g(detf),

we do not need to assume (3.2), precisely:

Theorem 3.2 Let g : R :— [0,400) be a Borel measurable function, let p >
N —1,u; € WHN(Q;RV),u € WP (4, RN). Then

liminf/ g(det Vu(z))dz > / ¢°"(det Vu(z))dz. (3.3)
k=400 Jn 1]
If, in addition, u € W'N(Q; RN) then

Fp(u) = inf {hmmf / g(det Vui(z))dz|ve € WHN(Q; RVN),

{va}

vy — u in WI'P(Q;RN)}

= /g“(detVu(z))dz. (3.4)
a

Remark 3.3 The lower semicontinuity result (3.3) was obtained in [DM], [G],
[DMS]), [FH] in the case where u € W1N(Q.RV).

Recently, Celada and Dal Maso [CDM] extended Theorem 3.2 top = N —
1,ue WHN-1(Q;RN), and the method of their proof relies heavily on a result
of Giaquinta, Modica and Souéek [GMS] concerning the weak-* convergence
(in the sense of measures) of minors, and this result, in turn, is obtained via
methods of geometric measure theory.

Proof of Theorem 3.2. Let p> N—1,u; € WMV (Q; RN) u € WLP(Q; RVN).
To establish (3.3) it suffices to prove that

liminf/g"(detVug(z))dzzfg"(detVu(:))dz.
k=400 Jo n

Consider an increasing sequence of piecewise affine, convex function g,, such
that sup,, gm = limy— 400 gm = ¢°° and
0< gm(t) <Cm(1+1t]), Cm > 1.

Then, setting
Wm(£) := gm(det§),

we have (H1) with ¢ = N and we prove (H2), for A = 0.
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If 2| = 1,0 € [0,1] then

Wen(6(1 - z ® z)B) gm (8" det(1 — z ® z) det B)

= gm(0) < Cnm
for all B € MN*N and if z = 0 then by the convexity of g
Wm(6B) = gm(6" det B)
< (1-6")gm(0) + 6" gm(det B)
< Cm +gm(det B)

< Cn(14+Wn(B)).
Thus, by Theorem 2.1

/gm(detVu(z))dz < liminf/gm(detVuk(z))d:t
a k—+o00 Jo

< liminf/g(detVul,(z))dz
k=400 [y

and letting m — +o00, using Lebesgue’s Monotone Convergence Theorem, we
conclude that

/g"(detVu(:))d:: Sliminf/g(detVuk(z))d:.
o} b=+ Jq

Finally, if u € WIN(Q;R") then we may find v; € WY°(Q;RV), v, —
uin WHN and -

/g"(detVu) = lim g(det Vv (z))dz
fe k—400 n

2 Fp(v)
which, together with (3.3), yields

f,(u):Lg"(detVn)dz.

4 Existence of Relaxed Energies with Singular
Part

In this section we show that the integral representation (2.17) may fail if u ¢
wie(Q;R").
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Precisely, we prove that for a large class of polyconvex functionals of the
type (1.1) satisfying (H1), (H2), we can find function u € WIN=-¢(Q; RV), for
all € > 0, such that

Folu) = /n W(Vu(e))dz + (D)

s > 0, 4, = A6 for some A > 0,92 = B(0,1).
A related example was treated by Acerbi and Dal Maso (see Theorem 4.1,
[ADM]) by means of geometric measure theory techniques.

Theorem 4.1 Let f : M"*N — R be a quasiconvez function, g : R — R @
convez function such that

ckf-C

IA

fe)<ca+kP),

thti-C 9(t) SC(1+t])

for some C > 0N -1 < p < N, and for allt € REeM™N Let B =
B(0,1) C RN, W(£) = f(€)+g(det£),u(z) := v(|z|) F.v € W'=(R;R), v(0) >
0. Then u € WLN=¢(B;RN) for all ¢ > 0 and

A

Fp(u) = / W(Vu(z))dz + meas(B)g™(v(0)"),
B
where the recession function g™ is defined as

. ts
goo(s) = ‘—l}inoo %)

This class of radial functions were studied in this context in [Mar 2]. We
recall that the recession function is a convex, positively homogeneous of degree
one function. Thus for every s > 0 we have

9% (s) = 89™(1)
and so

9= (0)") = v(0)¥¢>(2).

