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Abstract. Incoherent phase transitions are more difficult to treat than
their coherent counterparts. The interface, which appears as a single
surface in the deformed configuration, is represented in its undeformed state
by a separate surface in each phase. This leads to a rich but detailed
kinematics, one in which defects such as wvacancies and dislocations are
generated by the moving interface. In this paper we develop a complete
theory of incoherent phase transitions in the presence of deformation and
mass transport, with phase interface structured by energy and stress. The
final results are a complete set of interface conditions for an evolving
incoherent interface.



Tl



CONTENTS

1. Introduction
2. General notation

A. KINEMATICS
3. Two-phase deformations
3.1. Reference configuration
3.2. Basic definitions
3.3. Tangential gradients. Incoherency tensor
3.4. Referential-to-spatial transforms
4. Two-phase motions
4.1. Basic definitions
4.2. Compatible interface and edge velocities
a. Interface velocities
b. Edge velocities
4.3. Normal time derivatives following the interface
4.4. Slip
4.5. Some identities
4.6. Spatial control volumes
5. Coherency. Formation of defects
5.1. Coherency
a. Symmetry group of the lattice
b. Infinitesimal coherency
5.2. Production of lattice points by the moving interface
5.3. When are interfaces coherent?

B. SIMPLE THEORY WITHOUT INTERFACIAL STRUCTURE
6. Primitive quantities
7. Balance laws for mass and force
7.1. Balance of mass
7.2. Configurational and deformational force balances
7.3. ldentification of the configurational stress with the bulk Eshelby
tensor
8. Energetics. Dissipation inequalities
8.1. Statement of the second law. Global dissipation inequality
8.2. Alternative statement of the second law
8.3. Local form for the expended power
a. Invariance under reparametrization. Effective shear



b. Interfacial power density
8.4. Local dissipation inequalities
9. Constitutive equations
9.1. Bulk constitutive equations
9.2. Constitutive equations for the interface
9.3. Other constitutive theories
a. Theory without lattice point production
b. Theory without slip
c. Theory with viscous friction between phases
10. Evolution equations in the absence of external forces
10.1. Unconstrained theory
a. Dynamics
b. Statics
10.2. Constrained theories
11. Results in the spatial description

C. THEORY WITH INTERFACIAL STRUCTURE
12. Force systems. Balance laws
13. Energetics. Power identity. Dissipation inequality
13.1. Power
13.2. The power identity
13.3. Energetics. Dissipation inequality
14. Constitutive theory
14.1. Constitutive equations for the interface
14.2. Thermodynamic restrictions
a. General restrictions
b. Consequences
c. The force balances revisited
14.3. Verification of the restrictions (i)-(iii) and (14.15)
~ a. Verification of (ii) and (iii)
b. Verification of (14.15) and (i)
c. Proof of the lemma
15. Evolution equations in the absence of external forces
16. Results in the spatial description
16.1. General theory
16.2. Noninteractive interfacial energy

References

Tl



FREQUENTLY USED SYMBOLS

Ke

‘moeTmOMaw»
7

£
2,
c
RS

»

o
+

n

n g Q
[
oyt
+

-

|Ic:
g_.
3
+

<
<

-

Visa)tan: Viea)tan

-

Qe v

e ®©
S

generic subsurface of S;

undeformed phase-i region . e
configurational bulk stress, Eshelby tensor
deformation gradient

inverse deformation gradient

relative deformation gradient

bulk jacobian of the deformation .

total (twice the mean) curvature of 8 and S;
linear transformations from U into V

linear transformations of R3 with positive determinant
rotations of R3 e e e

external bulk mass supply of species a

bulk Cauchy stress tensor

bulk Piola-Kirchhoff stress tensor

undeformed phase i interface

relative velocity of S; e e e e e
linear transformations of R3 with unit determinant
riormal velocity of 3 and S, . .
intrinsic edge velocity of 9QC3 and 04 CS

volume flow across the phase-i interface

material point

external body force e

internal bulk configurational force .
external interfacial force (configurational) .
external interfacial force (deformational)

spatial gradient and divergence

gradient and divergence on 3

relative deformation e e e e e e e e
diffusive mass flux of species @ and list of mass fluxes .
outward unit normal to a spatial control volume .
unit normal to 3 and S;

subspace of R3 orthogonal to n

external interfacial mass supply of species a .
compatible velocity fields of 8 and S,

compatible edge velocity fields for 0Q and 9A;
spatial point

deformation or motion of phase i

material velocity

generic subsurfaces of 3 .

deformed body and deformed phase-i region
energy supplied to R by mass transport
symmetry group of the lattice

surface jacobians

lattice .

§3.4, §5.1¢c
§3.2

§6, (7.10)
§3.2

(3.1)

(3.11)

(3.3)

§3.2

§2
§2
§6
§6

. Sé6
§3.2
(4.5)
§2
§4.1
§4.2b
(4.6)

§6
§6
§6
§6
§2

(3.10)
§6, (9.1)
§4.6
§3.2

§6
(13.8)
§4.2a
§4.2b

§3.2, 841
§4.1
§3.4, §5.1¢c
§3.2
(8.1)
§5.1a
(3.4), (3.5)
§3.1, §5.1a



P(R)

3 by
» v

-

SO0 BT~ >

(x), 1,(X)

PR XTO

o o) M <l
LI RN

-

—
>~ -

P,(X)

<
% e

(%), A(X)

-

, = (-1)

e BT

Q%
A =

-

s 4 a3
A

o deme
(

. ')tanb' (. ')tanSa

power expended on R (8.2), (13.1)

spatial controlwvolume . . . . . . . . . . . . . . .. §4.6
deformed phase interface . . . . . . . . . . . . .. §3.2
lattice pointdensity . . . . . . . . . . . e §5.2

(8 13) (13.10), (16.8)
(13.3), (16.4)

interfacial power density
total surface stress

configurational surface stress for phase 1 (material) . . . §12
configurational surface stress (spatial) . . . . . . . . . §12
tangential deformation gradient e e e e e e e e e e (3.9)
inverse tangential deformationgradient . . . . . . . . (3.9
incoherency tensor . . . T % %)
inclusions of n+(x) and n, -'-(X) into IR3 e . . . . 832
configurational surface stress for phase 2 (matenal) coe §12
curvature tensor of 8 and S; . . . . e e e e e §3.2
projections of R3 onto fi+(x) and n, J~(X) . e e e . . .. 832
deformational surface stress (spatial and material) . . §12

normal part of total surface stress . (13 11) §16.1

normal part of configurational surface stress

for phase 1 (material) . . . . . . . . . . . . . . . (1410
internal interfacial configurationalforce . . . . . . . . . 8§86
unit normal to 9Q and 0A; . . . . e e w4 . . . . 842b
projections of R3 onto n-‘-(x) and n; -L(X) e e e e (36)
normal internal force (material) . . . . . . . . . . . . (8.11)
bulk freeenergy . . . . . . . . . . .« . . . . . . . 86
slipvelocity . . . . . . . . . . . . . .. ... .. (4.26)
e e e e e e e e e e e e e e e e e e (3.2)
chemical potential of species a and list of potentials . . . §6, (9.1)
bulk molar density of species @ and list of molar densities §6, (9.1)
normal internal force (spatial) . . . . . . . . . . . . (11.3)
surface tension, . . . . . . . . v v e e v v ov ... (1349
effectiveshear . . . . . . . . . . . . . . . . . (86),(89)
referential-to-spatial transform of a field ¢
(not all quantities with overbars are transforms) . . . . . §34
interfacialenergy . . . . . . . ¢« + « ¢ « « « .« . . . 8133
grand canonicalpotential . . . . . . . . . . . . ... (7.9

unit tensor in R3

vector and tensor product in R3

material and spatial time derivative . . . . . . . . . . . §2
material gradient and divergence . . . . . . . . . . . . 8§82
gradient and divergence on S;

normal time derivative following 8 and S; (4.19), (4.21)

limit of a bulk field as x—+8,x¢8;, . . . . . . . . . . . . 82
Jjump and average of a bulk field across the interface .. . 82
extension of a surfacetensortoR3 . . . . . . . . . . . (124
tangential part of a vector (tensor) on8and S, . . . . . (3.7)

TI



1. INTRODUCTION.

This paper concludes a two-part series on phase transitions in
deformable solids, with and without mass transport, with the interface
between phases sharp and capable of supporting energy and stress. Part 1,
which was restricted to coherent phase transitions, is here extended to
phase transitions that are incoherent. As in Part 1, the discussion is limited
to a theory that neglects the flow of heat, concentrating instead on deform-
ation and mass transport. In addition, inertia is neglected.

In a coherent -phase transition the body B occupies a fixed region of
space in a uniform reference configuration, the individual phases, which we
label i=1,2, occupy complementary subregions B,(t) of B, and motions are
continuous across the undeformed phase interface S(t)=B,(t)NB,(t). Asis
clear from the statical treatments of Cahn and Larché [1982], Larché and
Cahn [1985), and Leo and Sekerka [1989], incoherent phase transitions are
far more complicated. The interface, which appears as a single surface in
the deformed body, is represented in its undeformed state by a separate
surface S,-(t) for each phase i, even though we choose uniform reference |
configurations for the two phases with corresponding reference lattices coin-
cident. Such complications lead to a rich but detailed kinematics, one in
which defects such as dislocations, vacancies, and interstitials may be gen-
erated by the moving interface.l

We begin with a discussion of the underlying kinematics and with a
systematic treatment of two-phase motions y=(y,,y,): at each time t, y;
maps material points X in the undeformed region B; for phase i into
points x=y,;(X,t) in the deformed body. We write F for the deformation
gradient: F=Vy, in phase 1, F=Vy, in phase 2; in addition, we denote by
F; the limit of F as the interface is approached from phase i.

Associated with each two-phase motion are three basic kinematical
quantities:

(1) The incoherency tensor H, which measures the stretching and twisting
of one phase relative to the other at the interface. H is the tangential
part of the relative deformation gradient

1pislocations are discussed by Brooks [1952], Nye [1953], Frank [1955], Bilby
[1955), Bilby, Bullough, and De Grinberg [1964), Christian [1965,1985], Bollman [1967],
Christian and Crocker [1980], Pond [1985,1989]). Christian and Crocker [1980], p. 181
and Larché and Cahn [1985], p. 1587 note the possibility of vacancies and dislocations.



H = F2-1F1. (1.1)

For any point x of the deformed interface, H is a linear transform-
ation dX,=HdX; between infinitesimal line segments dX; on S; that
coincide at X when deformed. If, for all such line segments, dX,=dX,
(or dX,=QdX; with Q a symmetry rotation of the lattice), then the
deformed lattices fit together and the interface is infinitesimally
coherent at X. _

(2) The production-rate of lattice points, as measured by the jump [W] in

is the

while §; is the surface Jacobian for vy,

the interfacial volume flows W,=V,/},, where, for each i, V;

normal velocity of S,
considered as a deformation of S,

(3) The slip, as measured by the difference (y,)°-(y,)°, where (y)° is
the time derivative of y; following the normal trajectories of S;(t).

The incoherency tensor, the lattice-point production, and the slip
completely characterize incoherency: an initially coherent motion Is
coherent for all time if and only if, at each time, the interface is
infinitesimally coherent and the slip and lattice-point production vanish
identically.?

The basic physical principles upon which our theory is based are
balance of forces, balance of mass, and a wversion of the second law of
thermodynamics appropriate to a mechanical theory.3 The standard
forces associated with continua arise as a response to the motion of material
points. The mechanical description of a phase transition requires additional
forces? that act in response to microstructural changes at the phase
interface. We refer to the former as deformational forces, to the latter
as configurational forces® What is most important is that, in addition
to the usual force and moment balances for deformational forces, we
postulate an additional balance for configurational forces.

We assume that there are YU species, a=1,2,...,4, of mobile atoms

2Cermelli and Gurtin [1993).

3¢f. Gurtin [1991].

4¢cf. the discussion given in the Introduction of [Gul. Throughout we write [Gu] for
the reference "Gurtin [1993])", which is Part 1 of this series, and [GS] for the refer-
ence ''Gurtin and Struthers [1990])".

SHere we depart from terminology introduced in [GS] and [Gul, where the term
accretive forces was used.



with molar densities p® and corresponding diffusive mass fluxes h¢.6
Bulk fields that strongly influence the motion of the interface are the
grand canonical potential w and the Eshelby tensor C defined by

o
w=9% - Tprus, C=wl-F'S, (1.2)

a=1

with ¥ the bulk energy, H% the chemical potential of species a, S the
bulk stress, measured per unit undeformed area (Piola-Kirchhoff stress),
and 1 the unit tensor.

The final bulk relations are the balance laws

DivS = 0, (p8)* = -Divhe, (1.3)
supplemented by constitutive equations

T = I(Fp), S=o&Fp), W=0(F,p),
b = -DI(F,p)Vu,

(1.4)
for each phase i, with
p=(pl....p%), w=(ui...,u¥%), b= (hi.. KW,

and with mobility D,(F,p) a linear transformation compatible with the
inequality 2Z,h¢%-Vu¢ <0. (For completeness we assume elastic behavior in
bulk, but the interface conditions we derive are independent of the parti-
cular choice of bulk constitutive equations.)

We turn next to the development of appropriate interface conditions.
To best illustrate the basic ideas, we begin with a theory that neglects
interfacial energy and stress, but includes interface kinetics. The resulting
interface conditions consist of an equation

[y'len = -[JW] (1.5)
expressing kinematical compatibility at the interface, a jump condition

[§-1Sn] = O (1.6)
6Cf. Gurtin and Voorhees [1993), [Gul.




balancing forces across the interface, equations
sini'cini = (311W1 + 512W2) (1.7)

(i=1,2) balancing normal configurational forces on each phase at the
interface, equations

(i=1,2) characterizing the vanishing of the tangential traction in each phase
at the interface, a relation

[peW] = [§"*he.n] (1.9)

expressing mass balance for each species a, and a condition of local
equilibrium

[ue) =0 (1.10)

for each species a. Here n is the unit normal to the deformed interface 3,
n; is the unit normal to the undeformed phase i interface S;, [f] denotes
the jump in a bulk field f across the interface, f; denotes the interfacial
limit of {f from phasei, and B,;; are kinetic coefficients.

In the derivation of these interface conditions the slip was not
included among the independent constitutive variables,” a direct conse-
quence of this assumption is (1.8). The local equilibrium condition (1.10) is
an assumption made from the outset.®

The balances (1.6)-(1.8) can be expressed more succintly as a normal

force balance

[§-1Sn]-nh = 0 (1.11)

7A1though we do discuss the form the basic equations take when the slip is
included as a constitutive variable.
8Gurtin and Voorhees [1994] develop a theory in which this assumption is dropped.
Their theory neglects deformation.
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and a partial balance
5,Cin; = (p;y Wy + paWon, (1.12)

for each phase i.

