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Abstract

An agent can invest in a high—yield bond and a low—yield bond, holding either long or
short positions in either asset. Any movement of money between these two assets incurs a
transaction cost proportional to the size of the transaction. The low—yield bond is liquid in the
sense that wealth invested in this bond can be consumed directly without a transaction cost;
wealth invested in the high—yield bond can be consumed only by first moving it into the
low—yield bond.

The problem of optimal consumption and investment on an infinite planning horizon is

solved for a class of utility functions larger than the class of power functions.




1. Introduction.

This paper studies the optimal consumption and investment behavior for a Sngle agent
who attempts to maximize his life—time discounted utility of consumption. The utility
function for consumption is not necessarily a power function. The assets available to the agent
are two bonds, whose interest rates are two different constants r and R with 0<r < R.
Thus, the p_rices of the low- and high-yield bonds, denoted by Py(t) and Pi(t), respectively,

evolve according to the differentia equations

dPo(t) = r Po(t)dt, (1.1)

dPl(t) =R Pl(t)dt. (1.2

In our modd, the agent's pasition consists of his holdings in both bonds, which he can
adjust. He must dso choose at each time t > 0 an instantaneous consumption rate Ct > 0.
This consumption reduces the wealth hdd in the low-yield bond, which is the "liquid™ asset.

The interesting feature here is the market friction. First, there are transaction costs,
which we assume to depend on the type of the transaction and to be proportiona to the size of
the transaction. Second, the agent is dlowed to hold a short position in one of the bonds, but
his position vector must remain in the solvency region defined in Section 2. The above frictions
are necessary for a viable modd. Without them, borrowing from the lon—yidd bond to invest
in the high—yidd bond would present an arbitrage opportunity.

We will study this problem by solving explicitly the associated Bellman equation, which

~ turns out to be a firg-order nonlinear free boundary problem. The free boundary divides the

solvency region into two parts. In one part, the agent should jump to the free boundary by
trading lor—yidd bond for hign—yidd bond. In the other part, the agent should not trade, but
should consume. In the latter part, the optimal position process follows a trajectory to the
boundary of the solvency region, and then moves dong this boundary. If the agent's utility for
consumption is a pawer function, i.e., of the foom U(c) = il)c" for some p G (0,1) the free




boundary is linear and is explicitly determined, as are the values of positions on and below the
free boundary (see equation (13.16)). In particular, the dependence on the model parameters of
these values is exhibited in a closed, albeit complicated, form. This permits a comparison of
the merits of different risk—free investment opportunities at interest rates above the rate r for
the liquid asset, a comparison which takes transaction costs into account.

By replacing our high—yield bond by a stock, whose price P, evolves according to the

Brownian—motion—driven equation

dP (t) = P(t)[Rdt + edwy), | (1.3)

we get a stochastic transaction cost problem. This problem was formulated by Magill &
Constantinides [8], who conjectured for power utility functions that the no—transaction region
was a cone in the two—dimensional space of position vectors. This fact was proved by
Constantinides [3] in a discrete—time setting, and also in continuous—time under a strong
restriction on the class of admissible consumption processes. Recently Davis & Norman [4]
provided a rigorous proof for the continuous—time model without Constantinides’ restriction.
A closely related transaction cost model was studied by Taksar, Klass & Assaf [13]; their
objective was to maximize expected long—run average growth of wealth. In all these models,
 the optimal cumulative purchases of the assets were found to be singularly continuous
processes, causing the position process to reflect at the boundaries of the no—transaction region.
Thus these problems belong to the class of singular stochastic control problems which have
received much attention recently (e.g., [1, 2, 5, 11]).
The problem studied in this paper arose from our attempt to permit non—power utility
functions in the stochastic transaction cost problem. The no—transaction region will no longer
be a cone, and the study of its boundary is difficult. The simpler model with two bonds offers

insight into the stochastic model, and can be used as an approximation to the stochastic model

with small volatility (e in (1.3)).
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A non—power stochastic model driven by a finite—state Markov chain rather than a ‘
Brownian motion has been investigated by Zariphopoulou [14]. She obtained regularity results
on the value function, and characterized this function as the solution to the Bellman equation.

This paper is organized as follows. The mathematical formulation of our problem is
given in Section 2. In Section 3 we present the Bellman equation of our model and state our
main theorem, which characterizes the value function as a concave solution to the Bellman
equation satisfying certain boundary conditions. Sections 4—9 é.re devoted to the explicit
construction of a solution V to the Bellman equation satisfying the given boundary conditions
In Section 10 we show that V is concave. Section 11 considers properties of the control laws
associated with V. In Section 12 we show that V is the value function, and thereby prove the
main theorem stated in Section 3. Section 13 develops the special case of power utility

functions. This is a completely deterministic paper, and it uses little more than multivariate

calculus.

2. Formulation of the Model.

To simplify nomenclature, we henceforth refer to the high—yield bond as the "stock" anc
to the low—yield bond as the bond. This is consistent with the origin of the model, as explainec
in Section 1. We shall also refer to position (state) and control "processes", even though these
are deterministic.

The agent chooses a consumption rate process Ci, which must be a nonnegative,
Borel-measurable function defined on [0,0). He also chooses nondecreasing, nonnegative,

right—continuous processes M; and N;. We adopt the convention

so M, (respectively, No) is the "size of the jump" in M (respectively, N) at time 0. The
number M, (respectively, N;) denotes the cumulative purchase (respectively, sale) of "stock" )




up to time t.
Let the constants ) € (0,0) and p € (0,1) represent the proportional transaction costs in
the following sense. In order to invest one dollar in the "stock", the agent must divest (1 + X)

dollars of bond; in order to invest (1 — ) dollars in the bond, the agent must divest one dollar

of "stock". We denote by X (respectively, Yy) the dollars invested in bond (respectively,
"stock") at time t, and refer to (X4,Y}) as the agent’s position at time t. The position

evolves according to

dX; = (I'Xt - Ct) dt — (1 + A) dM; + (1 - u)dNt, 0<t < w, (2.2)

dYi{=RY{dt + dM{—dN;, 0<t<a. (2.3)

Following Davis & Norman [4], we define the solvency region to be

SE{xy) | x+(1+2)y20, x+(1—p)y20} (2.4)

and we partition its boundary into

0 2 {(xy) | y>0,x+ (1-p)y =0}, 8o/ £ {(x,y) | y <0, x + (1+A)y = 0}. (2.5)

Roughly speaking, the solvency region is the set of positions for which the net wealth of the

agent is nonnegative. We assume that our agent is given an initial endowment (x,y) € ¢/, i.e.,
Xo-=x, Yo-=1y. (2.6)
If he chooses the consumption/investment policy (C,M,N), then his position will evolve

according to (2.2), (2.3), (2.6). The policy is admissible for (x,y) if (X:,Y:) € & for every
t >0, and we denote by £(x,y) the set of all such policies.

