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SMOOTHING IN NONLINEAR CONSERVATION LAWS 15

Let € > 0 be an arbitrary (small) positive number so that o(u)(t«+¢, z) is absolutely
continuous and (1) holds for ¢t = t, + € and almost every z. Invoke the estimates
(34) and (35) to obtain

o(w)e(tu + €,7) = — A) L GOCEE _6k(r(za —z) +€), z€(0,24),

and so for z € (0,z.),

o(u)(te + €,24) — o(u)(ts + €,2) < =6 /0:._3 k(r(y) +¢) dy.

Finally, let € | 0 and apply the monotone convergence theorem together with (29).
The result is

leif‘r)l(a(u)(t, +e,z.) — o(u)(ts + e,x)) = —oo,

which is impossible.
This contradiction shows that u cannot have any discontinuities and the proof
of Theorem 5 is complete. [
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14 GUSTAF GRIPENBERG AND STIG-OLOF LONDEN

The second case is the one where

lim supk—(tl < -z— (32)

In this case, there is a number T € (0,1) such that k(t)/p(t) < 3 when t € (0,T)
and we have

kO)(=p'(t)) _ k®)(p(t) - k() S 1 _ k(t)
O tp(t)? 23 f) k(s)ds’ te@.1).

Since lim,)o fJ k(s)ds = 0 we see again that (30) holds.
If neither (31) nor (32) holds, then there are infinitely many nonoverlapping
intervals (sj,t;), s =1,2,... contained in (0,1) such that

te(sj,t;), 7=12,....
Since k is nonincreasing, it follows that we must have

P(SJ) .
> 2, =12,...,
P(tJ) I

and therefore we get

KO (= (1)) Y ()
/o P(1)? d-sz/, 0

8; 1
=§Zln(zitj;> 3; In(2) =

j=1

This completes the proof. O
We now apply Lemma 7 with a = v/C/2. By (21) and by (28) we have

/T(Az) k(s)ds = \/E 1 /Mi k(s)ds,

T(A:c) S 2At

which implies that 7(Az) > 2At. In view of the monotonicity of u and the definition
of At, we therefore have

u(t,z. — Az) <uy -6, t<t,—71(Az). (33)
Now recall that Az € (0,z.) was arbitrary. Thus we may in fact write (33) as
u(t,z) <up =6, 0<t<7(z«—2z), z€(0,z.). (34)
On the other hand, from the monotonicity of u it follows that

u(t,z) 2 uq, t>t. z€(0,z.). (35)
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On the other hand we have, because u takes its values in [0,1] and the support of
pat is contained in [0, At] that

Zf(to,l‘o + jAz)

7=0

to+At
= [ (o) paidsyza + (m + 1)82) - (0(u) * pac)(s,20)) ds

to

> —o(1)par((0, At]AL.

This gives the desired contradiction and we have established (20).

In order to exploit the fact, expressed by (21) that the level curves of u run
almost parallel to the z-axis in the vicinity of (t.,z.) we need the following simple
result.

Lemma 7. Let k € L] _(R%;R) be nonnegative and nonincreasing on (0, 00)

with limgjo k(t) = 4+0o. Let @« > 0 be some constant and define the function

7:(0, 5%55) — (0,00) by
m(2)
;(li—)/o k(s)ds =

/oy k(r(z)) dz = +oo, (29)

. (28)

8| R

Then

when y < H%ﬂ

Proof. Define the (strictly decreasing) function p by

o) = 7 [ k)ds.

In the integral in (29) we change variables by taking t = 7(z), or equivalently,
p(t) = a/z, so that dz = (—ap'(t)/p(t)?) dt, and we conclude that (29) holds if and

only if we have

LE@)(=P'(?)