We turn next to a theory that includes interfacial energy and stress,
but neglects mass flow within the interface. Here it is convenient to choose
phase 1 as a reference for the interface, to measure interfacial fields
relative to Sy, and to use the abbreviations

S=Si, n = njy.

We consider a single interfacial energy ¢, but endow the interface
with three stress fields:
- a deformational stress & that represents the (Piola-Kirchhoff) stress in
the surface and acts in response to the stretching of the phase 1 interface;
« a configurational stress € that represents microstructural forces in the
phase 1 interface;
- a configurational stress K that acts in response to the stretching and
rotation of the phase 2 lattice relative to that of phase 1.
We show, as a consequence of thermodynamics, that the tangential part of
the total surface stress

A=C +F,"8 + H'K, (1.13)

which represents the net configurational contribution of the stresses to the
rate of working, is a surface tension whose value is the interfacial energy .

Among the constitutive equations considered for the interface are
relations giving the interfacial energy ¢, the surface stresses & and K,
and the normal part 8=ATn of the total surface stress as functions of the
limiting value F=F; of the deformation gradient, the relative deformation
gradient H, the limiting values p, and p, of the list of densities, the
normal n to S=5;, and the volume flows W; and W,. We show, as a
consequence of the second law, that ¢, &, K, and are independent of
P, P2, Wy, and W,; and that the energy



¢ = $(F,Hn) (1.14)
generates the stresses through the relations®

8 = oy y(F.H,n), K = o4 §(F,Hn), e = -9, ¢y(FHn). (1.15)

We show further that ¢, 8, and K depend on F and H through the
tangential deformation gradient F and the incoherency tensor H, that

8 = op y(F,H,n), K = oy ¥(F,H,n), (1.16)
and that €=C'n is given by

e = -D, ¢(F,H,n), (1.17)
with D, the derivative following n.

The final results — which form a complete set of conditions for an
incoherent interface — consist of the compatibility condition (1.5), the mass
balance (1.9), the local equilibrium condition (1.10), an equation

YK - (F'8§ + H'K):L + DivgC - n:C;n = B, , W, +p,,W,  (1.18)
that represents a normal configurational balance for phase 1, an equation

DivgK + HC,n, = H(p,, W, + B,,W,In, (1.19)

that represents a configurational balance for phase 2, a deformational force

balance
Divg8® + HS,n, - S;n, = 0, (1.20)

and the constitutive relations (1.16) and (1.17). Here ¥ =},/%,, while

9The stresses 8 and K are surface tensors whose values at a point XeS are linear
transformations from the tangent space at XeS into R3. In the formulas (1.15) these
stresses should be interpreted as their trivial extension to linear transformations
from R3 into R3.



L=L,=-Vgn and K=K;=trk, respectively, are the curvature tensor and
the total (twice the mean) curvature for S.

We also discuss the form the general theory takes when described
spatially (in the deformed configuration), and we discuss the reduced form
the interface conditions take when the interfacial energy ¢, per unit
deformed area, is noninteractive; that is, ¢ =-¢1+E2 with the energy 'q]i
for phase i dependent on kinematic quantities for that phase only.10

100ur discussion here is based on work of Leo and Sekerka {1989], who use the
adjective ''greased’ to signify an interface whose energy is noninteractive; for statical
situations our results are consistent with results derived variationally by Leo and
Sekerka.



2. GENERAL NOTATION

We will frequently refer to the papers — and will generally follow the
notation — of Gurtin and Struthers [1990] and Gurtin [1993]; for that reason
we use the abbreviations:

[GS] = Gurtin and Struthers [1990)],
[Gu] = Gurtin [1993).

In particular, our notation concerning tensors in R3 is given in §2 of [Gu],
as are definitions of: deformation; evolving two-phase region; interface;
control volume; jump [¢], average (¢), and limit ¢; (from phase i) of a
bulk field ¢ at the interface, a notation we will also use for arbitrary fields
¢, and ¢, on the interface, the subscripts here denoting the phase to
which the field is associated (cf. the paragraph containing (4.1)). Our
terminology involving surfaces and smoothly evolving surfaces can be found
in Appendices A1l and A2 of [Gu]; specifically, defined there are the notions of
superficial field, surface gradient, and surface divergence. As in [Gu], we
write

5 = (-1)}, (2.1)
and, forlinear spaces U and V, we let

Lin(U,V) = space of linear transformations from U into V.

In addition, we use the specific abbreviations

Lin* = {FeLin(R3,R3) : detF>0},
Unim* = {Felin* : detF=1 },
Orth* = {QeLin*: Q"Q =1},

We label material points by their positions X in a fixed homogeneous
reference configuration. We label spatial points (points in the deformed
body) by Xx. We use an overbar to denote the referential-to-spatial
transformation; i.e., e.g.,, S 1is the Piola-Kirchoff stress, T = S is the
Cauchy stress; p is the mass density in the undeformed body, p is the
density in the deformed body. Finally, we use the following notation for
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derivatives:

.. material time-derivative (holding X fixed);
0,(...) spatial time- derivative (holding x fixed);
VvV, Div material gradient and divergence (with respect to X),

grad, div spatial gradient and divergence (with respect to x).



A. KINEMATICS

3. TWO-PHASE DEFORMATIONS
3.1. REFERENCE CONFIGURATION

The description of a solid undergoing a phase transformation is more
complicated than the more classical descriptions encountered in continuum
mechanics, one reason being the role played by the lattice structure of the
material, especially at an incoherent phase interface. Within our theory
the reference configuration for each phase should be envisioned as a copy of
R3 together with a lattice L(X), which, for each XeR3, models the
microstructure of the material at X. Here we assume that each phase is
referred to a uniform reference configuration in which the lattice does not
vary from point to point, with the

reference configurations chosen so that
the lattices of the two phases coincide.

Thus, in effect, we refer the phases to a single uniform reference config-
uration with lattice L.

3.2. BASIC DEFINITIONS

We label the phases 1 and 2, and reserve the letter i for the label
when the particular phase is unimportant. By a two-phase body we
mean a pair B=(B;,B,) with B; a closed region in R3. Given a two-phase
body B, let y=(y,,y,) be a pair of mappings with y; a mapping x=y;(X)
of B, into R3, and let

.Bi = yl(Bl)' '8 = BiﬂfBz.
Then y is a two-phase deformation of B if:
(i) y; is a deformation of B; for each i;
(ii) 8 is a smooth surface in RS3.

B; represents the deformed phase i region;

-10-



represents the deformed body; 38 represents the deformed interface;
the inverse image

S; = Yy UR)

represents the undeformed phase-i interface, it being tacit that the
phases not separate at the interface. We emphasize that — to allow for
incoherency — we do not require coincidence of the undeformed interfaces
S; and S,, nor do we require that B; and B, be disjoint.

Let y be a two-phase deformation. We write:

for the deformation gradient for phase i, and
G,(x) = F;"1(X), x = y(X) (3.1)

for the inverse deformation gradient.

We use the invertibility of the deformation to consider fields ¢;(X)
associated with B, (i=1,2) as fields §,(x) on the deformed regions B; in
fact, we write ¢,(x) rather than ©;(x), and let ¢(x) denote the combined
field given by ¢,(x) for x in the interior of B; and ¢,(x) for x in the
interior of B,. This convention allows us to consider the deformation
gradient as a spatial field F(x), and to reserve the subscripted symbol F,;
for the limit of F as & is approached from phase i.

More generally, &,(z) denotes the limit of a field &(x) at zel as
x—z from 8,, while [&] is the jump in & across the interface:

[é] = Qz - §1.
The undeformed interfaces S; and S, are in one-to-one corres-
pondence with 3 wvia the mappings y; and y,; we say that xe¢3,

X;€S;, and X,€S, are compatible if

-11-



In relations involving fields defined on the deformed interface as well as
fields defined on the undeformed interfaces, it will always be understood
that the fields are to be evaluated at compatible points.

We orient the deformed and undeformed interfaces by the following
choice of unit normal fields:

n unit normal to 8 outward from B,,
n, unit normal to S; outward from B,,
n, unit normal to S, inward from B,;

these normals are related by

ﬁ = XIFI-Tnl, )\1 = lFl-TnlI-l = |FlTﬁl- (3.2)
We write
J = detF (3.3)

for the bulk Jacobian; the superficial field
31 = J‘/)\’1 (3.4)

then represents the Jacobian of the mapping that carries the undeformed
phase i interface into the deformed interface. We will also use the surface
Jacobian H of the mapping that carries S; into S,:

R=19,/% (3.5)

We denote by Li(X) and K;(X) the curvature tensor and total (twice
the mean) curvature for S;, and by L(x) and K(x) the corresponding

quantities for 3.
The inclusions — into R3 — of the tangent spaces at X¢€S; and x€23

will be denoted by 1,(X) and 1(x), respectively, while the corresponding
projections will be denoted by P,=1," and P=1". We shall also make use

of the projection operators

-12-



A=1-n1&nl=nlpl, K=1-ﬁ®ﬁ= _iﬁ. (3-6)

Then
1,(X)eLin (n,(X)+,R3), 1(x)eLin (f(x)+,R3),
P,(X)eLin(R3,n,(X)+), P(x)eLin(R3,H(x)+),
A (X)eLin(R3,R3), Ax)eLin(R3,R3).

We write Uians; and Uu,,,s for the tangential components with
respect to S, and B, respectively, of an interfacial vector field u:

Uians, = Ay, Uiang = Au. (3.7)
We then have the useful result:

(G,"u)ans =0 ©  Up,pg = 0. (3.8)
To verify (3.8) we let W=Uians,, SO that u=w+an;, and we conclude,
with the aid of (3.2), that AGTu=AGTw. Assume that AG w=0. Let

p=F,w, so that p is tangential to 3. Then 0=p-7§Gi'w=w-w; hence
u .=0. The converse assertion is established similarly.
tanS;

3.3. TANGENTIAL GRADIENTS. INCOHERENCY TENSOR
The tangential and inverse - tangential deformation gradients
are defined by

F, = Vs,y, = Fi1,, B, = gradg(y;") = G 1, (3.9)

with Vsi the material gradient (with respect to X) on S; and grady
the spatial gradient (with respect to x) on 3. Then

F,(X)eLin (n,(X)+,R3), B,(x)eLin (A(x)+,R3),
but F(X) actually maps tangent vectors at Xe€S, to tangent vectors at
x€d, and vice versa for B;(x). Further, F;, and B, are generally not

invertible, but this causes no problem as PF, is invertible with inverse
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P;6,.11 Further, ¥}=det(PF,).

In discussing the interface it will be convenient to take phase 1 as
reference and to consider the relative deformation h of phase 2 with
respect to phase 1:

h(X) = (y; 1oy )(X), XeS;. (3.10)
We will refer to

as the relative deformation gradient; its tangential part is the surface
gradient of the map h:

H = Vg h = Hi,. (3.12)

We will refer to H as the incoherency tensor;12 H(X)eLin (n (X)+,R3),
although H(X) maps tangent vectors at XeS,; to tangent vectors at
h(X)eS,. The tensor H also relates the relative orientations of the un-
deformed interfaces:

n2 = )\2-1>\1H-Tn1. (313)

Given any Xe€S;, the smoothness of y; and y, up to the interface
and the restrictions detF; >0, detF,>0 allow us to extend y, and Yy,
smoothly and invertibly to R3-neighborhoods of X and h(X); thus, given
any point Xe€S,,

h admits a smooth, invertible extension to
an R3-neighborhood of X, and H = Vh. (3.14)

The relative gradient H, which measures both the relative strain and
relative rotation between phases, is invariant under observer changes,
which are here transformations carrying (F;,F,) into (QF,,QF,) with

11lcs [GS), p. 106.
12¢f Cermelli and Gurtin [1993).
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QeOrth*. Contrast this to classical continuum theories, where rotations are
generally not invariant and consequently ruled out of constitutive relations.

3.4. REFERENTIAL-TO-SPATIAL TRANSFORMS
Given a bulk tensor field T and a bulk scalar field ¢, we write

T = JITF7, % = Jlg, (3.15)

where J is the bulk Jacobian (3.3). If A is a surface oriented by the unit
normal m, if Q is a region, if both A and Q are contained in one of the
undeformed phase regions, and if @ — oriented by m — and @ denote
the images, at some fixed time, of A and Q under the motion, then

JTmda = [Tmda, [odv = [gdv. (3.16)
Q A Q Q

Given a superficial (scalar or vector) field ¢; for S;, we define
9 = 47y, (3.17)

where §, is the surface Jacobian (3.4). If A 1is a subsurface of the
undeformed phase i interface, and Q is the image of A under the motion,
then

J9,da = [¢da. (3.18)
G A

By (3.2), (3.4), and (3.15), for T a bulk tensor field,

T,h = 31Tn,. (3.19)

Also, applying (3.16); to the boundary of a smooth region, we conclude, with
the aid of the divergence theorem, that

divT = J"1DivT, (3.20)

with div and Div, respectively, the spatial and referential divergences.
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Similarly, given a superficial tensor field T on S;, we write
? = 31-1TFIT.1T; (3.21)
then, if ¥ and ¥, are the unit normals to dG and OA, respectively, we have

JT¥ds = [Tv,ds, (3.22)
oa A,

and the identity

J‘q.—ﬁds = Iq.Tvids (3.23) "
! 24,

holds for any superficial vector field13 q@ on Q. Applying the surface
divergence theorem14 to both sides of (3.22) yields

divy T = § Divg T. (3.24)

If the unbarred fields in (3.15), (3.17), and (3.21) represent physical
quantities measured in the undeformed body, then the barred quantities
represent these same quantities measured in the deformed body. We will
refer to the barred quantities as the referential-to-spatial transforms
of the unbarred quantities. In using this notation it is important to note

that n is not the transform of n,

130n the left side of (3.23) q is considered as a function x= q(x) on G, on the right
side as a function X~ q(y;(X)) on A;.

14ct [Gu), eqt. (A10).
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4. TWO-PHASE MOTIONS
4.1. BASIC DEFINITIONS
At each time t, let y(t) be a two-phase deformation of a two-
phase body (B,(t),B,(t)), and write y=(y,,y,), with y; the mapping
y(X,t)=y,(t)(X). Then y is a two-phase motion if, for each phase i:
(i) { B(1), B,(t), B,(t)} is an evolving two-phase regionl®;
(ii) away from Si(t), 9B,(t) is independent of time;
(iii) y; is a smooth mapping.
Let y be a two-phase motion. We use the following notation:

y; (X,t) = (9/9t)y,(X,1)

is the material velocity of phase i; V,(X,t) and V(x,t), respectively, are
the normal velocities of Si(t) in the direction n|(X,t) and 2(t) in the
direction n(x,t); y;1(x,t) is the (fixed-time) inverse of y,(X,t),

vy Uy (X,0),1) = X, XeB,(1). (4.1)

As in Section 3.2, we use the invertibility of the motion to consider
fields ¢(X,t) associated with B(t) (i=1,2) (and smooth up to the inter-
face) as fields ¢,(x,t) on the deformed regions B,(t), and let @(x,t) denote
the combined field given by ¢,(x,t) for x in the interior of 3B,(t) and
¢,(x,t) for x in the interior of B,(t). We will refer to such fields ¢(x,t)
as spatially described bulk fields, a convention that allows us to
consider the deformation gradient and material velocity as spatial fields
F(x,t) and y'(x,t), and to use the notation defined in the paragraph of [Gu]
containing (2.1) with {B(t), B,(t), B,(t)} as the evolving two-phase region.

