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ABSTRACT This paper develops a thermomechanics of two-phase heat
conductors in which the interface between phases is fully faceted. The
theory is based on balance of forces, balance of energy, and growth of
entropy in conjunction with constitutive equations for the interface; and the
chief result is a free-boundary problem of Stefan type in which the classical
interface condition u* O s replaced by a condition relating the integral of u
over each facet to the normal velocity of that facet.

1. INTRODUCTION

The classical theory of solidification is based on a free-boundary
problem consisting of the bulk energy balance

cyu- = -divq, q = -K,Vu (1.0

in each phase [} = ocp, balance of energy

{V=1I[q].m (1.2)
across the interface & = «&(t), and the Stefan condition

u=0 (1.3)

on /8, supplemented by suitable initial and boundary conditions. Here



u « (e- er)ler (14

with © the temperature and ©f, a material constant, the transition
temperature; [g] is the jump in the heat flux q across Z\ $. is the
latent heat; cy and K” are the specific heat and conductivity tensor
(multiplied by ©y); m is the orientation (the unit normal to & directed
outward from oc); V is the normal speed' of Z.

In the presence of interfacial energy and transformation kinetics the
Stefan condition (1.3) is replaced by a condition®

{u = {f(M)I + D¥(m) }L - b(m)V, (1.5)

where L isthe curvature tensor of Z, f(m) is the interfacial free energy
and b(m) the kinetic modulus at ©;, and D?%*(m) is the second
derivative of f(m) on the unit sphere.

Many materials are characterized by interfacial energies, termed
crystalline, for which f(m) has cusps a orientations mc3Tl, with tll a
finite set representing the low-energy orientations of the interface.®
Since D*(m) is "infinite' a& mdTfl, it seems reasonable to expect, as a
formal consequence of (1.5), that the interface is flaa (L = 0) for
orientations me3ll, a conclusion reached by Herring,* who proposed the
interface condition

{ Ju(x,t)dA(X) = Z Xeclre(t) - Ar(t)b(Me)V (1) (16
F G '

on each facet F = F(t), where mg, Vg(t), and Agt) are the orientation,
normal speed, and area of F;, the sum is over dl facets G adjacent to F;
Ls(t) is the length of the edge FNG; and

lwe use the term speed even though we do not restrict V to be positive

2Cf. Gurtin [1988,1993a] for references to the extensive literature on free-boundary
conditions of this type and for a derivation of (1.5 within the framework of
continuum thermodynamics.

UH is the exact set of orientations that appear on the Wulff shape (the unique
crystal shape that minimizes total interfacial energy at fixed volume).

~[1951], eqt. 15, for V « 0. An equivalent version of (1.6), for the interface a
polygonal curve in the plane, was proposed somewhat later, but independently, by
Ben Amar and Pomeau [1988] and Gurtin and Matias [1990].



X = {(Me-me)f(me) - f(mg)}/{1 - (Me-mg)?}i. 1.7)

Here it is tacit that the orientations of Z are confined to 34, sothat Z> is
fully faceted. Interestingly, in contrast to the classica Stefan condition
u=0, (1.6) represents a condition on the integral of u over each facet F,
and is hence nonlocal.

It is the purpose of this paper to develop a thermomechanics of two-
phase heat conductors in which the interface between phases is fully
faceted, with orientations m confined to a finite set 3L Following Gurtin
[1988], we base the theory on balance of forces, balance of energy, and
growth of entropy in conjunction with constitutive equations for the
interface giving the free energy f, the entropy s, and the normal
interaction TT (the normal force exerted by the bulk material on the
interface) interms of ©, me311, and V. Usng the Coleman-Noll procedure
[1963]° to restrict these constitutive equations, we find that: (i) the free
energy and entropy are independent of V and related in the classica
manner; (i) the normal interaction has the form

TT=[+ - bem,V)V (1.8)

yith ~ the bulk free energy and b'(©,m,V) >0 akinetic modulus.

