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1. lntroduction

There has been a great deal of work in recent years on evolution equations which contain
memory terms. The most interesting situation occurs for wave propagation in elastic materials.
One starts with a model which conserves energy and then modifies it by including a memory
term which produces damping (viscoelasticity). John Nohel has been a major figurein these
studies and the results are summarized in his book with Hrusa and Renardy [7].

The present paper is concerned with a closely related but dlightly different idea. Here we
maintain an energy conserving equation but produce damping through boundary conditions.
Let us describe the problem and then we will indicate why it is of inter est.

We deal with one-dimensional longitudinal motions of a bar which has uniform cross

section but may be inhomogeneous. The basic balance law, in the absence of body forces, is,

puUw = ax (1.1

where p isdensity, u displacement and a stress. The specific problem we consider is this:

iThis work was supported by the National Science Foundation under Grant DM S-8800795.



pP(X) uu(x,t) = (Kx)ux(x,t))x 0<x<L

u(x,0) = u(x,0) = 0 | P{p,¥)

u(Oyp) = tft), u(L)uyL,t) = flurL,.)] + ¥t).

Here, <p and $ aregiven and $ denotes a functional of the history

ur(L,r) = u(L,t-r).

The differential equationin P (") isenergy conserving. We seek conditionson # so
that the boundary conditions at x = L produces dissipation, that is damping. This means,
roughly, that if, <p and ip tend to zero as t tends to infinity so should u. (See Remark 2.3).
Theseideas are also described in [2] and [8].

Let us motivate the above problem. Suppose the bar is actually semi-infinite, 0 < x < ©
but is inhomogeneous with cr(x;t) = /x(Xu_(x,t). It starts from rest? with a prescribed
displacement at theleft end, x = 0. The total problem is then like P(y>") on 0<x. There
is no second boundary condition but the solution needs to be outgoing. Suppose we are only
interested in afiniteinterval 0 < x < L. Then one could (in theory) solve the equation on
x > L and obtain arelation between the stressat x = L and the displacement at x = L.
This relation will have the history form in  P((pitp). We carry out this calculation in Section
4. Since energy is flowing off to infinity we expect to have damping on (O,L) and this can
come only from the boundary condition at x = L.

A second ideais this. Suppose the bar is composite with an abrupt chargeat x = L. Let

o(x,t) = /i(x)ux(x,t), 0 <x <L and supposetheportion x > L ishomogeneous but

This merely for ease of exposition.



viscoelastic. Once again one could solve on x > L to obtain a relation between o(L,t) and
the history ut(L,-). Since both u and o are continuous across x = L this yields a problem
of the form P(¢,%). This case is also treated in Section 4.

The final notion is what really prompted this study, the idea of approximate boundary
conditions. This is a numerical device. Even if one knew what the functional § was, P(¢,9)
would be difficult to handle numerically because of the time non—locality. What we seek are
approximate functionals which are more localized in time to use instead of . This idea has
been pursued for wave scattering problems in exterior regions by many authors, starting with
Engquist and Majda [4], [5].

In [1] the authors studied the application of this method to the semi—infinite bar problem.
It serves as a very simple model problem. The main difficulty is to devise approximate
conditions which preserve the dissipativity. We discuss this in Section 5 examining some
possible approximations and giving some partial results on their validity.

In Section 2 we discuss dissipativity of the boundary function § We first give conditions
in the time domain and show how they produce damping. In Section 3 we give alternate
conditions in the frequency domain. These are conditions which are familiar in viscoelatstic

theory and they are the ones most useful in the applications.

2. Dissipative boundary conditions
The functionals § in P(¢,%) will be assumed to have the form,

31N = — & (ad(t) + (kx0)(1)), (21)
where ky( denotes convolution. We make the following hypotheses:

a>0, k=k +k k 20, ke L, (0,0). (H,)



Thereis 7> 0 suchthat for any T >0 and any ¢

f T(at:(t) -h (k*0 (tMt)dt > 7/T C(t)ctt. (H.)
0 0

Hypotheses (IL) and (H,) yield thefollowing estimateif £(0) = O:

T. . . T. .
f C () 5Cat = -«/"C(t)%dt - /\c(t)C(t)dt -/ ((t)(kx()(t)dt
0 0 0 0

<~y [ CO)Pdt-IKE(T). (2.2)
0

For technical convenience we will assume that thefunctions (p and ip have derivatives
of al orders, continuouson t > 0, and vanishingwhen t = 0. It iseaser to state our results if
we make a priminary trandformation. et \w@((»(()):((]l—l)ﬁ)2 and for any solution u of
P(¢#) put w=u—"WQ. Then w satisfies the problem,

pw,=(Fwy)x+f, 0<x<L
w(x,0) = w(x,0) = 0 (P(L,¥)
w(Ot) =0, fil) wy(L,t) =" (L ,*)] + ¥t),
X

where,

f=g{uvy’) pple. (23)



