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Abstract. For every finite nonnegative measure g we introduce the Sobolev spaces Wj"’ (2, R¥) and we
study the lower semicontinuity of functionals of the form

o ()

where the integrand f is quasiconvex.

1. Introduction

Recently much attention has been devoted to the study of nonconvex functionals and relaxation tech-
niques, motivated in part by the fact that these play an important role in the understanding of phase
transition phenomena (see for instance Barroso & Fonseca (8], Modica [15] and the references therein).
As it is well known, the space BV (2, R¥) seems to be a suitable function space for describing incoherent
phase transitions, and the study of lower semicontinuity and relaxation properties for functionals with linear
growth defined on BV(2,R¥) was initiated in a systematic way by the works of Ambrosio & Dal Maso [4]
and Fonseca & Miiller [13].

We recall that if u € BV (2, R¥) then its distributional derivative Du can be decomposed as

(1.1) Du=Vu-L"+ (ut —u")@v - H""1LS, + Cu,

where Vu(z) is the density of the absolutely continuous part of Du with respect to the n-dimensional
Lebesgue measure L™ , S, is the jump set of u, (z) € R is a unit vector normal to S, u*(z) and u~(z)
are the traces of u near the jump point z € S, and Cu is the so-called Cantor part of the measure Du.
According to De Giorgi & Ambrosio [11] a function u is said to belong to the space SBV(, R*) if the
Cantor part Cu in (1.1) is zero.

Recently Ambrosio established in [3] the L!-lower semicontinuity for the functional

(1.2) Lf(z,u,Vu)dz+/s p(ut,u™,v)dH" !,
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where u € SBV(Q,RF) and f(z,u,-) is a quasiconvex function with growth p > 1, while the case p = 1 is
treated by Barroso, Bouchitté, Buttazzo & Fonseca in [6] (see also Braides & Coscia [9]). In these papers,
although the formation of jumps is penalized via the surface energy contribution, we do not know a priori
where the jumps, if any, are going to occur.

Here we study problems where the crack site is imposed a priori. For instance, if u = L™ + H"~-1LT
for some piecewise C! surface I' C Q, we may minimize functionals of the type (1.2) on all functions
u € BV(Q,R¥) such that |Du| << p. It turns out that any function u with this property belongs to
SBV(Q,R*¥) and S, C T up to a H"~-negligible set (compare with Vol’pert & Hudjaev [18]). More
generally, for any finite nonnegative measure u in Q and any p > 1 we define

P
W:"’(Q,R") = {u € BV(Q,RY) : |Du| << p, /{;‘%E dp < +oo}

and we consider the energy functional on W‘}"’(Q,R")

F(U)=/ﬂf(%) du,
dDu’

where for simplicity we denoted by Du/u the Radon-Nikodym derivative &, of Du with respect to p.
It is well known (see for instance Dacorogna [10] and Acerbi & Fusco [1]) that, under appropriate
growth conditions, F is weakly lower semicontinuous in W‘f"’(Q, R*) for u = L™ provided f is a quasiconvex

function, i.e.

(1.3) f(2) < ][f(z +Dp(y))dy  Vze M™F Vo e W™ (Q;RF).
[y}

We prove that this result is still true for a large class of measures p. Precisely, let a - L™ + p* be the Radon-
Nikokym decomposition of u into absolutely continuous and singular parts with respect to £*. Then we can
write F = F°% 4 F*, where

F°(u)=/nf(za'i)adz, F'(u)=/nf(%3) dy’.

Since p > 1, we are able to show that the lower semicontinuity properties of F'¢ and F* can be studied
separately. The lower semicontinuity properties of F® follows by adapting the Lipschitz approximation and
blow up arguments of [3] to the present situation and we need only to assume that a € L=(2). The lower
semicontinuity of F* relies on the rank-one theorem of Alberti [2], which enables us to show that

D
—r=®n  VueWIP @R,

for a suitable ¢, € L:‘.(Q;R”), where n(z) € R” is a unit vector depending only on p. Since f is rank-one
convex, it follows that F* is a convex functional of ¢y, and this easily leads to the lower semicontinuity

result.