The free-boundary conditions resulting from these general constitutive
equations and balance laws are complicated, and for that reason we
consider a smplified theory in which the interface conditions are linearized
in the variables u and V; the resulting system, which we refer to as the
quasi-linear system, consists of the bulk equations (1.1) supplemented by
the interface conditions (1.2) and (1.6).

The quasi-linear system is an approximation of the genera theory
and cannot be expected to obey the genera laws of energy balance and
entropy growth. We modify the quasi-linear system by adding "higher-
order" terms which give the theory an approximate thermodynamic
structure; when c=Cp — a condition trivially satisfied in the quasi-static
theory obtained by setting c;=c" =0 — the modified system reduces to the
quasi-linear system.

°As generalized by Gurtin [1988] to two-phase materials.



Globa grov/th conditions are established for the modified system in a
bounded domain under various boundary conditions. In particular, for
guasi-static situations with the boundary insulated and digoint from the
interface, the total interfacial free energy (at the transition temperature)
decreases, while the volume of each phase remains constant.

We next consider situations in which the conductivities of the
individual phases are small and the boundary is held at the constant
temperature U, and give a plausibility argument leading to the evolution
equation®

b(Me)Ve(t) = AF(t)"lg Xeelre®) - D ‘ (1.9

for the interface, with D a constant that depends only on U.

We introduce a notion of admissibility for the interface which requires
that: (i) orientations of adjacent facets be adjacent orientations for the
WUIff shape; (ii)) the complete set of orientations of facets meeting in a
corner must be a complete set adso for the WUIff shape. Granted
admissibility, we establish a smple formula for the X's of (1.7) in terms of
the gradient of the interfacial energy, extended in a convex manner from
m todl & IR

®Proposed by Taylor 11988], Angenent and Gurtin [1989], and Giga, Gurtin, and
Matias [1993].



2. CRYSTALLINE BODIES KINEMATICS
a CRYSTALLINE BODIES

We consider a body consisting of two phases, a and p, separated, at
each time t, by a fully faceted interface Z(t), and write Q4(t) and
Qp(t) for the subregions of the body occupied by oc and p. We assume that
the body occupies all of IR} and that Q,(t) and Qp(t) are closed
polygonal regions with IR as their union and Z(t) as their intersection.
Then £(t) is the union of a finite number of closed flat sides F(t), its
facets; adjacent facets F({t) and G(t) intersect along line segments
F(t)nG(t), its edges, and edges intersect in corners. We orient &(t) by a
choice of unit normal fild m(x,t), the orientation of /8(t), chosen so
that

m(x,t) coincides with the outward unit normal to dQg(t). (2.1

We assume that each facet F(t) has orientation mg independent of t,
and that the position vector of each corner varies smoothly in time. (A
tacit assumption is that facets are neither created nor destroyed.) We
denote by V(x,t) the normal speed of >8t) in the direction m(x,t);
since the facet normals are constant, each facet F(t) has normal speed
Ve(t) a function only of t.

b. BULK AND INTERFACIAL HELDS

Our theory is characterized by: (1) bulk fields defined in Qg(t) and
Qp(t) for al t and alowed to suffer jump discontinuities across the
interface away from its edges; and (2) interfacial fields defined on Z{t)
for all t, and alowed to suffer jump discontinuities across edges. No
restrictions are placed on the (possibly quite singular) behavior of bulk fields
at edges. For 8 a bulk fidd, we write $, and $,, respectively, for the
limits of <£ as the interface is approached from the a and p regions, and
{&] for the jump in 8 across the interface:

(8]l =i, - 8.. (2.2)



Similarly, given an interfacial field cp and a facet F, we write < for the
limit of cp as OF is approached from F:

<pe(X,t) = lim cp(y,t). (2.3)

ycF(t)

We use the term tensor for linear transfornnation of vectors
(elements of DR) into vectors: 1 is the identity tensor, C' is the
transpose of atensor C, and a®b is the tensor product of vectors a and
b. Further, we write '

P=1-m®m; 249

P(x,t) is the projection onto the tangent plane for Z(t) at Xx.

