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2N .
where p = T¥z¥ *S the N*! exponent in the Sobolev embedding.
Our approximating sequence will satisfy,

—ay = |un|p_2un +Au +f in ! (l)A,n
with f,—e 0 strongly in H"*, (H"! denotesthe dual of HJ (fi)).

By the blow up techniques of Sacks—Uhlenbeck (see [S—U]), one can describe precisaly the

concentration behavior of the given sequence via the solutions of the following problem:

o -A U= |ulP~?u inR"
ueD!'? (RY

with D"#(R") = {u € L? (R™) : |Vu| €L*(R")|. See[St].
A firgt difficulty is;[hat nothing is known about t.he changing sign solutions of (*) except their
existence (see [D]) (even their decay properties at infinity is not understood). The only known
facts concern positive solutions of (*) which are completely described as the extremal function
of the Sobolev embedding. To state our result we need to introduce some notations.

For u€LP(R") u#0, define
vm(u) = number of eigenvalues p € (0, 1], counted with their multiplicity, of the eigenvalue
problem:

.r . 2 . N
AV = (i M*~v inR
| vEDY'2 (RY

Since M™*""2€ LN/2(R") it is well known that vjn) is finite (see [Si]). In fact the
beautiful semiclassical inequality of Cwicke [C], Lieb [L] and Rosenbljum [Ro] gives an
universal constant an (depending only on N) such that,



)Y
vg(w) <oy Il

Notice that if u # 0 satisfies (+) then ¥ (u) 2 1. Given m 21, define the values,

e i
=i P i
bN, = mf{ =8 {v_(u), &’ u # 0 solution of (+)}.

Clearly bN,l > bN,2 2 bN,3 Y —.

Furthermore, it is not difficult to see that b1 N= b2 N= SN/ 2 where S is the best constant
in the Sobolev embedding (see [A]). It is an interesting open problem to determine whether or
=gN/2
not bN,m =S form > 3.
Notice that, this would be the case if,
-1 N/2
a,N =S / (0.1)

On the other hand, we are certain that (0.1) is false for N > 7 where we have:
a’El < CEI < SN/2

with ¢y = (2m) " wy the "classical” value (wy = volume of the unit ball in R"). See [Si
and [G—G—M] where the stronger inequality aﬁl < cﬁl is established. However a long
standing conjecture of Lieb—Thirring [L—T)] asserts that (0.1) should hold for N = 3,...,6. (This
conjecture has been proved in [G—G—M] for radial potentials and N = 4). The knowledge of
the precise value of ay is important since it would led to an improved constant in the proof of
"stability" of matter by Lieb—Thirring. Estimates for the ay’s have been obtained by several
authors. See for instance [L], [L,1], [A-L], [G—G-M], [L—Y] and [M]; they also include
estimates for the higher order moments of eigenvalues of the Schrodinger operator.

As we have seen our interest on the Lieb—~Thirring conjecture has different origin. In
fact, a consequence of our result will show how to use the L.—T. conjecture to obtain

compactness (see Corollary 3). It would be interesting to see if this could contribute in any

way to a better understanding of the conjecture itself. For instance, we point out, that







(although disappointing) our result could be used to disprove it.

Let Ay < A, < Az< ... <A < .. bethesequence of eigenvalues of -A in HlQ(n). Given u €
LP(fi), u* 0 and s > O define
i/(u, s) = number of eigenvalues fi € (0, s|, counted with multiplicity, for the (weighted)
eigenvalue problem:
—(av+Av)= ,ululp—zv in Hé(ﬂ).