2. Sobolev Spaces with respect to a Measure

In this section we introduce the Sobolev spaces W‘}-’(Q, R} ) and study their main properties. In the
following Q will denote a bounded, open subset of R” with a Lipschitz boundary, 1 a nonnegative finite
measure on 2, and p > 1 a real number. The Sobolev space Wj"’(Q,R") is defined as the class of all
functions u € BV(Q, R¥) such that the first order distributional gradient Du is a k x n matrix of measures
absolutely continuous with respect to u and

IAr
al H#

In order to study lower semicontinuity properties of the integral functionals on W‘f"’ (2, R¥) we need to

P
dy < 400.

know the structure of the measures Du for functions u belonging to W}2?(Q, R¥). To this aim, according to
Alberti [2] we introduce for every nonnegative finite measure A on 2 and every z € supp X the set

E()\z)= {v eR” : lim |Du — vA|(B,(z))

him, NB,(2)) = 0 for some u € BV(Q)}

and we define E()\, z) = {0} if z ¢ supp A\. The main properties of E(), z) are the following (see Alberti [2]):
(i) E(A,z) is a linear space;
(ii) dim E(A,z) < 1 for A-a.e. z € 2 whenever ) is singular with respect to £”;
(iii) for every u € BV(Q2) we have Du = f - + 6 with lXand f€ LY(S;R™) with f(z) € E().z) for
A-ae. z €Q.

From the properties above we can deduce easily a structural property for functions in W‘}-” (Q). As usual,
given u € BV () we denote by Vu the absolutely continuous part of Du with respect to the Lebesgue measure
L™, and for every measure A we use the notation A = A% 4+ A* for the Lebesgue-Nikodym decomposition of
A into absolutely continuous and singular parts with respect to £™.

Proposition 2.1. Let n € L33(Q2; R") be such that
(2.1) In(z)] =1 and  E(y’,z) C span {n(z)} for u*-a.e. z € Q.
Then, for every u € W1P(Q) there exists a unique ¢y € L%.(Q) such that

(2.2) Du=Vu -L"+¢un-u°.

Proof. By property (ii) above for u’-a.e. z € Q we can find a unit vector n(z) such that (2.1) holds.
Moreover, (see [2]) by using the Aumann’s measurable selection theorem we can assume that z — 75(z) is a
Borel map. Consider now the Lebesgue-Nikodym decomposition of Du with respect to £

Du=Vu-L" 4+ D’u.
By property (iii)

(2.3) Du=¢un-u*+96



for suitable ¢, € LL.(f2) and 6 L u®. Taking the singular parts in (2.3) gives
D'u=¢yn-p* +6°
which implies §* = 0 because, being u € W1?(Q), we have |Du| << p and so |[D’u| << p*. ®
Remark 2.2. In the vector valued case u € W‘}"(Q; R") equality (2.2) reads
Du=Vu-L"+¢,07 p
with ¢, € L2.(Q; R*) and 7 satisfying (2.1).

Remark 2.3. It is not hard to see that the usual Sobolev space W»(£2, R¥) coincides with WP (Q, R¥).
Moreover, since BV functions do not charge H"~!-negligible sets, we have W,:P(Q) = W,.P(Q) whenever
|#1 — p2|(B) = 0 and H*~1(Q\ B) = 0. In particular, if :

E = {zEQ : hmsupw <+oo}
p—0 4
and v = uLLE, as H"~}(Q\ E) = 0 (see for instance Ziemer [19]), we have W}P(Q) = W}P(Q).
We consider now some compactness properties of the spaces W, ().
Proposition 2.4. Let p > 1 and let (u)) be a sequence in W *(S) such that

/u;.dz +/
Y] 1)

Then there exists a subsequence (uy,) and a function u € W, () such that

p

Dun du < c.

(2.4)

— i 1
(2.5) {Uh,‘ u strongly in L*(Q)

Dup, /p— Du/p weakly in LE(;R™).

Proof. By (2.4) we get that (u) is bounded in BV (2), hence by the standard compact embedding theorem, a
subsequence (which we still denote by (u5)) converges in L!(§2). Moreover, Duy/p are bounded in L% (Q; R")
so that we may assume (a subsequence of) Dup/pu converges weakly in L% (2) to some w € L5(Q). The
equality w = Du/pu follows from the fact that, being (up) bounded in BV(2), we have Du, — Du in the
weak* convergence of measures, so that for every ¢ € C}(;R")

Y Duy, o
/,,"’"5“"-,.3’1‘&/,, A gdu = lim (Dun,9)

=(Du,¢)=A-l%g¢dp. n

Remark 2.5. From (2.5) we get, using the notation of Proposition 2.1

$ur, — ¢u weakly in LE.()
Vup, /a — Vu/a weakly in Lf.(Q;R").
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3. Lower Semicontinuity

In this section we prove our main lower semicontinuity result. Many of the technical tools needed for
the proof will be proved in the next section.