———"=dt = +o00. 30

/o p(t)’ (30)

Depending on the behavior of k(t)/p(t) as t approaches 0, we distinguish three
different cases. Suppose first that

lim infﬂ >

k 1
o p(t) = 3 (31)

In this case, there is a number T € (0,1) such that k(t)/p(t) > 3 when t € (0,7)
and we have

TE()(=P'(1) T1-p() ., _ 1. _
/0 (1) dt > /0 10) dt = y (ltll%lln(p(t)) - ln(p(T))) = +00.
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by (ii). Use (24) on the right hand side of (23) to obtain
z+Az
fz(t,z) = / (v(t + At y) - v(t,y)) dy, t>0, z>0, (25)
z

where v & £ « pat * h(k *uy). From our assumptions on k it follows that k * pa¢ is
nonincreasing (on (0, 00)), and that k*pa,*k is nondecreasing on (0, At]. Therefore,
by the fact that u(¢,z) is nondecreasing for each fixed z and satisfies u < 1, we
may apply Lemma 6 to get

Jz < g‘;A—'Z(k *pat * k)(At), t>0, z>0.
(-4

Hence, for t > 0 and 0 < z; < z,,
2Azx
f(t,22) = f(t,21) < =—=(k * pac * k)(At)(z2 — 21)- (26)

In order to estimate f, note that because u is monotone in both of its variables
and continuous from the right in the first, we have

u(s,zs) Su—, to<s<t.,
and, using the definition of At,
u(s,zo) 2 uy — 6, to— At<s<t..
Therefore,

(o(u) * pat)(s,zs) = (a(u) * pat)(s, o) < 8opar([0,At]), to <s <ty

where 6, %! o(uy — 6) — o(u-). So, because t, = to + At and z. = 7o + Az, we
get by (22)
f(to,z0) £ —bopar([0, At])AL. (27)

From the relations (26) and (27) we arrive at (20) in the following manner.
Assume that (20) does not hold and define the integer m by

m |20,

It follows from (26) (with z; = z¢ and 22 = 2o + jAz) and from (27) that we have
fto,z0 + jAZ) < —26,pa:([0,A8)AL,  j=0,1,2,...,m.

Add these inequalities to obtain

3 fto, o + jAz) < —o(1)Atpar([0, At)).
)=0
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that is A
0,At])) > —(——m.
pAt([ ]) f:t k(S) ds

Moreover, by the definition of pa; we have (k * k * pa¢)(At) = foAt k(s)ds and
therefore inequality (20) says that

1 A vC
il >V~
At ), k(s)ds > s (21)

The conclusion is thus that (20)—once established—will give us an upper bound
for At in terms of Az. In particular, observe that for unbounded kernels k we
have that At is small compared to Az, i.e., the level curves of u are close to being

parallell to the z-axis near (t.,z.).
To establish (20), we define

t+At
£ [ (o) padls,e +82) = (W) +pa(s,)) ds, >0, 20
‘ (22)
(Note that if in (22) we have pa: = p, then f(t,z) = — :+At(u(s,z + Az) —
u(s,z))ds. However, for technical reasons we are forced to work with the cut-off
resolvent pa;.)

By Theorem 4.(a), f is differentiable with respect to the second variable. This
gives the first equality in the equation below. The second follows by Theorem 4.(c).
To obtain the third, note that Theorem 4.(a) and the growth condition on ¢ in (ii)
imply that for almost every t the function u(t, z) is absolutely continuous.

t+At
fz(t,z) = /; ((a(u), * pat)(s,z + Az) — (o(u), * PAt)(S,-T)) ds
t+at o 5
= _/: (5;("’ *par*u)(s, T+ Ar) — 5§(k X PAL* u)(s,x)) ds (23)
z+Az
= —/ ((k *pat * uz)(t + At, y) - (’C * pAtL * uz)(ta y)) dy

By (1) we have

us(t,z) = —h(t,a:)/ k(t — s)u,(ds,z), t>0, z>0, (24)
[0,1]
where (t.2)
uz(t,z .
h(t,2) = { o)ty Tueb®) #0,
0, otherwise.
Note that