We will need the following hypotheses:

ﬂ € Ll((O,m) : L2(0,L)) n L2((0,w) : L2(O>L))

m]

(Hg)y

ey (00) j<k

For (f,%) satisfying (H3)k we set,

[¢# '/’)"k = E {|| "L ((0,0) : Ly(o,L)) * "aJ "L2((0 o): Ly(0,L) e )"L 50, o)}
(2.4)

For the functions w we introduce the norms,

yw WW

K
=2l o3 'L, (0, "t 2oV g (o,1)

(2.5)
T

sywl = [ (5[] (1)’at.
0

All of our theorems hold under hypotheses (H,) and (H,). They are stated for solutions
w of P(f,9) but, from (2.3), they are easily translated into theorems about solutions u of

P(p,¥). The first two results are energy estimates:



Th 2.1. There is a constant M > 0 such that for any (f,%) satisfying (Hj)y,

#¥{w] (1) + éo u%f,kuouiz <MIEAIZ VT € (0). (2:6)

(0,T)
Th2.2. If k=0 thereisa constant N >0 such that for any (f,p) satisfying (Hg),,

gXw] <N|EWIZ VT € (0,0). 2.7)
T k

From these theorems we obtain immediately two decay results:

Th2.3. Forany (f,9) satisfying (Hy),,

wy(L,t) — 0 as t —o. (2.8)

=

24. If k_ =0 then forany (f¢) satisfying (H,);,

w(xt) —0ast—o Vxe(0L). (2.9)

Proof of Th 2.3. By Th 2.1 w(L,t) and w,,(L,t) both belong to Ly(0,0) from which (2.8)

follows.

Proof of Th 2.4. By Th 2.2 the maps t — ||w(- ’t)"HI(O,L) and t — |lw,(- ’t)"HI(O,L) are

bothin L,(0,0). Hence "W("t)"HI(O,L) — 0 as t — o and (2.9) follows since w(0,t) =0.

Remark 2.1. We are not sure of the status of decay of solutions if km > 0. Notice that, in this

case, Th 2.3 says only that the velocity at x = L goes to zero as t tends to infinity. In the



examples of Section 4 we will have k =0 so that we get the strong decay result (2.9). When
we ded with the approximate condition in Section 5, however, it will not dways be true that

km = 0. We comment further there. We suspect there is decay even if km A Q.

Remark 2.2. Th 2.4 admits on extension to the case of approach to steady state. Suppose
kGO = 0 and condder Py>0) when

@(t) = o+ * (1). (2.10)
Let ii(x) be the solution of the problem,
(/fra) =0 O0<x<L
(2.11)

o) = <8, /z(L)u(L) = 0.

If u isthe corresponding solution of Py>0) put v =u—T. Then one readily checks that v

is a solution of P($,) where

et d T —— _
W) =3l =-3 (f , KENANU(L) = - KO(L). 2.12)

It will be seenin Section 3 how toinsurethat k and k arein L {O00). It isthen easy to see
that if one suitably restricts $ in (2.10) one can apply Th 2.4 to conclude that v(x,t) —» 0 as

t—>» OD.
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Proof of Th 2.1. We multiply the equation in P(f,*) by wy and integrate by parts to obtain,

-L L
Fr Ut —(AX) JH = S T deer i, e~ WE (L, )w, (1.1)
0

14« O'\ﬁ\/lw dx} — p(L)w, (L) (3wt (L, )] + (1))
L 0
= A Wtde.

II

Now integrate with respect to t from 0 to T and use (2.2):

1 L 2 T
E.f(; (PW (X,T) + W (X, T))dx + 7/ wJ(L,t)dt
v

T L T
< w(L) f wi(L) Vit +/ 1 wifdxdt<3/  wAL bt
-00" “ M)

2w T . T Lo2,
TR0 0 [ (000" [ ) 2
(2.12)

Put,

L L N (
(0 =20 witeiax,  x()=(f 2 L g2, oot [ v

then (2.11) yields,



(1) < %fOT wa(Lt)dt < € + fOT MOOREE (2.12)

From (2.12) we obtain,

T T
(«T) + 4 j(') w2(L,t)dt € 2C + 7 j(; x(t)dt
and this yields (2.6) for k = 0.