Given an interfacial scalar fidd @, we denote by qFf the normal
time-derivative’ of <p (the derivative following the normal
trajectories of /8(t)).

¢. CONTROL VOLUMES. VELOCITIES
Let R be a control volume; that is, a bounded region RcK?® with
piecewise smooth boundary. We will consistently write

n(t) = RNB(), R4t) = RfiQLt), Ryt =.RNQp(t) (25)

for the intersection of R with the interface and v/ith the oc and p phases.
Then n.(t), when of nonzero area, has a piecewise smooth boundary curve
o) with wel defined outward unit normal i\(x,t) tangential to >8(t).
We will refer to R as afacet control-volume a t, if n(t) is contained
in a single facet for dl t near to; we will refer to R as an edge control
volume a ty if, for adl t near to, n,(t) intersects exactly one edge and
No corners.

Given a loca parametrization x=r(u,t) for dn.(t), w(x,t)=dr(u,t)/3t
satisfies w*m=V, w-f, = W», where W?#, the tangential speed8 of

'Cf. Gurtin and Struthers [1990].
8w, is actually the normal speed of the curve d* in the tangent plane of 272\ we




dn,(t); is independent of the choice of parametrization. The motion of dn,(t)
may be characterized intrinsically by the velocity fidd

Wa=Vm+W~"., (2.6)
In terms of this notation, Wg represents the tangential speed and wg the

intrinsic velocity for the boundary curve of a facet F, for F and G
adjacent facets,

WE = Wg 27
on FnG.
The following transport identities will be useful: for <E a bulk scalar
fied,
{J8}e = -J[i]V + J$- + J5-; (2.9)
R * R Ry

a

for cp an interfacial scalar fiddd and R a facet control volume,

{(Je} = Je° + [oW,. (2.9)
n n on

use the term tangential to emphasize this latter property and to differentiate W,
from the normal spead V of Z.



3. BASC HELDS
The thermodynamics of the body is described by:

bulk fields
e(x,t) bulk internal energy (volume),
T}(X,t) bulk entropy (volume),
©(x,t) absolute temperature,
q(x,t) heat flux (area),

interfacial fidds

e(x,t) interfacial internal energy (area),
S(X,t) interfacial entropy (area),

C(x,b) capillary stress (length),

rr(x,t) interaction force (area),

h(x,t) apparent heating (length),

with "(volume)" shorthand for "per unit volume", and so forth. Here e, T]
and © are bulk scalar fiddds, q is a bulk vector fidd;, e, s, and h are
interfacial scalar fields, C is an interfacial tensor fidd;, TT is an interfacial
vector fidd.

We assume that the

temperature © is continuous across the interface; (D)

generally, v/e will not specify regularity hypotheses other than to note that
the remaining bulk fields are allowed to suffer jump discontinuities across
the interface away from the edges and to exhibit singular behavior at the
edges, and the interfacial fiedds are alowed to suffer jump discontinuities
across the edges.

It is convenient to define the bulk and interfacial free energies
through

\\> =e-om, f=e-GCs B2



4. BALANCE OF FORCES
We assume that the force balance®

JCv + =0 (4.1)
on n

is satisfied for all control volumes R that intersect the interface, where
n(t)=RNA(t) and v=4,. The first integral gives the force on a(t) exerted
across on(t) by the portion of 2(t) exterior to a(t); the second integral
gives the force exerted on xa(t) by the portions of the bulk material
adjacent to the interface. Although Cv is defined on each vector v, itis
clear from (4.1) that its action on vectors normal to 3(t) is irrelevant, and

for that reason we add the restriction
Cm = 0. (4.2)

Let F and G be adjacent facets. Then the force balance (4.1),
applied to an edge control volume for FNG, yields, upon shrinking n to
FNG, the edge balance

CF‘UF = -CG‘UG (4.3)

on FNG, where we have used the notation (2.3), and where 4y and wg
are the outward unit normals to the boundary curves oF and oG.