St *{u, ) = 0 if no such eilgenvalue exist.
To darify therole of i/(u, s) noticed that if 0 < A < Ai and u isanontrivial solution of
(D™, then v(u, p - 1): = ni*(u) gives exactly the augmented Morse index of u.
We have: '
Theorem 1. Let {u,} C Hé(Q) be a sequence satisfying (1)* n with A# AN ; k=1, 2 .. If

(i) thereexist m61IN and {s,} C (0, + ODx

,\un’SJ g»mandsn x1

(i) un-"uo weakly in H{(R);

then BEm || V(u, ~uy) 2 $m iy — .. (0.2)
n— +o ' a

where Ug = j<Ogf 1).
Notice that in (0.2) we have posed by g 0 for k >0.
y

From Theorem 1 it is easy to derive a compactness result. To thispurposelet T ({un}) the

set of weak limit point of {u,}. Thatis, u€ T ({u,» if and only if there exists a




. 1
subsequence {unk} of {u_} such that unk-éu weakly in H(02).

We have:
Corollary 1: Let {u }c H(l](Q) satisfy (1), | A# Ay, (i) and

ok qe
(i) nl-l-»m+m |V, ||§ =c.
I, for ue L (fu })n {n Vul2< c} we have:

c< I Vu 2+ (m- ) BN mes(u) (0.3)
(M) = Ay, 1))
then {u } admits on strongly convergent subsequence.

o

Remark: From Corollary 1 it is easy to obtain a well known compactness result introduced by
Th.Aubin [A] for the Yamabe problem and used by Brezis—Nirenberg [B—N] in our contest (cf.
[St]). Namely,

let {u } satisfy (1) \.p 2nd (i)} if ¢ < then {u } admits a convergent subsequence.
)

Indeed, for ¢ > 0 (for ¢ =0 there is nothing to prove) from (1), = one easly derives:

T ({u })n {u Vul2< c] c {u = o}.

In addition, (1) An also allows to take m > 1 in (i). Thus, condition (0.3) is obviously
satisfied.
Since every u €T ({u }) satisfies (1),, we also have:
Corollary 2: Let {u_} ¢ Hy(®) satisfy (1) an (1) 20d ().
If every solution u of (1), with ||Vu||§ < ¢ satisfy:
(1) e<[¥ullz+ (m=1{w) by 1 _ )



Then Uy admits a conver gent subsequence.

It is not difficult to exhibit examples showing the optimality of conditions (1) for

m =1, 2. However, for m > 3 thevalues bN,m are unknown and condition (1) becomes
difficult to check in concrete cases. But, if we resort to the Lieb-Thirring conjecture we can
obtain a more useful verson of Corollary 1.

For Ai A k=1, 2, .., wehave

Corollary 3: Let N = 3,..., 6 and assume that the Lieb-Thirring conjecture holds.

If the sequence {u rl} satisfies (l)xl»,rr (i) and (ii)* and for every

«€r {u) n{|| Vu|8<c} wehave

(1) IV (ua-u)f2<(m-Ku))S"/?

then {un} admits a convergent subsequence.

Remark (0.1): As already pointed out Corollary 3 always holdsfor m = 1, 2.

On the other hand, for m > 3 a counterexample to the statement of Corollary 3 would
disprove the Lieb—Thirring conjecture.

Let also observe that situations where the hypothesis of Corollary 1 are verified, naturally occur
when studying multiplicity question for (1) %, A > 0.

We shall present an application in the last section.

We conclude with another compactness result. It relies on the comparison between the Morse
index of the " approximating” sequence and that of the solutions of (*).

To this purposé, given a nontrivial solution u of (*) define



m_(u) = number of efgenvalue p € (0, p — 1], counted with multiplicity, of (*) w

We have,
Theorem 2: Let {u }c H(IJ(Q) satisfy (1) A,n(’\ # )y ) and (ii)* Assume that there exists
m € N and {sn} CR: V(un, sn) >mands —> (p —1). If for every solution u, # 0 of (*)

i =1,., k, and every solution , of (1))‘ with,

: 2 2 _
1 "V‘liug + ||Vu0||2 =c
i=

we have,

]{) m (v,) + m*(uo) <m (0.3)

i=

then {u_} admits a convergent subsequence.