1
1Rl Loo (m+ xm+) < P
(4
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because we assumed that k; is nonincreasing. Since k; is nonincreasing the second
term is nonpositive and the proof is completed. 0O

Proof of Theorem 5. First note that the solution u that exists according to Theorem
4 is such that u(t,z) = 1 when t > 0 and z < 0, and that since u(¢,z) belongs
to D(A) for almost every t > 0 it follows from the monotonicity properties that
u is continuous in Rt x R~ \ {(0,0)}. Thus we may, without loss of generality,
take u to be continuous from the right in the second variable, that is, u(t,z) =
limp o u(t, z + h).

Assume now that u is discontinuous at some point (¢.,z.) where t, > 0 and

. > 0. Let

u4 def limsup u(t,z),
(t,z)—(te,z.)

u_E liminf u(t, z),
(t,z)—(te,zs)

d_g{ Uy —U-
= =
For every Az € (0,z,) we define the numbers z¢, to, and At by

o =z, — Az,

At = %(t. —sup{ s € [0,1.] I u(s, 7o) < u4 —6}),

to = t. — At.
Observe that t, — 2At > 0, because zo > 0 and lim¢jo u(¢,z9) = 0 by Theorem
4.(e).
Now let p be the resolvent of first kind of k, that is p satisfies the equation

/[ ]k(t —3s)p(ds)=1, t>0, (19)

(which is the same as (6) when v = 0) and define the restriction pa: to [0, At] by
pai(E) = p(E N[0, At)),

for each Borel set E C R*. Recall that p, hence pay, is a nonnegative measure.
We shall prove that

pAt([Oa At])At

(Az)* > C(k * kx pac)(At)’

(20)

where 2
co(o(uy — 6) — o(u-))

8a(1) ’
and ¢, is the constant defined in (ii). To throw some light on (20), we observe that
this inequality can be used to yield a more transparent estimate. From (19) we get
after an integration that

C=

at< [ k(s)dsp((0, M),
0
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Lemma 6. Let h > 0, suppose ¥y € L= (R*;R) is nonnegative, and let u be

a nonnegative finite measure on R*. Assume that k; and k; € L} (R*;R) are

nonnegative and nonincreasing on (0,00) and such that the convolution ky * k; is
nondecreasing on (0, ). If

v(t) def /(; ki(t — s)p(s) '/[‘o,a] ko(s —r)u(dr)ds, t2>0,
then
v(t) — v(t — k) < 2u([0,))||9]l Lo o,g) (k1 * k2)(R), 0 <h <t

Proof. Let

def

At,r) = /t ki(t — s)p(s)k2(s—r)ds, 0<r<t,

so that we have

o(t) = A) JECLICONEEY

and therefore

v(t) —v(t — h) S/

(t—h,1]

A(t,r)p(dr) + /

[0,t—h

](A(t, r)— A(t - h, r)) u(dr)

< u([O,t])( sup A(t,r)+ sup (A(t,r)— At - h,r))), O<h<t.

re(t—nh,t) r€[0,t—k]
Now it is clear that we have
t
sup A(t,1) < [[¢llLe(o,g) sup / k1(t — s)ka(s —r)ds
r€[t—h,1) r€[t—h,t) Jr
< [¥lleo, gy (k1 * k2)(h), 0<h<t,

since we assumed that k; * k; was nondecreasing on [0, k). For the second term we
use the decomposition

A(t,r) — A(t — h,r) = /:_h ki(t — s)y(s)kz(s —r)ds

t—h
+/ (1t = 8) = k1t — b — ))(s)ka(s — r) ds.