A (local) trajectory for 8 is a vector function 2z of time (on some
open time interval) with 2z(T1)ed(T) at each T; 2z passes through x at
time t if z(t)=x; z is normalif 2z°'=Vh. (Since 3 is, by hypothesis, a
smoothly evolving surface, given t and xeB8(t), there is always a
trajectory — even a normal trajectory — through x at time t.) Trajec-
tories for S; are defined analogously. We define compatible trajectories
for the interface as trajectories 2z, Z,, Z, for R, S,, and S,,

15¢f Sect. 2 of [Gul.
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respectively, such that
z(t) = y,(Z,(1),1) = y,(Z,(1),1); (4.2)

the velocities 2°, Z,°, and Z," of compatible trajectories satisfy

z"- .= V. ‘. = \V
i Vi z-nsV, (4.3)

N.
n

Y+ FiZy° =y, + FoZ,o

The (fixed-time) invertibility of y; allows us to construct compatible
trajectories through compatible points; (3.2) and (4.3) therefore vyield

V = >‘IV1 + yi.'ﬁ, i= 1,2, (44)

~a constraint that rules out the formation of voids at the interface.
We will also use, as an intrinsic measure of the motion of S;, the
relative velocity

U, =V-y'h=2V, (4.5) .
and the volume-flow >

for phase i (cf. (3.4) and (4.5)). W, represents the volume flow across the
phase i interface in the direction -n, per unit deformed area (cf. Section
5.2). By (3.4), (4.4), (4.5), and (4.6), we have the compatibility conditions:

[AV] = [Jw] = [U] = -[y’]-n. (4.7)
4.2. COMPATIBLE INTERFACE AND EDGE VELOCITIES
a. Interface velocities
(Local) parametrizations x=z(p,t) for 2&(t) and X=Z(p,t) for
S{(t), i=1,2, are compatible if
z(p,t) = y,(Z,(p,t),t) = y,(Z,(p,t),1); (4.8)
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the trajectories defined by z(p,t) and Z(p,t) for p fixed are then
compatible, and the corresponding superficial fields v(x,t)=(9/9t)z(p,t),
x=2(p,t), and v;(X,t)=(3/9t)Z,(p,t), X=Z(p,t), satisfy

v:n =V, (4.9)

as well as the compatibility condition

V=y, +Fvy =y, +Fyv,. (4.10)

We will refer to superficial fields v, v,, and v, consistent with (4.9) and
(4.10) as compatible velocity fields for the interface. (By (4.4), (4.9) are
redundant, (4.10) and one of (4.9) impies the other.) Here it is important to
note that v, and v, need not be normal to S; and S,, respectively,
but their tangential components are not independent, as v, and v, must
induce the same velocity field v for 3. Working with compatible velocity
fields guarantees the equivalence of the description of the evolution process
with respect to any of the interfaces &, S;, and S,. To choose compatible
velocity fields it sufficies to specify one of the fields Vv, v,, or wv,, for
then the other two may be computed using (4.10).

In what follows we will use two particular choices of compatible
velocity fields Vv, v;, and Vv,: one choice is normalized spatially, while

the other is normalized materially using phase 1 as reference.
(i) The spatially normalized interface velocities v, v;, and v,

have ¥V normal,

v = Vn, (4.11)
so that, by (4.10),

v; = G(V -y, i=1,2; (4.12)

(ii) the interface velocities Vv, v;, and v, materially normalized
with respect to phase 1 have v; normal,
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so that, by (4.10),
v=y’+Fv,, (4.14)
V2 = Gz(— [Y.] + Flvl).
It is important to note that ¥V and V are not the referential-to-
spatial transforms of v; and V,.

b. Edge velocities
Let Ai(t)=yi'1(G(t),t), with Q(t) a smoothly evolving subsurface of
B(t), let ¥ and ¥, denote the outward unit normals to the boundary

curves 0QG(t) and 0A((t), and let V(yg)tan 2and V(aa)tan denote the

intrinsic tangential edge velocities of the boundary curves 090G and
0A; (the normal velocities of 0A; and 0G in the tangent planes to S; and
8).1¢ We say that parametrizations x=z(u,t) for 9G(t) and X=Z(u,t)
for 0A,(t), i=1,2, are compatible if z(u,t)=y;(Z;(u,t),t)=y,(Z,(u,t),t). The
corresponding superficial fields wi(x,t)=(9/0t)z(u,t), x=2z(u,t), and
wi(X,t)=(0/01)Z;(u,t), X=Z(u,t), then satisfy

win; = Vi’ WiV, = V(aAi)tan’ (4.15)
wen =V, WV = Viaajtan:

in conjunction with the compatibility condition
W=y "+ Fywy =y + Fowy (4.16)

(cf. (4.10)). More generally, let Ww(x,t) and w;(X,t), respectively, be
defined for all x€dG(t) and all XedA|t). Then w, w,;, and w, are
compatible edge velocities if they are consistent with (4.15) and (4.16).
As before, we shall use two specific normalizations of the edge
velocities: the spatial normalization

16ct Appendix A of [Gul.
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€|

VA + Viaitan = V + Visatan Vs (4.17)

<

i = G(W - ¥;) = v;+ G,(Viaa)tan V)

(with ¥ and v; spatially normalized); and the material normalization
with respect to phase 1

Wi = Viny + VieatanV1 = Vi * ViaaptanVs
W=y, +Fw;=V+ Fl(V(aAl)tanvi), (4.18)
W2 = Gz(- [y.] + Flwl) = V2 + H(V(aAl)tanvl)

(with ¥ and v, materially normalized with respect to phase 1).

4.3. NORMAL TIME DERIVATIVES FOLLOWING THE INTERFACE

The normal time derivative ¢°(x,t) following &(t) of a

superficial field ¢(x,t) on 2&(t) is the superficial field defined as follows: for
any normal trajectory z(T) through x at time t:

9°(x,0)= (d/dT){p(z(1), 1)}, _,. (4.19)

When the superficial field is the limit &,(x,t) from B(t) of a bulk scalar
field &(x,t),

(8)° = (3,8), + Vh-(gradd),. (4.20)
Analogously, let p(X,t) be a superficial field on S;(t). Then its normal

time derivative ¢°(X,t) following S;(t) is the superficial field on S (t)
given by

¢°(X,0) = (@/dn){e(Z (1), D), (4.21)

with Z;(1) the normal trajectory through X at time t. As before, when

the superficial field is the limit &,(X,t) from B;(t) of a bulk scalar field
&(X,1),

(3,)° = (8, + V;n;-(V),. (4.22)
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The relations (4.20) and (4.22) have obvious analogs for vector and tensor
fields. Note that the symbol (-)° defines the normal time derivative on
both S,(t) and S,(t); when we use this symbol the underlying surface
should be clear from the context. (In most cases (-)° will denote the
normal time derivative with respect to S;.)

The above definitions, the discussion in the paragraph containing (4.8)
and (4.19), (4.21) yield the identities:

(Yi-l)u = Vio
yin = "G = vﬁ (4.23) .
when the interface velocities are spatially normalized, and
y:® =V =y +F1Vyn,,
(4.24)

when the interface wvelocities are materially normalized with respect to
phase 1 and (:)° is the normal time derivative with respect to S;.
Further, for ¢ a superficial scalar field

@° = @° + y;°-gradzo, (4.25)
with (-)° the normal time derivative with respect to S;; and analogous
relations hold also for vector and tensor fields. We will verify (4.25) for
i=1. Choose x€.83 and t arbitrarily. Let z(T) be a normal trajectory for
A(1) through x at t, let Z(1) be a normal trajectory for S;(71)
through X=y,-1(x,t) at t, and, without loss in generality, let t=0.
Then, for ¢ described spatially,

(g° - g°)(x,0) = &(0%), &(71) = v-1{¢(2(1),7) - ¢(y4(Z(T),7),7)},

since 2(0) = y,(Z(0),0) =x. Writing u(t)=gradz¢(z(T),7), it follows that

8(1) = v-1{z2(7) - 2(0) + y4(Z(0),0) - y4(Z(7),1)}-ul7) + o(1),

-22-



&(0+) = {2°(0) - y,°(X,0) - F;(X,0)Z°(0)}-u(0).

On the other hand, z'=Vh, Z°=V,n,, and (4.25) follows from (4.24);. This
result also holds for vector and tensor fields.

4.4 SLIP

A basic feature of incoherent motions is that the phases are allowed
to slip along the interface. We introduce, as an intrinsic measure of this
phenomenon, the slip velocity

¥ = (y,)° - (yy)°, (4.26)
with (y,)° the normal time derivative following S, and (y,;)° the
normal time derivative following S;. Then ¥ is tangential to 8 and
admits the representation

¥ = [y'] +[VFnl. (4.27)
This identity follows from property (4.22) of the normal time derivative;
(4.4) then yields the tangency of ¥ to 23

In terms of the interface velocities materially normalized with respect
to phase 1,

¥ = -F2(v2)tan52' (4.28)

Indeed, by (Z.6), (4.13), and (4.14),

(V2)tan32 = v2 = (V2°n2)n2

Gz(yl. - Y2. + F1V1) = V2n2

G,(y," - ¥," + V,Fyn; - V,F,n))
~G,(ly"] + [VFn)),

and (4.28) follows from (4.27).
Our definition (4.26) of the slip velocity ¥ characterizes it as the
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"deviation rate” of the images in the deformed configuration of trajectories
for S; and S, that are both normal. The identity (4.28) yields another
interpretation. Consider a normal S;~trajectory. The image of this trajec-
tory in the reference configuration for phase 2 is an S,-trajectory, but in
general it is not normal to S,. It describes the motion on S, of a time-
dependent compatible point that moves normally on S;. The tangential
part of the velocity field for this S,-trajectory is a measure of the shear
rate across the interface; the multiplication by F, in (4.28) converts this
shear rate to one measured in the deformed configuration.
An alternative representation of the slip is furnished by the identity

¥ = [F{Vn - (y1)?}], (4.29)
which is a consequence of (4.12), (4.23),, and (4.27).

4.5. SOME IDENTITIES
We begin with identities in which the interface velocities are spatially
normalized. Here wu 1is a bulk vector field; and, for i=1,2, a; is a

superficial vector field on S,.

gradgVv = - (nen®)1 - VL, (4.30)
gradgv,= G°1 + G;gradg ¥, (4.31)
gradg(u®)= (gradu)”"1 + (gradu);(gradg¥), (4.32)
a; v, = (R:GTa)U; - (G a)ns (¥i)ians (4.33)

In the next set of identities the interface velocities are materially
normalized with respect to phase 1, the normal time derivative is with
respect to S,;, and, for i=1,2, a; is a superficial vector field on S,.

Vs,V1 = - (ngen )1 - Vil (4.34)
Vs, V2s H°1; + HVg vy, (4.35)
Vs, V= Fi°1, + Fy Vg vy, (4.36)
VS1(u1°)= (Vu),°1, + (Vu)l(Vs1v1), (4.37)
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Z ak'vk = z (ak‘nk)vk = (Gz.raz)tanz'x. (438)
ke1,2 k=1,2

The identities (4.30) and (4.34) can be found in [GS] (cf. the proof of
(3.29) in [GS)).
To prove (4.32), let A=gradu. Then, by (4.20),

gradg(u®) = gradg{(9,u); + A;¥))

(9, A); T + ((gradA);¥)1 + A (gradgy ¥);

the first two terms on the right equal A°. The identity (4.31) follows from
(3.1), (4.23),, and (4.32), while (4.37) is the material counterpart of (4.32).
Next, note that, by (4.5), (4.11), and (4.12),

al'Vl = G:&l'(VE-’ yl.)
(ﬁ'GiTai)(V - yi.°ﬁ) - (GlTai)tan.S'(yi')tanaB
= (n-GTa)VU; - (G"a)uns (¥ )tans

and (4.33) follows.

Equation (4.35) follows from (4.37) with u=h, (3.14), and (4.24),, while
(4.36) is a consequence of (4.37) with u=y, and (4.24),. Finally, to prove
(4.38), we decompose Vv, into tangential and normal parts with respect to
S, and then appeal to (4.28).

4.6. SPATIAL CONTROL VOLUMES

We will formulate balance laws using spatial control volumes, which
are fixed regions of space through which the deformed material flows.
Precisely, a spatial control volume is a fixed region R with the
property that R is a control volume with respect to { B(t), B,(t), B,(t) ).
The time-dependent set B;(t1)NR then represents the portion of R
consisting of phase i material.

Let & be a spatial field and let D(t) be a (possibly) time-dependent
region in the deformed body. Then we write

(d/dt) { J&dv (1) = (d/dt) { [ T(x,t) dv(x)).
D D(t)
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Given a spatial control volume R (with m the outward unit normal to
OR), we write

{[&dv)} = (d/d1){J&dv)} + [ Ty'.mnda, (4.39)
R R R

for the time derivative following the material currently in R. Then, for
Re¢ a family of spatial control volumes that shrinks to an arbitrary regular
interfacial set @, and for & the referential-to-spatial transform of a bulk
field &,

{[Tdv)* — -JIBUlda = - [ITW]da; (4.40)
Re Q Q

the first limit follows from (4.5) and Lemma B1 of [Gu), while the final rela-
tion is a consequence of (3.15) and (4.6).
Similarly, if T isa spatial tensor field, then, by (3.19),

[Tmda — [[}!1Tnlda. (4.41)
ORe G

Throughout our discussion of incoherent interfaces we will state and

localize balance laws using spatial control volumes in conjunction with the
referential-to-spatial transforms defined in Section 3.4.
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5. COHERENCY. FORMATION OF DEFECTS17
5.1. COHERENCY
a. Symmetry group of the lattice

We introduce a symmetry group @ for the reference lattice &I.
Unless specified to the contrary, @ is a subgroup of Unim®*, so that all
deformations that leave L invariant may be represented by @. However,
our results concerning the relation between incoherency and coherency
require that we exclude from our discussion arbitrarily large shears. In
fact, this discussion will require that @ be a finite subgroup of Orth+18

In any case, we will refer to the tensors A€Q as symmetry
transformations, and to mappings f:R3—=R3 of the form

f(X) = AX + q (Acg, qeR3) (5.1)

as material isomorphisms. It is important to distinguish the translation
q, which may be any vector, from the translations which — on a micro-
scopic scale — leave the lattice invariant; on a macroscopic scale the set of
microscopic translations is not distinguishable from RS3.

b. Infinitesimal coherency

Consider a two-phase deformation. Choose compatible points xe€2R,
X,€S;, and X,¢€S,. Further, let dX; be an "infinitesimal line segment” on
S; at X, and let dx;=F;(X)dX;. If dx;=dx,, then dX,; and dX,
coincide when deformed. In this case dX,=H(X,)dX,; thus H(X,) relates
line segments on the undeformed interfaces S; and S, that coincide when

deformed. Since the reference lattices are coincident, if dX,=dX, for all

17This material is taken from Cermelli and Gurtin [1993].