Remark (0.2): This result could be used to find nontrivial solutions of (1), with A =0. As
well known problem (1), _ , is very delicate and existence or nonexistence situations can
occur according to the topological property of © (see [P] and [Ba—~C]). By theorem 2,
nontrivial solutions of (1), _ , would exist as long as one could construct an "approximating"
sequence with "large" Morse index but "small" energy.

So, it is an interesting problem to see for which domain Q such construction is possible.

The Proof of Theorem 1 and 2:
The proof of theorem 1 and 2 rely on a blow up argument. We have collected useful

inequalities as well as regularity properties for solutions of (x) and (*)u in Appendix I and II.

The Proof of Theorem 1:

. . . 1
Write u, =u, + w with w — 0 weakly in Hy(92).



Using (1) \p 2and the fact that u, satisfy (1) )» one easily derives the following for L

—— |
—aw =|w |P%w +g inH @)

where
= P2 P2 P2 Aw_ + 1
8y = | lug+ wy ¥ " (ug + w) — [yl vy = w1 w4 A +

Hence, using the Calculus Lemma of Appendix I, the fact that w —0 weakly in H(l)(ﬂ) and
u, € LY(Q) for every q, we derive:

g, — 0 strongly in ;g
Furthermore from (i) we obtain v, € H(l)(ﬂ) satisfying:

- — P2 .l
(a In + '\vl,n) =My |un| VIp iD HO(Q)

o p_2
oyl
9

VIn¥p,n = 0if l1¢p (1.2)

=1

[ 2
|V Vl,nl
9]

with 4, € (0, sn] and 1=1,..m.
Hence, taking a subsequence if necessary, we find v € H(I)(Q) and 4 € [0, 1] such that

in ™V weakly in H(l)(ﬂ)



(A V] + A V) =q lul*\ in Hj(fi)

Notice that in particular, Vj € C"(ft) n C(17), (6ee [B-K]).
Write,

I,n 1 i,n

as above we derive that w, , satisfies the following,

_ _ P2 g |
& ¥~ Hn lwnl ¥1,n + R H

with g 1 i—> 0 strongly in H-t

(1.4)

From now on it is understood that we are taking subsequences when needed. Combining

results of Struwe [St.] and Brezis—Coron [Br—C], from (I)x _ we obtain an integer r,

seguences JR 8 |

A (W N % >o0d N
(YN ) o = P ko
where,
N2

%a=Rjn J( n (x =% )k

r

cR and'|>3.’n;\ c fi, solutions . of (*),] = 1, .., r salisfying:

2 2 .
®) IV ll2— £ ||vu pandR dist (x.w? TN —> toasn—s+a;

R

H
| ali

n

i

R,
() Hj*k the: max g

-]
[ 1P

j,n
asn——-—>+ @

(Byp + Ry p) Iy "‘k,n'] > te



Let us mention that (c) is a consequence of the regularity properties of the solutions of (*)

as derived in Appendix |1, and the obvious modification of an argument of Brezis—Coron

([Br-C, theorem 2.]).

c 3
In ft- , = JJX6R": x. +A7 =€fi5 define
Jou l Jin K:
J,n
2-N

_n 2 X 3.

X
Wi I.n :Rh>',n<x'+R'.")
J I J i,0

j=l..,r and 1=1,..m.
We condder vvJ* n and V\f-‘l,n defined in the whole R" by setting them equal zero outside
Since W,V wg, M =11V w L isuniformly bounded, we can find a subsequence, which we still
call Wi . and W} € D¥4(IR):

H

wi—W " weakly in D¥%(RY)-
J,n .

* * 12 N
J:,0 Ji

Similarly, for (a subsequenceof) w.t wefindw.t 6D ' (R ) such that,

w*  --,t, weaklyin D"3(RM).