The first term is easy to handle and we get

sup /; . ki(t — s)p(s)ka(s —r)ds

refo,t—h) Jt—

h
< sup |[|%]lLe(o,g) / ki(h — s)k2(t —r — h + s)ds
r€[0,t—h) 0

< 1Yl Lo o,y (k1 * k2)(h),
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where g5 is a nonnegative Borel measure such that ux(R*) < 1 and such that when
we define k) by

1
ka(®) = 5 (1 = ma((0, 1)),
then we have kx — k in L} (R*;R) as A | 0. (In [5], ux was chosen so that the
operator -c%k,\* is the Yosida approximation of the operator ?:_:k*’ but it is easy,
in this case where 4 = 0, to see that it is sufficient that the properties mentioned
above are satisfied.)

If the function v(¢, z) is nonnegative, nondecreasing in its first and nonincreasing
in its second variable, and v(¢,0) < 1, then the same holds true for the function

/ o(t — s, 2)pua(ds).
[0,4]

Since equation (17) can be solved by iteration, it follows from Lemma 3 that the
solution uy satisfies (d).

To obtain uniqueness for this extended solution we observe that if (1) is written
in the form (7) (with r replaced by the measure resolvent p if necessary) we can con-
clude that the solutions we have to consider satisfy u — xg- € LL (R*; L' (R;R)).
Let u and v be two such solutions and let w = u — v. By the same argument that
was used in the proof of Lemma 3 we get

/m (o(w)s(t, ) — o(v)s(t, ) siga(u(t, ) — v(t, z)) dz = 0, (18)

for almost every ¢ > 0. On the other hand, since w(0,z) = 0 we have for almost
every t >0

A%/; k(t — s)w(s,z)dssign(w(t,z))dz
- /m k(£)w(t, <) sign(w(t, z)) de

+ /m [ t](w(t—s,:c)—w(t,:c))k'(ds)sign(w(t,z))d:c
> k(t) /m |w(t, z)|dz + /(0 ) ( /l lw(t — s,z)|dz — /m |w(t, )| dz) k'(ds)

_af
= 57/0 k(t - s)A|w(s,m)| dzds.
We conclude from (1) and (18) that
t
/ k(t — s)/[u(s,z) - v(s,:c)] dzds <0, t>0.
0 R

It follows that we must have u = v and we have established the uniqueness of the
solution. O

For the proof of Theorem 5 we need the following technical lemma.
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Suppose next that f € L'(R*;R) is such that o(f) has bounded variation. For
technical reasons we assume for the moment that f is continuous and f(0) = 1.
Let A > 0 and write again u = J)(f) so that we have o(u)' = Ax(f) and (13).

Now the set {z € Rt | o(u)'(z) # 0} can be written as a union U]_,(a;,b;) of
nonoverlapping intervals where J < oo and for all j we have that o(u)' is strictly
positive or strictly negative on (aj,b;) and o(u)'(a;) = o(u)'(b;) = 0. (Here we
use the assumption that f(0) = 1 so that o(u)'(0) = 0.) If (aj,b;) is one such
subinterval of (0, c0), then it follows by (13) that f(a;) = u(a;) and f(b;) = u(b;),
or equivalently,

b;
/ lo(u)(2)ldz = |o(u(®,)) - o(u(ay)| = |o(f(b;)) — o(f(a;))].  (15)

(Note that this result holds in the case where b; = oo as well, because
lim; oo f(z) = lim;— oo u(z) = 0.) Since the intervals are nonoverlapping, it fol-
lows from (15) that

J b;
14Xl sy =D [ lo(w)(2)]de
j=1v4i , (16)
=Y _|o(f(¥)) = o(f(a))| < Var(s(f);R*), A >0.

j=1

Every f € L}(R*;R) such that o(f) has bounded variation can be approximated
in L'(R*;R) by functions f, that are continuous, satisfy f,(0) = 1, and are such
that

Var(o(f2);R™) < |o(1) — o(f(0))| + Var(o(f); R¥).

Because Aj is Lipschitz continuous we can therefore remove the extra regularity
assumption and from (16) we conclude that

ANl @+ < |o(1) = o(f(0)] + Var(o(f);RF), A >0.