Given any control volume R, the rate at which the capillary stress
does work on R is assumed given by10

JCv-w, (4.4)
on

with w, the intrinsic velocity field (2.6) for on. Further, if R is an edge
control volume for FNG, then, writing,

np(t) = n(t)NF(t), ng(t) = n(t)NG(1), (4.5)

9Gurtin [1988].
10Gurtin and Struthers [1990), Gurtin [1991).
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we may use (2.7) and (4.3) to conclude that

JCvw, = [Cvw, + [Cv-w,,. (4.6)
on ong ohg

‘We assume that the capillary stress C has the form
C=oP +m®c (4.7)
with o a scalar field and
c=C'm (4.8)

a tangential vector field; the action Cy4 of C on a tangential field ¥ then
consists of a component o4 tangent to 8 and a component (c-v)m
normal to &, so that o represents the surface tension and c¢ the
surface shear. Using (4.7), we can rewrite (4.4) as

JCvw, = [{oW, +Vecv)}. (4.9)
on oh

Remark. The specific form (4.7) for C follows from an argument of
Gurtin and Struthers [1990]. The intrinsic velocity field w, in (4.4) is
replaced by a wvelocity field w computed using an arbitrary local
parametrization x=r(u,t) for on(t). The requirement that (4.4) be
independent of the specific choice of parametrization then yields — by
virtue of (iii) of the Invariance Lemma of Gurtin and Struthers [1990] — the
representation (4.7).

By (4.7), the balance (4.3) is equivalent to the relation
CpVfp + (CF'VF)mF = ‘[O’G‘UG + (CG'vG)mG]' (4.10)
which may be solved (uniquely) for cpv¥r and cgvg; in particular,

CpVfp = [(mp°m5)cp - 05]/[1 - (mp'mG)z]% =2 AFG‘ (4.11)
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Consider next (4.1) applied to the facet F. If we take the inner product of
(4.1) with (the constant vector) mg, we find that

JApg = -, (4.12)
oF F

where
T =Tm (4.13)

is the normal interactive force.

Since ¢ is a tangential vector field, its surface divergence on each
facet may be formally identified with its ordinary divergence dive, and, in
view of (4.7), the same applies to the divergence C. Similarly, we may
formally identify the surface gradient of o with PVo. Thus

divC = PVo + mdive. (4.14)
The balance (4.1) therefore has the local form

divC+m =0 (4.15)
on each facet, or equivalently

dive + T = 0, PVo +Pmt =0 (4.16)
on each facet.

Remarks.

1. The intrinsic motion of the interface is normal; tangential motion is
irrelevant. For that reason, we will not specify the tangential component
Pt of m constitutively, but instead will consider Pm as determined by
(4.16),.

2. Given the interfacial fields o and m, let Af; be defined by
(4.11), and suppose that (4.12) is satisfied. Let ¢ be a tangential field
defined on each facet F as the solution of the boundary-value problem
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consisting of (4.11) and (4.16),. (Such a solution exists because of (4.12).)
Then, defining C by (4.7) and Pm by (4.16),, the force balance (4.1) is
satisfied. We may therefore restrict attention to (4.11) and (4.12) with
the assurance that the force balance (4.1) can always be satisfied.