Moreover from (1.1) Qnd (1.4)*one %a;%'ly geriva‘

- = 3 *
4% = " in " T W ia g i By (1)

and g¢ «0grOTgy in (D *-W ;
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LI in Q, (1.4)*

WJl,n=”l,n| _]ln+g_]ln jn

and g}, — 0 strongly in (D" (R))"

Now set,

2-N N-2 Rk
2 R 2 n
X u + k,n u [R X. —X + x].
_] k, n( )= [ j,n ] k,n [ jn ,n] R—-’—J n} k k,n( n k,n) Rj,n

Using the results of Appendix II and property (c) we shall derive the following:
if j#k= v},  —0 weaklyin pL2@®Y). (1.5)
On the other hand it is easy to check that for j=k we haire, u:']f kn = Yk for every n.

To establish (1.5) notice that | Vu, | € L"’(IRN) (see Appendix II).

Let <p€C(lR ), 1f§—k-'———>0 as n——> + o, then
J,n
Ry 017
IJVn‘;,k Vgo}({R—J-f] J!Vuk{Rk,n( n xkn)-}-lr’-]IIch]
g[f-] ||Vuk||mJ|V¢p|——->0 as 0 — + 6.
J,n

R
On the other hand, if Rk.’——————>+masn——>+mandR (x

i Ko~ Xkn) T Xjk



(take a subsequence if necessary), then for arbitrary e > 0, let 6 > 0 small enough to

guar antee:

2
J|V¢|2 (———s

IH 2
{1x-x, 1 <24

Thus, for n large we have:

[IFk N T €IV g 1T e+ ] 17550 1V 0]

<Ial (G IV IR+ I vV T vl < +0(0).

{lx—xj,k| < 26] {lx—xj’kl 26 }

Finally, if | R..]n (x.J i XN n) | ——— + @ then we can find suitable constants R,
] y ]

(depending on supp <p): Ry

>+ QD as n———>+ 0D and

> + ID.

vl Vel ([ 19D 210 pll,—0 asn
{lﬂ an}

Since,

I
v (wg’n-—uj—jik u;,k’n) ly=1i¥ (Wn ':_I‘V } he—>°®N_>* o
from (1.5) we conclude,

W’s- = U] j=1..r. . (1.6)
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This together with (1.4)* yields:
* Vo= P2 _* 1,2/pN
vaj,l V¢—lﬁj|“j| w519 YoeDYRY).

That is w}f | i a (classical) solution for,
w.
il 1.7)

with 0<yy <1, 1=1,..,m and j=1,..r

(See Appendix II for the regularity properties of w’;f’l).

Now, notice that Wy > 0 for every 1 =1,...,m. Indeed if M= 0,

then from (1.3) it follows that necessarily v; = 0 (only here we use the fact that A ¢ A Vk).

Furthermore,
2 2 2 2
L= Vv I =1V wy I3 =m [ 1wy (P2 w] 4 o(D)
with J | v, |p—2 w% g uniformly bounded, and g  —— 0. This is clearly impossible.
Thus, we can conclude M € (0,1 VvV1=1,.m.

Assume v, =k, < m, otherwise (0.2) is trivially satisfied. This implies that v; =0 for
I=k+1,.,m.

So, for 1 > ko we get,

2 2_2 2 (% 2
LT Iy =g [ 1w 17w 0 = [ 117 ] 0 4 o)
1,n
2 2 2, % 2
=g Loyt 3wy P2 oy o) =y [ 1oy P72 (] 2 +
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2 P2 % 2
+"1,nj|k§2“;kn|p—(w11n) +°(1)—“”11"2"‘“21_['“2*‘]‘” upynl? (%21 p)

+o(l)=..= jﬁl " VW\]J "2 + o(1).

Hence, going to thelimit as n

>+ & for 1>k9 we find,

5 1w} 1||2._1 (18)
i=1

s0 the w” ; cannot all vanish identically.