1




2.1 REIIAU. If (Xo.,Yo-) G #<> the only admissible palicy is to jump immediately to the origin

in and remain there. Thisis because X; + (1 + A)Y; must remain nonnegative, but

dXe+ 1+ A)Y) = r(X; + (1 + A)Ydt + (R-r)(I + A)Ydt

- Cdt - (A + p)dNy,

and all the terms appearing on the right—hand side are nonpositive if (X;,Y) 6 #<*. Indeed,
(R-r)(I + A)Y, is strictly negative unless Y, = 0.

Now we introduce the agent's utility function U : [00D) - [00D). We assumethat U is
strictly increasing, strictly concave, twice differentiate, and satisfies

u() =0, U'(0) 4 Iilm U'(c) = a, U'(») 41limU<¢) =0 (2.7)
CloO C»®@

The life—time discounted utility of consumption is

J((x,y); CM.N) 4.,f "~ U(Cydt, (2.8)

“ where /? is a positive discount factor. Thevalue function is

Vix,y)4" sup J((x)); CMN), V (xy)6e. (29
(C.M,N)ef(x,y)

In light of Remark 2.1, we must have V=0 on &.
A remarkable difference between this mode and the stochastic mode can be observed on

theboundary di<&*. In thestochastic case, if (Xo.,Y.) € d\<$f and the agent does not

I




intervene, the stock volatility will cause the position process to immediately exit ¢’. Thus, t
agent must sell stock and buy bond so as to bring (Xo,Yo) to (0,0). This is an absorbing stat
with value zero, and so the stochastic model value function is zero on all of 0y¢.

In the deterministic model, if (X,-Y,-) = (x,y) € 0y, the agent can choose M =0,
N=0 and

Ce=ye"'(R—1)(1—p), t20. (2.10)

The resulting position process is

Xe = —(1—p) yett, Y= yelt, (2.11)

which isin 8, for all t > 0. Therefore,

V' ((10)y, ¥) 2 W(y) & j‘;’e‘f’t Uyt (R-n)(1-p)ldt Yy 20  (212)

We shall eventually discover (see Remark 3.3) that equality holds in (2.12), i.e., (2.11)
describes the optimal trajectory for an initial condition on 8;¢’. In any case, (2.12) shows t
it is necessary to make Assumption I below. In fact, we make Assumptions I, II and III belc

throughout the paper.
AssuupTIOR I: W(y) <o V y20.

In order to analyze our model, we need a condition that the transaction costs are larg

enough. The particular form this condition takes is as follows.

AssumpTION II: W is twice differentiable and




w

it

(A +/2)U'[y(R-r)(I1 -11)] -W'(y) >0 Vy>0.

Finally, we need a condition on the rate of growth of U' at zero.

AssuMmpPTIOl HI: Thefunction g defined by

rp
g2 UFR-)1-wly* Vy>0 (213)
is strictly decreasing and satisfies
limg(y) =@ (2.14)
ylo
22REMIM. If U(c) = jcl-) for some p e (0,1) then Assumption I, Il and Il become
f-Rp >0 0-Rp > (R —Arl(:‘ ) and 0- Rp > -(R -r), respectively. Thus,

Assumption Il implies the other assumptions. We seein Remark 13.1 that Assumption Il is

necessary for power utility functions.

23REMAM. The concavity of U and (2.7) imply that y U'(y) < U(y) Vy > 0. Therefore,
Assumption | and the Dominated Convergence Theorem imply that W is finite and can be

computed by differentiation under the integral, i.e.,

W:(y) = (R-r)(l-/t)_r;e_(f"'_”)t U'[ye™(R-r)(I-/2)]dt

(2.15)
ft-Jt 0

=g R0y 1 a UlRa)(i-plda
y

R
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This implies that
2f
limy * U’[y(R—)(1-p)] = 0, (2.16)
o
since
_B
0= limr o B U'[o(R—1)(1-p))de
Yoo 7y
2y -—g
> lim j o B U/ [o(Rr)(1—p)|do
o Uy
¥
> limy (2y) ~ U’[2y(R-1)(1-4)].
Yo
Furthermore, integration by parts of the dt integral in (2.15) shows that
W'(y) = g5 [BW() — Uy(R=)(14)] Yy > 0. (2.17)

3. The Bellman Variational Inequality.
Because U’ is a strictly decreasing function mapping [0,0] onto [0,0] (see (2.7)), U’

has a strictly decreasing inverse I mapping [0,0] onto [0,0]. We define the convex Legendre

transform

- O(v) & n;(f) {ev = U(c)} = vI(v) — U(I(v)) Vv > 0. (3.1)
| o




In terms of U, we can write the Bellman variational inequality for the deterministic control

problem formulated in Section 2 as
min{fV —1xVy — RyVy + U(Vx), (1 + A\)Vx—Vy,
—(1-4)Vx + Vy} =0 on o\dye. (3.2)
One consequence of (3.2) is
PV —1xVy —RyVy + ¢ Vx—TU(c) 20 V c20. (3.3)

3.1 LEemma. Assume that V is a nonnegative, concave, continuously differentiable solution to

the variational inequality (3.2). Then V dominates the value function defined by (2.9), i.e.,

V(xy)2 Vixy) V (xy)€. (3.4)

ProoF: Fix (x,y) € ¢. For any (C,M,N) € £(x,y), let (X;,Y}) be the corresponding position

process and define

oL inf{t > 0 | (Xi,Ys) € 827}

Applying the chain rule rule for finite—variation functions (Rogers & Williams [9], p. 29), we

get

V(X:Y) - e_ﬂ(tA a)v(xt/\a’ YtAd)

tAho
_ Jo € P5[BV(Xs,Ys) — 1XsV(Xs,Ys) — RYsVi(Xs,Ys) + CsVx(Xs,Ys)lds

?
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] POV Y, = VoK Yol
(3.5)

tA
+ JO ’ e—ﬁs[_(l'!"u)VX(Xs"YS') + VY(Xs"YS')]dNS

+ 2 &PV (X, Yo)+ V(XL Y, ) + Va(XenYe) AXst Vy(Xo Y, )AY,
¢s<tha

From (3.2) we know that the second and third integrals are nonnegative. The sum is

‘nonnegative because of the concavity of V. Because of (3.3), the first integral dominates

tAo
J e—ﬂ 5 U(Cs)ds. Letting t go to infinity, recalling that V > 0, and observing from Rema
0

{1 1]
2.1that U(Cs) =0 V s o, we obtain V(x,y)zj e U(Cs)ds. Maximization of the
0

right—hand side over (C,M,N) € .§(x,y) results in (3.4). o

We next seek to understand how equality can occur in (3.4). For a model in which the
is a bond and a risky stock, one would expect there to be two free boundaries, which would
split the region o into three parts. On one part, denoted by NT, no transaction should

occur, and the nonlinear differential equation

BV —1x Vy —RyVy + U(Vx) =0 on NT (3.6)

would be satisfied. On another region, denoted by SB (Sell Bond), the agent holds too much
bond and should transfer some wealth into stock. Thus, his position should jump to the
boundary of NT, moving in the direction (—(1+A),1). We would have