In order to obtain the higher k estimates we simply differentiate the problem P(f,¢)
with respect to t. The vanishing of the derivatives of ¢ at t = 0 implies, by (2.3), that the
t derivatives of f vanish at t =0 and hence, by the differential equation in P(f,9), the
vanishing of the derivatives of w at t = 0. Since the derivatives of 9 also vanish at

t =0 we have, by (2.11),

(FG (L) + 9(e)) = S, N1 + v,
Thus %w is a solution of P(%:-j f,¢(j)) and we can apply the estimate (2.7) for k =0, for

j=1, ...k toobtain (2.7).

Proof of Th 2.2. Put,

L
Z[w](t) = j(') gx)w, (x,t)w, (x,t)dx

where g is to be chosen, subject to g(0) = 0. We have,



2wl(t) = fMlewo o (8w dowy ldx

pii
=54 oL + J B G )ow,), + B w fldx

=5 [ VTBOV)y + i (o)) + 8 v A

=J LW\]L,I L Lyw_(L, 2
g(L)wJ( )+—5U—p(L)p(L)(u()x( t))

10,2, 1cbg., 2 L
-3 _j; g wodx — 5 j('] (%) pwidx + j('] Bw fix. (2.13)

When k =0 we have,

.
ATU<L)Wy(L,))2dt = 1 (<fwi(L) + K*wy(L,.) (1)) + w(t))%dt
v

< Clla+ Ky, gl W WE o.m) * M 0.1y

(2.14)

Wehavedsoforany G > 0,

L
J fwx(x,t)f(x,t)dx < € [Iw(,O]lliosry + M 9™ (OyLy- (215

10
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We choose g so that g’(x) >0 and (ﬁ)’(x) >0 on 0<{x<L and we choose € so
small that,

L
5 f () pwidx — € uw(-,t)uﬁl(o,L) > ﬂlw(-,t)uél(o,m, (2.16)

with § > 0. Now integrate (2.13) from 0 to T and use (2.14) — (2.16) to obtain the

estimate

Z[w](T) + &p[w] < C*{(a + [IK]|y l(o,m)"Wt(L")"Isz(O,T)

+I9IE go,m) * Ml (0,1:8,00,0)} (2.17)

From Th (2.17) and the hypotheses on f the right side of (2.17) is bounded independently of
T. We see also that Th 2.1 implies that Z[w](T) is similarly bounded. Hence we obtain (2.7)
for k = 0. Once again we can obtain the higher order estimates by successive differentiation

with respect to t.
Remark 2.3. The use of the functional Z[w] was suggested by Professor J. Lagnese.

3. Frequency Domain Methods
For any function ¢ we write @(s) = Z[¢](s), s = £ + in, for its Laplace transform
whenever it exists. We put I = {s: £ > 0}. The functions we study will have transforms

which belong to a space we call A. A = set of all functions & : I - C such that



(peC;“)‘:](ﬁ), I'p analyticin n, (p realon 77=0
p(s) ="s" 1+ As~2+0(s~%), 2p(s)=-"s~?+0(s
(3.1)
V' (s) = 0s™d) as s »a0,
Lemma 3.1. Suppese <p satisfiesthe following conditions
(pec(®ow), tV¥r eLr0*) j=012 k=012

Then <g hasatransfarm (pG A.

Proof: Wehave I'p(s) = f e_‘""<p(t)dt. Thisis well defined and continuousin Il and is
‘0

analyticin fi. We have
#(s) = p{0)s™! + ip{0)s-2 + s~2.,(f)"e"5t At)dt.
3\ ® : o
We have further £A-" (9 :Af e" A [)t'Ap(t)dt and the estimatesin (3.1) follow.
Lemma 3.2. Suppose (jpeA and

<p(t) = (2%)-1 [* e A <iTOdTE (3.2)

Then (p€ C""0.00) N Ly(0,ap) With y<0) =g, y<0) = <p,
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Proof: Let yy(t) = tX¢™t, Then 1 () = (k—1)!(s + 1)—k. We have then
os) = vy ¥y + (p; — wy)t; + P where Ps) = 0(s™°). Then (3.2) yields

W) = 0o~ + (0 — plte™ + YY)
-1 pto int
¥t) = (27m) f e Ps)ds

with 9 € Cl[O,m). Thus @€ C(l)[O,m), ¥(0) = ¢, ©(0) = ;- Next we integrate (3.2) twice
by parts to obtain,

4o .
Yt) = —;:'?z jl ™o (in)dn

It follows that ¥(t) = O(t_2) as t-o hence 9 € L;(0,0). The following result is established
in [10].