Theorem 3.1. Let p > 1 and f : M"** — R be a quasiconvex function such that
0<f(2)SC(+]P)  VzeM™

for a suitable constant C > 0. Assume that the Lebesgue-Nikodym decomposition of p with respect to L"
isp=a-L"+ p* witha € L>®(). Then the functional

e

is sequentially lower semicontinuous on W‘}" (Q; RF) with respect to the weak convergence defined by

up — u strongly in L}(Q; R¥)

—_ 1y, o 0.k
up —u  weakly in WP(;RY) = {Du;./p—»Du/p weakly in L% (Q; M%),

Remark 3.2. The assumption a € L* () in Theorem 3.1 is technical; we do not know if it is necessary.

The proof of Theorem 3.1 is based on the splitting of the functional F into two parts, namely F = Fo94 F*¢

o= [1(2) = ()
o= [5(E)

The lower semicontinuity of F* follows easily from Remarks 2.2 and 2.5 . Indeed, we have F*(u) = ®(0,)
with

where

¥(9) = /n (6@ n) dut,

and since f is rank-one convex, ® is convex and lower semicontinuous in L}.(Q, R¥). The proof of the lower
semicontinuity of F'¢ will be obtained using the blow-up technique. The main tool will be the following
inequality.

Theorem 3.3. [Approximate quasiconvexity inequality] Let M > 0, p > 1, and let f be a quasiconvex
function satisfying

(3.1) 7P < f(2) SC(1+|zl’) VzeMr*k

with v > 0. For any € > 0 there exists a constant 6 > 0 depending only on M, p, f with the following
property: for any choice of p > 0, co > 0, 20 € M"** u € BV(B,), and a € LY(B,,R%), the approximate

quasiconvexity inequality
Vu 2p
emeas(B,) + fl—Jadz> Sl — )ecodz
B, a B, \Co

5



holds provided |z0| < M, co > M~ |la]loc < M, and

p~"|D*u|(B,) + ][ la = coldz + p=! £ |u(z) — z0(z)|dz < 6.
B, B

P

Heuristically, if a is sufficiently close to a constant, u is sufficiently close to a linear function and the
singular part of u is small, then an inequality similar to (1.3) holds. The proof of Theorem 3.3 will be given
in Section 4 using the method of Lipschitz approximations of [1] and [3]. Next we show how Theorem 3.3
and a covering type argument yield the lower semicontinuity of F°.

Proof of lower semicontinuity of F¢. Fix a sequence (us) bounded in W}* (2, R*) and converging in
L! tosome u € W,}'P(Q,R"). We have to prove that

Vu .. Vu,
3.2) /nf(T)a dz < lth-:xg n‘f(——a—)a dz.

We may assume that the liminf in (3.2) is a finite limit, say L. Since |Vu,|P/aP~! is bounded in L(Q),
by adding v|z|P to f(z) we can assume that the stronger condition (3.1) is satisfied for some 5 > 0. Let
¥ be the densities of |D*uy| with respect to u®. Since (¢5) is bounded in LP(pu*) we can assume that v,
weakly converges in LP(u’) to some function 3. By our growth assumption on f, the function ¢ = f(Vu/a)a
belongs to L}(f2). We recall (see for instance Federer [12], 4.5.9) that any BV function is approximately

differentiable, i.e.,

(3.3) lim ][ lu(y) — u(z) — (Vu(z),y — z)| dy=0
p—0% ly - z|
B,(z)
for L-a.e. ¢ € 2. We denote by E the set of Lebesgue points z of a and ¢ such that
lil& p? J[ ju(z) — u(2) = Vu(z)(z — z)|dz = 0.
p—o

B,(z)

We define also

F:{zeﬂ : limsupp"’/ l/)d;l'>0}
B,(2)

p— o+

Qm={z€E\F : a(z) 2 M}, |Vu(z)| < M} for M 2> ||a]|eo-
By (3.3), 2\ E is negligible. Moreover, since F is negligible, we have
meas({z € Q:a(z) >0})= METw meas(Qp).
In particular, we need only to show the inequality

.. Vu;, Vu
> —
(34) lhlm_:nf nf( 2 )a dz Luf( - )a dz
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for any M > ||a||co- Let € > 0, and let § > 0 be given by Theorem 3.3. We denote by F, the collection of all
closed balls B,(z) C Q centered at points z € 2, such that