(14X)Vx—Vy =0 V(xy)€SB. (3.7)




1

On thelast part, denoted by SS (Sell Stock), the agent should transfer wealth from stock to
bond, causing his position jump in the direction ((1—p)—1) to the boundary of NT. On this

region, we would have

—~{1-4)Vx+V, =0 V(x,y)eSB. (3.8)

However, in our model, the "stock” is riskless. It would make no senseto sell such a
"gock", sinceit has a higher interest rate than the bond. This leads us to conjecture for our

model that thereisnoregion SS and only one free boundary, defined by
x=h(y), yz20, (3.9)
for some continuoudly differentiable function h. The no—transaction region is defined as
NT ={(xy)e(® | y =20 x<h(y)}, (3.10)
and the sdl—bond region is defined by
SB={(xy) €< |y>0,x>h(y)} U{(x,y)e” | y<O0}. (3.12)
We will establish the above conjecture, and further show that
h(0) =0, h(y) > -(1-M)y, h'(y) > -(1+A) Vy > 0. (312)

These conditions guarantee that except for theinitial point (h(0),0), the graph of h liesin the
interior of df. Inthe Lemma 9.1 we use these conditions to show that for each (x,y) e SB,

thereis a unique point (h(¥),¥) on the graph of h which can be reached by moving from (x,y)

in the (—(1+A),1) direction. This point is determined by the equation




h(F) + (1+A)F = x + (1+A)y. (3.13)

The main theorem of this paper, whose proof proceeds throughout Sections 4 - 12, is the

following.

3.2 THEOREM. Under Assumptions |, Il and I1I, the value function V' isa nonnegative,

concave, continuoudy differentiable solution to the variational inequality (3.2) satisfying the

boundary conditions
VIHI-%)YY) = W(), ViHI-w)yy) = U (y(R-r)(I-X), y > 0, (314)
V*H1+A)y,y) =0, y<O. (3.15)

Furthermore, thereis a continuoudly differentiable function h : [0o>) »{0@>) such that (3.12),
(3.6) and (3.7) hold, where NT and SB are defined by (3.10) and (3.11). If (X*,., Y*,.) =

(x,y) e NT, the optimal control processes in feedback form are

M:=0, Nt =0, C=I(ViXHYd), t =0. (3.16)

If (XE.,Y;.) = (x,y) € SB, the optimal control processes in feedback form are

Mi=9-y, No =0, Ci = I(Va(XoYt)), t 20, (317)

where ¥ is determined by (3.13). (Recall that M;. = 0, s0 (3.17) mandates a jump in position
at time zero. Furthermore, V; =<» on ditf and (3.17) isto beinterpreted as Ct=o0 if
(X*,Y*) € 82¢”.)

3.3 REMAIK. The boundary condition (3.14) on V: is chosen so that (3.16) is consistent with
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(2.10), (2.11).
1€ *

3.4 REmarx. Because we construct V , the uniqueness of the solution to (3.2) subject to the
boundary conditions (3.14), (3.15) is not a major concern. It is to be expected that under
condition (3.15), either of the equalities in (3.14), and a growth condition, uniqueness can be

proved by the methods employed in Soner [10] and Soner and Shreve [12].

4. Linearization of the Bellman Equation

We first tackle the nonlinear equation (3.6) in NT by a linearization technique
t) introduced by Karatzas, Lehoczky, Sethi and Shreve [7]. We proceed formally in this section
) and make the arguments precise beginning in Section 5.

Suppose V is a strictly concave, smooth solution to (3.6) satisfying the boundary
condition (3.14). Then for each y > 0, V4(-,y) is a strictly decreasing function and so has a

strictly decreasing inverse &(-,y), defined on some subinterval of R. In other words,
Vx(‘z-(6)y)7Y) = 6) 'z(Vx(x)Y))y) =X (41)

forall y> 0 and all § and x in intervals to be specified later. Differentiation of (4.1) with

respect to § and y leads to the formulas

Ve F(63)3) = — (; = Vel () = - fl%% . (4.2)
\Y §\Y

n

Differentiating (3.6), we get
(ﬁ_r)Vx - IXVxx - Ry ny + I(Vx)Vxx - 0- (4.3)

Substituting (4.2) into (4.3), we obtain the linear equation
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(B1)6 &5+ RyFy—1.8 +1(6) =0, (4.4)
whose general solution is
1 f
F(6y) =y 4oy " )+ U9, (45)

where @ is a C! function and 4 is a particular solution to (4.4). We specify ¢ by

L1(g) if B =1,

>

r (4.6)

1106) +%Jf(5)[U—I%Q];Bdc,ifﬁ¢r,

wo)

where

0 if f>r,
A=
o if f<r1.

4.1 Remarx. The integral in (4.6) is finite. If § > r, then the integrand is bounded at zero.

i

Suppose f < r. Equation (2.16) implies U’(c) < ¢ o for sufficiently large c, so

I —g B—
R IR e s

_B

<U'(c)c

for sufficiently large c. The last expression is integrable at infinity because of the finiteness of

W’ (see (2.15)). o




15

We use the boundary condition (3.14) to determine 6 in (4.5). Define

6"(y) £ U/ (y(R-1)(1-p)), Vy>O0, (4.7)
-4
gy 2wyt , vy>o (4.8)

Then Vy(—1-p)y,y) = JL(y), or equivalently,

F(6(y)y) =(1-w)y, Yy>o. (4.9)

Comparing this with (4.5), we obtain

R—T
-2 -y it =1,
Ke(y)) = Ber ro, c (4.10)
Ry 2 B 1R U B i 4erx
A N WA 1

By Assumption III and (2.16), g is a strictly decreasing function mapping (0,0) onto

(0,m), so it has a strictly decreasing inverse f: (0,0) o (0,0), i.e.,

f(gy) =y, gf(®))=a, Vy>0,a>0. (4.11)

B
Note that 6“(f(a)) = o{f(a)) . We may rewrite (4.10) as
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BT
“Rwa) b i B=r,
o) = R—T iﬁ
R ® 1 U’ (c))1- .

B (it * -1 [ acitper

f(a) (R1)(1-p) (412)
Direct computation shows that
_B,_—_I‘

(B-1)a 0’ (a) —16(a) = R(1—)(f(a)) ¥ Va>o0. (4.13)

5. Precise Definition and Properties of ..
The preceding section, particularly (4.5), (4.6) and (4.12), suggest the precise definition

of a function & as

1 L .
10 -7 )y [yl - H A=1

F(by) & I 1f Rx (5.1)
i -2 w1t

(-=0)/x r

N % J‘S;;)(l—li)f(ﬁy ) (E%Q);ﬁ dc if Bir,

defined forall y >0 and 0< 6¢ 6L(y). We use § for the first argument to remind us that
the derivative V; should appear in this position. Note that the definition of & is
independent of A.