Furthermore, if ko <1, h<m and 1" h then,

2 2
UG T VLY (L P

P2 _* * _ P2 % _+*
‘["“ T Mkl "i1aVipat o0 = [l lP R w] Wy +

1,n

I
nimi —_ p—2
1 \pel* A,l,n-!*,,+ou)-Flj|u| wh Wy + o)
That is,
E ]u} *h= (19)
=1 1,1 I

for kK<L h<mand 1" h.

Notice that to derive (1.8) and (1.9) we have repeatly used the calculus lemma of Appendix I.
Thus, (1.7), (1.8) and (1.9) yield,
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=1 (uj) >m -k,

In conclusion,

) 2 . 9 I
lim ||V (u,~u)ll5= llmm Ivw ll3= ,Elll Y Ilg,

n- o n-=

and
;; Py (m
R > -— .
j=1 I Y "p 2 ( k0) bN,m-—k0

This concludes the proof.

Corollary 1, is now an immediate consequence of theorem 1. Indeed let { u, } bea
k

subsequence of { u } and ue€ H(l)(ﬂ) such that u  — u weakly in H(I)(Q).
k

Since u satisfies,

2 . 2
c=|Vully+ lim [V (u, —u)ll,
2 ko +o ny 2
by theorem 1. we have that necessarily ||V u ||§ > c,thatis u — u strongly.

The Proof of Theorem 2.

Take a subsequence if necessary and assume that u — u, weakly in H(I)(Q), for suitable
1 :

u, € Hy(2).

The blow up technique seen above gives solutions u,,...,u  for (*),sequences { Rj 1 } cRY
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and

{Xj,n} c 9 such that,

N-—2
I
j= ) ’

and

Il I|2 § I I
Vu + Vu.|l =c.

We are done once we show that, necessarily uj =0, Yj=1,..,1. Arguing by contradiction,

assume that u; $0forj=1,.,1, and some 1, € {1,...,1}.

From (0.3) it follows that,
*
m’(u,) =k, <m (1.10)
In virtue of the given assumptions we can find eigenfunctions Vin € Hé(ﬂ) satisfying:
2 1
—(a Vint A vj,n) =(p-1) Hin Iunlp_ Vin in Hy(Q);

i,n Vk,n =0if k#j and neN

2,
IV v, 03 =1 and l£|un|1"
with 0<ujn51andnEIN.

Let Vi€ HIIJ(Q) and pi € [0, 1] such that,

— in HL
Vin Y] weakly in H,(2) and Bin = H

I
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(take a subsequence if necessary).
Thus \f must satisfy:
. 1
—(a i + A vj) =(p-1) s |110|p_'2 v; in HO(Q)

As above we rule out the possibility that #y= 0. So by € (0, 1]. Thus, from (1.10) it must
result: vi= 0 for k0 < j<m. A blow up argument similar to the one given above, will give

functions

1,2 (pNy oy
w}’leD (R") with j= L..,15 and I=kj+1,.,m such that,

_ * P2 _x* . N
ij’l-(p 1);41|uj| Wi in R
r T
0 0
j=1|vw.1,1' . Loy I w1 ¥5m
for k0<l,h$m and 1#h.
That is,
2" m (2)3m—k
m_(u;)2m-—k,.
10 0

This clearly contradicts (0.2).

An Application:

We investigate changing sign solutions for (1), with 0 < A < A;. Our goal is to give a rather
simple proof of a result already established in [C—S-S], [Z] and [T)].
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Let
W)=Y |Vul-3e® -3 [uP  weHy@)

{

bethe" action" functional corresponding to (1) 0/9\.
That is, critical pointsof | give solutions of (1) X Since | is even, we can use the theory of

Ljuster nik-Schnirelman to seek critical points for 1.

To this end, define
1 b

. J
E = |A c Ho(ft) : Aisclosed and symmetric (i.e. uUEA=»-u€A)L
For every A €E , denoteby i (A) 6 IN the Krosnosdski genusof A (cf [St.]) and let,
<# = |h : Hijjj(fi) —4 Hijjj(fi) odd homeomor phismj.