" . Ydyu’ + ][ |a = a(z)|dz + p~? ][ |u(z) — u(z) = Vu(z)(z — z)|dz < &
o) B, (2) X0

and

/B,(,) s [ 6+ 9 ds.

o2

By our definition of Qps, we have that for any z € Qs the ball B,(z) belongs to F, for p > 0 small enough.
By Besicovitch’s theorem there is a family of pairwise disjoint balls B; = B,,(z;) € F., indexed by I C N,
which covers almost all of ). Since ¥, converges weakly to ¢ in LP(u*) and u, converges in L} (9, R*)
to u, for any finite set J C I we can find hg € N such that

i . U+ Z[ la = a(z)ldz + o7 l[ lun(2) — u(z) - Vu(z)(z — 2)|dz < &

for any h > hg and any i € J. By Theorem 3.3 we get

Ji(Ft)edez 2 [ 1(5)e e

ied
> -cgmeas(B i) + 'EZJ/ (Vu(z, )a(z,')dz
-Qegmew(3)+§/ ( )adz

Hence, letting h — +00 we get

2cmeas(Q)+L>2/ ( )a dz.

i€J

By letting first J 1 I then € — 0, (3.4) follows. ®

Remark 3.4. More generally, the methods of this paper and of [3] apply to the lower semicontinuity of
functionals of the form

[ fewvuadu+ [ spdet wewir@, R
[} n

assuming that a € L*(Q2), f(z,s,z) and g(z,y) are Carathéodory functions, f is quasiconvex with respect
to z, g > 0 is convex with respect to y and

0 < f(z,5,2) < C(b(x) + |s|P + |zIP) V(z,s5,2z) € Q x R¥ x M"x*

for some b€ L}(Q), C > 0and p> 1.



4. Proof of the Approximate Quasiconvexity Inequality

In this section we prove the approximate quasiconvexity inequality of Theorem 3.3. We start by intro-
ducing some preliminary notions.

Let 6 be a nonnegative, finite measure in the unit ball B of R". The (local) maximal function M (8) of
9 is defined by

4.1) M(0)(.1:)=sup{-m—z—i:%pb% :0<p< l—]x]}.

If 6 is absolutely continuous with respect to the Lebesgue measure £ and ¢ is its density, we set M (¢) =
M(6). In the following proposition we recall well known properties of the maximal function (see for instance

(3], 17)).
Proposition 4.1. Let 6 be as above. Then,
4.2) meas({z € B: M(8)(z) > A}) < m,\ﬁ_(li). VA >0,

with £(n) depending only on n. Moreover, if 8 is absolutely continuous with respect to L™ and its density o
belongs to LP(B) for some p > 1, then

/ M?(0)dz < €(n, p) / & dz
B B

with §(n,p) = p2?/(p— 1).

The following theorem shows that BV functions can be approximated (in the sense of Lusin) by Lipschitz
functions in the regions where the maximal function of the total variation is controlled. The proof is based

][ lu(z) — w2, /lwdth(lDul)(‘”)'
0

|z - z| meas(B;,(z))

on the inequality

By(z)

which holds for any Lebesgue point z of u (see [3]).
Theorem 4.2. Let A > 0, u € BV(B,R*) N L*°(B,R*), and let
E={zeB : M(|Dul)(z) < A}.

Then, for any p € (0,1) there exists a Lipschitz function v : B, — RF¥ such that u(z) = v(z) for L"-almost
every z € EN B, and

Lip(v, B,) < c(n)kA + 2’;”:41:0 .

Finally, we will need a weak equi-integrability property of sequences bounded in L? (the so-called biting
lemma, see [1]) and a truncation lemma (see [3]).



Lemma 4.3. Let (¢5) be a bounded sequence in L'(B). Then, for every ¢ > 0 there exist a Borel subset
C. of B, 6 € (0,¢), and an infinite set S C N such that meas(C,) < ¢ and

meas(C) < §, CﬂC¢=0 = / |onldz < €
C
for any h € S.

Proposition 4.4. Let (u)) be a sequence in BV(B,R*) converging in L*(B,R*) to u € L*(B,R*). Let
us assume that |Vuy,| are equi-integrable in B and

(4.3) lim |D’uy|(B) =0.
h—<400
Then, there exists a sequence of sets of finite perimeter E; C B such that
fim [ meas(Ey) + |Dx5, |(B)] = 0
and |up|(z) < (1+ ||u|lec) for every z € B\ E.