Our intention is to use & to construct a function V satisfying (3.6). With 9 and ¢

defined by (4.6) and (4.12), the equations (4.4), (4.5) and (4.9) hold. Differentiation of (4.5),
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coupled with (4.13), yields

R i Rr
Ey(by)=—-(-py® M2t . (5.2)

If P=r, then differentiation of (5.1) yields

I
Foy) =11 - (53
y(R~1)(1—¢)
if 0+ r,then (4.4), (5.1) and (5.2) imply
F4(63) = gty It (63) - Ry (8y) —1(8)
(5.4)
(R AR T
= 1 U{e m
W-[l(G) (_g’_)) de.
5.1 LEMMA. For each y > 0, thefunction ~ (-,y) : (0,"(y)] * [-(I-/X)y,0D) satisfies
F(6"xy) =0, (55)

F6y) <0 ¥ 5¢e(0,6y)). (5.6)

PROOF: We first consider thecase /2=r. Since | is decreasing, we have 1(5) > I(6"(y)) =
y(R-r)(I-/i) for tf 6 (0,~(7)] and theinequality is strict if S< 6-(y). The result follows from
(5.3).

We next consider thecase /3$r. Let 6e (0,£(y)) be given, and note that
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y(R-1)(I-M) = I(EX(y)) < I(")- F<>™this follow the equivalences
- 1—f
ﬁ<f‘=5yl < 5(__1(15)___)" =g(_ﬂﬁ_
(R—r)(1—) (R-1)(1—s)
-8
iyt )> (5.7)
(R~1)(1—4)
-f

& (R-1)(1-p) {8y * ) > X(8).

Inequdity (5.6) follows from (5.4). If 6= "(y), except for /? < r theinequalitiesin (5.7)

become equalities, and (5.5) is obtained. 0

6. Inversgon of *£'(s)y).

For each y > 0, the strictly decreasing function ~(..y) has aninverse A(-,y). We will
eventualy identify A(x,y) with Vi(x,y), a least on part of the domain of the former. In light
of (4.9), (1—p)y is one endpoint of the domain of A(-,y), andisitsdf in the domain. The

other endpoint is ~*(0,y) A lim <#(£)y), which is not a member of the domain. Thus, the
6[0
domainof A is

34{Gy) |y>0, -(H")y <x<jr(0y)], (6.1)

which is a subset of G/, and

A(‘g(&’y)ly): 6’ jr(A(X,y),y): XV y > O’ 0< S< A(y)1 '(1'M)y <X< 301) (62)
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In particular,

A(H1-p)yy) = 6'(y) V¥ y>o. (6.3)

7. Construction of V on 3.

In this section we construct a function V on & £ @ u {0,0)}, a set which will turn out

to contain NT.

Restricted to NT, V will agree with the value function V", We define V(0,0) =0 and

Vixy) & W(y) + J:l_ﬂ)yam)de Y (xy) € 2. (7.1)

Because A is not bounded near (0,0), it is not immediately clear that V is continuous at

(0,0); however, we establish this continuity in the summary at the end of the next section.

7.1 Lemma. We have for all (x,y) € 9,

Vx(x,y) = A(xy) (7.2)

= =
< R R _,
Vy(xy) = 1)y j:(A N (O (73)

Proor: Differentiation of (7.1) yields (7.2). To obtain (7.3), we make the substitution

¢ = F(6,y) in (7.1) and integrate by parts to obtain
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. A(x,y)
X,y) = 0. ,y)dd
V) =W+ [, asiona
L A(x,y)
= W)+ x8ur) + (oayS) = [ g (e
Therefore,
. A(x,
Vi(xy) = W (y) + (1-p)6"(y) —I 6l(‘(y})’)$Y( 6,y)dsé. (7.4)

Denote the right—hand side of (7.3) by H(x,y). After integration by parts and an

application of (2.16), we see that

Y 1-f Bt
H(x,y) = (-p)y * Axy) f(AGxy)y * )] *
(7.5)
1 B _B
+ g @Dy g 0 U (o(R)(1-)do.
f(Axy)y *)
From (6.3), (4.11), (2.15) and (7.4), we have

H(~(1-#)y,y) = (1-4) 8o(y) + W’ (y) = Vy(~(1-1)y.y)- (7.6)

Differentiation of (7.5), taking (4.11), the definition of g, and (5.2) into account, results in

e,
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1 6 1
Hx(xy) = (1-0) y ¥ Ax(xy) H(Axy)y * )] ®
(7.7)
== "ZY(A(XJ)’Y) AI(X’Y)'
From (6.2) and (7.2) we have
—‘zY(A(x:Y):Y)AX(x)Y) = AY(X’Y) = ny(xf)’)' (78)
Equation (7.3) follows from (7.6) — (7.8). o

7.2 LEMMa. The function

R-T R-T

Ge) & (1) [ “ o * g/(0)do + (1) a(i(a)) ®
is positive for every a > 0.

ProoF: Integration by parts using (2.16) reveals that

R—T

g(o)do + off(e)) * ],

G

G(a) = (R-1)[- R j: -

()

which is positiveif < R. If > R, then
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I _B
R TR _ R R 11/ BRYZ I
I e R e
R ? "g
< B v o) [ o tes
L L
= g(f(a)) ({()) * = off(a)) T,
and again G(a) > 0. o

We would like to show that V is concave, but it is not clear that its domain
2 U {(0,0)} is convex. We content ourselves, therefore, with the following local convexity

result.
7.3 ProPoSITION. The Hessian matrix V2V is negative definite on 9.

ProoF: Recall that & is the range of the mapping &. Differentiation of (6.2) implies

AfS(E9)3) = - F(63)9)Fy(6) = 434 (79)

Differentiation of (7.2) yields

Vel $(63)3) = A (E0)) = 37y (7.10)
Va(B(63)3) = A5 (E)y) = - 458 (711)
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Differentiation of (7.3) yields

l—l‘

0-TL
y _ _(B-R
Vyy(x.y) = 1ﬂy—l(l—:u)}' Lm () =B b g(0)do

£ Q0 R
HAWT R ey * ) R [AKY) + N AL

Using (5.2) and (7.9), we may rewrite this as

_‘é 2
v (5(53?),3')—-(;[&}' " G(sy * 56 ‘5’y : (7.12)

Now \7XX <0 on 3> because of (7.10) and Lemma 5.1. Moreover

o

det V2V(Z(6,y).y) = — 1; y ¥ G(&y )vxx(tz(&:Y):Y) >0

because of Lemma 7.2. D

7.4 TMEOUEM. The function V Sol\/eﬁthe nonlinear equation (3.6) and satisfies the boundary

conditions (3.14).

