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Abstract
The scope is to study the nonlinear parabolic problem of forward-backward type
u = V-q(Vu) onQe=0xR*

with initial data uo given in H}(Q2). Here R C R" is open, bounded with mildly smooth
boundary and ¢ € C(R";R"), an analogue to heat flux, satisfies ¢ = V¢ with ¢ € C* (RV) of
suitable growth. When ¢ is not convex classical solutions do not exist in general; the problem
admits Young measure solutions. By that is meant a function u € H . (Qu) N L™ (R*; H} (D))
and a parametrized family of probability measures v = (v;,¢)(z,1)eQ. related to u by Vu =
fRN Av(d)) ae. in Qu; via ¥ the nonlinearity g(Vu) is replaced by the moment < »,q >
= Jgra(A)v(d)) ae. in Qo and the equation is then interpreted in H~!. The family v
is generated by the gradients of a sequence in H} (Qo), is non-unique, but through its first
moment some of the classical properties are preserved: uniqueness of the function u is true;
stability is reflected in a maximum principle and a comparison result. The asymptotic analysis
yields, as time tends to infinity, a unique limit 2 and an associated Young measure ¥* such
that the pair (z,™) is a Young measure solution of the steady-state problem V - ¢(Vz) = 0.
The relevant energy function is shown to be monotone decreasing and asymptotically tending
to its minimum, globally and locally in space.
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1 Introduction

We study the nonlinear evolution problem

(1) v = V-q(Vu) onQe=0xR"
2 u(,0) = y onQ
(3) u =0 ondxRY

which will be denoted by P. Here Q is an open bounded subset of R such that the
cone or the segment property is satisfied on the boundary (as for example in the case
of a Lipschitz boundary), and g : R¥ — R¥ a nonlinear continuous potential gradient
function, an a;na.logue to heat flux, satisfying ¢ = V¢, where ¢ € C}(R") (the space
of continuously differentiable functions on R¥) is of suitable growth. The initial data
function uy is given in H}(2) and the zero boundary data (3) can be taken to be general
time-homogeneous function g € H1(f). (Here H1(R) is the Sobolev space of functions
on Q) which together with their first order weak derivatives are in L?(Q) and H}(Q) is
its subset consisting of the functions with zero trace on the boundary of §2).

When ¢ is not convex, in which case the monotonicity condition (g(z) — g(y)) - (z —
y) > 0 for z,y € RV is violated on subsets of RV, the differential operator =V - ¢(V-)
fails to be accretive (e.g. monotone); equation (1) then constitutes of a forward-backward
parabolic equation generally admitting no classical strong or distributional solutions.
The non-convexity of the potential is compatible with the usual requirement that g(}) -
A 2> 0 imposed on a theory of thermal conductors by the Clausius-Duhem inequality.

A notion of solution appropriate for the study of P is that of a measure-valued or
Young measure solution. By that is meant a function u in a Sobolev space and a
parametrized family of probability measures v = (vz,t)(z,t)e@. Which is generated by
the gradients of a sequence in the same space and satisfy

400 Ju
/0 /n(<u,q>V(+a()dzdt=0

where
<v,g>= /R" g(A)v(d)\) ae in Q



for all ¢ in an appropriate subspace of H!(Qo). In addition, u and v satisfy
Vu =<vid>= [ Av@) seinQe

where id()\) = A. So to each point (z,t) in the domain Q. associated is a probability
measure v ¢ on RV; via this parametrized measure the nonlinearity of g(Vu) is replaced
by the expected value of g, while the first moment of the measure is the gradient of the
solution. To date the term ‘Young measure solution’, although strictly derived from the
fundamental theorem of Young measures described in section 2, admits slightly different
definitions by different authors: the decision of what is a Young measure solution of a
problem must necessarily accommodate the way the generating sequence is chosen. The
nature of the Young measure solutions is made precise in section 2.

The approach which we shall assume in this paper for the study of (1) - (3) is the one
employed by Kinderlehrer and Pedregal in [KP1] to establish existence in the case of zero
boundary data (immediately valid in the case of general time-homogeneous boundary
conditions). The method incorporates the explicit methods for solutions of evolution
equations (cf. [BC], [HK]) with variational methods used to accommodate and describe
the oscillatory behavior (cf. [Ba], [E], [KP1], etc). The combination of the two methods
leads to the existence of Young measure solutions of evolution problems which may be
of forward-backward nature.

The analytical context of our approach to obtain existence is to approximate the
dynamics of equation (1) with a sequence of stationary problems, the solutions of which
are in turn interpreted as minimizers of variational principles. More precisely, the time-
discretized version of (1) is the Euler equation of a non-convex variational principle
which at each time step (of size h) is minimized. The minimizer solves the stationary
problem and approximates the solution of P within time k. By taking arbitrarily small
time steps we pass from the stationary to the evolution problem. The method is well
known in the study of semigroups. It has been implemented recently by Horihata
and Kikuchi in [HK] to construct weak solutions to a quasilinear parabolic problem
associated with a convex variational principle. Further, this method has also been
employed by Bethuel, Coron, Ghidaglia and Soyeur in [BC] to establish existence of
weak solutions for a nonlinear heat equation associated to weakly harmonic maps in a
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Sobolev-type space of functions of the unit ball into the sphere in R3.

In applying this method to treat P the difficulty which arises is twofold: firstly,
the non-convexity of the potential ¢ implicating the minimization of a non-convex vari-
ational principle; secondly, the unwieldiness of the nonlinear dependence of the heat
flow g on the gradient of the solution. Both situations call for sensible generalizations,
in the former case that of a ‘minimizer’ of a variational principle and in the latter
that of a ‘weak solution’ of a differential equation. Respectively, the pertinent themes
implemented in [KP1] to overcome these impediments are: firstly, the relazation of a
non-convex functional and secondly, replacing the nonlinearity of ¢(Vu) with the ex-
pected value of ¢ against a Young measure. The sense in which P has a solution is then
that of a Young measure solution.

We review the variational method of Kinderlehrer and Pedregal in [KP1] to obtain
existence in the case of zero boundary data, which is immediately valid in the case of
general time-homogeneous boundary conditions. Following, we investigate deeper the
properties of the Young measure solution establishing a unigueness result. It should be
remarked that as a rule, non-uniqueness results appear in the literature (for example in
[BC] or [HN]) regarding nonlinear parabolic problems especially of forward-backward
nature. In our case, the uniqueness of the Young measure solution, although not directly
dependent on the particular construction scheme of the solution, is contingent upon an
tndependence property, namely that the heat flux ¢ and the solution u be independent
with respect to the Young measure v and furthermore, a condition regarding the support
of the Young measure v, namely < v,qg >=< v,p > where p = V¢** and ¢** is the
convexification of the potential ¢. The function u is unique but the Young measure is
not.

The solution u is also continuously dependent on the initial data in the L? norm. In
addition, u(-,t) satisfies continuity properties in the L2 norm, both as ¢ — 0 (mono-
tone decreasing) and as ¢t — +00. Stability of the solution is reflected in the fact that it
satisfies a mazimum principle and a comparison lemma. A consequence of the compari-
son lemma is that the solution is also a local solution in the space variable with respect
to its own initial-boundary data.