Lemma 3.3 Suppose k has a transform k € A. Givenany T >0 and any ¢ € C[0,T] put
¢p(t) = ¢(t), 0<t<T, (p(t)=0 t>T. Then

T ® . -
O c>(t)dt=%f0 Re k(i) | ¢p(n) | %dn. (3.3)

where ¢(7) is the Fourier transform of bp-

The non—local boundary condition in P(¢,%) can be formally transformed to yield the

relation,
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ML) (x.9) = 39a(L,9 + fts). (34)
# is actualy a distribution and if it has the form (2.1),
#(s) = -as + k(s) = -as + k~s" + k(s). (3.5)

We want to establish conditions on the transform which will guarantee that # has the
form (2.1) and satisfies (ELl) and (Bg). Let us do the forma calculations first and then we
will state the theorem.

We assume that #(s) has the form,

#s)=-as+0+ f(s), a> 0 (3.6)
where f e A. Werewrite this formula as,
#s) =-s(a+ks"! + k()
)

k =-(13+f(0)) = -5(0) 37)

i(s) = 2O __1(9) - $(0) - §s)

Let us study k(s). If Tf€C?(n) then k e CXfI{0}). Since &(0)-&(s) vanishes a
s=0, k will still be once differentisble at s = 0 if k'(s) is defined by itslimit a s=0. If,
in addition, £e C~(ir) then k 6 CMf). If r'6 A one can readily check that k satisfies
the appropriate behavior at infinity so that K€ A. Thusfor (3.6) with & 6 c~\T), f e A
and &(0)-< 0 wewill have SC = ~A" " + (** O()l A ¥(*) = K*¥k> K >

k G L.(0,0D).



We have, from (3.7),
o + Re k(i) = -M}Lﬂl
For large 7, (3.8) and (3.6) yield
a + Re k(in) = a+0(%) as 7- o.
For small 7 (3.8) yields,
a + Rek(in) = —§/(0) + 0(7) as n-0.
Suppose we impose the conditions,

—sign 7 Im $(in) >0 forall n#0, F'(0)<O0

Then from (3.8) — (3.11) we see that thereis a 7> 0 such that
a+ Rek (in) > 7 forall 7.

By Lemma (3.3), (3.12) implies (H,). We summarize our result.

Th 3.1. Suppose the transform § of the non—local boundary conditions has the form (3.6)

with 3¢ C®)(#) and ¥ satisfies the conditions,

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

15
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5(0) < 0, #(()) <0, -sign 7} Im 5(i*) > 0 foral rj#O.
(3.13)

Then tf has the form (2.1) with (H;) and (H,) satisfied.

Remark 3.1. Theimportance of the behavior of #(s) when s is small was suggested by the

work in [3].
4. Exact Disspative Boundary Conditions

Example 1. Composite eadic—viscodatdic bar.
This example is suggested by [9]. We suppose our bar is elastic, but inhomogeneous, on
O<x<L sothat u saidies the differentid equation in P(*,”). Suppose that the portion

X > L isviscodastic but homogeneous. This means that, for x > L,

ofxt) = g 8 * ulx,- )1
@D

[>Ug(X,1) = 0-4(X,1).

If we Laplace transform we obtain,

a(xs) = AY(x,9)
(4.2)
1271(x,9) = Sa” 0~ fos).

We want the solution u to be outgoing in x > L which means we want U(x,s) to tend

to zero as s->Xx. From (4.2) we obtain the relations,
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fi(x,s) = " T<)(* " (L ,s) (4.3)

o(L,9) = -sd(s) T(90(L.s) = S()U(L,9)

where T(S) = 6 I>,57a(s). We give conditions which guarantee that % in (4.3) satisfies the
hypotheses of Th 3.1.
The conditionson a in (4.1) aredictated by viscoelastidty theory. Typical hypotheses,

which we will adopt are,

at) e Cr0,*), (-1)"%) >0 =012
(4.4)
a(t) = am + b(t), a,>0, b" eLl(O,m).

We will assume, in addition that t’.‘b’x 6 Lj_(O,a>) so that, according to Lemma 3.1. We also
assume t3 b 6 170,000 which means that "ae ({3"‘(f).
Clearly 5eC3(5r\{0}). We have,
si(s) = a(0) + a(0)s + 0(s~?),

TO = A (1-\47 -+ 0(), ass-. (45

3(s) = —Ja(0) s +%%+ ody;
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si(s) =a_+ sb(0) + 0(52)

i(s) = % +0(s%) ass-0 (4.6)

3(s) = —{a_ s + 0(s%).