PIOOF: The boundary condition follows immediately from the definition of V and from (7.2)

and (6.3). On 7~i”\{0,0)}, we have from (3.14), (7.4), (3.1) and (2.17) that (3.6) holds, to wit,

IV (xy) - 1XVx(xy) - Ry Vy(xy) + U(Vx(x,y))

= BW(y) + r(1-p)y & (y) -Ry[W' () + (1-)6"(y)]

s
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+ 8 (y)I(8 () - VA )
= OW(y) -y "'(y) - U((R-N(I-/x)) = 0.
Furthermore, V satifies (4.3) because 35 satisfies (4.4). If we now integrate (4.3) with
respect to X, starting at x = -(I-/i)y, we obtain (3.6). D

8. TheFree Boundary.

On the free boundary, we should have (1+A)Vx - Vy, = 0. The formulas in Lemma 7.1
suggest the introduction of the function

£ R
Fpy) & (LX) (y) + 1y 1My i)y O " g'(o)do, (8.1)

definedfor y >0, p> 0. Foreach y > 0, we sek p(y) 6 (0,1) such that

F/>(y)y) = 0. (8.2)

The free boundary h will then be characterized by the equation £3(y) & />()E-(y) = A(X.Y),
or equivaently,

h(y) 4 *("(y),y)Vy>0. (8.3)

81 LevMA. For each y > 0, H« y) is a strictly convex function satisfying

limF(p,y) = 0, lim F,(p,y) = —m, 8.4
pra (p.y) pi%l o(0,) (8.4)

F(1y) = (A+/i)5°(y)-W'(y)>0. (8.5)

i ) _ _ .




25
In particular, there exists a C! function p: (0,0) » (0,1) such that (8.2) holds for every y > 0.

ProoF: We have

i) i e S
Fy(oy) = (1+A)6"(y) = (1—w)y * [y 2 * o)y ®

which satisfies (8.4) and is strictly increasing in p. By (7.3), (7.4) and Assumption II,
F(Ly) = (1+A)8"(y) — Vy(~(1-)y.y)
= (A+u)"(y) =W’ (y) > 0.

These facts imply the existence of a function p(-) satisfying (8.2); smoothness follows from the

Implicit Function Theorem and the fact that

Fo(o(y)y) >0 V y>o0. (8.6)

8.2 CoroLLARY. For each y > 0, we have

F(p,y) >0 Vp> p(y), (8.7)
(A+u)p () —Floy) >0 Vpe (0,1]. (8.8)

ProoF: Because W’(y) > 0 (Remark 2.3), the concave function of p in (8.8) is nonnegative

at p =0 and positive at p = 1, hence positive on (0,1]. ]

The function Jk(y) A p(y)d"(y) is characterized by the equation
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i Lo
R
(142) & (y)+(1-p)y N r _ o g'(o)do=0Vy>0. (8.9)
()"
We shall see that 6°(y) is the derivative V;(h(y),y) along the free boundary.
8.3 LeMA. The function 6" : (0,0) + R is positive, strictly decreasing, and satisfies
r_—ﬁ
lim &(y) = », lim (&) y ¥ ) =0 (8.10)
ylo ylo
Furthermore, for every y > 0,
1+ X+ Fy(8(y).y) > 0, (8.11)
& &)
G PO _ (RN + (Ba(BGy) (5.12)

&(y)  Ry[l+ A+ Fy(8(y)¥)]

ProoF: From (8.6) and (5.2) we have

’

i r_—é L
0 < Fy(p(y),y) = (L 0)8y) — 1=y * WSy * N " &)

= &)L + A + F, (G,

which proves (8.11). The above inequality also implies

-4 ]
(o ) <@y vyso (8.13)
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Applying the function g to both sides of (8.13), we obtain

—p R

—

8(y) 2 (EDMT U R-0)-w)EY ] vy > o (8.14)

The limits (8.10) follows from (8.13) and (8.14).

Differentiation of (8.9), followed by substitution based on (8.9), results in the formula

0 = (LX) 8(y) - (g;—R)(HA)aR(y)

I-R - R-1

—a-0y* HECY N I A0 + GDHEO)

= £ 800 + 2 + S @ FEUE-Ra+Y) + (B05,F W,

which gives us (8.12).

It remains to show that & is strictly decreasing, which we accomplish by proving

S@NB-R)(1+A) + (B-1)F (8 (¥).¥)] <0 Vy >0, (8.15)

and then appealing to (8.11), (8.12). But with G as defined in Lemma 7.2, we may use (8.9)

to write the expression in (8.15) as
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62 -
R R _,
—(6-R)(1-p)y J: (* (y)y(r—ﬂ) /R)U g’(0)do

o] -f -f
—(B0)-wy * Eeyt wtEy T

i -8
=—(1-ny " GGyt ) <o

The free boundary is defined by (8.3). We extend h by setting

h(0) =0, h(y) = F(6(y)y) V y>0. (8.16)

8.4 LEMMA. The free boundary h satisfies

lim h(y) =0, (8.17)
ylo

i.e., h is continuous at y = 0. Furthermore,
h(y) > ((1-p)y, h'(y) > (1+1) V y>o0. (8.18)
ProoF: For (8.17), we consider only the more difficult case of §# 1. According to (5.1),
1 1r

b(y) = 1 1(8) - B -yt w1t

1(6%y))

.1 j(R—r)(l—u)f(ﬁ(Y)y(r_ﬂ)/ B U/(c)]# dc_
! [ 6))
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As y | O, the first two terms on the right—hand side approach zero because of (8.10). Because
of (5.7), the upper limit of theintegra dominates the lower oneif and only if (3 < r, inwhich

cae

I I
U/ (e)WFPB U I (INTP _
( P (y)) < ( £0y) ) 1 (8.19)

for dl c intheintegral of integration. Inthe reverse case /? > r, (8.19) holds because now
i 1(My))?"d jfif < 0- Sincetheintegrand is bounded by 1, and both limits of integration
approach zero as y does, the integral aso has limit zero. This concludes the proof of (8.17).
By construction, 6 (y) < &' (y), and the first inequality in (8.18) follows from (4.9) and
Lemma 5.1. For the second inequality, we use the strict decrease of Jf(-,y) and £° and

inequality (8.11) to write

b(y) = B39 & 60) + F(8 ) > S 3)y) > 14,

0
85 LeMMA. The function V satisfies
limV(h(y),y) = 0. (8.20)
ylo
PIOOF; Making the change of variables £ = &{6,y) in (7.1), we obtain
o 8(y)
V(h(y)y) = W(y) +J iy & Fo(E)d8 (821)
4]

It is dear from (2.12) that

_




limW(y) = 0, (8.22)

so we concentrate on theintegral in (8.21). Thisintegral is positive; we seek an upper bound

which approaches zero as y does.

Let us firg consder the case /? ==r. Recall (5.3) and use the change of variables

c = 1(6) to write

&y) 8(y) 4

L) Es< [ F T @) a8
R (Cat))
=c U'(c)d
’Jltf(y)) (e)e
<Lua@Em)).