In section 3 we investigate the asymptotics of P. As time tends to infinity, the



solution u(-,t) converges to z strongly in L? (monotonically decreasing) and weakly in
H! and the measure v has a (weak) asymptotic limit #™ such that the pair (z,v*)
constitutes a Young measure solution to the steady-state version of P, V- ¢q(Vz) =
0. This is achieved by showing that the set of all weak limit points of (u(-,¢))¢>0 in
H! is invariant under the operator P and further, there exists exactly one such weak
limit point z. The asymptotic Young measure »*> has restricted support satisfying
supp v C {g()) - A =0} N {¢"* = ¢)}.

In section 4 we introduce the relevant energy function E(t) = [5° ¢**(Vu)(z, t) dz.
As time tends to infinity, the energy converges to zero monotonically decreasing globally
in space. We show that it also vanishes locally in space, that is, on any subdomainw C
(although not monotonically on w).

The forward-backward heat equation has also been studied by Héllig [H], Hollig and
Nohel [HN] and Slemrod [Sl]. The treatment in [H] and [HN] concerns the Neumann
initial value problem in the case of one spacial dimension (2 = [0,1]). It establishes in
the model case of a piecewise linear heat flux g, decreasing on an interval [a,b] C Q,
that a continuum of solutions exist for finite time satisfying (1) weakly in the sense of
L2. Each such solution is obtained as the sum of an explicitly constructed oscillating
function and a smooth function which solves (weakly in L?) an inhomogeneous heat
equation.

The treatment in [S]] involves Young measures but the spirit is different to that
assumed here. P with Dirichlet or Neurnann boundary conditions is approximated by a
sequence of regular, singularly perturbed problems whose solutions are used to extract
the Young measure solution. The differences between the Young measure solutions
obtained in [Sl] and [KP1] are subtle. In [S]] the heat flux ¢ and the initial data ug
are required to be sufficiently smooth, ¢ must have strictly subquadratic growth and
equation (1) is satisfied in the sense of distributions. In [KP1] g is continuous of linear
growth, ug € H} and equation (1) is satisfied in H~1.

A one dimensional convex analogue to P associated with a potential of linear growth
has been studied by Zhou [Z]. The approach in [Z] differs from a Young measure view-
point but here also a variational technique is developed to solve the stationary and

evolution problems.



2 Uniqueness, stability and properties of the Young mea-
sure solution

2.1 Background

We start with the notion of a W1P-gradient Young measure introduced in [KP2] and then
describe some properties. Most statements appear in vectorial formulation although it
is their scalar version which we shall make use of in this study.

Definition. A family of probability measures ¥ = (vz)zen on M, where 2 is an open
set in RV, is a WP-gradient Young measure for some p € [1,00] if

(i) z € @~ fyg f(A)vz(dA) € R is a Lebesgue measurable function for all f bounded
continuous on M, the vector space RM*N of M x N matrices over the reals.

(ii) There is a sequence of functions (u*)x>o C W1P(Q; RM) for which the representation

formula

@ tim [ #vVut)@)dz = [ [ o(4)v(da) s

k=400

holds for all measurable E C Q and all ¢ in the space

A
E2(M) = {¢ eCM) : IAlli»ﬂooi% exists }

for p < +o00, and for all functions ¢ continuous on M when p = +o00. In the above,
C(M) denotes the space of continuous real valued functions on M. We shall use the
notation

F=<v,d>= /M $(A) v(dA).

Property (i) above is equivalent to weak+ measurability of z € Q — v, € Prob(R")
(the set of probability measures on M), that is, measurability with respect to the weak#
topology on Prob(R"). Strong measurability usually will not be true. Property (ii)
implies that there exists a sequence of functions (u*)x>0 C W1P(Q;RM) such that

$(VuF) — <v,¢>  in L}(QRM) as k = 400

for all ¢ € £f, (where the notation — is used to denote weak convergence in the space

indicated). In particular,

[VukP — <v,|APP >  in L}(R) as k = +00



(a condition not guaranteed for any subsequence by the uniform boundedness of the

(Ilu*llw.p)k>0 alone).
As noted in [KP2] the space £§(R") is a separable Banach space in the norm

4(4) =2
= su = ;
Ieler = o0 T4 TP = ITHT P llieie

Separability is desirable when the duals of the spaces such as L!(Q2,£5(M)) are con-
sidered and the representation formula (4) remains valid if £5(M) is replaced by the
inseparable space ‘

M) = {¢e CM) : :gﬁld-:—(ﬁlﬂ <+oo}.

The guarantee for the existence of W!P-gradient Young measures draws upon the
fundamental theorem of Young measures originally proved by Tartar [T] and built on
ideas developed by Young[Y]; a version appears in Ball [Ba] and an extension was proved
by Schonbek [Sc].

By the theorem, a sequence (z*) k>1 of measurable, mildly bounded functions defined
on a LN-measurable subset S C RV into RM has a subsequence (27);>; which generates
a Young measure, that is, a parametrized family of probability measures v = (vz)zes on
RM via which certain weak limits can be characterized (LV standing for the Lebesgue
measure in RY). Namely, the weak limit of the (£(2))j5, in L(E) exists and is
< vz, f >= Jgmf(A)vz(d)) for any LV-measurable E C S and any continuous function
f such that (f(27)) j>1 are weakly sequentially precompact in L!(E).

Without any boundedness conditions on the (27);>1, a subsequential convergence of
the (f(27)) j>1 is guaranteed only for f € Co(M) (the continuous functions on M which
vanish at infinity) weakly* in L°°(S) and the (vz)zen are subprobability measures. With
improved boundedness conditions on the (27);>) the convergence of the (f(z7));>1 is
obtained for a larger class of functions f: for example, boundedness of (27);>; in L®
implies f(z’) — < v,f > in weakly* in L® for any continuous f. Often however,
the situation is that the generating sequence (27);>; is not bounded in L™ and the
weak limit of the composition with a continuous, unbounded but of controlled growth
function f is to be identified. In such a case it suffices to establish that the (f(z7));>1
are weakly sequentially precompact in L!. When the domain is bounded, a general
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criterion is provided by de la Vallée Poussin: the (f(27));>; are weakly sequentially
precompact in L!(E) for E C R" bounded if and only if there exists 4 : [0, +00) — R
with superlinear growth at infinity and such that

sup [$(f (1)) dz < +oo.
j JE

The following theorem of Ascerbi and Fusco in [AF] and Kinderlehrer and Pedregal
in [KP1] also serves to characterize weak sequential precompactness in L! in a varia-
tional setting. It has an important application to minimization problems in variational

calculus. The existence of (local) minimizers of a functional of the form

I(u) :=/ﬂf(z,u,Vu)d:r

over W1P(Q;RM) is very closely related to the lower semicontinuity properties of I,
which in turn are reflected in the quasiconvexity properties of f in the last argument.
We recall the notion of quasiconvexity introduced by Morrey [Mo): a Borel measurable

function f : M — R is gquasiconvez if for all A € M,

1
1(4) € s [, fA+ V0 as

for all ¢ € W1P(D;RM) and for all D open bounded sets in RY with LN(8D) = 0. In
general, convexity is a stronger condition than quasiconvexity but in the scalar case,

that is when either M =1 or N = 1, the two conditions are equivalent (cf. [D]).

Theorem 2.1 Suppose f € EP(M), for some 1 < p < +00, ts quasiconvez and bounded
below and let u* — u in WIP(Q; RM). Then

(i) For all measurable E C 1,
.. k
/Ef(Vu)d-'c < lgg\ig.f/Ef(Vu ).