Given k6 W, set B, = IA€EI(ARN(S) 2k Vh6<n

where S ={u e Hi(fi) : ful =1].

Following Ljugternik—Schnireman, we define,

= inf sup |
“x A" A

SO —GD <) <g<Cg<.., arethenatural candidates when seeking critical valuesfor 1.

However, since the functional | lacks compactness, this mil be established only for k = 1, 2.

Thecase k = 1 has been obtained in [B—N]. They show that there exists Uj > 0 satisfying:
T(uj) =0 and I(uj) = Cj.
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This has been achieved by providing the estimate,
1 oN/2
0 < Cl < N S '

(cf. [St]).
Noticethat Cj isthe smallest positive critical value for I.
That is,
c. =min|c>0: 3u 6 Hj(fi) with I(u) = cand F(u) = o|.

Also notice that if u isacritical point for | and C, < I(u) < cg then u cannot change sign in
n.

Here we use Theorem 1. to handle thecase k = 2.

)

L
A=ju€Hj(n utoand (I'(u), u) :o}

((,) is the standard scalar product on Hj(ft)). Given u e LP(fl) ui 0, denote by

(/il,(u), v,l(u)) the first eigenpair for the eigenvalue problem:
= 2, oyl
—(ev+Aiv)=piu|” v inHyQ) (%)
Under the normalization: v,l(u) >0 on ft and ||V Vj(u) {( =1, themap:
-l
LP(0) — Hy(Q)
i — vy(u)

is continuous and even.

This implies that if we set,
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F= (U€A: f |ulP-2uy(u) = o}

O
then,
AnFO  VAeE,. (2.2)
Furthermore, it is not difficult to check that,
infl>c, (2.2)
F wo |

(see [Tjfor details).
Using a deformation lemma proveg by Bre%ierirenberg (see [B-N,I] coradllary 4) from (2.1)
and (2.2) one derives a sequence juB,| ¢ Hq(ft) satisfying:

(1) 1(uy) —co,
@ llr(un)ll-o

(3)un€F

(see [T] for details).

To be more precise, we should notice that although in general | does not satisfy the P.S.
condition; it does however satisfy property (27) of [B-N,I]. So the statement of corallary 4. in
[B-N,I] is till valid for 1.

Alternatively, from (2.1) and (2.2) one could use a result of Ghoussoub [G] to obtain a
sequence {u,} C Hé(O) satisfying (1), (2) and dist (up, F) —» 0isn—»+ ©.

In addition if N > 6, then the following estimates hold:

L, | ‘M /O
Concme Y - vAFof
In particular,
€y <y < %SN/ 2 (2.3)

Notice that (2) isequivalent to (1)"’,1. Furthermore u, € F implies -
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2 2 _
19y 13- 1 ug I3 = 1wyl and l Jug P2 v (u) uy =0

That is,

2 2
I Vu, l3=ANuglls =10y llg =NI(u)—Ncy, (24)

and

V(un, 1)>2.

If necessary, take a subsequence to find u, € H(l)(ﬂ) such that

. xl
u, —u, weakly in HO(Q).

Assume that || u, llg <Nc,. If uj#0,then u, is a critical point for I and ¢, ¢ I(uo) <
C,- So necessarily,

Yy = u(uo, 1) =1,
since u, cannot change signin (1.

Thus,

. 2 N/2
n— 4o 0

= SN/ 2), which contradicts theorem 1.

(we have used the fact that by 1
Similarly if u) = 0, then,

. 2 N/2
im |V (ay gy 2 =Ne, <28V

=2b
n-- 4w N2

which also contradict theorem 1 since {u; =0, 1) = 0.
In conclusion, || u, ||g 2 Nc,, Hence from (2.4) it follows that u ~converges strongly to u,.