Equation (4.5) gives the relation (2.1) with a=—{a(0) and f=— %— 20 Equation
{a(0)

(4.6) shows that 3(0) = 0. If the expansion in (4.6) is continued it will show that § is three
times differentiable at s = 0.

It follows from results in [8] that conditions (4.4) imply,

Re a(in) > 0 forall 5, —signn Ima(in) >0 9n#0. (4.7

We have §(in) = —in ira(in). It follows from (4.7) that Re yi7a(in) > 0 hence sign 7 Im
$(in) > 0 for n#0. From (4.6)5 we have F0)=- {a_ < 0. Thus all the conditions of Th

3.1 are satisfied.

Remark 4.1. An interesting question is what happens if the composite bar is finite and
viscoelatstic on L < x < L. We conjecture, but have not yet proved, that the resulting

non—local condition is dissipative.

Remark 4.2. A special case of the viscoelastic problem is that in which a(t) = a_, that is the
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bar is elastic and homogeneous. This case was considered in [6] when the baron 0 < x < L is

nonlinearly elastic.

Example 2 Inhomogeneous semi infinite bar.
This was the problem studied in [1]. We assume that the bar is ultimately homogeneous

ie. p(x)=py o(xt) =wu (x,t) for x> L. The outgoing condition is that

KU (x,t) = —J UgPg Uy (x,t) forx L, in particular at x = L. Thus the problem is:

p(x)uy (x,t) = (p(x)u,(x,t)), 0<x<L
u(x,0) = ut(x,O) =0 (4.7

u(0,t) = ¢(t), l‘oux(iht) = _‘I FoPo ut(f‘:t)
We want to reduce this to problem P(y,9). Define U(x,s) by

p(x)s%0(x,8) = (u(x)0 (x5)), L<x<L
: (4.8)

fJ(L,s) =1, ;I,Oﬁx(f:,s) = Ak Sﬁ(i;s)'

Then the transform @ of the solution of (4.7) satisfies #i(x,s) = U(x,s)d(L,s) on L<x< L.

Thus,
WL, (Ls) = B(L) T (L.8)(L;8) = S(s)A(L.0)- (4.9)
We will establish the following result.

Th4.1. § as defined by (4.8), satisfies the hypotheses of Th 3.1.



The proof is more complicated here since we do not have an explicit formula for $. We

begin with the following result.

Jigmma4.1. Problem (4.8) has a unique solution for any s 6 ff.

Proof: To show that (4.8) has a solution for a given s it suffices to show that the only
l solution if O(L,s) = 1 isreplaced by O(L,s) =0 is U(x,s) = 0%. Suppose U issuch a

| solution. Then we have

, L . , o
plO1G, + [ W15, + b sl 0 =0, (410
L L

|

If s= £, f>0 oneseesimmediately from (4.10) that U(x,s) =0 If s=f+i7, £>0 we

L . .
take the imaginary part of (4.10) and conclude X p\XJ\2 dx =0, hence U(x,5) =0. If s=iy

taking theimaginary part of (4.10) yields CJ(L,i;/) = 0. Hence OX(L ,5) = 0 also. But
[>2U(x.9) = (fit 4x,9) - hence U(x,9)) = O.

Lemma4.2. », defined by (4.9), isin C®)i) for any m, isanalyticin |l and real for s

i

Proof: Suppose that one formally takes the derivative of 0 in (4.8) with respect to S. Then
one sees that Ug satisfies the homogeneous problem henceis zero, meaning U is analytic.
This argument can be made rigorous by taking different quotients. Similarly suppose one

differentiates in (4.8) with respect to s. Then V = U_ satisfies,
s

3See the appendix.
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p(x)s*V — (u(x)V ) = ~25p0(x,5)
(4.11)

V(L:s) =0, POVX(L;S) = —‘l FoPo SV(L:S) _JI‘OPO fj(L:s)'

Once again the fact that the homogeneous problem has only the zero solution guarantees a
solution of (4.11) in . Again one makes this rigorous with difference quotients and one can

continue differentiating to obtain all derivatives. The reality on s real is immediate.

Lemma 4.3. ¥ satisfies —sign 73(in) > 0 for 74 0.

Proof: We multiply the equation in (4.8) by U(x,s) and integrate by parts, using (4.9) at
x = L. This yields,

L L
2 S e 12 2 .. \12 s T 212
= J o1 0Gin)| "+ [ w10 (xin)| +dugpg inl O(Liim)|

+ §(im) | O(L,in) 2 = 0. (4.12)

We cannot have ﬁ(i,in) = 0 for then, as above, we would have also ﬁx(i,in) =0 and
hence U(x,s) = 0. The same argument shows that U(L,in) # 0 and the conclusion follows by
taking the imaginary part of (4.12).