This concludes the proof. O

Proof of Theorem 4. We see directly that 0 € D(A) and therefore it follows from [5,
Thm. 2] that (9) with v = 0 and v = 0 has a strong solution u, when A is defined
as in Lemma 3. We can extend u as 1 on R* x R~ and then we immediately get
(2) and (c). Once we have established (d) we get (b) as well.

If we can show that u is nondecreasing in its first and nonincreasing in its second
variable, then the claim (e) follows from [5, Cor. 1].

The strong solution u is by the results in [5] obtained as the limit in
L} (R*;L*(R*;R)) as A | 0 of a sequence of functions uy : Rt — L!(R*;R)

loc

satisfying the equation

ua(t) = JA( / qu,\(t—s)p,\(ds)), £>0, 17)

o,
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where J < oo, |¢cj| = 1 for all §, and where we choose the intervals (a;,b;) so that
u — v does not change sign on (a;, b;), and u(a;) — v(a;) = u(b;) — v(b;) = 0. Thus

lu ~vllpr@+) < llu— v+ A(A(w) — A®)) |l L1 @+),

and so A is accretive.

It remains to prove that R(I+XA) = L'(R*;R) for all A > 0. Let f € C.(R*;R)
be a function with compact support and let A > 0. Then there exists a function y
that is a solution of the equation

A'(2) + ¥(y(z)) = f(z), >0, y(0)=o0(1),

and for large values of the argument y is a monotone function converging to 0.
Thus it follows that ' and ¥(y) € L}(R¥;R) and if we let u = 9(y) we see that
we have a solution of the equation

u+ AA(u) = f. (12)

If now f is an arbitrary function in L!(R*;R) we can approximate it by functions
fn € C.(R*;R) and we can find solutions u, of the equation un, + AA(up) = fn.
The accretivity implies that

lun = umllLr@+m) < 1 fn = fnllLrm+;m)>

and we see that there is a function u € L!(R*;R) such that u, — u. But then the
functions A(u, ) converge as well, and since A is closed we conclude that u satisfies
(12). Thus A is m-accretive.

Next let f and g € L'(R*;R) be such that f(z) a_'<j' g(z) and denote, for every
A >0, Ja(f) and Ja(g) by u and v, respectively. Thus we know that

u(z) + do(u)(z) = f(z), =20 u(0)=1, (13)

and
v(z) + Ao(v)(z) =g(z), >0 v(0)=1. (14)

The functions u and v are continuous. Therefore, if u(z) < v(z) does not hold for
all z € R, then there is a nonempty interval (a,b) C (0,00) such that u(a) = v(a)
and u(z) > v(z) for all = € (a,d). But by (13) and (14) this implies that o(u)'(z) —
o(v)'(z) < 0, for almost every z € (a,b), and o(u)(a) = o(v)(a). It follows that
o(u)(z) — o(v)(z) < 0, for all € (a,b) which cannot possibly hold because o is
increasing. From this contradiction we conclude that Jy(f)(z) < Ja(g)(z) for every
A>0.

Let f € L'(R*;R) be nonnegative and nonincreasing with f(0+) < 1. Let A > 0
be arbitrary. Denoting again Ji(f) by u, we obtain equation (13). Using the same
kind of argument as above, we easily conclude that we must have u(z) > f(z)
and it follows from the equation that o(u) and hence u must be nonnegative and
nonincreasing.
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Then the solution of (1) with ug = xg- that exists according to Theorem 4 is
continuous in Rt x R\ {(0,0)}.

Our proof of Theorem 5 relies on the monotonicity properties of u stated in
(d) of Theorem 4. These properties are obviously not satisfied by solutions cor-
responding to arbitrary initial functions ug. Thus an extension of Theorem 5 to
include arbitrary uo (of bounded variation) is a nontrivial task. Moreover, we have
not—sofar—established the absolute continuity of u. Consequently, the existence
of acceleration waves is unsettled.