18Reducing the ''effective" symmetry group of the lattice to a subgroup of rotations
requires restricting the deformation of each phase to a sufficiently small neigh-
borhood of the identity, an idea due to Ericksen [1980,1984,1989] (see also Parry
[1976,1982)). Ericksen conjectured and Pitteri [1984] proved that such a neighborhood
— with suitable properties — can always be found. A clear, concise proof of the
Ericksen-Pitteri Theorem is given by Ball and James [1992]. See also Cermelli and
Gurtin [1993] for a treatment of Ericksen's ideas within the framework of this paper.
A slight generalization would be to require that the deformation gradients Vy; be con-
fined to suitable "Ericksen-Pitteri neighborhoods" T;, but to let the transition strain
between phases be large. This can be handled within the present framework with
only minor modifications.
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such line segments at X; and X, that coincide when deformed, then the
deformed lattices are also coincident at x. In this case the interface is — in
some sense — coherent at x, and the same can be said if, for some
symmetry transformation A, dX,=AdX; for all such line segments. In
this case we refer to the interface as infinitesimally coherent; precisely, the
interface is infinitesimally coherent at xe¢8 if there is a symmetry
transformation A such that

H(X,) = A1,(X),), (5.2)

so that H(X,) and A coincide on vectors tangent to S; at X, =y,; 1(x).
A condition equivalent to infinitesimal coherency at x is that, for some
vector b,

H(X,) = A +ben,(X,). (5.3)
If, in addition, A 1is a rotation, then

$,(X,) = §,(X,), n,(X,) = An,(X,). (5.4)
c. Coherent subsurfaces

We continue to consider a two-phase deformation. Let C be a
subsurface of 3, and write

C, = y,"UC) (5.5)
for the subsurface of S; that transforms to C. Then C is infinitesimally
coherent if the interface is infinitesimally coherent at each x¢C. A much

stronger restriction is the content of the next definition. We say that C is
coherent if there is a material isomorphism f such that

X, = f(X,;) whenever X,eC, and X,eC, are compatible. (5.6)
Thus infinitesimal coherence at X is the requirement that infinitesimal

segments of the lattices for the two phases fit together at x, while
coherency for C is the requirement that the lattices fit together over all of
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C. Note that (5.6) is equivalent to the assertion that the relative defor-
mation h, defined by (3.10), when restricted to C;, is the restriction of a
material isomorphism: for some A¢@

h(Z) - h(X) = AlZ-X] for all X,ZeC,. (5.7)

Theorem. Let C be a subsurface of 8. Then

C coherent = C infinitesimally coherent. (5.8)

Conversely, if the symmetry group is a finite subgroup of Orth*, and if
C 1Is connected, then

C infinitesimally coherent = C coherent. (5.9)

Proof. The implication (5.8) is immediate. To prove the converse
assertion assume that the symmetry group is a finite subgroup of Orth®,
and that C is connected and infinitesimally coherent. Then, for each
XeCy,

HX) = Q(X)1,(X), (5.10)

for some Q(X)e@. Choose arbitrary points Z,feCl. Since C, is connected
we can find a smooth curve W in C, from Z to Z. Let X denote the
set of all points XeW with Q(X)=Q(2).

Then X is closed. To verify this, choose a sequence X,, with X eX.
Since W is compact, this sequence converges to some Xew. By (5.10),
Q(X)1,(X) is continuous on W; hence Q(X,)1,(X,)—Q(X)1,(X). But, since
1,(X) is continuous, Q(X,)1,(X,)=Q(2)1,(X,) = Q(2)1,(X); thus, as both
Q(X) and Q(Z) are orthogonal, Q(X)=Q(Z) and XeX.

Assume, for the purpose of contradiction, that X=W. As X is closed,
there is a point XecdX, X ¢OW, such that Q(X)=Q(Z), and, since X ¢ow,
there is a sequence X,— X, X,€W, such that, for each n, Q(X,)=Q(Z).
Again by the continuity of Q(X)1,(X), Q(X,)1,(X,)—Q(X)1,(X). But since
@ is a finite group with orthogonal elements, and since 1,(X) is con-
tinuous, this can happen only if Q(X,)=Q(X)=Q(2Z) for all sufficiently large
n, a contradiction. Therefore X=W and Q(Z)=Q(Z); hence Q is constant
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on C,. Finally, choosing X,ZeC; and integrating (d/do)h(Z(o)) along a
smooth path Z(o)eC, with 2(0)=Z and Z(1)=X yields h(X) -
h(Z) = Q[X - Z], so that, by (5.7), C is coherent.

5.2. PRODUCTION OF LATTICE POINTS BY THE MOVING INTERFACE

We let ? (=constant) denote the molar density of lattice points in the
reference lattice per unit volume. The density ? of lattice points per unit
volume in the deformed body is then given by

J? =9, (5.11)

so that

L(R) = {J2dv)" (5.12)
R

represents the rate at which lattice points are produced in a spatial control
volume R. L(R)=0 if R lies solely in one phase; thus lattice points are
produced, at most, at the interface. If we apply (5.12) to a family Rg of
spatial contro! “vclumes that shrinks to an arbitrary regular interfacial set
G, we find that, by (4.40) and (5.11),

L(Re¢) = - Jl2U)da = -2 f[W]lda. (5.13)
Q Q

Thus

the production-rate of lattice points, per unit
deformed interfacial area, is -2[W]=-[2U]. (5.14)

Coherent interfaces conserve lattice points, since §;=%, and V,=V,. This
feature of coherent interfaces is generally not shared by their incoherent
counterparts.

The (positive or negative) production of lattice points by a moving
interface induces defects: since atoms are conserved, a positive production
should induce wvacancies, while a negative production should induce
interstitials.
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5.3. WHEN ARE INTERFACES COHERENT?

We now give a characterization of incoherent behavior using three
fundamental kinematical measures: the incoherency tensor, the slip velo-
city, and the production-rate of lattice points.

We will refer to the interface 8 as coherent for all time if B(t) is
coherent at each t, and if the corresponding material isomorphism f for
A(t) is independent of t. Granted this, we may change reference configu-
ration for phase 1 so that the material isomorphism f is the identity.
Therefore, without loss in generality, we may take f to be the identity in
the definition above, and this we shall do. Also, for consistency, the
assertion "2(0) is coherent” will have associated with it the requirement
the material isomorphism corresponding to 2(0) be the identity. Direct
consequences of this definition, for an interface that is coherent for all time,
are that

S;(t) = S,(t) =:S(1),
n,(X,t) = ny(X,t) =: n(X,t), (5.15)
Vl(x,t) = V-_,(X,‘t) =ZV(X,‘t),

and that the motion is continuous across the interface:
y;(X,t) = y,(X,t) for all XeS(t). (5.16)

Theorem. If the interface 3 is coherent for all time, then, at each
time:
(a) the interface is infinitesimally coherent;
(b) the interfacial volume-production rate vanishes identically;
(c) the interfacial slip velocity vanishes identically.
Conversely, if the symmetry group is a finite subgroup of Orth*, if 23(0)
is coherent, and if (a), (b), and (c) are satisfied, then 8 is coherent for

all time.

Proof. Assume first that the interface is coherent: (5.8) then implies
(a). Next, the standard compatibility conditions for a coherent interface,
namely, [Fl=[Fln®en and [y']l=-VI[FIn (cf. (3.6) and (3.8) of [Gul), yield,
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by virtue of (4.27), conclusion (c). Finally, (4.6), (5.4),, (5.14), and (5.15)
imply that W,;=W,, which is (b).

Assume next that the hypotheses of the converse assertion are satis-
fied. By (a), (5.4) is satisfied. Thus (b), (4.6) and (5.14) imply that, for all
compatible points Xe€S; and X,€S,,

V,(X,,t) = V,(X,1). (5.17)

Assume first that B8(t) is connected. By (a) and (5.9), &(t) is
coherent at each t; thus the function h defined by (3.10) at each t is
the restriction to 3(t) of a material isomorphism

h(X,t) = QX + q(t), (5.18)

where Q is independent of t, since @ is finite and h(X,t) continuous in
t; in fact, the initial coherence of the interface and our agreement in the
first paragraph of the section yields

Q=1, q(0)=0, (5.19)
so that, by (5.4),,
n,(X,,t) = n,;(X,t) =: n(X,t). (5.20)

Next, let Z;, and Z, be compatible trajectories; then, by definition,
Z,(t) and Z,(t) coincide in the deformed configuration and

Z,(t) = Z,(t) + q(1). (5.21)

Assume further, that Z,; is normal, so that, by (4.28) with ¥=0, Z, is
also normal. Thus q' is parallel to n. On the other hand, (5.17), (5.20),
and (5.21) yield q'-n=0. Thus q‘'(t)=0 for all t. But the initial coherence
of the interface yields q(0)=0; hence q(t)=0 for all t, and h(X,t) is the
identity on S;(t) at each t. Thus 3 is coherent.

If B is not connected, then the foregoing argument applied to each
connected component of 3 again renders h(X,t) the identity on S,(t).
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This completes the proof.

The last theorem shows that an incoherent interface is associated
with the formation of defects. It is generally believed that an absence of
infinitesimal coherency leads to dislocations.!?® Here our theory is, in some
sense, lacking, as it makes no provision for dislocations passed on the bulk
material behind an advancing interface. Thus, at best, our results seem
applicable to situations in which the interfacial production of dislocations
has only minor effect on the bulk mechanics. Removing this restriction
would be an interesting topic for future study.

19For discussions related to interfacial dislocations, in statics, cf. Brooks [1952], Nye
{1953], Frank [1955]), Bilby [1955], Bilby, Bullough, and De Grinberg [1964], Christian
[1965,1985], Bollman [1967), Christian and Crocker [1980], and Pond [1985,1989]).
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B. SIMPLE THEORY WITHOUT INTERFACIAL STRUCTURE

We begin with a theory that neglects interfacial energy and stress,
but includes internal configurational forces that act at the interface in
response to the exchange of material between phases.

6. PRIMITIVE QUANTITIES
We consider U species, a=1,2,...,%, of mobile atoms, labelled so
that — in the absence of defects — the atoms of species a€{1,2,...,b} lie on
lattice points, while the atoms of species ae{b+1,b+2,..., %} are interstitial.
Let y be a two-phase motion. The following fields are the primitive
quantities of the theory:

bulk fields

Y free energy

pe density

¢ diffusive mass flux
chemical potential
deformational stress

=]

configurational stress

©c OWnr ¥

internal configurational force
interfacial field

i internal configurational force (i=1,2)

The field ¥ is the bulk free-energy per unit undeformed volume. The
bulk densities p® are atomic or molar densities, measured per unit
undeformed volume. Since ! represents the number of lattice points, per
unit undeformed volume,

d:=02-(pt+p2+...+pb) (6.1)
represents a density of defects; for d>0, d is a density of vacancies, for
d<0, Idl is the density of lattice-point atoms forced into interstitial

positions. The bulk mass flux h® is measured in moles per unit unde-
formed area (and per unit time) and represents the transport of atoms of
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species a relative to the material (lattice); the field
hges := =(h1 + h2 + ...+ hb) (6.2)

then represents a flux of defects.
A basic hypothesis of our theory concerns the chemical potentials
and asserts that

M® is continuous across the interface. (6.3)

This, an assumption of local-equilibrium, allows us to consider the % as
chemical potentials for the interface as well as for the bulk material.

The deformational stress S 1is the standard Piola-Kirchhoff stress,
measured per unit undeformed volume. The configurational fields C, e,
and 8; (i=1,2), which are nonstandard, represent forces associated with
the internal structure of the material; they act in response to the addition,
removal, and rearrangement of atoms at points of the body. The stress C,
measured per unit undeformed area, represents configurational forces
acting between neighboring parts of the body; e, measured per unit unde-
formed volume, is an internal bulk force related to nonuniformities in the
crystal lattice; ©;, measured per unit undeformed area, acts at the
interface in response to the exchange of material between phases.

We allow also for the following external fields:

bulk fields

Q® mass supply
b deformational body force

interfacial fields

- mass supply
deformational force
configurational force

ol Q)

=

-

Q®, the external supply of species @ to the bulk material, is measured in
moles per unit undeformed volume. The external supply q® of species a to
the interface represents a supply of material of both phases, and is
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measured in moles per unit deformed area, as the deformed interface is
where the two phases interact. Similarly, b, measured per unit
undeformed volume, and g, measured per unit deformed area, represent
external forces applied to the bulk material and to the interface,
respectively, while f;, measured per unit undeformed area, is an external
configurational force on the phase i interface.

The external fields might be viewed as virtual supplies and virtual
forces; they allow the primitive fields to be specified arbitrarily without
violating the mass and force balances, a feature that facilitates our use of
the "second law" in restricting constitutive equations.20

The following referential-to-spatial transformations will be used re-
peatedly:

T =J1%, p =J1p%, &=Jle, b=J1, Q°=J1Qe,
S = J1SF", C = J-ICF'", h® = J-1Fh¢, (6.4)
8 = 37, f =37,

1

20¢t. the paragraph labelled (2) in the Introduction of [Gu].
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7. BALANCE LAWS FOR MASS AND FORCE

We formulate basic balance laws in the deformed body, where the
two phases are comparable, but, as solids are best described materially, we
express the resulting local relations in the undeformed body.

7.1. BALANCE OF MASS

Let R be an arbitrary spatial control volume. We write balance of
mass for R following the material points currently in R. Thus, since the
mass flux h® is measured relative to the material, balance of mass is
the requirement that

{Jpdv}* = -[h%-Thda + [3®da + [Q° dv (7.1)
R R ANR R

for each species a, where we have used the referential - to - spatial
‘transforms (6.4) to express the basic quantities in the spatial description.
Here and in what follows, m is the outward unit normal to oR.

Using (4.40) and the analog of (4.41) for vector fields to localize (7.1),
we arrive at the interfacial mass balance

[peW] = [§"the.n] - 3°. (7.2)

We can rewrite the left side of this balance as [p®J<W> +[WI<p%>;, the first
term is analogous to the standard term 3'1[p°]\/ for a coherent interface,
but the second term, which, by (5.14), represents a rate of mass transfer
due to lattice-point production, is a direct consequence of incoherency.