What remains is to study % for large and small s. The large s situation was considered

in [1]. What was found was that the solution of (4.8) has a formal asymptotic expansion,

Oce) « 290 3 000575, ¢60) = [o(ut) (413)
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Formulas were given to compute the coefficients Uy recursively. Then formal

differentiation of (4.13) yields.

b —k
Y o8 (4.14)

5(s) = w(L) T_(L,s)v — o5 — f
h=0

The coefficients «, § and oy are determined by values of p and g and their derivatives at

x = L. In particular a = Pokg > 0
We will review this procedure briefly in the appendix and we will also establish its

validity by the following results.

Lemma 4.4. Put fi’N(s) =—a,—f —hEOahs—k. Then
3(s) - @N(s) = O(S—N) for large s. (4.15)

This result shows that § has the correct behavior, for large s, to belong to A.
Let us consider the small s situation. This was not done in [1]. We seek a formal

expansion of the solution of (4.8) as a power series in s:
A ® k
Uxs)= ¥ Up(x)s™ (4.16)
h=1

The U, can again be determined recursively. We write down the expressions for U, and

U1:
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(=)L) =0 Ugll) =1 VII(L) =0

(4.17)
(R)0j(x) =0 U)(0) =0 ugUi(E) = ogpy LoD
Oneseesthat Up(x) = 1. U.(x) = —Jfz f fKQLdr. Thus
L |
3(s) = ML)TL(L.8) = ~{pgpy s + (). (4.18)

We will again established the validity of (4.18) in the appendix.
Equation (4.18) shows that

¥o)y=0, F(0)= —% < 0.

Thus we have established all the hypotheses of Th 3.1. and we have a dissipative boundary

condition.

5. Approximate Boundary Conditions
Theidea discussed in [1] is based on the formula (4.14). Thisideais to truncate the
series by using the "5'\1/\‘/ of Lemma (4.4). If we trandate back to the time domain these

correspond to non-local boundary conditions of the form

F[¢'] = = Z (a+ kyyx0),
(5.1)

]
a= lpouo. kn(t) =6+ kEl T
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It is clear that (5.1) does not fit the forms (2.1) since ky is notin L;(0,0). It was
shown in [1] that the use of $py numerically produces exponential error growth. What was

suggested in [1] was a stabilization procedure. This amounts to replacing éN by a function

e?’N such that,
#7(8) — Fne(s) = O(S—N—l) as s+ o (5.2)
N N ! )

but with the associated operator efN stable. In the language of the present paper this means
we want oS’N to satisfy the conditions of Th 3.1.
We illustrate the idea of [1] in the case N = 1. In order for our idea to work it is

essential that the constant ( in (4.14) be positive. The calculations in [1] shows that

B = gy (1)’ (L).

Thus we must assume that the bar is such that the product pu is increasing. We set

a

. 1

#(s) =—8 - f———5 7 (5.3)
Thus o3’1(s) - ;§’1(s) = O(s_z) as s-o for any 6. We have

- Y & *

If we choose § > 0 so that,

o | |a1|1/2]- 654

0 > max [T,—aﬂf
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Then (*(O) and <"(O) will both be negative. Furthermore, for TJ >0

a
: : 1
Im dr, (177) = —ir/(a—5——jy) < —T](a—-—g).
! o+ é

Thus (5.4) alsoinsuresthat -sign T/ Im <7‘Mr}) >0 for 77#0.
The choice (5.4) thus guarantees that the operator df* associated with GIN satisfies

(Hj®) and (H,;) sothat Th 2.1 and 2.3 apply. We seethat the operator df* isgiven by

t
#11¢') = ~at(t) = Bet) - oy [ X (r)ar. (55)

It was observed in [1] that the boundary condition at x = L can belocalized. In thetransform

domain,
/<L)b(L.9) =-(as + 0 + S—O;J\r'-r)G(L,s) + fts)
or
(s+ "L)Uy(L,s) = [-(as + /3)(s + 6) + aju”s) + (s+ 8ils)
Thus

I<L)uy(L,t) +tf/<L)uy(L,t) = -auy(L,t) - {a6 + O)ny(L,t)

+ (ax + Au(L.t) + jKb) + Sx(b). (5.6)
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It is shown in [1] how to implement (5.6) in a Galerkin method procedure.