Thus, for 0 < A < A, and N > 6, problem (1) ) admits a solution u satisfying
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l' |u|p"2 vi(u)u=0

where v,(u) is the first eigenfunction for (x)

In principle, one could apply this idea for every ck’s, k > 3. But, in order to establish stronger
multiplicity results for (1) ) one faces two types of difficulties. The first one is to obtain sharp
estimates on the values bN,m for m > 3. Secondly, it is not clear whether or not one can

construct eigenfunctions v, (u) of (x) which are even and continuousin u, for every k 2 2.

APPENDIX I

This first appendix is devoted to derive a useful calculus inequality.
Calculus Lemma: Let p > 2.

There exists a constant C, > 0 (depending on p only) such that for every 0 < a < min
{p—2,1} we have:

M Ha+bP 2= a2 P2 | <oy (2] YbIPE %+ [b] %2l P2,

for every a, b eR.

Proof:
Use the homogeneity to see that (I) is equivalent to,
2 2— /
e+ 1P2o1— P2 <y (18] % [11P7270) M
for |t| <1.
We have,
1

I+ 1P 2 =1 = | (t+ )P 2=1| = (p-2)| J'(1 + 5t)PS tds| (A.1)
0 -



To estimate the right hand side of (A.1) we distinguish two cases.

Casel: 2<p<3.

[t e [ e el <y 1
0(1 + st)° P 0(1 —s)* P P

since 0 < <1 and |t| <1

Case2: p> 3.
1 3 3 p—3 a
|J L1+ st)P S ds | <2P3 1) <2P2 |4
0

In conclusion,

e+ P21 ¢cp [1|® VIt <L (A.2)

Furthermore, for |t| <1 we have,

11772 ¢ e Pm2me (A.3)
So (I) immediately follows from (A.2) and (A.3).
APPENDIX II.
In this appendix we collect some regularity results for solutions of (*)

Proposition A: Let a € LN/ 2(IRN) and u € D1’2(IRN) satisfy:

J Vu-Vep= J a(x)up Ve D1’2(|RN).

24



Then u€LYRY) Vg=>p.

Furthermoreif ae L"/*(RM) n LAR™) islocally H8lder continuous, then

ueC?R"Y), |[VnleL*RY) 2<t<+mand u satisfy:

[-A u=aXxu inR"N
qu(x) - 0 as |x| —+y
kivue)l -0 as x| —+4

H, in addition ae ~(R'*), then u e ’\(RN).
Corollary: If u € DY?(RY) satisfies:
pn 2, A — 1,2 N
Yu- V <p\ |u] ur=0 YoeDVY(R)

then u € CYti®) n LYR") for p<g<+m, Vu] 6 L*R"Y) for 2<t<+x and u satisfies:

-Au-= '|u'|"'_2u inRY
ux) —» 0 as |[X| »>+ o
I U(x)] -.0 as | x| — + «

Proof of Proposition:

The following argument is due to Brezis-Kato [B—K].
2 f 2 2

Let s=jj*jj andL > 0. Define (p=min[|u] ,L ]u.
Obsarvethat <p€D ' 27), u <p€ L'Y(vF) and |Ju ip\ < [|ullP.

We have;

[ate= fyu. V=] Vul “minfjul™,L%0 + 283 ful*Vul* =

{uf<LJ



=J | ¥ (u min {Iuls, L})|2+ sj lul 2| vu |2

{lwPer)

That is,
J |V (u min{ lu]®, L}) |2$ja(x)uw=Ja(x)u2 min{lulzs, Lz}g

< KJu2 min {|u|2s, L2} +J |a] u? min {|u|25, L2} <

{13l <k} {1al 2]

<Kl + ([ 1232 ([ fumin {Ju)®, 1} ) N ¢
{1al 2 ¥}

<K+ 5 ([ 12™2/N )9 (0 min {Jul®, LI

{lal 2K}

Since a € LN/ 2(IRN), we have:

J|a|N/2-»o as K — + o.