(i1) If in addition,
/ F(Vut)dz *25° /ﬂ f(Vu)dz
o
then the (f(Vu*));j>o are weakly sequentially precompact in LY(Q) and a subse-
quence converges (weakly) to f(Vu).



The proof can be found in [KP1]. Part(i:) is a consequence of (i) and it implies that if
F(Vub) I f(Vu) i Q)
then the W1P—gradient Young measure v = (v;)zeq generated by (Vuki);s g satisfies
<v,f>= f(Vu) =zae in.

The consequence of theorem 2.1 which we will have occésion to use directly in this
paper occurs when a p-growth condition of the function f from below allows one to
obtain information on the L” norm of the gradients. This is described in the next result
and provides a sufficient (but not necessary) condition for a sequence of functions in

WP to generate a W1P-gradient Young measure.

Theorem 2.2 Let f and (u*)x>1 be as in theorem 2.1 and assume in addition that
(AP -1)* < ¢(4) < CIAP +1

for 0 < c < C. Let v = (v;)zen be generated by the gradients (Vu")kzl. Thenv is a

WLP_gradient Young measure.
The proof can be found in [KP1].

2.2 The variational treatment and the existence of a Young measure
solution

Assumptions. We define the two separable Banach spaces

& = E2(RV) :

Ny. 1 lv(4)] .
{tI)EC(R ) : IAlliﬂoo_l-l'lAP exists }

and

Fo=ELRV;RY) = {¢ € C(RV;RV) . 'A%ml—’é(i"i—'] exists }

We assume the heat flux satisfies ¢ = V¢ on RV with ¢ € C'(RY). We impose the
growth conditions ¢ € &, ¢ € Fo and furthermore,

(5) (cla>-1)* < ¢(a) <Cla>+1 VaeR"
(6) lg(a)l < Cla| Vae€RM.

9



We let ¢** denote the convezification of ¢, that is,
¢** = sup{f(z) : f < ¢, f convex}.
Since ¢ is in C*(RV) so is ¢** and we set
p = Vg™

We note that ¢ = p on the set {¢ = ¢**} and that ¢** and p satisfy the same growth
conditions as ¢ and g respectively. We assume

¢**(0) =0 and p(0)=0
which by the convexity of ¢** implies
p(A)-A>0 VieRrNM.
Under these hypotheses we fix ideas by agreeing on the following:
Definition. A measure solution to P,

uy = V-q(Vu) in Qu:=0xR*
u(z,0) = up(z) forzin Q

u = 0 ondxRt

with up € H{ () a given function, is a pair (u,v) where u € H} (Qoo)NL*® (R*; H}(R2))
and v = (Vz,)(z,t)eQo. & Parametrized family of probability measures on R¥ such that

the equilibrium equation
+00 ou 1
™ [ <va> Vet Goasdt=0 W e Hi(@u)
(where < vz¢,q >= [pv g(N)vze(d)) ) and
(8) < vgg,id > = Vu(z,t) (z,t) ae. in Quo
hold. Equivalently stated, equation (7) is
9 w=V-<r,g> in H(Qw)
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If in addition » is an H} (Q)-gradient Young measure then the pair (u,v) is called
a Young measure solution to P. In the above, Q2 C RV is an open, bounded set,
89 x Rt is the lateral boundary of the parabolic cylinder  x R* and id stands for the
identity function. The notation H? stands for the Sobolev space W12 and H~! for its
dual W-12, We will say that (u,v) is a solution or solves to indicate that the pair is
a Young measure solution of P. The function u is also called a solution and the use of
the term is clear from the context.

The zero boundary data can be replaced by g € H'(2) (and the solution u is then
sought in g+ H}(£2)) without any changes in the results that follow. For convenience in

the sequel we suppose g = 0. A generalization to time-dependent data is not immediate.

Remarks. 1. It results from the existence proof below that a Young measure solution
to P exists such that u; € L?(Qu) and that (7) is satisfied also locally in time, that
is, for test functions ( € H} (Q) with t-slices ((-,t) € H}(Q2) for t > 0 a.e. and in
particular for ¢ € H}(Qr) VT > 0. This means that in addition to (9) it is true that

u = V- <v,g> in H,‘ocl(Qoo).
In particular, the solution u is an admissible test function.

2. It is a consequence of the above definition that an equilibrium equation is also
satisfied pointwise in time in H~1(Q): indeed, for ¢ a.e. in [0,T] and for all { € H} ()
we have
T Tr d
/ / < Varq > V((z)dzdt = — / / L u(z,t)¢(z) dz dt;
o Jn o Ja dt
differentiating in time we obtain

/n < Vag,q> V((z)dz = ~ /n w(z,t)¢(z)dz  tae. inRY, V¢ € HA(Q).

3. A classical solution to P which is bounded in time is a measure solution with v = éy,,.

‘We establish existence:

Theorem 2.3 (Existence) Under the assumptions stated above there erists a Young

measure solution (u,v) to P. In addition, u; € L?(Q),
suppvy: C {a €RY : ¢(a) = ¢**(a)} (z,t) a.e. in Qoo
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and (u,v) is also a Young measure solution of the relazed problem
u = V-p(Vu) in H(Qw)
with the same initial-boundary data.

Proof: The following existence proof is due to Kinderlehrer and Pedregal [KP1].
Step 1. Let h > 0 be fixed and for each j > 0 consider the functionals

Bp(v;uhd ) = /Q $(Vv) + Elﬁ(v —uhY2ar forve HAQ)
and
& (v;uli-1) = /ﬂ " (Vo) + %(v —uhI 24z forve HY().
We drop the explicit dependence on k. By relaxation,
I = inf {B(v;u™!):v e H} @)} = inf {8 (m;u™ ) v e H(}(Q)} .

Let (uP9*);>; C H}() be a minimizing sequence for & (and &**). By the growth
condition (5) and the Rellich theorem, together with the H!-weak sequential lower
semicontinuity of ®**, there exist u™/ € H}(2) and a subsequence,! not relabeled, such
that
ubdk K29 yhi weakly in HI() and strongly in L*(52),
I = &**(uhd;uhi-l)

and therefore,

10) [ ¢ de = im [ " (V¥ ar = im [ 6(Vut) da.

k—r+oc0 k—+00

Then by theorem 2.1
(11) ¢ (Vuhdk) K2 gee(pyhd)  in LY(Q).
Let ™ = (y}9),cq be the Young measure generated by the (Vu*J*),5,. By theorem

2.2 ™I is an H!'-gradient Young measure and by the representation formula (4) for
L!-weak limits and (10) and (11) we obtain

/nqs"(Vu"J)dz = /ﬂ<u,¢“> dz = /ﬂ<u,¢> dz

11n fact, the whole sequence converges (weakly) as the minimizer uJ is unique (see remark 3 following
theorem 2.8)
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which together with ¢** < ¢ implies

(12) supp ™ C {¢ = ¢}

and therefore,

(13) <M > =< ¢ > = ¢ (Vi) zae inQ,
(14) Vubd = <M id> zae inQ.
In addition,
(15) <V g>=<vMp> zae inQ,
(16) V-<vhigs> = V. < p>= V.p(Vehd) in H1(Q)
hold.
Setting the Gateaux derivative of ®** to zero at the minimizer u»J we obtain the
equilibrium equation
(17) /n p(Vuhd) . V¢ + %(uh'j —whiNedr = 0 V¢ € H(Q).