Because of (8.10), 1im I(S\y)) = 0, and we have the desred result.
ylo

We next consider thecase /? <r and recall from (5.4) that

() 1 i (R A o T
iy 5= 2 [y P e

Wereverse the order of integration. Notethat 1(6) < c¢ if and only if U'(c) < 6, and

-

c < (R-)(I-()i(8y ® ) if and only if

|z *=§

oyt Sg(m = U’{c) [m]'l
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Therefore,

(R—I)(l-p)f(él(y)y(r ﬁ)/“) T\ ... C... - jC-0)i

8y) e
J 555( 6,y)dé —1: Jl(é'L(y]) -’U © (U—ggl)_—ﬂdﬁdc

Y
y (Rer) (1-4) Mgy "1

™ x |-(R-r)'(l—p)f(a“(y)y(f—ﬁ)/l)

_"BJO Tr'(c)dc

I_'_‘é

= % U[(R-)(--wf( 8 (y)y * )],

and this has limit zero as y | 0 because of (8.10).
The case /3> i can be treated smilarly. Using the equality

R (- = R)(1-w)iE()) = y (R-1)(1-Y),

one obtains
fﬁn(y) 16%y)  (U(c) U’ ()i
Ly OISE g ) v Ol (e

< UG,

and again (8.10) gives the desred result. o
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86 SIMMARY. By definition, h(y)%= S(*(y),y) < 5'(Qy), © 3 defined at the beginning of
Section 7 contains

NT 4 {(xy) e* | y>.0, x<h(y)}.

Thus V isdefined on NT. We have

Vx(h(y)y) = A(h(y)y) = A(F(8()>) = 6ly) V y>0.

In other words, V,(*y) takesthe value 6“(y) at x = -(1—/x)y and decreases to the value
&(y) at thefree boundary x = h(y). In particular,

W(y) s Vxy) < V(hy)y) V xe[-(-"y.hCy)], Vy > 0.

From (8.20), (8.22), we seethat VI  is continuous at (0,0), i.e.,

lim V(x,y) = 0. (8.23)
(X,y)'(0,0)
(x,y) e NT
Because lim 6\y) = w, we have
[im \7X X,y) = m. 8.24
(x.yH0.0) (xy) (8.24)
(x,y) e NT
On the boundary itsdf,
(I+AV(h(Y).y) - Vy(h(y),y) = F(p(y)) =0 Vy > 0. (8.25)
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9. Construction of the Value Function on ¢’.

We partition ¢ into the regions NT and SB of (3.10) and (3.11).

9.1 LEmua. For each (x,y) € SB, there exists a unique point (h(7),7) € NT satisfying (3.13).

Moreover, y > y.

ProoF: Because of Lemma 8.4, the function ¢(z) & h(z) + (1+A)z satisfies (0) = 0,

¢’(z) >0 Vz>0,and lim ¢(z) = ». Therefore, there is a unique § > 0 such that

Z-m

o) =x+ (14+A)y. Now, x > h(y), so ¢y) < ¢(¥), and thus y < ¥. 8]

For (x,y) € SB, we denote by (x(x,y), ¥(x,y)) the point on the free boundary constructed

in Lemma 9.1. The functions § and X =ho § are C! on SB\4,S, and

= _ 1 - _ 1+
Yx = ) Y}' - — )
h'(F) + 1+ h'(5) + 14X

Xx = h/(¥)¥x, Xy = b/ (§)7y- (9.1)
Define V on & to be

V(x,y) if (x,y)eNT,
V(X:Y) é . (92)
V(x(x,y),5(x,y)) if (x,y)€ SB.

We will ultimately show that V is the value function.

9.2 LEMMA. The function V is continuous on ¢/, C! on o’\8¢”, and for every

(X:Y) € SB’\62QY )
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Vx(x)y) = vx(i(x:y)’ }—V(X,Y)), VY(X7Y) = Vy(i(X»Y)Q_’(X,Y)), (93)
(14+3) Vx(x,y) = Vy(xy) = 0. (9.4)
If (x,y) € 02, then

lim V(&) = o. (9.5)
Etx 0

(&m) € o

ProoF: Formulas (9.3) and (9.4) follow immediately from (8.25) and (9.1). From (8.24) and
(9.3), we have (9.5). o

9.3 TheoREM. The function V is a nonnegative, continuously differentiable solution to the

variational inequality (3.2) satisfying the boundary conditions (3.14) and (3.15).

ProOF: Because % satisfies (4.4), V satisfies (4.3) on NT\{(0,0)}. On 08,¢/\{(0,0)}, we
have from (7.1), (7.2), (6.3), (7.4), (3.1) and (2.17) that

BV(x,y) — mxVx(x,y) — RyVy(x,y) + T(Vx(x,y))

= AW(y) + ty(1—)6"(y) — Ry[W' (y) + (1-)8"(y)]

+ 84(y) 1I(6"(y)) — V(5" ()))

= fW(y) — RyW’(y) — U(y(R—)(1—)) = 0.

If we now integrate (4.3) with respect to x, we discover that

BV — 1xVz — RyVy + U(Vx) = 0 on NT\{(0,0)}. (9.6)

N
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It remains to show that

— (1) Vx4 Vy>0  on &\&e, (9.7)
(14A) Vxy—=Vy;>0 on 8y Uint(NT), (9.8)
BV —1xVx — RyVy — U(Vx) > 0 on SB\dye’. (9.9)

From Lemma 7.1 and (8.2) we have that for every (x,y) € 8,¢#U int(NT),

Va(xy) = A(xy), Vylxy) = (1+3) Alxy) - F(éif;? y).
Therefore,

—(1-4)Va(x,y) + Vy(xy) = A+ A(xy) - F(;(Ga‘)ﬂ (9.10)

(14+A)Vx(x,y) = Vy(x,y) = F(JT?
y

and both these expressions are positive in 8;¢/ U int(NT) because of Corollary 8.2 and the fact

that

p(7)8(y) = &(y) < Alx,y) € 8(y) ¥V x € [{1-p)y, h(y))

(see Summary 8.6). Indeed, (9.10) is also positive when x = h(y), y > 0, and this positivity
extends to all of o\ 8. because of (9.3).
To prove (9.9), we use Lemma 9.2 and (9.6). For (x,y) € SB\8,S, let x = x(x,y),

¥ = ¥(x,y), and write
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BV(xy) — ixVx(x,y) = RyVy(x,y) — U(Vx(x,y))
= AV(%,5) — 1XVx(%,7) — RFVy(%.7) — U(Vx(X,7))
+ 1(x—=x)Vx(%,3) + R(7-¥)Vy(X.7)
= r(h(y) — x)Vx(%,3) + R(F-y)(1+2)Vx(%3)
> r[h(¥) + (1+2)§F —x — (1+2)y] Vx(%,57) = 0. ]

10. Concavity of V on /.

A function & defined on a domain ¥ C R" is said to be locally concave at a point
x € € if there exists € > 0 such that the open ball B (x) A {y €R* | |y—x| <€} is a subset

of ¥ and ® is concave on B(x). If ¢ is an open subinterval of R and & is locally
concave on %, the the right— and left—derivatives of & exist on #, are nonincreasing, and are
right— and left—continuous, respectively (see, e.g., Karatzas & Shreve [6], Problem 6.19, p. 212
and Solution 6.19, p. 234). This implies, in turn, that & is concave on ¥ (see, e.g. ibid,
Problem and Solution 6.20). By applying this one—dimensional result along lines in R, we

obtain the following lemma.