3. By (4.7), C is characterized by the vector

ocm- ¢ (4.17)

(3

of Cahn and Hoffman [1972,1974] in the sense that

C=(-m)P - mQE. (4.18)
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5. THERMODYNAMICAL LAWS
a. BALANCE OF ENERGY. GROWTH OF ENTROPY
We consider the first two laws in the form:11

balance of energy

{Je+fe} = -[Jqn+ [(hW, + Cv-w,) (5.1)
R n oR o
growth of entropy
{(Jn+[Js} = -[(g/e)n+ [(h/0)W, (5.2)
R n oR o

for all control volumes R, where n is the outward unit normal to oR.
The terms hW, and (h/8)W, represent flows of heat and entropy into 2
across o induced by the tangential motion of oa. Our analysis will show
that these terms cannot vanish if the interface is endowed with entropy.

Restricting attention to control volumes that do not intersect the
interface leads to the standard bulk relations

g* = -divq, n* > -div(q/e), (5.3)
which combine to form the bulk dissipation inequality
g+ ne- - 9'1qvve < 0. (54)

On the other hand, if we let R be a facet control-volume at some
arbitrarily chosen time ty, with F(t) the underlying facet, then, by (2.8),
(2.9), (4.9), and (4.13), if we shrink R to the interface in (5.1) and (5.2), we
find that

J{ee+ (m-[eDV + [glm} = [(h+o-e)W,,
n on
(5.5)
J{s> -V + o7lql-m} > [(elh - s)W,.
n on

11cs Gurtin and Struthers [1990], Gurtin [1991].
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Given any sufficiently regular subset ay of F(tg), and any smooth scalar
field ¢ on ony, we can always find a control volume R such that
n(tp) =ny and W,(x,tp)=¢(x) on ony. Therefore

o =f, h = os, (5.6)

and we have the classical identification of surface tension with interfacial
free energy. By (5.1), dQ=hW,d& represents the rate of apparent heating
of an element of length d& on oa; thus writing dS=sW,d& for the rate
at which entropy is transferred across d& as it moves tangentially, then
the second of (5.6) is the classical relation dQ=edS.

Next, since A is arbitrary, (5.5) and (5.6) yield localizations

e*+ (m-[eDV = -[qlm, s°-[n]lV2 -67tqlm (5.7)

of the first two laws to the interface; these combine to form the interfacial
dissipation inequality

fe+se°+ (m-[ylVv < 0. (5.8)

The results (5.7) and (5.8) are valid on each facet, but not generally on edges
(across which the interfacial fields may suffer jump discontinuities).

We turn next to a discussion of the edges. Choose adjacent facets F(t)
and G(t), let R be an edge control volume for the edge F(t)NG(t), and let
3(t) denote the intersection of R with F(t)NG(t). The quantity

E(R) ={Je} + Jqgn (5.9)
R oR

represents the bulk energy production in R. If the bulk fields € and q
were well behaved at the edges, then E(R) would vanish as R shrinks to
q(t). We now show that, because of the presence of interfacial structure,
this will generally not be so.

By (5.1),
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E(R) = -{Je} + [(hW, + Cv.w,). (5.10)
n on

Since n(t) is contained in the union of F(t) and G(t), we may use (2.3),
(2.9), and (4.5) to conclude that

{JeY ={Je +Je)} = {[Jeo + Jeo}+ {JeW, +JeW,}  (5.11)
n

e g ne ng MNfp Mg

and, furthermore, the last term {...} may be written as

JeW, + [(egWg + eqWg). (5.12)
on %

Next, by (4.6) and (4.9),

J.CV'W,._ = IOW'L + I(OFWF + GGWG) +

on an 3
JVecrv,_+ [Vgerw, (5.13)
ong ong

and, by (4.16),, the final two terms reduce to

-[nV. (5.14)
n

Combining (5.10)-(5.14), and using (5.6), we find that

E(R) = - Jo(spWg + sgWg) - {Je® + Je°} - [nV. (5.15)
£ ng ng h

Therefore, letting R shrink to 4 with area(r)—0, we find that

E(R) = -Jo(spWp + s;Wg); (5.16)
%

thus at each edge there is a net production of bulk energy induced by the
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tangential speeds of the facet boundaries in the presence of interfacial
entropy. Note that, by (5.6), the integrand in (5.16) is (hfWg+ hgWg), SO
that the production of bulk energy at an edge is balanced by the apparent
heating of the two facets at the edge.