Let I"J = [hj,h(j + 1)) and x*7 be the indicator function of I and for ¢ > 0 set
. §-J ifhj<t<h(+1)
Abi(t) =

0 otherwise.

Define for r a.e. in Q each t € R,

(18) whz,t) = 3 xM(t) {uhd(2) + M ()W (2) - uM () }
J

so that u* € L®°(R*; H}(2)) and also

u® =0 on 80 x RT.

We let
(19) whi= Y MU e LR HY(Q))
J
(20) V= ()enege = XV e LR(RY; &)

J
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probability measures on RV, (where &, is the dual space of &). By (14) we know
(21) Vuh = <vhid > (z,t) a.e. in Quo-

We also let
¢ =<ihg>= Y P <M 9> € L?(Qw).

J
Differentiating (18) almost everywhere in time we have
ouh 1, .
S = Tt - ) e I(Qu).
j

Then for each t > 0,

Suh

Bt

or, equivalently, the equilibrium equation

= V.-<vhtg> inHY(Q)

auh
gt . il = 1
(22) /ﬂ(q V(+Z0)ds = 0 W e HY(®)
holds. From (22) it is easy to deduce that
T 6,“}1
(23) / / <vhg> v+ Ztdzdt = 0 V¢ € HY(Q,)Vr € [0, +00]
0 Ja ot

(with ¢(-,t) € H}(2)), that is

oub h . -1
> = V-<v'g> in H(Q,;) V7 € [0,+00).

By (15), (16) and (19),

(24) <vhg>=<vhp> foreacht>0andzae. inQ,
and .
(25) V-<hg>= V- <vhp>= V. p(Vuh)

both in H-1(R) for each t > 0 and in H~1(Q,) V7 € [0,+00).

Step 2. Using the growth conditions (5) and (6) on ¢ and g we obtain uniform estimates
in h for the (u?)4>0 and (wWh)p>o in L™ (R*; HE(R)) and (§*)n>0 in L*(Qoo). Further we
obtain (22" )s>0 € L?(Qco) is bounded in / and the HJ, (Qoo)-gradient Young measures
(v") are bounded in L®°(R*;&;). Using weak compactness we may therefore extract
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weakly convergent subsequences indexed by A’ = 0 and a pair (u,v) satisfying (7) and
(8). Indeed, the two sequences (u*')u'5o and (w* )p'so have the same L™ (R*; H} ()
weaks limit? u satisfying ¥ € L?(Qoo); along ' (23) yields the equilibrium equation

(26) /offn(< v,q> Ve + %tu-()dzdt =0 V(e HNQ,) Vr€[0,+o0)]

(and as in (23) all ¢ € H) (Qo) with {(-,t) € H}(S2) for almost all ¢ > 0 are admissible).
Further, by (24)

(27) <v,g>=<v,p> (z,t) ae. in Q; V7 € [0, +00)

In addition, by (12) we have
(28) suppv C {¢ = ¢"}.

The measure v is extracted in [KP1] as the weak limit of the sequence of Young measures
(¥P)hs0 in L®(R*;&y). To complete the existence proof we must establish that v is in

fact an H} (Qoo)-gradient Young measure related to u via
<zt id > = Vu(z,t) (z,t) ae. in Qu.

This question falls in the general setting of the results in the following paragraph and
is directly addressed in corollary 2.5. m]

2.3 Some properties of sequences of gradient Young measures and
completion of the existence proof

Given a sequence of Young measures we may often want to extract a (weakly) convergent

subsequence using duality and at the same time ensuring that the limiting measure is

itself a Young measure. The following lemma describes a situation in which this is true.

Lemma 2.4 Suppose that (V®)a0 withv® = (V2,)(z,)eQ.. 15 & sequence of H}. (Qoo)-
gradient Young measures and for each a is generated by (Vv®™)y>0 where (v*™)m>0

is a sequence in H} (Qoo) uniformly bounded in a and m. Then a subsequence (not

2Weak+ convergence in L™ (R*; H3(Q)) is to imply that the sequence and the sequences of the N
spacial partial derivatives converge weakly in L? (R*; L*(Q)).
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relabeled) of the (¥*)a>0 and an H}, (Qoo)-gradient Young measure v = (Vz,t)(z.1)eQu
ezist such that

a—
v* v

weakly in L' (Qr; £}), weakly in L2(Qr; F3) and weaklyx in L® (QT; MRV )) for each
T>0.
That is,

<u°,1/)>"'—'—’9<u,¢>

weakly in L'(Qr) for ¢ € &, weakly in L*(Qr) for € Fo and weaklys in L™(Qr) for
¥ € Co(RV).

Remarks. 1. Recall that the assumption on the (1¥%),>0 implies that the representa-

tion formula

AT_/‘)¢(Vv°'m)(z,t)0(z,t)dxdt jpmd o ./OT_/ﬂ/M‘/’(A)dV:,:(A)G(:r,t)dzdt

holds for all ¢ € &, 6 € L}(Qr), and for each o > 0 (not necessarily uniformly in a).
This in turn implies that the representation formula also holds for ¢ € F or Cy(R")
weakly in L? or weakly# in L™ respectively. A converse of this statement is given by
corollary 2.6.

2. Assume that a sequence of Young measures is bounded in L}, .(Qoo; 86). Duality
cannot be used here to ensure a limit point. However, we are able to reduce to the case
of lemma 2.4 as follows:

Suppose (V%)a>0, with ¥® = (V2)(z1)eQer 15 6 Sequence of H] (Qoo)-gradient
Young measures bounded in L,loc(Qw;E(',) and for each a let (Vv®*);50 be the generating
gradients. Then (V°)as0 is bounded in L} (Qoo; Fo) and L{(Qoo; M(RY)) and the
sequence (v®*)q ) is bounded in H], (Qoo) uniformly in a and k. Hence lemma 2.4
applies.

The proof of this remark is straightforward and is omitted.

Proof of lemma 2.4: Step 1. (Extract the subsequence of the measures) Fix T > 0.
It is straightforward to see that (¥*)a>o is bounded in the spaces L?(Qr;F3) and
L®(Qr; M(RV)) which are isomorphic to the dual spaces of L?(Qr; Fo) and L®(Qr; Co(RN))
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respectively. Using this we can extract a subsequence (not relabeled) (¥®)a>0 and a
parametrized probability measure v = (vz,¢)(z,t)eQ. Such that

2220y weakly in L*(Qr; F}) and weaklys in L®(Qr; M(RV)).

We show now that the convergence remains valid if we allow ¥ to have higher growth
provided we compensate by having uniformly bounded test functions.
Claim: < v, > 22 < v,9 > weakly in L!(Qr) for all ¢ € &.

Proof of Claim: We use the same cut-off functions used in Ball [Ba] and Slemrod [SI].

Set
1 if A <k—-1

()= k-A fk-1<[A<k

0 if |Al > k.
Fix T > 0, ¥ € & and let 6 € L®(Qr). Define

WE(A) = pW)nk(), ¢k € CoRY).