10.1 LEmMA. Let @ be defined on an open domain ¥ C R™. If & islocally concave at every

point in ¥, and ¥ is a convex set, then @ is a concave function.

10.2 Lemma. Let & bea C! function defined on a convex, open domain ¥ C R®. The function

¢ is concave if and only if

B(y) —2(x) <V(x) - (y—x) V x,ye¥. (10.1)
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PEOOF: We show that (10.1) implies concavity. Let X,y €~ begiven. Then (10.1) implies

%‘I*(J_r) + %(I'(z) —'P(%:_H %}:)
=\[(?) - *(EX + BY] +3) - O x +\y)]

<3VBGx+3y) - K-GxrgP +y-Gx+3y)
= 0. a

10.3 THEOEEM. The function V defined by (9.2) is concave on &.

PEOOF: Since V iscontinuouson <2f> it suffices to prove concavity on int(G"). For this, we
prove local concavity and then appeal to Lemma 10.1. From Proposition 7.3, we already have
local concavity of V on int(NT), and it remains to prove local concavity on 5H\5,<”,

Let (Xoyo) € SF\c2<" be given and define X = X(Xo,y0), Y0 = y(x0jo)- Then
(xo,yo) £ NT, and we can choose e > 0 such that Beo(io,yo) C 3. Now choose e >0 such

that Be(Xo,y0) N NT ¢ Bg (Xo,Yo) and (X(x,y), Y(X,y)) € Be (Xo,Yo) V (X,y) G Be(X0,Y0) N SB.
(0] (0]

We shall prove that V is concave on Bg(Xo,y0) by checking the condition of Lemma 10.2.
Let (Xiji), (Xpy2) bein Be(Xo,y0). For i = 12, if (xi,yi) G SB, define xi = x(xi,yi),

yi = y(xi,yi); if (xi,yi) G NT, set xi =xi, yi =yi. Note from (3.13) that in either case
—(xi — %1) = (142)(ys — #1)- (10.2)

From (8.25) we condude that

(xi - X0) V(Ro¥i) + (yi - Y1) V,(Xi5i) = 0. (10.3)




Using the convexity of V on Beo(io,yo) and (9.3), we have

V(Xay2) - V(Xpyi) = V(%2Y2) - V(Xayi)

IN

Xz - X)) Vi(kisy) + V2 - 1) Vy{Z031)

(X2 - Xi) V(Zy Vi) + (V2 -¥1) Vy(ReF1) + [(R—xa) Va(%1.§1)
+ (Fzy2) Vy(Ri,yi)] - [(Xr-xi) V(Xi,§i) + (Fr¥1) Va(R0,31)]

= (xz -xp) Vx(Xi,y!) + (Y2 - Y™ Vy(xiyi).

o
11. The Optimal Trajectories
We show in this section that if we start the position processes at (Xo.,Yo.) =
(x,y) e NT, use the feedback consumption process
Ct 4 I(VX(XUYI))a (111)

and do not trade (M = 0, N = 0), then the position process staysin NT, moving in finite time
to the boundary did*. We have already observed (see Remark 3.3) that once the position
process arrives at  d\<”, it stays on this boundary.

Let (Xo-,Yo.) = (X,y) 6 NT, and define X and Y by the formulas
Rt t
Yidye" , Xidx+ JO[rXs - 1(Vx(Xs Yg))]ds. (11.2)

We also define the derivative process

32 Vx(X,Y)). (11.3)




Aslong as (X;,Yy) remainsin NT, we have X; = c5"(",Yy) and
dX; = #{6,Yt) &5 + JZ[6tY) R Y, dt. (11.4)
Comparison of (11.2) with (11.4) shows that
F5(8, Y1) déy = [r (4, Y1) - 1{6) - I7T( £yYT)RY ]dt. (11.5)
Invoking (4.4), we obtain the fird&—order linear differential equation
Fe(6,Y1)d6 = (f-1) & Fe(6,Y1)dt. (11.6)
Define
T=inf{t >0 | X;=-(I-/i)Yt or X;=h(Y,)}. (11.7)
Because of (5.6), we can cancel cE'¢(£,Yt) from (11.6) and thereby obtain
S = 6ae(P~)", 0<tx<r, (11.8)

where So = V,(X,y).
If r isfiniteand X, = h(Y,), then

§, = Vx(h(Y,)Y,) = 8(Y,).

On the other hand, if r isfiniteand X, =-(I-")Y,, then

§ = Vo(~(1-u)Y,,Y,) = &(Y,).
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Finally, (X;,Y:) e NT if and only if ~(Y) < «t < *“(Y,). In particular, 0 < 6ly) <6, < b'L(Y)-
11.11LemmA. Wehave r <& and (X,,Y,,) e d\df, i.e,,

& > «*(Y1), O<t<r, (11.9)

& = 8°(Y,). (11.10)
PIOOF: Let Z;=fc-""(Yy. From (8.12), (8.11) we have

&y g (BRIOEX) + (F1)E, (YY) gy
ORI +A + Sy ((Ye),Yy) (¥

= (f-1)2 + —(R=HQ+A| F(Yy)
1 + A + §{S\VYy),Yy)

> (I51)Z.

Therefore, EQJ (e"w(j’“tzt) > 0 and (11.9) followsfrom theinitial condition So > 5R(Y)-

To show that (11.10) holds for some finite r, we write

5~ 6(Yy) = 8 L Uy e (Ror)(1-%)

=B (&) Uy e'R)H).

This quantity is nonpositiveat t = 0 but becomes positiveas t -» OD because of (2.16).