The formulation (1) may give a new way to approach the “entropy” solution
of (2). For this approach to be of more general use, we clearly need to extend
Theorem 5 to allow for any up € BV(R) N L(R) and to examine whether the
resulting solution satisfies some modified entropy inequality.

Let us finally remark that one may view the left side of (1) as the sum of two
maximal monotone mappings, see [3]. However, for our purposes this approach
does not appear productive.

3. PROOFS.

Proof of Lemma 3. The definitions of D(A) and A do not change if we replace o(u)
by o(u) — 6(0). Thus we may assume that ¢(0) = 0.
Denote the inverse function of ¢ by 3. Then it follows that

u@=w(ow+ [ “A@()ds), ue D) (1)

and we claim on the basis of this equality that A is a closed operator. Suppose that
o(R) = (a,b) where —00 < a < b < 0o and that u, — u and A(u,) = w in L}(R")
as n — oo. For each z > 0 we know that the sequence o(1) + [ A(un)(s)ds
converges and we observe that at those points £ where the limit is @ or b we must
have limp,—oo|un(z)] = o00. Thus the measure of these points is 0. At all other
points we can invoke the continuity of 3 on (a,b) and conclude that

u(z) = tb(a(l) + Liw(s) ds) .
But this means that we have
J a2 ofu@) - o)

and this implies that (when we modify u on a set with measure 0) u € D(A) and
A(u) = w. Thus A is closed.

If u and v € D(A), then o(u) and o(v) are continuous and converge toward 0
at infinity. If we define sign(s) = 1 when s > 0, sign(s) = —1 when s < 0 and
sign(0) = 0, then we can write

/ooo (o(u)'(z) — o(v)'(z)) sign(u(z) — v(z)) dz

J b
= E (o(u)'(z) = o(v)'(z))(~1)% dz = 0,

j=l a;
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Lemma 3. Assume that o0 € C(R;R) is strictly increasing. Let
D(A) = {u e L'(R*;R) | o(u) € AC(R*;R), u(0) = 1, o(u) € L'(R*;R) },

and

A(u) = o(u), ue€ D(A).

Then A is a closed, m-accretive operator in L*(R*;R).

Moreover,

(a) if f and g € IX(R¥;R) and f(z) < g(z) then JA(f)(z) < Ja(9)(g) for
every A > 0,

(b) if f € L'(R™;R) is nonnegative and nonincreasing with f(0+) < 1, then
Jx(f) is nonnegative and nonincreasing, for every A > 0,

(o) every f € L}(R*;R) with the property that o(f) € BV(R*;R), belongs to
D(A).

This is essentially the same result as [1, Thm. 3.1], but the fact that we consider
integrable functions on R*, and not on R, forces us to assume that o is strictly
increasing and not merely strictly monotone. For completeness, we give a proof
below.

With Lemma 3 at hand we may apply [5, Thm. 2] (with X = L}(R*;R), 4 as
in Lemma 3, 4 = 0, and v = 0) to (9). This gives the existence of a unique (see [5,
Thm. 1]) strong solution of (10). It is possible to show that this solution has some
desirable monotonicity properties and that one can extend it to a solution of (1).
Thus we get the following result.

Theorem 4. Assume that
(i) k € LL _(R*;R) is nonnegative and nonincreasing with k(0+) = oo,
(ii) o € C(R;R) is strictly increasing.
Then there exists a solution u of (1) with up = xg- such that

(a) z — o(u)(t,z) is absolutely continuous in R for almost every t > 0,

(b) t+— fot k(t—s)(u(s, z)— xg- (z))ds is absolutely continuous in R* for every
z €R,

(c) equation (1) holds almost everywhere in R* x R,

(d) t — u(t,z) is nondecreasing for each z € R and z — u(t,z) is nonincreasing
for each t > 0,

(e) limqgo u(t,z) = 0 for every z > 0 and u(t,z) = 1 foreveryt > 0 andz < 0.
Moreover, the solution is unique among all solutions that are such that o(u); €
L, (R*; L*(R;R)) and u — xg- € BVioc(R"; L' (R;R)).