44
We note that although <*f* satisfies (H*) and (H;) wehave ~(0) :—/?—-3}- which

IS not, in general, .zero. Thus Th 2.3 and 2.4 do not apply. We give here an alternative

approximation. Define <%T by

His)=sd-a-—L Tl 60}. (5.7)
§ + 4 (s + 6)2

We have " (s)-"(s) = 0(s % as s-»0. Weasohave A(0) =0 and

a"s’i(O) = —a< 0. Weassert that if 6 is chosen sufficiently large we will have
—sign Tj <wx(in) >0 for 7iioO. (5.8)

We have

36 . (- 8@ -1)

62+ 1 & - i)+ 460

In %, (in) = 7{—a—

06 ,(1-60) 1 -(v/6Y*
&7 & |La- wohH?+ auep

The quantity in square brackets is bounded for all rj/S and our conclusion follows.
Relation (5.7) translates into a condition like (5.6) in the time domain. Both df and <" have

generalizations to larger values of N but we will not write these explicitly.

Let us summarize our conclusions. The method of [1] yields a sequence of approximate
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boundary conditions §y satisfying the estimate (5.3). These satisfy the hypotheses of Th 2.1
so that if they are used in P(¢,%) one has stability. They do not satisfy §N(O) =0 soone
does not have the dissipation result of Th 2.3. The idea used for X 1 can be extended to yield
a sequence also satisfying (5.3) but with % N(0) = 0 so that the hypotheses of Th 2.3 are
satisfied and one obtains the decay result. All of these in the time domain can be expand in
differential forms like (5.6) but with higher order time derivatives.

We can use our results to give some indications of the validity of the approximate
boundary conditions. Suppose uy and vy are solutions of P(y,%) with conditions N
and o respectively at x =L andlet u be the solution of P(p,¥) with the exact

condition § at x = L. Let UN =u—uy and VN = u— vy represent errors. Thus we will

have,

N N N N
pUtt=(pUx)x, U (x,0)=Ut(x,0)=0 0<x<L

Nt =0 wL)UN(L) = UL, + 9N (1) (5.9)

W) = B -7 P'(E,)

left = (uVl;g)x 0<x<L VN(x,O) = VI;I(x,O) =0
VN =0 Nowvi(Le = vV T, ) + 18 () (5.10)
¥N(t) = (F— ) (0 (L))

The problems for UN and VN are both of the form P(0,%) but with different functionals at

x = L. We can accordingly use Th 2.1 for UN and Th 2.2,23 for vN,
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We will establish the following result in the appendix.
Lemma 5.1. For each integer N there is a constant MN such that for any
¢e C([0,), with ¢(0) = 0and ¢ € Ly(0,0),

131¢" -~ %N[cthNH 00y < Ml 0l (0,0) (5.11)

Suppose now that u is a solution of (4.7). Then it will be a solution of P(p,0) with §
defined by (4.9). We assume [|p,0)||, exists, then Th 2.1 yields
"ut(L")"L2(0,m) < MJ|(¢,0)]l- It follows from (5.9) — (5.10) that there is a constant Mg

such that,
) N < MR,
H (0,0)

We can now apply Th 2.2, with the device of differentiating with respect to t, to obtain the

result we want.
Th5.1. Suppose [|(,0)ll, exists. Then for any integer N there is a constant Ly such that,

+1l < LN"((p’O)HO'

—VN —VN
o "HN+2((0,m):L2(O,L) ’ "HN+1((O,m):H1(O,L))

(5.12)

Remark 5.1. We want to comment on (5.12). It is an error estimate but not of a usual type.
It does not say that the errors, u — vN, becomes small as N becomes large. What it does

say is that these errors become small as t becomes large. Equation (5.12) implies that



\
-1 (u(-)-VM Ol 1 np -0 for j=01, N+1 astra,
C

MU, -vN L) Hioyy-*0 for j = 0..N ast,.
(5.13)

51—_(u(x,t) -vN(x,t)) ¥ 0 foreach x, y = 0,..N as t>a>.
o

Thusincreasng N makes an increasng number of time derivatives go to zero.

The above result is not too striking since both u and v are going to zero anyway.
What makes it more striking is the result in Remark 2.3. Thusif <p(t) istendingto cp, SO
that u tends to a steady state the estimates (5.11) will still hold. Thisis the crucid role of

the condition 5(0) = 0. We cannot draw the same conclusions for the approximatives (#D{q.