11.2 REMAU. For t > r, formula (11.8) cannot be derived from (11.6) because "g(&1,Y1) =0

Ii _. I




41

(see (5.5)). Indeed the boundary condition (3.14) shows that

b = U’ (y Y R-1)(1p)), t>

12. Proof of Theorem 3.2.

We show in this section that the function V defined by (9.2) is the value function V'
of (2.9). We already know from Lemma 3.1 and Theorems 9.3, 10.3 that V > V". Because of
Remark 2.1, V' 20 on 8y, and this agrees with the definition V(x,y) = V(0,0) = 0
V (x,y) € 8;¢/. It remains to show that

V(xy) < V(xy) V (xy) € #\0x. (12.1)

We first consider the case (x,y) € 6;¢ and show that when X;- = X, Y;_ =y and M*,

N*, C” are as in Theorem 3.2, then

lim e P v(X},Y}) = 0. (12.2)

t-o

Because V satisfies the boundary condition (3.14) (Theorem 9.3), C’, X" and Y" aregiven
by (2.10), (2.11), and

P vxLYD) = e W(yett)

= [ & At+8) yiyer(t+8) (Rr)(1u))as
Jo

= [7 ¢ Ulye!® (R—1)(1—4))ds.
71
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This expression has limit zero as t - o because of Assumption I. Now suppose (X;-,Y; JE .
Then (X’;,Y;) € NT, and the discussion in Section 11 shows that (X*,Y*) reaches ;¢ in finite
time. Therefore, (12.2) holds when M*, N*, C" are as in Theorem 3.2, regardless of the initial
position in .

Let (x,y) € #\0x be given, andlet X;.=x,Y;.=y and M, N’,C" beasin
Theorem 3.2. Then (X;,Yt) € NT for all t > 0 (even if (x,y) ¢ NT, because in this case, there
is an immediate jump to the free boundary). As in the proof of Lemma 3.1, we may use the

chain rule rule to write
V(xy) —e Pt V(X},Y1)

t * * * * * * * * *
- Jo P BV(XE,YE) — IXaVR(X5,Y3) — RY:V,(X5,Y3) + CoVae(X3,Y3)lds
t __ﬁs * * * * *
+ Jo P14 A ) V(XL Y0 — Vy(Xo, Yo JaM?

+ 3 DS V(X5 Y o)+ V(XL Yo )+ V(X Yo )AX + V(XS Y0 )AYE),
<s<t

t *
The first term on the right—hand side is equal to J e U(Cs)ds because V satisfies (3.6)
0

(see Theorem 9.3, especially (9.6) in its proof, and also (3.1)). The second term is zero because

after the initial time, M is constant, and if M jumps at the initial time, then
(14+A)Vx(X3-Y5-) — Vy(X5-Y) =0

(see Lemma 9.2). The third term is zero because if M jumps at the initial time, then
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V(X3,Y0) = V(X3-Y5),
V(X3 Y3 )AXS + V(X3 Y()AY]
= AMG[«{1+ M) Vx(X},Y5) + Vy(XEYE ) = 0.

Therefore,
_ﬂt * _ * t —'ﬂS *
V(xy) —e P v(xiY)) = J e Py (ch)ds,
0
and taking t - o, using (12.2), we we obtain

V(xy) = j‘; e y(Chds < V(x,y).

13. Power Utility Functions.
In this section we specialize the model to the case that the utility function for
P
consumption is of the form U(c) = % for some p € (0,1). Then U’(c) = cP! and

1
I(6) = F The function g defined by (2.13) becomes

| 21 + f-Bp

gy) = [(R)(—P'y %  , y>o0, (13.1)

and its inverse is

_ R
f(a) = [(R—1)"P(1—)!Pa] BT T FAP 5. (13.2)

A




44
As observed in Remark 2.2, Assumption II implies that

R—r ) (1-
p—Rp > el (13.3)

an assumption which is in force throughout this section.
A straight—forward but tedious evaluation of (5.1) results in the key formula, valid both
when f=r1 and f#r1,

1 1-k
#(63) = GR5) T - e (G- Rl 277 60, (134)

where

k2 - j_ 5 (13.5)
The function F of (8.1) becomes
1-k
F(p.y) = [(R-1)(1-u)y P o{ (14 )~ B EEER) 27T}, (136)

and this function takes the value zero when p is

=[1‘—' R—r + R ]E%
£ T .

p(y) >

(13.7)

In particular,

—1
& (v)= (BR3P, 8(3)= [(R-1) -y P I TR 1%‘7, (13.8)




and the free boundary is (see (8.3))

h(y) = ay, y=0, (13.9)
where
i 1
2l L (1g) bT ¥ _p), (13.10)

A (1+2)(8-R
b= &:;I}['Ff-—rgﬁqﬁj - (131

Just asin Davis & Norman [4], theregion NT isa cone.

13.1 REMALK. Assumption Il in the form (13.3) is a necessary condition for the free boundary

to bein theinterior of df. To seethis, define

142
'{7)A(1£#T(I)l3r+7)’ V>0,

-

o(v) & B [(1-%) o+ -, V v> 0,

=

s0 b = i</?-Rp) and a = y<b). Note that

B0 _ 1 o) = 1),

k
¢'(V)=!~EE[UI:E—1] >0, Vil>l,

0
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k _ (Rr){1-
because %= lgt-——r'-)l—_(b’:ﬁ% > (). Therefore,
R—r1) {1
(o) >—1-4) V1> +z
In particular, a > -(1-/*) because of (13.3). g
Just asin the proof of Lemma 7.1, one can change variablesin (7.1) to obtain the

formula

A
V(X,y) = W(y) + f (LX>) SINSW  V (xy) 6 NT. (1312
- (xy)

However, theinversion of ~(*,y) in (13.4), necessary to determine A(«,y), is not algebraically
possible, and it thus does not seem possible to obtain a dossd—form formulafor V in NT.

One can obtain such aformulafor V on the free boundary, because A(h(y),y) = 6*(y) (see

Summary 8.6). We have

Hxy)
' $I?Te(£,y)dE=CYP, y > 0, (13.13)

V(xyy) = W(y) + g
(x,y)

where

_ k
_ (R=n)P(1-p)P | (Box)P(1-p)P r]-p bTEE_,. l_tﬁbEFJr Y P:llz} (13.14)
o (—(%:ﬁ’)k)'p P ) | p = popn M

For (x,y) e SB, (X,y) constructed in Lemma 9.1 is given by the formulas (see (3.13))

o —em

| + fl+A
? Y = {—= 'R —av_ (13.15)

P :[
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Because V(x,y) = V(X,y), we obtain

V(xy)= ¢ AN v (xy) esB, (13.16)

where c isgiven by (13.14), and k, a, b aregiven by (13.5), (13.10), (13.11).

13.2 coicrusiol. Ifthe agent is given an initial position (x,y) e SB, he should sell the bond
and buy " gock" so as to immediately bring his position to (%,y) given by (13.15). He should do

no further trading. He should set S(6]) defined by (13.4) equal to x~ and solvefor S. Let
1
S satisfy S(60,y) = X© The agent's consumption should be C; s (S e(ﬁ_r)t}p_"f (see (11.1),

(11.3), (11.8)) until time r when his position reaches d\df, where X* = — (1 8Y .
Thereafter his consumption should be C; &v, e"V'~")(R--r)(I--/z) (see Remark 11.2).

If the utility function U(c) is not of the form 11)

c’, the above description of the optimal
policy is still correct, except the explicit formulas (13.15) and (13.4) must be replaced by their

more general versions (3.13) and (5.1), and, of course, e h(y).
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