T T
/o/n<u;’,¢,¢>0(z,t)d:cdt - /0 /n<u,,g,¢>0(:c,t)dxdt

T
< Mlmn [ [ |<v®v-vF>|dar

/()T/n(<u°,¢°>—<u,¢">) dz dt

T
+ ||9||L°°(QT)/0 /;)|< v, ¢ —¢F >|d$

= I+II+11I

Fix € > 0. It is a consequence of the Dunford-Pettis theorem that

T
I =  lm Bli=n [ [ 1-¢*(Voom)doat
< ¢ lim [¥|(Vv®™) dz dt
m=+00 J{(z,0):| Voo m |2k}
<

oup (1+¢IVe™™2) dzdt
a,m J{(z,t):|Vvam|>k}
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— 0

as k — +oo uniformly in e, because ||Vv®™||2(q,) is bounded independently of a,m

and hence

meas{(z,t) : ||[Vv*™|| >k} — 0

as k — +00, uniformly in a,m.

For each k, ¥* € Co(RN) and so 34(k, €) such that IT < € V|a| < 8(k,€) (but not
necessarily uniformly in k).

For II1, assume v > 0; Then 0 < ¢* * ¢ pointwise and 50 < vz ¢, Y —¢* >— 0 as
k — +oo. (For general 4, write ¥ = ¢+ — ¢~ and (¢+)* = ¢*n*, (v~)* = ¢y~ n* and
use the monotone convergence of each term). So 3K (€) such that IIT < € Vk > K(e).

We choose k for I and III which is independent of a; using this k¥ we then find
(e, k) for I1. This shows that the sequence of ¥* converges in L>(Qr; M(RV)) to v

and proves the claim.

Step 2. We now show that the limit point v is an H} (Qo)-gradient Young measure.
The idea is to find a sequence of gradients for which the representation formula holds
for all functions in a dense set of £ and show that the same sequence works for all v
in &. (It is obvious that for this argument one must work with the separable space &
rather than the inseparable space £).

Fix T > 0. Let (¢n)n>1 be dense in &. For each n > 1 we have by Step 1,

Pn(VO®™)  T2EX e g s in LYQp)

and also,
<1, ¢> 2 <ug.>  in L(Qp).

Therefore a diagonal subsequence indexed by u(n) exists such that
Ga(VeHD)  HOET <y gnsin INQr).

This way we obtain the sequences (Vor() u(n)>1 for each n which we Cantor-diagonalize
to obtain a single sequence (Vv#),>1 such that the representation formula holds for each

&n, ie.
p—>+00

én(VH#) 22 <v,¢">  in LY(Qr) for all n.
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Now using density we show that the sequence of gradients just obtained is a gener-
ating sequence for the parametrized measure v obtained in Step 1. For this, let ¢ € &
and € > 0 be given. Find N(e) such that ||¢ — ¢nllz, < € Vn > N(e). Let 6 € L>®(Q7).

I/OT/QG(IJM(Vv“)(z,t)dzdt - /OT/QO(J:,t) < Vzs, ¢ > dzdt
< 10llr=(e) /OT /n |p(Vv*) — ¢ (Vo*)| dz dt
+ |16 llr=@) /:/(; [$(VV*)— < v, ¢y > |dzdt
+ II0|IL~(Q)/OT/Q|<V,¢,.-¢>|dxdt

I+II+111

For each term we have,

I

IA

T
clg=dnlles [ [[(1+IVoHIP) 2y dzdt < ce¥n 2 N(e), uniformly in u
II < ce Vu2>M(en)

T
I < c||¢—¢n||g,,/ / <v,1+Ccid? > dzdt < ce
0 JO

Thus we may choose n for I and I1I which is independent of p and for this n we find
M for II.
We conclude that

¢(Ve*) P <> inL'Qr) VeEL
and by remark 1 to the lemma 2.4 this finishes the proof. D

Next we apply lemma 2.4 to conclude the existence proof:

Corollary 2.5 The measure v obtained in the proof of the ezistence theorem 2.3 is an
H] (Qc)-gradient Young measure (and so the pair (u,v) is indeed a Young measure
solution of P).
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Proof: In the notation of theorem 2.3 recall that
v:',", = Z X[hj,h(5+1)] ()P for z a.e. in 2 and Vt > 0.
320
Then for each h > 0 the sequence (Vu""‘)kzo, where

uPF = 3 wminge OuPE(E) € Hb(Qoo),
Jj20

generates v®. We apply lemma 2.4 on v* to extract a subsequence indexed by A’ — 0
along which the v* converge to an H]. (Qw)-gradient Young measure v = (Vz,) (z.)€Qeo
in the sense of the conclusion of the lemma. In particular,
<V id> = <v,id> inL*Qr)
(because id € Fy), and (21) then gives
<vzt,id > = Vu(z,t) (z,t) ae. in Qoo

since Vwh — Vu in L2(). u]

The technique used in the claim of Step 1 above can be modified to prove a slightly
more general statement and a partial converse to remark 1 following lemma 2.4. This

is summarized in the following corollary.

Corollary 2.6 Suppose that (z*);>o a bounded sequence in L?(Qr) such that y(2*)
converges weakly in L2(Q) for all ¢ € Fy or weakly in L®(QT) for all ¢ € Co(RY);
then the sequence converges also weakly in L}(Qr) for ¢ € &.

To prove this simply consider the sequence (1(z¥))k>0 in place of < v2,1)a>0 and show
it is Cauchy weakly in L}(Qr) by using the truncation of Step 1 above to pass from
linear to quadratic growth.

2.4 Uniqueness and properties of the Young measure solution

The following lemma describes a property of the solution upon which the uniqueness

proof relies.
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Lemma 2.7 (Independence) For (u,v) a solution of (1) and (2) the egquality

(29) <Vzt,q 80> =<z, g> <z id> (z,1) ae in Qoo

holds, i.e. ¢ and Vu are independent with respect to the Young measure v.

Proof: Step 1. (The time-discretized case) Fix h > 0.

Claim: <vlJi,g-id>=<vhi g>-<tiid> 1z ae inQforj=0,1,...

Proof of Claim: Let (u*J*)2 . be the minimizing sequence to the variational principle
&** (v; uJ-1) converging to uPJ weakly in H} () and strongly in L?(2). Recall that

(Vu"-j"‘)f’: , Benerates vhi, Forall ¢ € H}() we have,

),k -— th-

. h,j 1 . hi _ 4hd-1
LP(Vuhd.k),VC+L_T__CM kj -/Q<V:::.,Jip>'v<+y——f'_(dz

. h»J - uh:j_l
= /n p(Vuh) . V¢ + “——z——c dz

= 0

because p(Vuhik) 522« yhi 5 5 in [2(Q) and V- < vhi,p > = V. p(Vubd) in
H-1(Q). It follows easily that

() V-p(Vuhdik) 2P v.p(Vubd)  in H-1(Q)

by the estimate

| 9-p(VuhH) = V- p(Vihd) gy = sup | [ [p(Vuh9*) - p(vutd)] - VC daf
||C||,,5(n)=1 Q
hgk _ o hj
(for all sufficiently large k) < sup / P—E—C dr|+e¢
"("Ha(n)=l L h

1 . :
< gl uP Ik — b |2y + €

k2 ¢ foranye>0

since uhJ* 52 yhJ in 12(9) strongly. Recalling remark 1 to lemma 2.4 and noting
that p, id € Fp and p - id € &, we have as k — oo,

(1) p(Vuhik). Qyhdk s < pbd p>  in L1(Q)
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(i1i) p(Vuhdk) — <bdp> in L2(Q)

(lv) Vuhik —<hiid>  in L2(Q).