In the final step, we show that the solution given by Theorem 4 is continuous.

For this result we are forced to assume that the rate of increase of o is bounded
away from 0. The proof of this step requires some rather detailed estimates.

Theorem 5. Assume that
(i) k € L} (R*;R) is nonnegative and nonincreasing with k(0+) = oo,

(ii) o € C(R;R) and there is a constant ¢, > 0 such that o(v)—o(w) > co(v—w)
when v > w.
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Theorem 2. Let k € L} _(R*;R) be nonnegative and nonincreasing on (0, o0)
with k(0+4) = oo. Then the solution u of the problem

-%/0 k(t— S)(u(s,x) - Xg- (:r)) ds+u,(t,z)=0, t>0, z€R, (8)

has the following properties.

(a) u is continuous on R* x R \ {(0,0)},

(b) t ~— u(t, ) is absolutely continuous in R* for each z € R,

(c) z ~ u(t,z) is absolutely continuous in R for each t > 0,

(d) t — u(t, z) is nondecreasing for each z € R and z — u(t,z) is nonincreasing
for each t > 0,

(e) u(t,z) > 0 whent > 0 and =z € R, that is, the speed of propagation is
infinite.

In [9] the equation studied is formulated as a linear version of (7) and the initial
condition on R™ is replaced by a boundary condition on the line £ = 0, but in our
opinion, it is more natural to work with (1) than with (7), both in the linear and
the nonlinear case.

Equation (1) (and (5)) may be viewed as a particular case of the (abstract)
equation

;;-i; (‘/(u(t) —v) +/0 k(t — s)(u(s) —v) ds) +A(u(t) =0, t>0, (9)

considered in [5]. This is the approach taken below in our first result. In (9),
the constant v is nonnegative, u : Rt — X with X a real Banach space, A is an
m-accretive operator in X, and v is the initial value.

2. STATEMENT OF RESULTS.

It turns out that if ug = xg- and o is increasing, then one can replace (1) where
z € R by the equation

%/0 k(t — s)(u(s,z) — uo(z)) ds + o(u).(¢t,z) =0, t>0, z>0,

u(t,0)=1, t>0, u(0,z) =0, z>0.

(10)

To analyze (10) we first establish that u — o(u)., with a domain taking into ac-
count the boundary condition in (10) defines an m-accretive operator in L!(R¥;R).
Recall that A is an m-accretive operator in a Banach space X, with norm |||,
provided
llu =]l < flu— v+ A(Aw) — AP, A >0,

for all u, v € D(A) and provided R(I+AA) = X for A > 0. (In general, A can be a
multivalued operator and the definition has to be interpreted in the way that A(u)
stands for an arbitrary element of A(u).) The Yosida approximation is then defined
to be Ax = 3(I — J,) where Jx = (I + AA)™!. The operator A is a Lipschitz
continuous operator. We denote by D(A) the set {u € X | supysollAa(u)]| < 0 }.
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one does have locally existing smooth solutions and globally existing weak solutions.
Moreover, it is proved that under appropriate conditions on the initial data, the
time derivative of a smooth solution blows up in finite time. The structure of
possible shocks is analyzed and the existence of shocks for the case where a(t) is a
decaying exponential is demonstrated. Moreover, it is shown that the integral term
causes the shock strength to decay exponentially to zero in time.

In [8], the more general (different nonlinearities) equation

ur+o(u): +axp(u), =0, (4)

is examined. It is shown that first derivatives of locally existing smooth solutions
may blow up in finite time.

In [2], the existence of global weak L*-solutions of (4) is proved. This is done
by the method of compensated compactness. In both [8] and [2], a € C}(RY).