The local areas of the undeformed interfaces are rendered compatible
in this balance by the presence of the surface jacobians §};; in fact, by (4.6)
we can rewrite (7.2) in the form

[$71(he.n - poV)] = go. (7.3)

If we consider control volumes that exclude the interface, ‘we are led

to the standard relations

(pe)* = -Divh® + Q¢ (7.4)
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in bulk (in the interior of B, and B,).

7.2. CONFIGURATIONAL AND DEFORMATIONAL FORCE BALANCES
We postulate, for each spatial control volume X, the force and
moment balances

[Smda+ [bdv + [gda = 0,
oR R ANR

frxSthda + [rxbdv + [rxgda = 0,
dR R 8NR

(7.5)

where r=x-x, with X, fixed, and where we have used the referential-
to-spatial transforms (6.4) to express the stress and forces in the spatial
description.

For an incoherent interface the lattices are independent; for that
reason we do not postulate a configurational force balance for R as a
whole, but instead characterize configurational forces by means of balances
for the individual control volumes B (t)NR. Precisely, for each spatial
control voiume R and each phase i, we postulate a configurational
balance

JCmda + J(B,+f)da + Jedv = 0. (7.6)
B;NOR ANR B;NR

Shrinking R to the interface in (7.5); and (7.6) using (4.41), we arrive at
the interfacial force balances

[§-isn] + g =0, 8Cn; + 8, +f = 0. (7.7)

Similarly, using spatial control volumes R that do not intersect the
interface yields the bulk relations

DivS+b =0, SFT = FS7, DivC +e = 0. (7.8)
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7.3. IDENTIFICATION OF THE CONFIGURATIONAL STRESS WITH THE BULK
ESHELBY TENSOR
It is convenient to introduce a grand canonical potential

w=¥-Z;p%ue, (7.9)

where here and in what follows Z; designates the sum over a from 1 to
A.

A basic hypothesis of our theory is that the configurational stress C
be equal to the bulk Eshelby tensor:

C=wl-F'S. (7.10)

This assumption is actually a consequence of a more general treatment?21
that allows for control volumes XR(t) that evolve with time and thereby
capture the mechanics and energetics associated with the addition and dele-
tion of material points at control-volume boundaries. Note that by (3.15)
the relation (7.10) has the alternative form

G'C = w1 -8S. (7.11)

21Gurtin [1994]. A sketch is given here in Section 8.2.
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8. ENERGETICS. DISSIPATION INEQUALITIES
8.1. STATEMENT OF THE SECOND LAW. GLOBAL DISSIPATION INEQUALITY

In the mechanical theory discussed here the second law is the re-
quirement that the energy of material currently in a control volume R
increase at a rate not greater than the expended power ®(R) plus the
energy E(R) supplied to R by mass transport.

As with balance of mass, we will write the second law for R follow-
ing the material currently in R. Thus, since the chemical potential p¢
represents the energy of a mole of species a,

B(R) = £, {-Jucho-mda+ [u2g®da + [u®Qe dv). (8.1)
R 3NR R

Deformational forces act in the deformed body as a response to defor-
‘mation. The stress S and the body force b act in the bulk material away
from the interface, and we presume them conjugate?? to the material
velocity y°'. The external force g acts at the interface, and we assume
that g is conjugate to the velocity Vv of the deformed interface. Configu-
rational forces are associated with the nondeformational kinetics of material
points, and, for that reason, we assume that they expend power only at the
interface, where the phase i regions undergo change. Thus bulk configura-
tional forces do not expend power, but the external forces f;, which act at
the interface, do. We assume that f; is conjugate to the velocity v, at
which the phase i interface moves through the reference configuration. We
therefore express the power expended on a spatial control volume R in the
form

P(R) = [Sm-y'da+ [by'dv +
’ oR R

J{f vy + £,0v, + §V)da, (8.2)
ANR

where v,, v,, and Vv are compatible velocity fields for the interface. We
do not allow 8; to contribute to ®(R), since it acts internally to R.
This discussion leads to a statement of the second law in the form of a

225 force {f is "conjugate to" a wvelocity v if f "expends power over"' v.
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global dissipation inequality

{JEdv)} < P(R) + B(R) (8.3)
R

for all spatial control volumes R.

8.2. ALTERNATIVE STATEMENT OF THE SECOND LAW?23

For this section only, consider a spatial control volume R(t) that
depends on t, let Ri(t) denote the undeformed phase i region that deforms
to Bi(t)NR(t), let ¥, and V denote the normal velocities of dR;(t) and
oR(t), and let q; and @ denote compatible velocity fields for 9R;(t) and
oR(t) (as in Section 4.2a).

The forms taken for balance of mass and the second law depend
crucially on how we view the motion of OR,(t). A standard precept of con-
tinuum mechanics is that when writing basic laws for R;(t) the material
external to R,(t) is irrelevant provided its action is suitably accounted for
by the action of stresses on 9R(t). Thus the basic laws should be express-
ible in a form that does not distinguish between whether or not there is a
different phase exterior to OR(t). To accomplish this we might view the
dependence of R;(t) on t as representing the addition of material to —
or the deletion of material from — the boundary oR,(t). Based on this
viewpoint, we write balance of mass and the dissipation inequality as

(d/dt){[p®da)} = M(R) + [A%da, (7.1"
R R

(d/dt){J Edv) = P*(R) + E(R) + £, Jushs da, (8.3")
R R

where A% =p(V-y" ), M(R) is the right side of (7.1), and
P*(R) = [(Sm-g+Cm-q)da + [by'dv +
oR R

I{ ﬂ'vi + f-2°V2 + E’V}da, (8.4)
ANR

23Gurtin  [1994).
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where q=q; on B;nNoR, i=1,2.

In contrast to (7.1) and (8.3), (7.1') and (8.3') do not follow the material
currently in R(t), but instead follow R(t) itself; thus the terms
(d/dt){ ...} rather than {...}° and the presence of the terms involving
A%, The form P"(R) taken for the expended power is also based on
following R(t), as the stresses are conjugate to velocities associated with
9R(t) and OR(1).

The two formulations of the basic laws are, in a sense, consistent: for
stationary R, (7.1") is equivalent to (7.1) and, granted the identification
(7.10) of the configurational stress with the Eshelby tensor, (8.3") is
equ..alent to (8.3). In fact, (7.10) is a consequence of the following two
assumptions: that (8.3') hold for all R(t); (ii) that (8.3') be independent of
the choice of compatible velocity fields q; and g for 9R;(t) and OoR(t).

8.3. LOCAL FORM FOR THE EXPENDED POWER
a. Invariance under reparametrization. Effective shear

We require that ®(R) be independent of the choice of (compatible)
parametrizations for the deformed and undeformeZ interfaces, or equiva-
lently, of the choice of compatible velocity fields. The Invariance Lemma of
[GS] (Appendix C, p. 156) then yields the compatibility condition

(8 +G,"f, +G,"f,), 5 = O. (8.5)

This relation is useful in developing an expression for the effective
shear acting across the interface. Let

Ti = = (G"8)ans- (8.6)
Then (7.7) and (7.11) imply that

T = (6GTCH + G Fyans = (-558 + G )05 (8.7)
and, by (7.7);, and (8.5),

Ty = Ty (8.8)
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We will refer to

T = '1'2 = -11 = -Sl(GlTil)t&nz' (8.9)
as the effective shear. Note that, if f;=0, then, by (8.7),
T = - (50)uns; (8.10)

thus in the absence of external forces T; represents the shearing traction

exerted across the interface on the bulk material of phase i.
We will refer to

n1 = i'nl (8.11)
as the normal internal force. Note that, by (3.8),
T=0 e @ =Tn (8.12)

More generally, T, Ty, and TT, uniquely determine 8, and 8,.
b. Interfacial power density

If in (8.2) we let the control volume R shrink to a regular interfacial
set GCAB, we find, using (4.41), that P(R) tends to

Pr(@) = [§ da,
Q

(8.13)
P - [§ﬁ.y‘] + f'l.v1 + f—z.v2 + gV

Pioc is the power directly relevant to the evolution of the interface; its
integrand, {, the interfacial power density, is the power expended on
the interface, per unit deformed area. By (4.10), (7.7), and (7.11), and since
vin =V, = §W,, ®F"h=3"twn;, & =!8, it follows that

'5 B ;-Ez(si(Fi‘rgi + Ei)ﬁ + ii)’vi

i=1,2 i
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Thus ®; is conjugate to the velocity v; of the phase i interface. In fact, if
we choose the materially normalized velocities (4.13)-(4.14) for v; and use
(4.38), (8.9), and (8.11), we find that

1°V1 + 2'V2 = n1W1 + TT2W2 + T’x; (8-14)

hence the power expended by the internal configurational forces is equal to

the power expended by the normal internal forces TI; over the volume

i
flows W, plus the power expended by the effective shear T over the slip
velocity ¥. By (8.14), ‘

=2 {(6w; +TTYIW;} - T-¥, (8.15)
i=1,2

8.4. LOCAL DISSIPATION INEQUALITIES
The inequality (8.3), when applied to control volumes that exclude the
interface, yields the bulk dissipation inequality

T° < S.F + Tq us(p%)* - g he-vpe. (8.16)

To localize (8.3) to the interface we let the control volume R shrink
to a regular interfacial set GC3. By (4.41) and (7.2), E(R) tends to

-[Zs e [psWlda.
G

Thus, by (4.40), (7.9), (8.13), and (8.15), shrinking R to the interface in
(8.3) yields the interfacial dissipation inequality

MW, + TI,W, + T.¥ < 0, (8.17)
which is a central relation of our theory. Note that, by (8.14) and (8.17),

dissipation at the interface is due solely to the working of the internal
configurational forces ;.
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9. CONSTITUTIVE EQUATIONS

9.1. BULK CONSTITUTIVE EQUATIONS
Let

p=(pL....p%), W=(u,...,u¥%), b=(hi.. hY, (9.1)

(with b and VWH identified with vectors in R3%). We consider bulk
constitutive equations

S=5(Fp), u={Fp), ¥=I(Fp),
i\F.p u = W(F,p) ¥,(F,p) (9.2)
b = -DI(F,p)Vu,
for each phase i, with
§,(F.p) = o L(Fp),  {,(F.p) = 3 L,(F,p), (9.3)

and with mobility D,(F,p) (a linear transformation of R3% into itself)
compatible with the inequality 2,h®.Vu® <0, restrictions that ensure con-
sistency with the bulk dissipation inequality. We assume, in addition, that
the constitutive relation for the stress is consistent with (7.8),.

The Eshelby relation (7.10) yields an auxiliary constitutive relation
giving C as a function of (F,p). In conjunction with this, we consider e
as indeterminate; in fact, as defined by the configurational balance (7.8)3;
(9.3) then yields e=-%,p%Vu®-F'b, so that e here responds to spatial
variations in the chemical potential.

9.2. CONSTITUTIVE EQUATIONS FOR THE INTERFACE.

We consider constitutive equations for the interface giving the normal
internal forces TI; and the effective shear T as functions of the normal
n, the volume flows W, and W,, and the limiting values F,, F,, p,,
and p, of the deformation gradient and density (list):

M, = T,(2), t = %(2),
Z = (F1,Fy.p1.p2, 0, Wy, W),

(9.4)

where Z is required to satisfy
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B, (Fpy) = W,(Fppy) (9.5)

to ensure consistency with (6.3). (We choose the normal n, rather than
the referential normals n,;, since the n; are not independent.)

Suppose that we are given an arbitrary two-phase motion y and an
arbitrary density field (list) p that is smooth away from, and consistent
with (9.5) acrcs:, the interface. Then the constitutive equations may be
used to compute a constitutive process consisting of Z as an interfacial
field, the bulk fields S, ¥, W, and b, and the interfacial fields TT; and
T. The balance laws for mass and force may then be used as follows to
compute the mass supplies and external forces needed to support the
process: the mass balances (7.2) and (7.4) are used to compute the mass
supplies q® and Q% for each a; the force balances (7.7); and (7.8); yield b
and g; ©, is determined from TI; and T using (8.9) and (8.11); and (7.7),
is used o compute f;. The forces g§ and f; computed in this manner
satisfy the invariance requirement (8.5). Therefore

The mass supplies and external forces allow us
to consider arbitrary constitutive processes with
the assurance that the balance laws are satisfied. (9.6)

This leaves only the second law — in the form of the global dissipation
inequality (8.3) — to be satisfied in all constitutive processes. Since the bulk
constitutive equations automatically satisfy the bulk dissipation inequality
(8.16), we have only to satisfy the interfacial dissipation inequality (8.17). A
basic hypothesis of our theory is that all constitutive processes be
compatible with (8.17). The following results are consequences of this
axiom:

(i) The effective shear vanishes:

T =0. (9.7)
(ii) The following kinetic relations hold:

M= -ByWy - BpWy, (9.8)
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where p;;= éi.i(Z) Is consistent with

2
Z ppZW;wW, 2 0. (9.9)
J.k=1

To establish (i) and (ii), note first that, since the dissipation inequality
(8.17) is required to hold in all constitutive processes,

T(Z)W, + TT(Z)W, + %(2)-¥ £ 0 (9.10)

in all two-phase motions.

To prove (9.7), it is sufficient to recognize that since, by hypothesis,
the functions &,(Z) and 4(Z) in (9.10) do not depend on ¥, if T=0, an
arbitrary choice of ¥ would lead to a term of arbitrary sign and size in the
left side of (9.10).

Thus, letting E=(W,,W,), tp=-(ﬁ1,fT2), and suppressing the
remaining arguments in Z, we see that to establish (9.8) and (9.9) it
suffices to show that @(E)-E>0 for all E implies the existence, for each E,
of a linear transformation B(E) from R? into R? such that ¢(E)=B(E)E
and E-B(E)E20 for all E. Choose A>0. Then, since @()AE)-AE20, we have
¢(\E)-E20, and letting A—0, we see that @(0)-£20 for all &, so that
¢(0)=0. Thus

1
9(E) = { JVp(sE)ds }E, (9.11)
0

which yields the desired conclusions with B(g)={...)}.

The results (i) and (ii) are also sufficient that all constitutive relations
be compatible with the reduced dissipation inequality (8.17).

By (8.12), the constitutive relations (9.7) and (9.8) may be written in
the equivalent vectorial form

@ = -(p;;W, + 8 ,Won,. (9.12)

Thus the internal configurational force 8; is a drag force representing dissi-
pation in the exchange of material between phases.
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We may recast the constitutive relations using <W> and the lattice-
point production-rate [W] as independent variables:

2<TD»
[1T]

-0y <W - g [W], (9.13)

= 0tp<W> = oyl W,
with «;; suitable (new) kinetic coefficients.