Now by the div-curl lemma (see [E], [T] or [Mu]), or by direct computation and using

the H!l-strong convergence in (i), we have from (%), (iii), (iv)
p(Vuhdk) . gyhik k2t o vMip> . < ubiid >
in the sense of distributions; by (i) above and recalling (15) we have the claim.

Step 2. (Passing to the limit).
By (20) and step 1 we have

<vhg-id>=<vhg> <P id> zae inQVvVt>0

We may apply lemma 2.4 to (1%),50 to pass to a limit point as h — 0. We obtain a
subsequence, not relabeled, such that for each T > 0,

(v) <vhg-id>—<wv,q-id> in LY(Qr)
(vi) <vhg>—<v,g> inL*Qr)

(vii) <vhid> — <wv,id>  in L*(Qr).
Using the div-curl lemma as in step 1 we obtain (29). m]

Theorem 2.8 (Uniqueness and Continuity with respect to initial data) There
is a unique function u: Qoo — R with u € HL (Qoo) with u(-,0) = ug for which there
ezists a parametrized probability measure v = (Vzt)(z,t)eQ., 80 that (7), (8), (27) and
(29) are true. Under the same conditions, ug — u(-,t) is continuous from L2(Q) into
L?(Q) for each t > 0 (and also into L(Qr) for each T > 0).

Proof: Suppose (u,v) and (w, u) are two Young measure solutions to P with initial
data ug and wp respectively. Apply the equilibrium equation (7) using (u — w)x[o,7) as

22



the test function® in the previous section and against 3 and g* and subtract to obtain
(where the shorthand notation T is used for < v, f > and similarly for ™

/OT/n(a"-a“)-(H”-?a“)dxdt = —/OT/n&a-_t;lu—)-(u—w)dzdt

1
(30) = =5 (I T) = w(, T) Iy —lluo = wollZagey) -
By lemma 2.7 and (27),

Lhs.(30) = /:/n(;.—i?’+p~_w“—5"-w“-p"-ﬁ") dz dt

20
because the integrand above is precisely the quantity
S Jow (77(@) = V6™ (8)) - (2= B) vea(do) ze(d)
which is non-negative by the convexity of ¢**. This implies for (30)
(31) I T) = w(T) IBagy € luo—wollZagy VT >0

which is the continuity with respect to initial data. When ugp = wy is used in (31) we
have

u(,T)=w(,T) zae inQ VI>0

and this shows uniqueness. D

Remarks. 1. The statement of uniqueness does not depend on the method of extract-
ing a Young measure solution for P and it does not require that » be an H!-gradient
Young measure, only that § =  and the independence property of lemma 2.7 hold. In
particular, if (u, dvy) is a classical solution to P satisfying ¢(Vu) = p(Vu), a weaker con-
dition than (28), by uniqueness it coincides with the Young measure solution provided
by theorem 2.3 and (28) follows (the independence property is automatically satisfied
by classical solutions). We note that there is no claim that the parametrized measure
v is unique: this is false in general.

3This is allowed by remark 1 to the definition of Young measure solutions to P and (26).
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2. (Corollary to the uniqueness of solution). There is a unique limit point of
the sequences of the ezistence theorem 2.8 (u*)n5o and (wh)p>o in the weak sense in
H} (Q) and strong sense in L}, .(Qoo) and of (Qg—)»o weakly in L?(Qo) and therefore

these sequences converge.

Of course, there is no similar assertion for the Young measure v.

The following Lemma gives some properties of the solution (u, ) which are consequences
of the convexity of ¢** and the independence property. Most will be useful in establishing
the uniqueness of the asymptotic limit (in section 3).

Lemma 2.9 ( Further properties of the Young measure solution) Let (u,v) be
the solution to P and (u*)n50 as in the proof of the eristence theorem 2.3. Then the
following are true:
1. V-p(Vu)=V-5=V-7 in H;}(Qw)-
(Recall that by (27) p =7 (z,t) a.e. in Q, VT € R .4)
2. (i) ForeachT >0, u" € C ([0,T); L%()) and (u)p»0 is Cauchy in C ([0, T]; L*()).
(ti) u € C([0,T); L*()), that is, u(-,t) = u(-,to) in L2(Q) as t — to, for each
to > 0. In particular, u(-,t) = up in L2(Q) ast — 0.
8. (1) t |lu(-,t)liL2(q) is decreasing (and therefore has a limit ast 7 +o0).

(i) t = |lu(-,6 +t) — u(:,t)|lL2(q) s decreasing for each § > 0;

+00
/ /q-vudzdt
0 (1]

Proof: 1. Fix T > 0, let w” be given by (19) and let ( € H(Qr) with ((-,t) € H}(),
for t a.e. in [0,T]. By remark 1 to the definition (see section 3.1) { —w" is an admissible
test function in the equilibrium equation (23). Using the convexity of ¢** and (23) we

(iit) The integral

erists.

know that

T
/OT/np(V()-V((-w")dzdt > jofnp(Vw").V(c—w'*)dzdt

4In fact, D. Kinderlehrer and N. Walkington have shown that p(Vu) = 5 = g (z,t) ae. in Q.Vr € R*
is true.
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= —/OT/nQuaTh((-w")dzdt.

Letting h — 0 we obtain

/oT/nP(VC)'V((-u) 2 "/OT/Q%((-u) = /OT/QQ'V(C-U)-

Choosing ¢ = u+ A(6 — u) for € H}(Qr) and letting A = 0* we obtain

T T
[ fpvn-ve-uw 2 - [ [7-v6-v) voemI@r).
0 J0 0 J0
Replacing 6 — u with its negative we obtain equality above and this proves 1. 2. Fix
T > 0. Recall that
wh(z,8) = (@) + (5 — )W — b))

for hj <t < h(j+1). When |t —s| <h,

t—3s ; ;
I, 8) = b lny = L b — b,

Also, by the uniform estimates in [KP1],
sup [[u?(-,t)l|L2(q) = sup|lut|lL2q) < M
t20 320

which shows that ¢ — u®(-,) is (uniformly) continuous and bounded on R* into L?(R).
Set UMM .= ub — ub' € HY(Qr); we have,

U T U '
W lze@ = [ [ 2*¥ U dvar

< U s U™ s @r)
and since (u");5¢ converges in L?(Qr) and is bounded in H!(Qr) we see
‘ h_ b -
phm sup flu® — v || z2q)(t) = O.

Therefore, (u?)>0 is Cauchy in C (R*; L?(R)). This shows 2.

3. For 0 < s < t apply the equilibrium equation (7) with ux(, ) as the test function and

have
[ = =[5
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@ = =3 (1 OMZa oy = Wl ey

Using (27), the convexity of ¢** and the independence relation (29) as in the proof of
theorem 2.8, together with the assumption p(0) = 0, we conclude that the Lh.s. of (32)
is non-negative and (i) follows. Letting s = 0 and ¢ = +o00 in the Lh.s. of (32) we then
obtain (ii).