In general the effort in these papers goes toward demonstrating that solutions of
(3) and (4) retain the features of solutions of (2). This is contrary to our philosophy
as regards the analysis of (1).

To see how (1) is related to equations (3) and (4), consider the equation

Yur+ k*ug+o(u); =0, (5)

where v > 0, together with the initial condition u(0,z) = ue(z). If 4y = 0, then this
is the same equation as (1). We claim that (5) with 4 = 1 corresponds to (3), or
to (4) provided o = 3. To see that this claim holds, let r be the resolvent of the
first kind of 46y + k, i.e., the solution of the equation

() + /0 k(t - s)r(s)ds =1, t> 0. (6)

If ¥ > 0, then it is clear that such a solution exists. If ¥ = 0 and % is nonnegative and
nonincreasing, then one can use the following lemma, [6, Thm. 5.5.5], to conclude
that the resolvent exists.

Lemma 1. Let k € L}, _(R*;R) be nonnegative and nonincreasing on (0, 00) and
not identically 0. Then k has a nonnegative (measure) resolvent of the first kind.
This resolvent has no discrete part iff k(0+) = oo.

Note that even if k(0+) = oo the resolvent p given by this lemma need not be
induced by a locally integrable function, see [4]. Thus, if 7 = 0 then (6) in general
reads flo { k(t — s)p(ds) =1, for t > 0. Also observe that in our model case, where
~ = 0 and k(t) = ™, for some a € (0,1), one has r(t) = ﬂmf"l.
A combination of (5) and (6) yields

u+r*o(u): = ug, (7

which is thus equivalent to (5) for any 4 > 0. But equation (7) is nothing but (4)
with o = 1, provided r(0) = 1 and ' = a. On the other hand, r(0) = 1/ and so
the claim follows.

The Riemann problem for the linear version of (7) has been examined in detail
in [9]. In particular, the following theorem, which corresponds to the case v = 0
considered in this paper, may be extracted from this work, see [9, Thm. 2, p. 324].






FRACTIONAL DERIVATIVES AND SMOOTHING
IN NONLINEAR CONSERVATION LAWS

GUSTAF GRIPENBERG AND STIG-OLOF LONDEN

ABSTRACT. It is shown that the solution of the Riemann problem

%/0 k(t — 8)(u(s, z) — uo(z)) ds + (o(u))=(t,z) = 0,

where ug = xg-, is continuous when ¢ > 0. Here k is locally integrable, nonnegative,
and nonincreasing on Rt with k(0+) = oo.

1. INTRODUCTION.

This work treats the Riemann problem for the nonlinear scalar equation

337 o‘ k(t — s)(u(s,z) - uo(z)) ds +o(u).(t,z)=0, t>0, z€eR. (1)

We take k € L} _(R*;R) to be nonnegative and nonincreasing on (0,00) with
k(0+) = oo. In particular, we include the case where %(k * u) represents the
fractional derivative of u, i.e., k(t) = t~* where 0 < a < 1. (Here * denotes
convolution with respect to the first variable.) Note that the formulation of (1)
includes the initial condition u(0,z) = uo(z). We show, under weak assumptions
on o, that the solution u of (1) is continuous.

If k(¢) dt is replaced by the unit point mass 6o(dt) at the origin, then (1) reduces
to the nonlinear conservation law

us+o(u); =0. (2)

It is well known that solutions u of (2) in general are discontinuous, i.e., they exhibit
shocks. On the other hand, (2) does have weak solutions existing globally. Our
result shows that if, in (2), u; is replaced by %—:}, where 0 < a < 1, then the
solutions of the Riemann problem are continuous.

Several papers analyze (2) with an integral term added. In {7], the equation

ur+o(u); +a*xo(u), =0, (3)

with u(t,z) for t < 0 given (and the convolution taken over R with a(t) = 0 when
t < 0), is considered under the assumption that @ € C'(R*;R). It is shown that
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