b. SECOND LAW IN TERMS OF A GIBBS FUNCTION™

We will be most interested in situations involving small departures
from a given constant temperature Or. The physical interpretation of O
is irrelevant to the discussion of this section; in later sections it will denote
the transition temperature. Dynamics with small temperature changes is
cumbersome using a formulation based on entropy; a more useful version of
the second law involves the Gibbs function

o =8-6) (5.17)
in conjunction with the fidd
u= (e- eple, (5.18)

and is derived by multiplying (5.2) by Ot and subtracting the resulting
inequality from (5.1); the result is

{J]Vv + J(e-ers)}- < -Jug-n + JtuhW,,* Ou-wJd. (519
R n, dR an. '

12¢f. Gurtin [1993b], §3.
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6. CONSTITUTIVE EQUATIONS.
a. BULK CONSTITUTIVE EQUATIONS.

We consider bulk constitutive equations for the entropy and free
energy of each phase p=o,p in the standard form

n = nue), ¢ = $u08), - (6.1)
with constitutive response functions 0, and §, related through

nu(8) = -d(e)/de. (6.2)
To these we adjoin a Fourier law for the heat flux:

q=-K,(8)Ve, (6.3)

with K(8), the conductivity tensor, positive definite. The relations (6.2)
and (6.3) ensure satisfaction of the bulk dissipation inequality (5.4).
In view of (3.2), (6.1) yield an analogous constitutive equation

e = €,(8) (6.4)
for the internal energy, whose derivative
cu(e) = dg, (8)/de (6.5)

is the bulk specific heat.

In classical theories of solidification there is a temperature &g, called
the transition temperature, at which the phase transition takes place. At
81 the free energies of the two phases coincide and §,(8)-{,(8) changes
sign, indicating a change in the relative stability of the two phases. Here we
suppose that a transition temperature exists, but we do not require that
the phase change take place at 97.

Precisely, we assume that there is a unique temperature &p, called
the transition temperature, at which:
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Vo (®7) = Jplop) = 0, (6.6)

where without loss in generality we have set to zero this common value of
the free energy. The difference

2 = gy(ep) - Eol0q) (6.7)
in internal energy between phases at the transition temperature is the

latent heat, which we assume to be nonzero. To discuss behavior near the
transition temperature we introduce the temperature difference

u=(9- 97/ (6.8)
then, for |ul small,

-u + O(u?),

2 + O(u),

(6.9)

™m> £
-m/'\
e
1
m>
R
—
e
n

Qf\
e
"

and, for § and U defined by (5.17) and (5.18),

u + 0(u?),

u

= grc (@p)u? + O(u®)  in phase W, (6.10)

Sl
[

® - ue + O(ud).

<
"

b. INTERFACIAL CONSTITUTIVE EQUATIONS
We now restrict attention to evolutions of the body for which

the orientation m of the interface
is confined to a finite set JNl. (6.11)

T is related to the lattice structure of the crystal and should be envisaged
as representing stable orientations of the interface. As constitutive
equations we allow the free energy f, the entropy s, and the normal
interactive force m to depend, not only on the temperature ©, but also on
the orientation and kinetics of the interface through dependences on mel
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and V:
f=fle,m\V), s = s(o,m,V), n = w(e,.m,V). (6.12)
We require that these constitutive relations be consistent with the
interfacial dissipation inequality (5.8). Then for F(t) a facet with
orientation me,
{i,(6,m,V) + s(6,m,V)}e° + f (6,mV)V* + {ft(6,m,V) - [§]}V = O,

(6.13)
with []=§,(0) - §,(8), and (6.13) holds for all such facets and for all time-
dependent temperature fields if and only if:

(i) f(e,m,V) and $(e,m,V) are independent of V, and

s(e,m) = -f (e,m); (6.14)
(i) there is a kinetic modulus b(e,m,V)20 such that

fi(e,m,V) = §,(8) - §(8) - ble,m,V)V. (6.15)

We assume, henceforth, that (6.14) and (6.15) are satisfied with

f(e,m) > 0, b(e. m,V) > 0. (6.16)
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7. THE GENERAL FREE-BOUNDARY PROBLEM
a. BULK EQUATIONS. INTERFACE CONDITIONS

The equations derived thus far combine to form a free boundary
problem for the temperature. The bulk equations consist of the energy
balance

g* = -divq (7.1)
supplemented by the constitutive equations
= $u(0), mn=-dy,e)/de, e=¢+eon q-=-K,(0)Vs (7.2)

in each phase u=«,8, which combine to give the partial differential

equation
c (8o = div{K, (e)Ve} (7.3)

in each phase.
The interface conditions consist of (6.11), the energy balance

[e]V = [qlm + e° + 1V (7.4)

on A, and the force balance relations (4.11) and (4.12) with o replaced by
f. These interface conditions are supplemented by the constitutive equations

f = f(e,m), s = —fefe,m), n = t(e,m,V), (7.5)
© = [¢] - ble,m,V)V.
Defining
Ar(®) = {(mpmg)f(e,mp) - f(6,.mg)} /{1 - (mp-mg)2)}1, (7.6)

we can rewrite (4.11) and (4.12) as

JIplx, 0 dAX) = -2 { [ apgle(x,t)) da(x)} + V(1) [ b(e(x,t),m[, V(1) dA(x),
F G  Frne F . (7.7)
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where the sum is over all facets G adjacent to F, and where dA and d&
are the elements of area and length. Since [¢] 1is a function of the
temperature, (7.7) may be viewed as a relation between the normal speed
Vi(t) of the facet F(t) and the temperature field over the entire facet.

There is also the restriction (5.16) on the strength of the singularity in
the bulk fields at the edges.

b. INITIAL CONDITIONS. BOUNDARY CONDITIONS

Appropriate initial conditions involve the prescription of

Q,(0) and ©(x,0) for all xeRS3. (7.8)

If, as assumed, the body (the region of space occupied by the two
phases) is all of R3, conditions at infinity are needed; these are standard if
the interface is finite. If the body Q=Q,(t)UQg(t) is a bounded region,
then boundary conditions are required. When the interface 2&(t) touches
the boundary, conditions expressing balance of capillary forces are needed at
the juncture of the interface and the boundary. Here we will restrict
attention to situations in which the interface does not touch the boundary.
Appropriate boundary conditions are then a prescription of

o(x,t) on a portion of 9Q and q(x,t)-n(x) on the
remainder, with n(x) the outward unit normal to 9Q, (7.9)

and the free-boundary problem consists of the bulk equations (7.3), the
free- boundary conditions (6.11), (7.4), (7.6), and (7.7), the singularity
restriction (5.16), the initial conditions (7.8), and the boundary conditions
(7.9). One might also add an admissibility condition of the type discussed in
Section 8c.
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8. BEHAVIOR NEAR THE TRANSITION TEMPERATURE
a. THE QUASI-LINEAR SYSTEM

We now linearize the bulk and interface equations in the variables u
and V, neglecting the term e° in the energy balance (7.4). We shall
simply omit nonlinear terms, a precise asymptotic development being
beyond the scope of the paper. However, because of the free-boundary, the
resulting system of equations will remain nonlinear.