9.3. OTHER CONSTITUTIVE THEORIES
a. Theory without lattice-point production

A theory in which the production of lattice points is not allowed may
be obtained by assuming, from the outset, that

W, = W, =1 W, (9.14)

Granted this constraint, [TT] becomes indeterminate and (9.13) is replaced
by

2<TT> = - W, (9.15)
with a=o(Z)20.

b. Theory without slip
Aternatively, a theory in which slip is prohibited may be based on
the constraint

¥=0. (9.16)

Granted this, T becomes indeterminate, so that (9.7) is no longer valid,
but (9.8) remains unchanged.

c. Theory with viscous friction between phases

The result T=0 is a consequence of our failure to include ¥ in the
constitutive equations. If we allow for a dependence on ¥ 1in the
constitutive functions (9.4) we obtain additional terms in (9.8) proportional
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to ¥ in conjunction with a nonvanishing constitutive relation, similar to
the other relations, for <. In this formulation the relation between T and
¥ is smooth, so that the friction between phases is viscous, but a relaxation
of the underlying smoothness assumptions would allow a nonsmooth
dependence of T on ¥, for example of the type encountered in

plasticity.24

24After completing this work, Gurtin attended a lecture of L. Truskinovsky discuss-
ing constitutive behavior of this type. See also the discussion of Larché and Cahn

[1978], p. 1587.
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10. EVOLUTION EQUATIONS IN THE ABSENCE OF EXTERNAL FORCES

The external forces b, g, and f; and mass supplies Q% and q®
allow for arbitrary processes without violation of the basic balance laws, but
in actual applications these fields are generally unimportant. We now list
the complete set of equations that hold when these external fields vanish.
Here C is the Eshelby tensor:

C=wl1l-FTs, w=T-3,pous. (10.1)
10.1. UNCONSTRAINED THEORY
a. Dynamics
The interface conditions consist of the compatibility condition
[y'l:n = -[JW], (10.2)
the normal force balance
[§-iSnl-n = 0, | (10.3)
the partial balance
§Cin; = (B;y Wy + B, WoIn, (10.4)
for each phase i, and the mass balance
[peW] = [§7the.n] (10.5)
and local equilibrium condition
[uel =0 (10.6)
for each species a (cf. (4.7), (6.3), (7.2), (7.7), and (9.12)).
The partial balances may be split into normal and tangential parts

with respect to S, yielding, for each phase i, a configurational balance
and a tangential slip condition:
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ia .

8n;:Cin; = (p;; W, + B;,W)),

(10.7)
(F"Sintans; = 0.
The relations (10.7), together form the tangential part of (10.3).
These interface conditions with the bulk equations
DivS = 0, (p%)* = -Divhe, (10.8)

the bulk constitutive equations (9.2), and appropriate boundary and initial
conditions form the basic free-boundary problem of the theory.

The grand canonical energy w and hence the basic equations are
invariant when the energy per unit mass is changed by an additive con-
stant. Indeed, if p=2,p%, and if we replace the energy ¥ by ¥*=¥+«kp
with k an arbitrary constant, then the chemical potential, given by (9.3),
with ¥ replaced by ¥*, is (u®)*=p%+k; this yields the desired conclusion:
w*=F*-3 p%(u®)*=w.

A consequence of the mass balances are the following bulk and inter-

facial balance laws for defects:
d* = -Divhye, [dW] = [§ hyen] + 2W], (10.9)

where d, 2, and hg, are as defined in the paragraph containing (6.1).
The first of (10.9) follows directly from (6.1), (6.2), and (10.8); the second
follows from (4.40) in conjunction with (6.1), (6.2), and (10.5). Comparing
(10.9), to (10.5), we see that the interface serves as a source for defects,
2[W] being the strength of the source.

b. Statics
When the interface is stationary and the deformation and densities

independent of time, the interface equations have a simple form:
[372Snl-n =0, Cn, =0, [$*he.n]=0, [u®]=0; (10.10)

1771

as do the bulk equations:
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DivS = 0, Divhe = 0. (10.11)
10.2. CONSTRAINED THEORIES

For the theory without lattice-point production the basic equations
consist of the constraint

W, = W, =1 W, (10.12)

the compatibility condition

[y'len = -[Jlw, (10.13)
the mass balance
[peIW = [§"the.n], (10.14)

the local equilibrium condition (10.6), the normal force balance (10.3), the
tangential slip condition (10.7),, and the single configurational balance

[n-Cn] = W, (10.15)
which should be compared to the analogous result in the coherent
theory.25

For the theory without slip the tangential slip condition (10.7), is
dropped, and the basic equations consist of the constraint

[y']l = -[VFn] (10.16)
(which implies the compatibility condition (10.2)), the force balance
[$-1Sn] = O, (10.17)

the mass balance (10.5), the local equilibrium condition (10.6), and the con-
figurational balance (10.7),.

251gg), eqt. (14.7); [Gu), eqt. (8.3).
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11. RESULTS IN THE SPATIAL DESCRIPTION

The interface conditions take a particularly simple form in the spatial
description; we now outline the form the theory would take were that
description used from the outset.

The mass and force balances for the interface and bulk material take
the form

[peU] = [he)ni- g, [SIh+g-=0, siaiﬁ + 8+ .f-l -0 (11.1)

0.p% + div(pey*) = -div he + Q¢, divS+b=0.

The interfacial power density, whose derivation is analogous to that of
(8.15) and uses (4.33) and the spatially normalized velocities (4.11)-(4.12), is

P = -2 {(51‘(_»1 + Ttl )Ul} - T’[y.]tanzn (11.2)
i=1,2
with @w=J1w and

n, = (G,76) - h (11.3)

the spatial counterpart of the normal internal force. This leads to the
interfacial dissipation inequality

U, + Uy + 1o ly'ling < O. (11.4)
The spatial constitutive theory is based on relations

m o= f(2)  (i=1,2), T = 3(2), (11.5)

Z = (FirFZ'-ﬁi"-’z'ﬁ'Ui'U2)'
which, when restricted by the dissipation inequality (11.4), reduce to

T=0 (11.6)

;= -0, U - U,
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i=1,2, where “i.i"‘ﬁi.i("') is consistent with
2 -~
S AUV, 2 0 (11.7)
J.k=1

and is related to the B,; of (9.8) through Bi;= Ji2nu. The equations (11.6)
are equivalent to the vector equation

GiTai = -(T]uUl + ni2U2)ﬁ. (11.8)

When the mass supplies and external forces vanish, the resulting
interface conditions consist of the kinematic compatibility condition

ly'l-n = -[U], (11.9)
the normal force balance

n-[Sla = o, (11.10)
the partial balance

n-S5n) = (U, +n,U)h (11.11)
for each phase i, and the mass balance

[peU] = [he)-n (11.12)
and local equilibrium condition (10.6) for each species a. The relations
(11.11) may be split into normal and tangential parts (with respect to 3),

yielding, for each phase i, a normal configurational balance and a
tangential slip condition:

§;(w; - n-S;n) = nyU; + n,U,, (11.13)

When the interface is stationary and the deformation and densities
independent of time, the interface conditions reduce to relations
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nSln=0 (®1-8)n=0[helAn=0[p%]=0 (1114
that were derived variationally by Larche and Cahn?® as necessary condi-
tions for the equilibrium of incoherent precipitates. The corresponding bulk
equations are

divS = 0, div he = 0. (11.15)

Note that (11.14) yields the additional relation [w]=0.

26[1978], eqts. (25)-(27); [1985], eqts. (319)-(321).
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C. THEORY WITH INTERFACIAL STRUCTURE

We now extend the theory to include the energy and elasticity of the
interface. We neglect mass transport within the interface, so that the mass
balances are as derived in Section 7.1.

We will continue to formulate basic laws in the deformed body, but,
as before, we will express local relations referentially; in fact, we will ex-
press interface conditions in the reference configuration for phase 1.

Throughout what follows R will be a spatial control volume, and we
will consistently write

A)=8(INR, A1) = v, (@)1,
A = A0,

m = outward unit normal to oR,
¥ = outward unit normal to G,
¥ = outward unit normal to 0A,

and n, n; as in Section 3.2.

12. FORCE SYSTEMS. BALANCE LAWS
We add to the force systems introduced in Section 6 the following
interfacial fields, measured per unit deformed area:

deformational surface stress

o

., C, configurational surface stresses

The stress © is associated with the response of the interface to defor-
mation, while Ei is a partial stress that accounts for the configurational
response of the phase-i portion of the interface. Suppressing t, 8(x) and
Ci(x) are, at each X, linear transformations from n(x)+ into R3.

The force and moment balances take the form

[Smda+ [bdv + [gda+ [Svds = 0,

o% R a oQ (12.1)
frxSmda + Jrxbdv + Jrxgda + [rx8¥ds = 0
oR R G oG
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for each spatial control volume R, where r=x-x; with x; fixed. In
addition, for each R and each phase i, we postulate — in place of (7.6) — a
partial configurational balance

JCmda + [(8,+f)da+ Jedv + [C,¥ds = 0. (12.2)
B;NOR €] B,NR  aQ

When R does not intersect 8 the balance laws yield the local bulk
relations (7.8). On the other hand, for G=#&, shrinking R to the interface
yields, by (4.41), the interfacial balances

[8vds + J[Shlda + [gda = O,

oG €} aQ

frx8vds + Jrx[Shlda + [rxgda = 0, (12.3)
oa Q €]

JC,vds + [(5,Ch+8)da + [fda = 0.

oQ Q G

The balance laws (12.2) and (12.3) are spatial. Using (3.16), (3.18) and
(3.22), we may rewrite these balances in the reference configuration for,
say, phase 1. With this in mind, we introduce new notation for the stresses
measured per unit area on the phase-1 interface:

g - 3,86,71, deformational stress
c-4%C,B,"1, configurational stress for phase 1
K =4§C,B6,"1, configurational stress for phase 2

with B, the inverse tangential deformation gradient (3.9),. We view 8 as
acting in response to the deformation as measured from the reference
configuration for phase 1; € as measuring the configurational stress for the
phase-1 material in 8; K as representing the excess stress due to the
presence in 3 of phase-2 material. Suppressing t, 8(X), €(X), and K(X)
are, at each X, linear transformations from n,(X)+ into R3. It is
convenient also to use the (trivial) extensions of 8 and K to tensor fields
with values in Lin(R3,R3):.
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S, = 6P, K. = KP, (12.4)

(cf. (A4) of [Gu])).

Using these stresses, (12.3); ; may be written referentially with
respect to phase 1:

ISVdS + J-(RS2n2 - Slni)da + fgda =0,
A

0A A

JCvds + [(-C;n, +8, +f,)da = 0, (12.5)
oA A

JKvds + [H(C,n,+8,+f,)da = 0,

oA A

with S=JSG" the bulk Piola-Kirchhoff stress, g=%,, ©,=%,8,, f;=%f,
and ®=%,/3%,.
The balances (12.3) may be localized to yield??

divg8 +[Slh +g§ = O,
divg€, +6Ch+8 +f =0,

(12.6)

and

8'n =0, P8 =81, (12.7)
so that 8 is tangential and symmetric. These balances are spatial; writing
S(t) = S,(t) (12.8)

and starting with (12.5) yields, instead, the interfacial force balances
expressed referentially with respect to phase 1:

DiVs s + RSznz - Sini + 8 L 0,
DlVSc - C1n1 + '1 + fl = 0, (12.9)
DivgK + H(C,n, + 8, +f,) = 0.

27ysing (A10) of [Gu) and eqt. (7.16) of [GS]. Cf. Gurtin and Murdoch [1975], p. 307.
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Further, the moment balances (12.7) can be written as a single assertion:

€., F" issymmetric. ' (12.10)

ext

In the absence of external forces, the local forms of the force balances
become

DivgK + H(C,n, +8,) =

[
o
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13. ENERGETICS. POWER IDENTITY. DISSIPATION INEQUALITY
13.1. POWER

We assume that the total power expended on a spatial control
volume R is given by

P(R) = [St-y'da + [b.y'dv +
R R

J{(Bv-w+C,¥w,+C,¥w,)ds +
oQ
c{{i-\'r + fov, + £,ov,) da, ‘ (13.1)

where w and w; are compatible edge velocities for 0@ and 0A;, while
Vv and v; are compatible velocity fields for 8 and S;.
If we shrink R to the interface, we find that ®(R) has the limit

'PIOC(A) = I{Rsan’Y2. - Slnl'yl. + S'V + fl'Vl + sz 'V2}da +
A

oA

when expressed referentially with respect to phase 1.
If we use (4.16) to eliminate w, and W from the integral over 0A
in (13.2), we find terms involving y,* and y,” and a term

J&V-w, ds, A=C +F,"8+HK (13.3)
0A

involving only w;,.

We assume that the expended power is invariant under repara-
metrizations of the interface.2® More precisely, we assume that P is
independent of: (i) the choice of compatible interface velocities ¥ and v,
for 8 and S;; and (ii) the choice of compatible edge velocities W and w;
for oG and O0A;.

Invariance under (ii) is equivalent to the invariance of (13.3) under
(ii), and this reduces?? the tangential part of & to a surface tension:

2835¢e [GS), Sect. 7.1.
29Using an argument of [GS]. The result is essentially Theorem 7A of [GS].
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A& = ol (13.4)

o represents the surface tension expressed per unit area on S=5;.
Invariance of (13.2) under changes in v, yields a result,

(fl + Fl'fg + RHsz)tans = 0, (13.5)

which is equivalent to (8.5) and, by (3.2) and (7.10), granted the balances
(12.9), also to the condition

(Dlec + FirDjVss + HTDleK )tans = “(1 + RHTZ )tanS' (13.6)

13.2. THE POWER IDENTITY
We continue to define T; by (8.6),

Ty = - (GiTai)tan/&' (13.7)

but at this point T; is not necessarily equal to -T,. To some extent, (13.7)
is motivated by our next result, the power identity, which shows that the
traction

(which is T, expressed per unit area on S;) is conjugate to ¥.
We now further localize the power; the result is the power identity:

P (A) = [pda + [oV(5aands, (13.9)
A 0A
f = 8o Fy° + Koy H® - 8:1y° - 0KV, - 50¥ -

2 2 {sjwi + TTi}Wi, -~ (13.10)
i=1,2

where ()° is the normal time-derivative with respect to S, T, is given
by (8.11), and
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8 =ATn,. (13.11)

Here:

« 8, F,° represents power expended in stretching the phase 1 interface.

« K ,+H® represents power expended in stretching and rotating S,
relative to S; and in some sense represents an expense of power due to
incoherency.

« oK;V,; represents power expended in creating new surface for S,.

+ 8:n,° represents power expended in changing the orientation of S;.

The vector field &, which is tangential on S=S,, represents the
normal part of the "total surface stress" #&; B represents shearing forces
exerted within the interface (in contrast to the T; which represent shear-
ing forces exerted on the interface by the bulk material).