{131 2 ¥}

Choose K large enough to guarantee

(J1a™22N ¢ e

{1a 2}

From (A.4) we derive, || V (u min {Iuls, L}) 13 < 2K [ul® and in particular,
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fIV(Jul*u)|®  <2K|ullg VL>0.

{tu)® <1}

Henceletting L —» + © we conclude:

| V(Jul°u) | €L3(RY)-

By the Sobolev embedding theorem (see [Fr]) it follows that u e L°(***)(R") and by
interpolation, u 6 LYK for p<g<p(s+ 1)
Iterate this procedure by choosing S, with st 1=(s+1) il-\lKj‘, and S -
-2
Sk + X = (Sk_l + X) AT for k _k_<
Thisyields, ueLR"M) for q=>p.

Next we show that,

ux)=Jr (x-y)ay) uy) dy aexeRr"

N+2
where r (x-y) = ay Ap,oand ay = [ N(N-2) f—= S
L

VooyF—ylt 7 J b |Fi J

From (A.5) therest of our statement will follow immediately. In fact by the
Calderon-Zygmund inequality (see [G-T th. 9.9]) we know that au € L*QRN) => Dj

)
'@y vij=1,.N
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(A5)

ueo6

Our assumptions allow totake t > N. Thus by the Sobolev inequality (see [Fr]) we get in

particular that uand |V u] 6L""); (hence |V u| 6 L*(RY) 2 <t <+ OD)

While, by the Money's estimates (see [Fr]) we havethat u and |V u| ax$iocally Holder.

Thus, from the analysis of Newtonian potentials (see [GT, lemma 4.2]) we finally conclude

u*€(:2(li\I ). Furthermore, for t large there exists a constant C (dependingon N and t
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only) such that:

IV ul <CVu

ul| N
L®(@® \Bg) - @ \Bpg)

and

[|U
Pig ) <O gip

where Bp isthe ball of radius R.

Hence, letting R — + &, we conclude:
u(x)—*0and [Vu(x)| —0 as |x| — + o.
A boot strap argument finally gives u € C*(tiF) if a€ C“'(IRN).

So we are left to establish (A.5).

To this purpose take,

N-2
...2...
1,2,.N
vj x) = C] iv N-2 € D7%(R™)
SRR e 2
with e > 0 and the constant Cn is adjusted so that
1 . N
—A go£=qar:_ in R
o

Notice that for every R > 0 we have:
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[V eV =3 ¢Tli) A July) V A(y) « (xy)ds=
{lxy <R} {Ix-y| < R} {lx-y| =R}

N-2
J-vg—lu+¢; GT(—Z;E:-,)‘)N'/?'J u(y)ds (A6)
{Ix-yl< R} {Ix-y| = R}
Since, PR 1]Ju(y) |PdS < + m, for a sequence R, —» + w
0 {Ix-yl =R}

we have,

~[|U(y)|p—’\0 as nNn—+uw

{I*-y[=Rn}

Thus,

FE_R?W? FRGEIRE I -5 (] 1P atle—o
{lxy| =R} " {Ix-y| = R}
as n—»+ @ ((TW = surface of the unit sphere).

Thisyidds,

fa(y)u(y)tp (y)dy=fVneVtp = lim (fVueV<p)=

{Ix-y| <R;}
«
= lim (, 1u+o(1))=j¢§"1u.

nh—~+ +0OD

{Ix-yi <R}
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In other words,

p—
J ——1———N+2 u(x + e y)dy = [cl“] a(y) u(le_g dy.

a+ly1H N (2+|x-y|9) T

Thus, letting ¢ — 0, we obtain (A.5).

The corollary can be easily derived by a bootstrap argument from the fact that u € Lq(IRN) for
every q 2 p and

P2
u(x) = J u | u(y) d ae xeR
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