Proof .It was shown in Section 3 that these integrands satisfy (H1), (H2),, with
A= 1. It is clear that

Vu(z):@(l+(w_1)f®f)

v(r) ror

where r := |z], hence

det Vu(z)

()" (vt -

v'(r) (1&'-2)”—] .
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Step 1. Let ux € WHN(B;RV), u; — uin W'#(B; R"). Using the truncation
method of Step 2 in the proof of Theorem 2.1, for fixed m € N we may find
pm > 1 such that (see (2.1) - (2.4))

Un(z) = W¥ip.(u(z)) = u(z),
Uni(z) = Wap.(u(z)),
Um i (z) L e Um in W'P(B;RV) and strongly in L"(B;R"),Unm + € W-N(B;RV)
and

. .. 1
lkl_rzlg_/BW(VUm,k(z))dz Slku_l.lixg/BW(Vug(z))dz+;. (4.1)

Fix m € N and € > 0. As u € C'(B(0,¢)\B(0,6\2);R"), then ||Vu|| €
L7(B(0,¢)\B(0,¢/2)) and since Unr — u in L7, as in Step 1 of the proof
of Theorem 2.1 using the slicing technique we may change Up, & in B(0, €) near
8B(0, ¢) into a new sequence wim) € WN(B(0,¢); RV) such that

w™ —u in W!(B(0,e);RV),

wim)(t) = v()iif |z]=¢,
wgm)(z) = Umi(z) if |z]<e—¢
and
liminf g9(det Vu{™(z))dz < <liminf g(det Up 4(2))dz + €. (4.2)
k—+e0 JB(0,c) —+% JB(0.0)
Then

llmmf/ W(Vur(z))dz 2> lkiTi{g/Bf(Vuk(z))dz

+ liminf / g(det Vuy(z))dz
k—+o Jp

v

[ #7u(zyaz

B

<+ liminf / g(det Vup(z))dz, (4.3)
k=4 Jp

where we have used the fact that f is quasiconvex, it has p-growth and u €

W1p(B;RN) since p < N (see [AF], [Mar 1]). On the other hand, by (4.1),
(4.2),
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lle*_uclf‘/Bg(detVu;(z))dz = lklx_r.1+xx°1‘£'/B g(det Vui(z))dz

+ liminf g(det Vug(z))dz
k=t Jp\B,

v

1
o . (m) _ 2
',,’Tl';f . g(det Vw,"’(z))dz ——

+/ g(det Vu(z))dz,
B\B.

where we have used Theorem 3.2. Since wﬁm) € WHN(;R") and wﬁm)(z) =
l'L“-l:t: on 8B(0,¢€), by the quasiconvexity of £ — g(det§) we have

A g(detvwim)(z))dz > meas(B,)g ((v(f)) )

and by (4.3) we conclude that

hmmf/ W(Vug(z))dz > /Bf(Vu(:c))dz+/B\B g(det Vu(z))dz

+meas(B.)g ((Q)N) -1

Fo(u) 2 [Bf(Vu(z))dz-i-/Bg(detVu(z))dz
+ lim, meas(B)o(O) (st)"a ((22) ") - &

and letting ¢ — 0%

/ W(Vu(z))dz + meas(B)v(0)Ng>(1) - 1
B m

[ W(Tule))dz + meas(B)g=(o(0)*) - -
B m

It suffices to let m — +o00.
Step 2. Consider



Then u(z) := ve(lzl)iE € W'N(B;R") and u, — u in W!P(B;RV)
strongly. Indeed,

P
ve—ulf, p = ko2 _ viznE
Jlve u"[,p(g) -/B. p v(e) =] v(l-‘t')'z' dr
€ WN-1
= C / [rv(e) = ev(r)|P dr
o €
11 eV N
S C N r (—00"’ 0 \
_ P — ”t(") ”t(") z
"V“c Vu“Lp(B) - ./8' r ( ¢(r) r ® r

~8h - (v()- %) s e

C [ 1P (Jue(r) = v(r)P + Ivi(r) = '(r)?|) d=

Therefore,

Fo(u) < llmmf/f(Vu,(z))d:r+ g(det Vu,(z))dz
= /f(Vu(z))d.t+ hmmf g(detVu,(z))dz

Lf(Vu(z))d:c+ h:f.il-:p /B‘g (v,(r) (}’Q) ") dz

+ limsup / g(det Vu(z))dz
B\B.

€0+

IA

W(Vu(:c))d:+ lim sup wN ( )

€e—0+

/ W(Vu(z))dz + lim, L N ((v(c))”

/ W(Vu(2))dz + lim meas(B)(v(c))" (v(‘())’vg ((M)N)

/ W (Vu(z))dz + meas(B)(v(0))¥ g (1)

A W(Vu(z))dz + meas(B)g™((v(0))").
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