Notice that by the uniqueness of solution the pair (u,1%) = (u(-,6 +-), u(.,5+.))
solves P with initial data u(:,d). For fixed 0 < s < t we apply the equilibrium equation
to each of the solution pairs (u%,1%) and (u,v) using (u® — u)X[s,¢) as a test function

and subtract the two equations. Arguing as in (i) yields (3i). m]

2.5 Stability: maximum and comparison principles. Localization

We investigate the stability of the Young measure solution. We show that a maxi-
mum principle and a comparison result are satisfied. We conclude the section with a

localization property of the solution (u,r), a corollary of the comparison principle.

Theorem 2.10 (Maximum principle) Let (u,v) and (w, ) solve with initial data

ug and wy respectively. Then (z,t) a.e. in Qco,
(33) €ss Sup,.q (U,o = wO)— < u(z’t) - w(x’ t) < ess Sup,.n (U() - w0)+'

Proof: Set
K := ess sup,g(uo — wo)?t.

We introduce auxiliary functions as in the proof for a maximum principle for the solution
of the heat equation with H! data (cf. [Br]). Fix G € C1(R) such that G = 0 on (—o0,0]
and strictly increasing with 0 < G <Mon (0,400). For t > 0 define the functions

H(t) = fo ‘Gls)ds

and
B(t) = /ﬂ H (u(z, t) — w(z, t) — K) dz.
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Then ¢ € C(Rt)NCY(R1), ¥(0) = 0 and ¢ > 0 on R*. Note that G(u—w—K) € H}()
so that it is an admissible test function for the equilibrium equation. For all T > 0,

T p—
/‘,T'P'(t)‘“ = /0 /‘.‘G(“(-“’»t)-w(z,t)-x)i(ga—ﬂ)-dzdt

T —y - !
= —‘/o /n( -7) - Vu-w)G (u—w-K)dzdt

<0

because (g¥ — @*) - V(u — w) > 0 (as in the proof of the uniqueness theorem 2.8), and
G >00n[0,T]. Hence y =0 and H(u —w— K) = 0 (z,t) a.e. in Qc, OF

u(z,t)-w(z,t)-K
/ G(s)ds = 0 (z,t) ae. in Qoo

0

which by the choice of G implies
u(z,t) —w(z,t) =K < 0 (z,t) ae. in Q.
Reversing the roles of u and w we obtain the lower bound in (33). m]

Lemma 2.11 (Comparison principle) Assume (u,v) and (v, u) are the solutions to

P with to initial data ug and vy respectively. Assume further that
u > v a.e in .

Then
u>v (z,t) ae in Q-
Proof: Let w = max(u,v) in Qu. It suffices to show that

(v—u)t =0 (z,t) ae. in Q.

We apply the equilibrium equation for each solution noting that w —u = (v —u)* is
admissible as a test function.

T

‘/; /nﬁ"-V(w—u)+ug(w—u) dzdt = 0
T

fo /nzr‘-V(w-u)+u,(w-u)dzdt = 0.
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By subtraction we obtain

/OT/Q(E“—G")-V(v-u)+ - -%ATL(vg—m)(”'“)+dzdt

= /Ti/( )"'d:cdt
= A dt nv u

— 10 = 0 @)~ o0 = w0)* e}

1
—5litv = w)*t |32 () (T)-
Since (g* — g") - V(v — u)* > 0, we conclude that
Iw = 9 Baey(T) = 0 VT 20,
that is, v < u, (z,t) a.e. in Quo. D

An immediate but rather noteworthy corollary of the comparison lemma is that (u,v)

solves also locally on subsets of the domain §2. More precisely, we have the following

property:

Corollary 2.12 (Localization) Assume w C Q is open with Lipschitz boundary and
let (u,v) be the solution to P. Let v be the restriction of u to w. Then v is a solution

with respect to initial data vy the restriction of ug to w.
Proof: Suppose x is the solution on w (with vg initial data). Apply the comparison

result to the differences y — v and v — . D

3 Asymptotic analysis and the equilibrium Young mea-
sure solution

We investigate the asymptotic behavior of the solution as ¢ = 400 and establish the

following:

Theorem 3.1 Let (u,v) be the (unigue) solution of P; there erists a (unique) z €
H} () and an H], (Qx)-gradient Young measure v™ = (12%)(z,t)eQ., Such that

(34) u(-,t) — z  weakly in H} () and strongly in L?(Q) as t = +o0
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(these limits exist without restricting to a subsequence in time).

(35) t = Jlu(-t) — 2ll2(n)  is decreasing
(36) V-<v®g>= 0 in H(Qo) and H;;} (Quo)
(37) Vz = <v®,id > a.e. in Q (independent of time)

(so0 (2,v™) is a Young measure solution of the steady-state version of P).
(38) <v®,gA)-A>=0 ae inS
(39) suppr™ C {A:q(A)-A=0}N{¢"" = ¢ =0}

Definition. With 2z, ¥*™ as in the theorem, we call z the asymptotic limit of u and v*>°
the asymptotic Young measure; we call the pair (z,v°°) the equilibrium (Young mea-

sure) solution of P.

For the proof of the theorem we first establish two properties of W, (ug), the set
of weak limit points of (u(-,t)),>q in Hj(§2). This is the content of lemma 3.2 below.
Following, supposing z € W, (u), we solve P with initial data z and obtain the Young
measure solution (w, ). We show that (w, ) solves the stationary problem associ-
ated to P and thus infer that w = 2. Furthermore, we show via the equilibrium equation
that W, (up) = {2z} and that the pair (z,°) satisfies the conclusions of the theorem.

We define
W (u) = {2 € 9(z,0) + H3(Q) | 3(tn)n>1 A/ +00 with u(-,t,) =3 2}.
The notation
u(yty) =z in H' - L?

indicates that the sequence converges weakly in H'® and strongly in L? which we may
always achieve by reducing to a subsequence using the Rellich theorem. Note that
W, (up) is non-empty since u € L™ (R*; H3(S?)). Theorem 3.1 establishes that W,,(ug)
consists of exactly one function.

We begin by describing some properties of all functions in W, (ug).
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Lemma 3.2 Let z € W,(uo) and t, = +00 along which u(-,t,) =5 2. ThenVt >0

(40) u(htn+t) =z  in HY(Q) - L}(Q)
and
(41) u(htn+) =2z in Hjp(Qoo) — LEe(Qoo)

as n — +o00 (without restricting to subsequences).

Proof: Fix t > 0. Since u € L*® (R*; H}(f)), the sequence (u(-,tn +t))n>1 is bounded
in H'(Q); hence for a subsequence (n;);>1 there exists y(-,t) € H*(Q2) such that as
J = +o0,
u(tn; +1) = y(-,t)  in H(Q) - L*(Q)
and of course,
u(otn) 23z in HY(Q) - I3(Q).

Note that y(-,t) € W, (uo); we show that y(-,t) = 2. For all ¢ € H!(Q),

[0@-2@x@dz = im [ (@@ i) - ulz )X @)
Q Q

j—+0o

J—+oo

= lim L/ﬁ:ﬁtut(z‘,sx(x)dsdx

IA

lim sup [|u)|? Vit
I<llL2(ny im sup lueliZa(ien, tn; +x02)

= 0

since u; € L?(Qoo). This shows y(,t) = z for £ a.e. in ; as a result the whole sequence
converges to z and (40) holds true.