We now prove the power identity (13.9), (13.10). By (4.18) and (13.3),,
the integrand — of the integral in (13.2) over 0A — has the form

Sv.w + Cv.wi + KV-Wz =
= Bv.v + CV°V1 + KV’Vz + V'Avv(aA)tan'

and, by (13.4), the last term vyields the integral in (13.9) over 0A. Further,

J(8Y.V + CV.v, + KV-v,)ds =
0A
I{DiVs s'\-l + DiVsc'vl + DiVsK'V2 + 8°Vs\-/ + C°VSV1 + K‘VSV2 } da.
A (13.12)

On the other hand, (4.10) yields

USyny Yy’ - Synyyy” =

thus, if we add the integrands of the integrals over A in (13.2) to those in
(13.12), and use (7.10) and (12.9), we find

s'vs-\-l + c'VSvi + K'VSV2 - R(wznz + 2)‘V2 - (- w1n1 + 91)°V1. (13.13)

To complete the proof we have only to show that (13.13) reduces to p.
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In view of (3.5), (4.6), and (4.38), the last two terms in (13.13) have the
form

-4 Z {8w; + T IW, - s-¥. (13.14)
i=1,2

By (4.35), (4.36), (12.4), and (13.3),,

S'VSV + K‘VSVZ + c'VsV1 = sext°F1° + K ‘Ho + A.stl’

ext

and, by (4.34) and (13.4),
A’stl = - O-Kivl = §°n1°.
Thus (13.13) reduces to p.

13.3. ENERGETICS. DISSIPATION INEQUALITY

Introducing the interfacial energy ¢, per unit deformed area, as a
superficial field on &, we write the global dissipation inequality in the
form

([T dv+ [Jda) < P(R) + E(R) (13.15)
R Q

for all spatial control volumes R, with ¥ the bulk energy density per unit
deformed volume, P(R) the total power, and E(R) the energy supplied to
R by mass transport (cf. (8.1), (13.1)). Here the time derivative involving
the bulk field ¥ is the time derivative (4.39) following the material cur-
rently in R, but the derivative of the surface energy has a more standard
meaning:

{Jyda}(t) = (d7dt) {J¥(x,t)dalx)).
Q G(t)

It is convenient to introduce the surface energy

¢ =4 ¢ (13.16)

-63-



expressed per unit area on S=8S;. Localizing (13.15) using the power
identity, (A15) and Lemma B1 of [Gu], and (ii) of the Invariance Lemma of
[GS], yields the equivalence of surface tension and energy,3°

y = o, (13.17)
and the reduced dissipation inequality

P° - B Fy° - KyH° + 80 ° + §,{TT,W, + TT,W,} +s.¥ <0, (13.18)

ext

with ()° the normal time-derivative following S.
Finally, we note that, by (13.4), (13.11), and (13.17),

A = ¢1, + n,®8. (13.19)

30¢t. [GS), eq. (9.19).
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14. CONSTITUTIVE THEORY

We need only consider the interface; the constitutive theory for the
bulk material is as described in Section 9.1, although we will assume that
each of the functions M= {I,(F,p) may be inverted to give the density p
as a function

p = py(F,1) (14.1)
of the deformation gradient and chemical potential.

14.1. CONSTITUTIVE EQUATIONS FOR THE INTERFACE

We now develop a constitutive theory for the interface appropriate to
a description with phase 1 as reference. Here, for convenience, we use the
abbreviations:

F=F,, n =n,.

In addition, for ar.’r unit vector q, we write 1(q) for the inclusion of q+
into R3 and F 3)=1(q)" for the projection of R3 into g+ (so that
i(n)=1, and P(n,=P,).

Using the reduced dissipation inequality (13.18) to suggest appropriate
constitutive variables,31 we consider constitutive equations giving the
interfacial energy ¢, the normal internal forces TI;, the effective shear
T, (actually s=};7,), and the surface stresses 8, K, and 8 as functions
of the limiting value F=F, of the deformation gradient, the relative
gradient H, the limiting values p; and p, of the density, the normal n
to S;, and the volume flows W, and W,. Further, the bulk relations
(14.1) and the requirement that the chemical potential be continuous across
the interface allow us to replace p, and p, by the common value M of
the (list of) chemical potentials at the interface. We therefore consider
constitutive relations of the form

31¢ct. Footnote 22 of [Gul.
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A M = T(2), s
§(2), K - K@2), &
Z = (F,H,u,n,wl,W2).

§(Z),

<
"

8(2), (14.2)

We assume that the constitutive relation for 8 is consistent with the
moment balance (12.10), and, to simplify the discussion, we introduce the
extended functions induced by (12.4):

§(2),, - (2P(n), K@), = K@PH). (14.3)

ext
Note that we do not write a constitutive equation for T4, or equivalently,
for the tangential component A;8; of 8;, as it does not appear in the
dissipation inequality (13.18). We consider A;8; as indeterminate; in fact,
as a solution of (13.6).

As in Part B, the external fields allow us to consider arbitrary consti-
tutive processes with the assurance that the balance laws for mass and
force are satisfied. To verify this, assume we are given an arbitrary two-
phase motion y and an arbitrary field K that is smooth away from and
continuous across the interface. Then the constitutive equations may be
used to compute a constitutive process consisting of Z as an interfacial
field, the bulk fields S, ¥, p, and b, and the interfacial fields T, s, ¢,
8, K, and € (with € computed using (13.3), and (13.19). The balance
laws for mass and force may then be used to compute the mass supplies
and external forces needed to support the process: the mass balance (7.2)
and (7.4) are used to compute q® and Q¢; the force balances (7.8); and
(12.9)4 yield b and g; the normal component of ®; is Tl; and the
tangential éomponent is computed using (13.6); the normal component of
@, is T, and the tangential component (with respect to S,) is computed
using (13.7) and (13.8); f; are determined using (12.9);, 3. The forces g
and f; computed in this manner satisfy the invariance requirement (13.5).
This leaves only the reduced dissipation inequality (13.18) to be satisfied.

14.2. THERMODYNAMIC RESTRICTIONS
a. General restrictions
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We require that all constitutive processes be compatible with the
reduced dissipation inequality (13.18). We now state three important conse-
quences of this hypothesis; their verification will be given in Section 14.3.

(i) The interface is free to slip:
T, =T, =0. (14.4)
(ii) The interfacial energy is independent of M, W,, and W,, so that
¢ = $(FHn),
and | generates the surface stresses through the relations:

- o U(F,Hn),  K(F.Hn),,
&(F,H,n) = -9, ¢(F,H,n);

é(F:H;n) = aH @(F,H,n),

ext

(14.5)

1

(iii) The kinetic relations (9.8) hold for the normal internal forces TI;, but
with Z as in (14.2).

The conditions (i)-(iii) are also sufficient for all constitutive processes
to be compatible with the reduced dissipation inequality (13.18).

b. Consequences
By (14.3), §_,n=K_,n=0; thus (12.10) and (14.5) imply that

(Oe¥)n =0, (Qy¥)n =0, (IFPFT is symmetric. (14.6)

These restrictions select — among all energies ¢(F,H,n) — those compatible
with thermodynamics and balance of moments.

| The restrictions (14.6); , have an important consequence. In con-
junction with Lemmas (2D)-(2F) of [GS], they render ¢, g, and K inde-
pendent of the normal components Fn and Hn, and hence dependent on
F and H at most through a dependence on the tangential deformation
gradient F and the incoherency tensor H; in fact,
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S(F.H,n) = 9 $(F,H,n), K(F,H,n) = 3, $(F,H,n). (14.7)

The first of (14.7) gives the stress 8 as a response to the deformation of the
phase 1 interface, while the second gives the stress K in the phase 2
interface as a response to the incoherency between phases.32

A reduction similar to (14.7) is generally not possible for &(F,H,n); in
fact, the partial derivative of ((F,H,n) with respect to n is not so easily
defined, as both F and H, being linear transformations on n<+, depend
on n. What is well defined is the derivative33 D, {(F,H,n) e n+ following
n: given any unit vector n, for any unit vector q, q=n, let
Q@(q)=P(n)Q(q)1(q) with Q(q) the rotation of q@ into n about the axis
orthogonal to @ and n, and let @(n) be the identity on n-<+; then

Dy, ¥(F,H,n)-b = (d/dp) $(F(q(p)),KA(q(p)).q(p)) |;.0 (14.8)

for any ben-+, where q(p) 1is any smooth curve on the unit sphere
satisfying q(0)=n, q'(0)=b. A trivial generalization of (2.49) of [GS] in
conjunction with (14.6), , then yields

D, ¢(F,H,n) = 3, $(F.H,n) + 9 $(F,H,n)"Fn + 9y §(F,H,n)"Hn,

(14.9)
A consequence of this result is that the normal part of €, namely,
c=C'n, (14.10)
is given by a constitutive relation €=¢(F,H,n) with
¢(F,H,n) = -D, {(F,H,n). (14.11)
To verify (14.11) we simply note that, by (13.3), and (13.11),
8=0+8"Fn+ K'Hn, (14.12)

which, with (14.7) and (14.9), implies (14.11).

321n this sense these stresses are similar to stresses introduced by Cahn and Larché
[1982], eqt. (4), in their statical treatment of incoherency at small strains.

331gs), p. 111.
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Invariance under changes in observer yields the requirement
$(F,H,n) = $(QF H,n) (14.13)

for all rotations Q.34 The condition (14.13) yields the following further
reduction for the reduced response function ¢(F,H,n):

V(F,H,n) = (F'F,H.n). (14.14)

c. The force balances revisited
A useful consequence of (13.3),, (13.19), and (14.5) is that, in any con-
stitutive process,

(DIVS c + F’DiVs g + HTDiVS K )tans =0 , (14.15)

a result that will be verified in Section 14.3. Further, granted (14.15), we
may use (3.8), (13.6), and (13.7) to conclude that

T, = -T,. (14.16)

(Were the slip included in the constitutive equations for the interface, then
the effective shears would not vanish. On the other hand, (14.15) and
(hence) (14.16) would be satisfied and the effective shears would be bal-
anced, rendering the discussion of Section 9.3c applicable here also.)

Consider the system consisting of the balance laws (12.11), the
definition (13.7) of the effective shears, and the constitutive equations as
restricted by (i)-(iii). By (i), (13.7) holds with T;=0. This has two
consequences: firstly, by (8.11) and (iii), (9.12) holds for both 8; and 8,;
secondly, by (14.15), the invariance requirement (13.6) is satisfied. A
consequence of the second of these is that, without loss in generality, the
tangential part (with respect to S) of any one of the equations (12.11) may
be dropped. We will, in fact, omit the tangential part of (12.11),.

By (13.3), and (13.19) in conjunction with (A6) and (A9) of [Gu],

34The condition (14.13) actually follows from the moment-balance relation (14.6)3.
This is in accord with a result of Noll [1955] for standard continua.
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n~DivSC = ¢yK - (FT8 + H'K)-L + DiVsc,

where L=L,;=-Vgn and K=K, =trl, respectively, are the curvature
tensor and total (twice the mean) curvature for S. Thus, by (9.12), we can
write the normal part of (12.11), in the form

¢K - (F'8 + H'K):L + Divg€ - n.C;n = p,, W, + p,,W,. (14.17)

Note that ¢K - (FT8):L can be written as the inner product of the "surface
Eshelby tensor" ¢1, - F'8§ with L.
The balance (14.17) can also be written in the form

YK - BV, F - K,

(detH)w, - w, = B,W, + B,W,, (14.18)

'VnH + Dle +

ext

where B,;=g,;+(detH)p,;, while (V ,F)=(VF)n is the directional derivative
of F in the direction n. The balance (14.18) follows from the equations

(F'8 + H'K)-L = - Divg(§"Fn + K™Hn) +

(F'Divg8 + H'DivgK)n + 8.,V F + K_,.-V, H,

ext
HHT(C,n,+ 8,) + FT'S,n,)n = H(w,n, + 8,)-Hn =
H{(8)ans, * (T + w,)n,}-Hn

- A2F275°Hn + (detH)(nz + wz))

and (9.8), (12.11) 5, (13.3),, (13.7), (13.8), (13.11), and (14.4).

14.3. VERIFICATION OF THE RESTRICTIONS (i)-(iii) AND (14.15)
a. Verification of (ii) and (iii)

Throughout this section, the derivative (-)° is following S;.

Let us agree to use the term motion-potential pair for a pair (y,Hd)
with y a two-phase motion and W =(pi,...,u%) a chemical-potential field
that is smooth away from, and continuous across, the interface. We begin
with a lemma:35 there is a motion-potential pair (y,M) such that:
0€¢S,(0), 0€S,(0), and such that the following fields have arbitrarily pre-

35¢t. the Variation Lemma of [GS)

-70-

TT



assigned values at (0,0):
n, n°, F, F°, H, H°, W;, W;°, ¥, U, W° (i=1,2). (14.19)
The proof will be given in Subsection c.
We now turn to the verification of (ii) and (iii). By hypothesis, the

reduced dissipation inequality (13.18) is required to hold in all constitutive
processes. Thus

$(2)° - 8(2),F° - K(2),, -H + 82)n°+
§, (T, (2W, + TI,@W,) + §2)-¥ < 0 (14.20)

for all motion-potential pairs (y,u), or equivalently,

(3 $(2) = 8(2) ) F° + (3 $(2) - K(Z),y,)-H® + 3, $(2)-p° +
(9, 9(2) + G(Z))'nof awﬂ(Z):Wl" + Dy, $(Z) W +
§,{TT(ZIW, + TT,(ZIW,} + §Z)¥ < 0  (14.21)

for all (y,d). Thus, appealing to the lemma, we see that the coefficients of
F°, H°, n°, u° and W;° must vanish. Therefore (ii) must hold and

§2) = 0, T (@)W, + T (2W, < 0; (14.22)
steps analogous to < -ose following (9.10) then yield (iii).
b. Verification of (14.15) and (i)
Let
u = Dlec + FTDIVSS + HTDIVsK (14.23)
For convenience we suppress the argument t. Choose an arbitrary point

Xo€S and an arbitrary vector q tangent to S at X;. To verify (14.15),
it suffices to show that u-q=0 at X,. Clearly,

u-q = Divg(C7q) + (Divg 8)-(Fq) + (DivgK)-(Hq). (14.24)
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Let q,,,=(1-n®n)q, so that

at Xo! Qan = Q@ DivsQy,, = 0.
By (13.3), and (13.19),
€7q = yq,, + (n-q)& - 8"Fq - K"Hq,
so that, using the fact that Vgn is tangential and symme;cric,
Divg(€7q) = (Vg y¢)-q + 8:(Vgn)q - Divg(8"Fq + KTHq)
at Xy. On the other hand, by (14.5), at X,,
(Vs y)-q = (Vy)-q = -8:(Vgn)q + 8 ,,- (VF)q + K_,, - (VH)q,

where VF is, at each point, a linear transformation from
Lin(R3,R3), and similarly for VH (Cf. (3.14)). Further,

Divs(8'Fq) = (Divg 8)-(Fq) + 8-V5(Fq),

8.Vs(Fq) = 8-(V(FQ)1,) = (8P )-V(FQ)
= B, V(FQ) = B, (VF)q,

ext

K-Vs(Hq) = K.+ (VH)q.

ext

(14.25)

(14.26)

(14.27)

(14.28)

R3 into

The last set of identities in conjunction with (14.23), (14.24), (14.27), and

(14.28) yield the desired result: u-q=0 at X,.