Remark 4.5. Let uy, Ej be as in Proposition 4.4 and let ¢ : R* — R* be a bounded Lipschitz function
such that ¢(s) = 1 for any s with |s| < (M + 1), M 2> ||u||w. Since ¢(un)xB\E, = urXB\E,, We infer (by
[18]) that the functions va = unxp\E, belong to BV(B,R*), are bounded in L*°(B, R*), converge to u in
LY(B,R*). Moreover (3.3) implies that if w € BV(2) then Vw(z) is zero for L™-a.e. in a level set of w and

)
_JVup(z) ifz€ B\ E,
(44) Vun(z) = { 0 if z € E),
for almost every z € B. Finally, by the inequality (see [18])
[D*va|(B) < |D*un|(B) + ||¢llo | DxEL |(B)

we obtain that |D*v,|(B) tends to 0 as h — +o00.

The proof of Theorem 3.3 will be achieved by a contradiction argument. The contradiction will be a
consequence of the following lower semicontinuity theorem.

Theorem 4.6. Let f : M"** — R be a quasiconvex function and let (uy) C BV(B,R*) and (as) C
L'(B,R*) be sequences converging in L'(B) respectively to a linear function u(z) = zo(z) and to a constant
co > 0. Assume that

M = sup ||up]leo + [|an]loc < +00  and im |D’ui|(B) =0
heN h—+oo

and (3.1) holds. Then we have

.. Vu, Vu
(45) ;.IT"l’lgf Bf( an )ah dz > ‘/Bf(E)Co dzx.




Proof. It is not restrictive to assume that the liminf in (4.5) is a finite limit, say L. We denote by T a
constant such that |Du,|(B) < T for any h € N. Since

v [ MVl de < 9e(m) [ (Vb de < empmr=t [ 1(T2)an a,

the sequence ¢, = MP(|Vu,]) is bounded in L!(B). Let € > 0 be fixed, and let C. C B, § €)0,¢[, S C N be
given by Lemma 4.3 so that for any Borel set C C B\ C, such that meas(C) < é§ we have

(46) / MP([Vup)dz<e VhES.
C

Since |Vus| is bounded in L!(B), by (4.2) we can choose A, > 1 such that for every A > A,

4.7) meas({z € B : M(|[Vu,|)(z) >A})<é VheEN,
(4.8) M o

For any A > )., we apply Theorem 4.2 with p = 1 — ¢ to obtain Lipschitz functions uy » : B, — R¥ whose
Lipschitz constant does not exceed X' = (1 + ¢(n)k)2), such that u; » = up L™-ae. in B, \ Ej 5. where

Epy= {17 € B : M(|Duy)|) > 2/\}.
Let

Cr=C.U {:c € B:ap(z) < c0/2}
Eiyr={z € B\ Chr: M(|Vun|) > A}
E} \={z € B\Ch: M(|D’us|) > A}.

Since Vup, = Vuy » ae. in B, \ Ej »\ we get

e
(4.9) / f(VUh)ah d-TS/ f(m)ah dz+C (ah+ (A_)1)d”‘
B,\Cx Gh B ap Exa\Ca a;

By the inclusion Exx \ Ch C Ej, , U E} , we get

-/E..,;\CA (ah + E;;:_)f) dz < ‘/Ei,; (co/2+ %) dz + /D’ (co/2+ (%) dz.

A,

The second term in the right hand side vanishes as A — 400 because
Ameas(E} ) < £(n)|D’un|(B).

To estimate the first term we replace A? by M?(|Vu,|):

vy MP(IVus])
/a;,, (cor2+ (60/2)”'1) wes . (‘”’ 24+ 2+ k) e 2yt )=

A,

If h € S, by (4.6) we obtain

A

(c0/2+ (_mL/AZ;’,_“) dz < cob + 2%P(1 + c(n)k)PcpPe.

1
LYY
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By letting h € S go to +00, (4.9) yields

Vu;,',\
(7}

(4.10) liminf f( )ah dz < L+C(cob+2%(1+ c(n)k)”cé"’e)
B,\Ca

h—+o00

for any A > A,. We now claim that there are Lipschitz function v, : B, — R’ such that

(4.11) meas({z € B, : u(z) # va(z)}) < I‘£2(I\n)
Vs o Vuh,,\
(4.12) -/B,\C, f(—c-o—)co dz < ';.‘Ti'o‘f G f( o )a;, dz.