Fix T > 0. The sequence (u(- 2, + ));>¢ is bounded in H!(Qr) and thus we can
find x € H'(Qr) and a subsequence (n;);>1 along which

u('stnj + ') = X in HI(QT) - LZ(QT)
Choose ((z)n(t) € H}(Qr) with n(t) defined for each t. By (40),

[zt + (@) ds 25 [ 2(a)(a)dz
9] )

30



for each t > 0. Thus

(42) n(t) /n U@, tn, +)C(z)dz T2 n(t) /n 2(z)((z) dz

pointwise in ¢ and the Lebesque Dominated Convergence theorem applies to (42) to give

[ [ ntxtertetn, +0dsds "2t [7 [ yec(a)sta) doat

(by assumption) = -/o g ./n n(t)¢(z)x(z,t) dz dt.
By the density of separable functions in L? this implies
x(t)=2() Vt>0 =zae in.
We conclude that no reduction to a subsequence is necessary and (41) obtains. ]

Proof of theorem 3.1: Fix z € W,,(u) and ¢, = +0o along which u(-,t,) — z. We
define
un(_’ ') = “('itn + ')

V' = (U2)@0)eQew = (Vrtatt)(z)€Qu-

Then (u®™,v™) is the solution with respect to initial data u(-,t,) for n > 0. By lemma

3.2 we know that as n = +o0,
u"(,t) —=$ z in HY(Q) — L*(Q) Vt e RY
=2 in Hjp(Qeo) = L*(Qwo)-
Since z is independent of ¢ it follows that
-‘%ﬂ "23°0  in L*(Qw).

In addition, note that (")n>0 is bounded in LY(Qoo, &) By remark 2 to lemma 2.4
there exists an Hj, (Qoo)-gradient Young measure, ¥™ = (V5%)(z,t)eQ..» Satisfying

v® € L®(Qoo; MRY)) N L{(Qoo; Fo) N Lioe(Qooi &)-
For each n we apply the equilibrium equation

/'/<u" >+ cdzat = 0 Ve HNQ,)Vre [0
o Q ’q at - T) TE[,"“&],
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and we may pass to the limit as n — oo. (Note that the non-local convergence in n
is not guaranteed by lemma 2.4 but by the boundedness of ("-53‘}),.20 in L?(Q)); we

obtain
.
/O /n<u°°,q>V(dzdt =0 V(e H\Q,)Vr e 0, +0)

or, equivalently,
V-<v®,g>=0 in H Qo) and in H;}(Qwo)-

Recall that < »",id >= Vu" and converges to Vz weakly in L?,.(Qco); in addition, by
lemma 2.4,

<vid>—<v®,id>  in L} (Qw)

Thus,

Vz =<v®,id> zae in

From (36) and (37) we infer that (z,°) solves the stationary problem associated to P

and so the independence lemma 2.7 implies
<v®,q-id> = <v®,g> -<v®id> (z,t) ae in Qp

and, as before,
(43) <v®,g-id>> 0 ae inf.

On the other hand, for each T > 0, by lemma 2.9(%1),

T n n 1 2 2
[ [ <voa>vwr@odzd = =3 (WCT+)IP - lut )
0 JQ

n—-+.00 0

and applying the independence lemma 2.7 on the L.h.s. we obtain
T
/ / <V q-id> dzdt "2H° 0
o Ja

or, i
/ /<v°°,q-id> drdt = 0.
0 JO

This proves (38). By (28) and (43) we conclude
suppv™ C {A:g(A)-A=0}N{¢" =4}
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The proof of equation (39) will be complete by corollary 4.2 in the next section.
It remains to show (34) and (35). Let 0 < s < t and apply the equilibrium equa-
tion to the solutions of P (u,v) and (z,v*°) (corresponding to initial data up and 2

respectively); we have (using the notation §®° =< v%®,q >),

/:/n(a—'q”)-V(u—z)dzdt = -/"/n-"’-(“—atﬁ(u-z)dxdt

1
= 1 (I8 ~ 2l ~ IuC) = 2122y

so that

t e Jlu(-,t) = zllL2(q)
is decreasing and its limit as ¢ — +o0 exists: it is zero because z € W,,(ug) and by the
Rellich theorem a subsequence exists along which u(-, ¢;) 2% 2in L?(Q). This finishes
the proof of the theorem. ]

Conclusion. Let (u,r) be the Young measure solution to P with initial data ug. Then
Wy(ug) = {z}, i.e. the L?(Q) asymptotic limit of u is unique and the equilibrium

solution (z,°°) solves the steady-state problem
V-<v®,g>=0 in H(Qo) and H;} (Qwo)-
4 Energy
Define the energy function
(44) E{t) = /n ¢ (Vu)(z,t)dz  for t > 0.

In this section we justify the term energy for the function in (44); the energy vanishes
at infinity globally in space and also locally (recall from lemma 2.12 that the solution
solves also locally).

Throughout this section (u,») are the solution of P and (z,v®™) the equilibrium

solution.
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Theorem 4.1 Let E be given by (44). Then E € L1(R*) and E is a decreasing function
of t. Moreover,

(45) /ﬂ ¢ (Vu)(z,t)dz N\, 0 ast 2 +oo

Proof: For0<s<t,
/ ‘Btydt = / ' /ﬂ ¢°* (Vu)(z, 1) dz dt
t
(since ¢** is convex and ¢**(0) =0) < / /n p(Vu) - Vudz dt

t
—//utudzdt
s/

= = (lelaey® - lelfaqe(s)

— 0% ass,t— 400

by lemma 2.9 (8i) and (8iii). Therefore,

+00 .
/o /n¢ (Vu)(z,t)dzdt < +oo

and this shows that the energy is integrable.

Next we give the proof due to P. Pedregal that the energy is decreasing. For T > 0
fixed we have for all ¢t > 0,

T+t

T+t
[ @6 -Bands = [ [ @ (ulz,e) - 6 (Vu@ ) deds

T+t
< / / p(Vu(z, 3)) - (Vu(z, s) - Vu(z, T)) dz ds
T [9]

- [ 2e e D e, ) - e, 7))

1
= —5luC.T+t)-u(-T) 1320

IA
©
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By the continuity of E this implies
E(T+t) < E(T)

for all ¢ > 0 sufficiently small. Since T is arbitrary, this shows that E is in L!(R*) and
decreasing so (45) follows. D

Corollary 4.2 The energy converges as t = +0o and attains sts minimum, i.e.,
(46) Jim_ [ ¢ (u)etds = [ 67 (Va@)ez = 0
Conseguently, the asymptotic Young measure satisfies
(47) suppv®™ C {¢"* = ¢ =0}
(which completes the proof of (89)).
Proof: Since ¢** is convex, the functional

u ./n ¢**(Vu)dz

is sequentially lower semicontinuous with respect to weak convergence in H}(f2). By

theorem 3.1 we have u(-,t) — zin H'(2) as t = +o00 and

0< / ¢ (V2)(z)dz < liminf / ¢** (Vu)(z, t) dz
[1] (1]

t—+00
= t_l’iinoo /n ¢**(Vu)(z,t)dz

=0
because E € L!(R*) and ¢** > 0. From Jensen’s inequality and (46) we obtain (47). O
The energy is also minimized asymptotically locally in the sense of

Lemma 4.3 For all A C 2, measurable

(48) Jim [6" (V@ nds = [¢7(V)@) i
(but this limit is not necessarily monotone decreasing).
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Proof: By (46) and by theorem 2.1(ii) we conclude that (8™ (Vu)(-,t)) g0 is weakly
sequentially precompact in L(£2) and (48) follows. D
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