Finally, to establish (i), we note that (13.8) and the first of (14.22)

yield 7,=0. Further, because (14.15) is valid, so also is (14.16); hence T,=0.

c. Proof of the lemma
Throughout this proof, the derivative (:)° is following S;.

We begin by constructing a two-phase motion with the desired

properties. Here it is convenient to work backward from the deformed
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configuration. We will choose the deformed interface 2(t) such that
A(t) is an evolving plane with 0€2(t) for all t; (14.29)
thus, granted a choice of the normal n(t), and assuming that the de-
formed body occupies all of R3, the deformed phase regions B;(t) are
specified. In this case, we may conclude, with the aid of (4.25), that
h°=n°=n', gradgnh=0, V(0,0) = V°(0,0) = 0. (14.30)
Assertion 1. We can assign values at (0,0) for

ﬁ: ﬁ.n Fla Fi.r Yj.- Yi": (14'31)

i=1,2, such that any two-phase motion consistent with this assignment,
with (14.29), and with

VF;(0,0) = 0, (14.32)
i=1,2, is consistent with the preassigned values at (0,0) of

n, n°, F, F°, H, H°, W;, W;°, ¥, (14.33)
i=1,2.

To verify Assertion 1 note first that, by (3.11), (4.22), and (14.32), we
can choose F;, F;' at (0,0) so that F, F°, H, H° have the required values
at (0,0); then, using (3.2), we can choose n and n* so that n and n°
are as required. Note that the discussion thus far assigns values to

nls ni°: 31’ >‘10 Jll 3i°t Ai°: Jjon gradz (Y,’), (14.34)
i=1,2, and implies that, at (0,0),

gradgJ;= gradg A; = gradg §; = 0, gradgF; = O, © (14.35)

where we have used (3.2), (3.4), (14.30), and (14.32). Next, by (4.4) and
(4.6), granted (14.30), we can choose y;'-n at (0,0) to render W;(0,0) as
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required. Then
V;(0,0) and gradg V;(0,0) are also prescribed, (14.36)

where the specification of V; follows from (4.6), while that of gradyV;
follows upon operating on (4.4) with grady and then appealing to (14.30),
(14.34), (14.35), and the identity gradgV =-h°.

By (4.27), [y*(0,0));,,5 can be chosen to give the requisite value of
¥, and we choose the values Yi.(o:O)tanz consistent with the chosen value
of [y'(0,0));,,5s- The y;°(0,0) are now prescribed, and, by (4.22) and
(14.36), so also is y,°(0,0). Finally, if we differentiate (4.4) following 3(t),
and then use (4.25), and (14.30), we see that (since (-)° is with respect to
S;)

0 = (\V)° - yq%egradg (3;V)) + (y;)%n + y;°-n’,

at (0,0), and, since AV;=J;W;, we may use (14.34)-(14.36) and the analog
of (4.20) for y; to see that, at (0,0),

J;W;®* = -(y;"")-n + prescribed quantities.

Thus we can assign (y;"*):n a value at (0,0) that gives W;° its pre-
assigned value. This establishes Assertion 1.

Assertion 2. There is a two phase motion consistent with (14.29) and
(14.32) that has 0€S,(0), 0€S,(0), and is such that the fields (14.31) have
arbitrarily preassigned values at (0,0).

We begin the proof by choosing n(t) consistent with the prescription
of n(0) and n°(0) (the choice for t>0 is irrelevant). We will construct
the motion by considering, at each t, mappings x4+~ g;(x,t) from B;(t)
into regions B,(t): if each of the g;'s is, at each time, a bijection with
strictly positive determinant, then their fixed-time inverses y; define a
two-phase motion. Repeated differentiations of g;(y;(X,t),t)=X confirm
that there are vectors a; and e; and tensors A; and E; with detA;>0
such that, if the g;'s are as specified above, and if
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g:i(0,0) = 0, 0,g;(0,0) = a;, (3,)%g;(0,0) = 2e;,
gradg;(0,0) = A, grado,g;(0,0) = E;, (14.37)
grad?g;(0,0) = 0,

i=1,2, then the corresponding yi's are consistent with an arbitrary
constraint of the type (14.31) and (14.32). Choose f(t) with f(0)=0 and
(df/dt)(0)=1, and with f{(t) sufficiently small that det(A;+ f(t)E;) >0,
i=1,2, for all t. We define g; (i=1,2) by the requirement that, at each t,
g;(-,t) be the restriction to B;(t) of the function

X = tai + tzei + (Ai+ f(t)Ei)x.

This yields (14.37) and the proof of the second assertion is complete.

Assertions 1 and 2 yield the existence of a two-phase motion with the
desired properties as stated in the lemma.

To complete the proof of the lemma, we must construct a
corresponding field WM =(pni,...,n¥) that is smooth away from, and
continuous across, the interface, and has arbitrary preassigned of W and
4 at (0,0). Let u and d denote these assigned values; then the field

M(x,t) = u + td,

since it is independent of X, has the desired properties.
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15. EVOLUTION EQUATIONS IN THE ABSENCE OF EXTERNAL FORCES

We now list the complete set of equations that hold when the mass
supplies and external forces vanish. We shall continue to use the abbre-
viations S=S;, L=L,, K=K;, n=n,, and F=F,, and, as before, C is the
Eshelby tensor (10.1).

For the general dynamical theory the interface conditions consist of
the compatibility condition (10.2), the mass balance (10.5), the local
equilibrium condition (10.6), the normal partial balance

4K - (F'8 + H'K)-L + Divg€ - n-Cyn = p;, W, + p;,W,  (15.1)
for phase 1, the partial balance |
Divg K + HC,n, = H(p,; W, + B,,W,)n, (15.2)
for phase 2, the force balance.
Divg 8 + HS,n, - S;n, = 0, (15.3)

and the constitutive relations (14.7) and (14.11). (The balances (15.1) and
(15.3) are (14.17) and (12.11);, while (15.2) is (12.11); with &, given by
(9.12).)
The relation (15.1) has an equivalent form
yK - 8

‘V,F - K ,'V,H + Divg 8 +

ext ext

(cf. (14.18)) with 8 given by (14.5)s.
In statical situations the interface conditions reduce to (10.10)3 4 and

yK - (F'8 + H'K)-L + Divg€ - n-Cyn = 0,

DivgK + HC,n, = O, (15.5)
Divg & + HS,n, - S;n, = 0.
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16. RESULTS IN THE SPATIAL DESCRIPTION
16.1. GENERAL THEORY

The interfacial force and moment balances are (12.6) and (12.7), and,
in the absence of external forces, have the form

"divg8 +[Sln =0, (16.1)

The limit ®;,.(A), which is now considered as a function ®;,.(Q) of
the deformed subsurface QCR, is given by

P1oc(@ = J{[SR-y'1+ 8V +f.v,+f-v,)da+
€]

¥

J{8v.w +C,v.-w, + C,¥v-w,}ds. (16.2)

Invariance of the power, as asserted in the paragraph following (13.3), yields
(8.5), or equivalently

(divg® + G,"divg €, + G,"divgCo)ians = Ty + To, (16.3)
with 7, given by (13.7), and the conclusion that the field

A=8 +G,"C, +G,"C, (16.4)
has the form

A =51+ nR8s, (16.5)
with 8=8Th and c=0/},. (& is generally not the referential-to-spatial
transform of A.)

Let
(Ei)ext = EIF' (g)ext = EF, (16-6)

and let m; and T; given by (11.3) and (13.7). Then
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‘PIOC(G) = faV(aG)tandS + Jﬁda, (167)
oG G

&--8R°-GKRV +

S {(Cext-(G)° - Ty Doans - (8,00, + T)HU,}  (16.8)
i=1,2

(p is generally not the transform of @). The verification of (16.7), (16.8)
parallels that of (8.13)-(8.15) and (13.9)-(13.10), and uses the identities (4.31)
and (4.33).

Regarding the energetics, we are led to the conclusion

o=y (16.9)

and to a reduced dissipation inequality in spatial form

$D + 'ﬁn - Z {(El)ext'sln - TtIUl - Ti.(y.i)tanﬂ} < 0. (16.10)
i=1,2
The spatial theory is based on constitutive equations of the form .
¥ = 9(2), T,=T,(2), m=T(2), ,
C, - C(2), € - &(2), (16.11)

2 = (F1:F2:51n 52:E,U1; Uz),

with (9.5) tacit. By (16.4)-(16.5), these yield a similar relation 8=8(z) for
the deformational stress, and we assume that

.§(z) is symmetric, (16.12)

ext
an assumption that ensures consistency with both requirements of the
moment balance (12.7). (Note that we do not introduce a constitutive
equation for T,, but instead consider T; as defined through (16.3))
Consequences of the dissipation inequality are that: (i) the interface is
free to slip (in the sense of (14.4)); (ii) the interfacial energy reduces to a .

P

function
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:l}. = $(610G2’ﬁ)

and generates C; and & through

C.(G,.G,.R) pe = 9g,¥(Gy,Gp 1),  8(G,,G,R) = - 95 §(Gy,G,,R), (16.13)

(iii) the kinetic relations (11.6); hold for the normal internal forces m;.
Equations (16.5), (16.6), (16.12), and (16.13) imply that €, and ¢ are
independent of the normal components Gn, and that

C.(8, B, n) = 5 §(B,,6, 1), D;J(6,;B,R) =0,  (16.14)
where Dz ¢ is the derivative of ¢ following R, as defined in (14.8). The
second of (16.14) implies that the interfacial energy is invariant under
changes in observer:

$(G,,G,, 1) = §(G,Q",G,Q7,QR) (16.15)

for any rotation Q.

When the mass supplies and external forces vanish, the resulting
interface conditions consist of the kinematic compatibility condition (11.9),
the mass balance (11.12), the local equilibrium condition (10.6), the
partial balances

G TdivgC; + 8,(w;1 - §)% = (n,,U, + n,,U,)A (16.16)
for each phase i, and the normal force balance

E-L = -n.[S]n, (16.17)

(57 - G,"€, - G,"C,)-T - -5[5]& . (16.18)

with L=-Vgh the curvature tensor for 3.
Note that the normal parts of (16.16) and (16.17) may be combined to
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$K = (By)exr-gradzGy - (T,).p-grad;G, + divg & + [@] = B,wW, + B,W,,
(16.19)
with grad;G =(gradG)n and §i= Ny + Ny
When the interface is stationary and the deformation and densities
independent of time, the interface conditions reduce to (11.14); 4 and

G"divgC; + §(to,1 - §)n = 0, §-L = -nSln.  (16.20)

Granted (16.4) and the constitutive relations (16.13), (16.20) are equivalent
to interface conditions obtained variationally by Leo and Sekerka [1989).

16.2. NONINTERACTIVE INTERFACIAL ENERGY

The interaction between phases manifests itself in the coupling inhe-
rent in the dependence of the interfacial energy ¢ = @(Gl,Gz,ﬁ) on G; and
G,. Here we will discuss energies, which we call noninteractive, for which
this coupling is absent:3¢

$(G,,G,, 1) = §,(G;,R) + §,(G,,R), (16.21)
Granted (16.21), we can write
q) = qu + @2, -@1 = :p'l(Gl,ﬁ), (16.22)

with §; the interfacial energy of phase i, measured per unit deformed
area, and (16.13) yields

= 9g,¥;(G;,n), (16.23)

so that Ei is independent of GJ-, J=i.
In view of (3.2), the energy ¢, = },§;, measured per unit referential
area, is given by a constitutive equation

$; = §(Fun), (16.24)

36leo and Sekerka [1989] use the term "greased interface'' when the interfacial
energy has the form (16.21).
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and this allows us to define a deformational stress for phase i through
8; = €,(F;,n) = 3 §;(F;,n)1,. (16.25)
If we differentiate the identity
ai(Gi’ﬁ) = 3i-1¢'i(Fi'ni) ) (16.26)

with respect to G, regarding n; and %! as functions of (G;,;n) through
the relations .

n; = 5716Th $i = I A = 1G7TA
we obtain

3.(36, 96,7 = $;A; - FT(3¢.§) - njed, i, (16.27)
where we have used the identities (with B an arbitrary tensor)

B . aGlnl = = AxeTBTn“ B ‘anal-l = 31~1(A‘F1?).B'
aGi‘I’i =- FiT(aFiq’i)FiT'
Now, appealing to (3.6), (3.21), (16.23), and (16.25), (16.27) becomes
(ci)tansi = q”iﬂi - (Fitsi)tansi' (1628)

rendering the tangential accretive stress in each phase an Eshelby tensor
for the interface.

Similarly, differentiating (16.26) with respect to F,, considering n
and }; as functions of (F;n;), we find that

$; 1 (3p, IFT = §A - GT(3¢, ¥)) - ne(d5)). (16.29)

Further, by (16.6), (9g ¥;)ni=0, so that, by (16.27), (9 {;)n;=0. Therefore

-81-



(8)ians = ¥;1 - (GTC),o0s 8'h = -D; .. (16.30)
1 1 nry

The first of (16.30) is an interesting counterpart of (16.28). By (16.14),,
(16.21), and (16.30),, .

(gl + §2)Tﬁ = 0,
and this, (12.7),, (16.4), (16.5), (16.22), and (16.30) yield the conclusion
€-8+8, (16.31)

Note that, by (16.30), the §,'s generally will be neither tangential nor sym-
metric, although balance of moments (16.12) requires that their sum & is.

The balance equations that arise when the mass supplies and external
forces vanish are (16.16) and (16.17), but the lack of coupling between
phases, as expressed in (16.23), renders the partial balances (16.16)
independent. Further, granted (16.29), an argument similar to the proof of
(14.15) yields the identity

(divg8)ians = - (G;TdivgCiians, (16.32)

and we can rewrite the tangential part of the partial balance (16.16) in the
form '

(divg8; + 6,S,;A)iapns = O. (16.33)

Thus the interface conditions for a noninteractive energy are,37 with the
exception of the normal deformational balance, totally uncoupled.

Acknowledgment. This work was supported by the Army Research Office
and National Science Foundation of the United States, as well as by the
Consiglio Nazionale delle Ricerche and the Istituto Nazionale di Alta Mate-
matica of Italy.

371"01* statical situations the interface conditions reduce to those derived variation-
ally by Leo and Sekerka [1989).
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