Indeed, let A > A, be fixed and let vi = us, A and a; = ap, such that

.. v
lim f(yzi)a;, dz = liminf f(—m)ah dz.
k—+o00 B,\Ca aj h—<4o00 B,\Cx ap
Possibly extracting a subsequence, we can assume with no loss of generality that v; converges in the weak~
topology of W!'*(B,) to a Lipschitz function vy : B, — R*. By Lemma 4.7 below we get (4.12). On the
other hand, Proposition 4.1 yields

I¢(n)
2

meas({z € B, : un,(2) # vi(z)}) < meas(En, ») <

By the lower semicontinuity of the functional w — meas({z € B, : w(z) # 0}) we obtain (4.11) and this
shows the claim. By (4.10) and (4.12) we get

/ f(-::—())% dz < L+ C(cob + 2%(1 + c(n)k)Pcl~Pe)
B,\C. 0

with C.» = C U {z € B, : u(z) # va(z)} and A > A,. By letting A — +00, (4.11) yields

/ f(-z—o—)co dz < L+C(C06+22p(1 +c(n)k)”c(1,"’e).
B,\C.

co
The conclusion follows now by letting e — 0. =
Lemma 4.7. Let f : M™*¥ — R be a quasiconvex function, let (vy) C W1°(B,R*) be a sequence

converging in the weak® topology of W' (B, R*) to v, and let (a5) C L®(B,R*) be a bounded sequence
converging in L'(B) to some constant co > 0. Then, for every Borel subset D of B, setting

Dy={z€D : ay<c/2}

- Vo Vv
it [, (o) 222 [ 1(55)eo 0=

we have

Proof. Let @, = max{as,co/2}. Since meas(Dp) — 0, @ still converges in L)(B) to co. It is well known

(see for instance [10]) that
liminf f(Z”—")co dz > / f(-v—”)co dz.
h—+oo Jp co D \¢o

11



On the other hand, since a; is bounded away from 0 and 400, and f is locally Lipschitz continuous in M"**¥

lim f(m)co dz -/ f(y_"—")a,, dz = 0,
h~+00 Jp co D ap

. Vs ). Vv
it 1 (G Jon 02 [1(5) oo

Then, the statement follows by the inequality
: Vv;,) - / (Vv;. ) ( IVv,, Ip )
-_— dr < _— dz+C +——|dz. ®
./D f( an )" S D\Da f @ )T D T Corzp1) ™

Proof of Theorem 3.3. We argue by contradiction. If the claim was false, it would be possible to find

so that

¢ > 0, a sequence 6, converging to 0, and sequences pj, ch, zn, u satisfying all the conditions in the
statement of the theorem, such that

(4.13) emeas(B,, ) + /B f(%’l)a;. dz < /B f(i—:)c,, dz.

Ph Ph

Defining, by a standard scaling argument ,

oy u(pry)
un(y) = o

and setting g, = 1, ép = cn, Zn = zn, we may assume that p, = 1 for any h € N. Possibly extracting a
subsequence, we may assume that zj, converges to zo € M"** (with |z9| < M) and ¢, converges to ¢, (with
M > co > M~!). Now we claim that uj fulfil the assumptions of Proposition 4.4. Indeed

|D*up|(B) + -/B lun(z) — za(z)|dz < 64

implies that
lim |D’ui|(B) +/ lun(z) — zo(z)|dz = 0.
h—~+00 B

Moreover, by (3.1) and (4.13) we get

7/ [Vual?P dz < M”"/ f(y-‘i’l)a,. dr < M"‘1/ f("‘—")c,, dz,
B B Gh B Ch

hence, as p > 1, |[Vuy| are equi-integrable in Q. Let Ej be given by Proposition 4.4, and vy = upxp\£, . By

Remark 4.5 we get
/ f(m.)ah sz/ f(-v—ui)ah dz 4+ C apdz.
B ap B ah E\

Since meas(E),) — 0, by (4.13) we get

(4.14) emeas(B) + limsup/ f(m)ah dz < / f(fg)co dz.
h—~<+o00 JB Qap B €o
On the other hand, since ||vp]lco < (M + 1) and
lim |D*v,|(B) +/ jva(z) = z0(z)|dz = 0,
he<00 B
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we can apply the lower semicontinuity Theorem 4.6 to obtain

lim inf f(zﬂ)a,. dz > / f(ﬂ)codz.
h—+c00 Jp an B Co

This gives a contradiction with (4.14). &
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