Appendix Asymptotic Expansions
We congder the problemin section 3 which was,

los0 = (I0,), L<x<L

UlL,s =1, YL ,s)= ’ 0 SU(L,E)

where p(L) = po, fi{L) =X and we assume all derivativesof p are fj, arezeroat x =L. In

(A1)

[1] we derived an asymptotic expansion for large s. It has the form,

Ox,9 ~e" ®A hsf Uupgs~*, <60 = DI, O(L) =0,

(A.2)

The functions U™ are determined recursively by the formulas,
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2u¢' U + (') Ug=0 Ug(L)=1
(A3)

2u'Up g+ (86") Uy =WUy)s Uy y(I)=0 k20

Recall that the quantity we want is §(s) = ﬁx(L,s). From (A.2) and (A.3) one obtains

formally,

A , S 11, %kl _ A o —k
3(s) ~ p,(L){—sqS L)+ 3 Uj(L)s }_ os—f~ 3 a7t

(A.4)

We see that a= ¢/(L) = J p(L)(L). The other coefficients can be computed by using (A.3)

recursively to determine Ul’{(L). In particular

9=~ HU) = 5 8L = T (o (EuE) + oL (1)

In order to prove Lemma (4.4) we need first to show that (A.2) is a valid asymptotic

expansion. Put
- N —s4(x) N —*
U'(xs)=¢ Y Up(x)s
k=0
Then one verifies that

s%p0N — (W0), = ~(WUR)’s ™. (A.5)

N, - PoS _
We assert that for any N one has Uli(L,s) =— J;g- UN(L,s). The reason for this is that all
0



31

derivatives of any of the UN vanisha x = L. To seethis condder the equation for UQ in
(A.2). Snce 0*0')' = * x =L wehave UEL) = 0. Differenting that equation
repestedly we see that USB(C) = 0 for all | The equations (A.3) for k > O then show that
al derivatives vanish at x = L.

Wesat VN =U-U" and we have
82

N

psvV

VN(L,s) =0 v’i(i,s) =-' ;g- sVY(L,).

We need estimates for solutions of (A.6). These are easier if we first make a Louisville

— @), =N, N = ug)s™
(A.6)

transformation,

X
_ 28 g¢  vNxg) =—1 wNix)). A7
t fL ‘:--(e) ¢ (x,5) w)mw(()s) A7)

It is not difficult to see that this transforms (A.6) into

2 N N

N N
s°w —wy, +qtyw =F

L
WNOs =0, wW'(T,s) =-sw(T.s), T=1 [ &8 ge
X 'L | MO
(A8)

Congder the problem,



Z,-s°Z=h 0<t<T

Z(0)=0 Z'(L) =-sz(L).

One verifies that the solution is,

2(t) « J / TG(t,r,s) h(r)dr
u

_1 —s(t—7) + ée—-s( t47)

0<r <t
G(t,r,s)= . (A.9
_%e—s(t—'r) _ée—-s(T+'r) t<rT
Note that we have, for some M > 0O,
|G(t,r,s)| <M, |G(t,r,s)| <M]|s| forany s€ff.
(A.10)
Now (A.8) is equivalent to the integral equation,
T T
wa sy = b en it gorWNredr +\f G(tr : 9FN(D)dr.
a O N /\O
(A.11)

Remark A.l.  The equivalence of (A.8) and theintegral equation (A.Il) confirmsthe
statement in the proof of Lemma 4.1 that uniqueness implies existence.
In view of the bound (A.10) we see that (A.ll) can be solved by successive

approximatives for |s| sufficiently large. This showsthat thereisan so >0 and P >0
such that

32
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Wy, (o1 € ﬁuFN(-)an(o.T) for |s| 2 %2

(A.12)

We can obtain an estimate for WI:l by differentiating (A.11) and using (A.12). Thisyields,
WYy, 01< QUYL (0.2 (A.13)
t\ Lm(O,T)<- LOO(O,T)' '
If we trandlate (A.13) back to the original variables one obtains the result (4.15).

s - —.'Ylv—}.
Proof of Lemma 5.1. Since Jif-* differsfrom ~ by terms of order s as s»00 we have,

from (A.13),

|3’(S)'—<55'N(S)| <Q]|s|~N forlarge s.

We also have &(9 - <*n(s) = 0(s) for small s. Since the difference “# M-~ is bounded on

any compact set in fl we conclude that for some constant MJ,T',

|5(s) —H#, (5] ¢

AT NI for o sel (A13)
@+

It follows that for any (6 C*"O®), C(0) =0, £6 L0,00),

o .
I8¢ = (¢ g 0" [ 13lin) - Fylin) | %an

+o,
<My [ 120m) 1 ar = MylCly, (0,0)
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which is (5.9)

We also comment on the small s approximation. One proceeds in a way quite similar to
the above proof. Set up the formal seri_es and truncate to get an approximate solution fIN.
Then the error U — fIN will satisfy a problem which, after Louisville transformation, is

equivalent to an integral equation which can be solved by successive approximations for s

small.
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