It is convenient to write

f(m) = f(er,m), b(m) = b(e;,m,0), (8.1)

and to let Lgpg(t) and Ap(t), respectively, denote the length of the edge
F(t)NG(t) and the area of the facet F(t). Then, guided by (6.9), we replace
(7.4) and (7.7) by the interface conditions

VvV = [ql'm,
. (8.2)
? fulx,t)dA(x) = % Arg Lrg(t) = Ap(t) b(mg) Vi(t),
F

where the first of (8.2) is to hold on 8, the second is to hold for each facet
F, the sum is over all facets G adjacent to F, and Ap; are now the

constants
Apg = {(mpmg)f(mp) - fmg) /{1 - (mpmg)2)}. (8.3)
Note that, in contrast to the classical Stefan condition u=0, the second of
(8.2) represents a condition on the integral of u over each facet F.
Similarly, writing
cy for cy(eq) oy, K, for K (87)8q, (8.4)

we replace (7.3) by the bulk equations

cyu* = -divq, q=-K,Vu (8.5)
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We will use the term quasi-linear system to denote the bulk
equations (85) in each phase \i supplemented by the interface conditions
(6.11) and (8.2). The free-boundary problem associated with this system is
obtained by adjoining the initial and boundary conditions (7.8) and (7.9)
(with O replaced by u). (We view the singularity condition (5.16) as
inappropriate for this system. In the next section we show that for c;= ¢,
the energy balance (9.11) is satisfied; this balance, when taken as basic,
yields, in place of (5.16), the concluson E(R) — 0)

b. FRANK DIAGRAM. CONVEXIHED ENERGY.
The Frank diagram®® 7 (at the transition temperature) is the
boundary of the convex hull of the finite set

9 = {kn"m: mctfl}. 86

7 is a polyhedral surface whose vertices belong to 9; we will, in fact,
assume that

9 is the exact set of vertices of 7, (8.7)
an assumption ensuring that the Wulff shape corresponding to f(m),
mcTTl, have 3l asits set of orientations. The construction of 3F ensures
that 7 correspond to an "energy" fo(m) defined for al mcS?:

7 = {iog(m)™m : mcS?}, (8.9)
where S is the set of al unit vectors. The function ‘fo extends f from

I to S It is convenient to further extend f to IR by homogeniety:
f(O)=0 and

VP) = Iplfy(p/ipl) | (8.9)

for all pclR® p*0. Then 7 is the onelevel set of f, so that f, is a
convex function. We will refer to fo, as the convexified energy.

BErank [1963]. Cf. Angenent and Gurtin 11989] for a detailed discussion.
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c. ADMISSIBLE INTERFACES!4
Both the Frank diagram and the crystal are polyhedral; to avoid
confusion we will use the following differences in terminology:

crystal Frank diagram
facet face

corner vertex

We will refer to ®CIl as compatible if there is a face § of ¥
such that f(m)!m is a vertex of {4 for each me®. We will refer to
m,reM as adjacent if the line segment from f(m)!m to f(r)-lr is an
edge of F (in which case {m,r} is compatible).

For the interfaces 3(t) under discussion the orientation of each facet
belongs to T (cf. (6.11)). We now consider two additional conditions:

(W1) orientations of adjacent facets are adjacent orientations;
(W2) each set — of orientations of facets that intersect at a corner — is

compatible.
We will refer to 8 as admissible if 8 is consistent with (W1) and (W2);

we assume, for the remainder of this section, that 8 is admissible.

Remarks.

1. (W1) and (W2) are satisfied by the Wulff shape; in fact, they are
equivalent to the conditions: (i) orientations of adjacent facets are
orientations of adjacent facets on the Wulff shape; (ii) the complete set of
orientations of facets meeting in any given corner are a complete set also
for some corner of the Wulff shape.

2. Admissibility is at least plausible. Almgren and Taylor [1992]
consider the problem of evolution from an admissible interface in R?
within the framework of (9.38) with D=0, but with a general crystalline
energy whose domain is S? rather than T and whose Wulff shape has T
as its set of orientations. They give a variational formulation of this
problem that allows for all orientations in S2 and show that its solution 3
has orientations in T, evolves according to (9.38) with D=0, and, what is

147This section is taken from Giga, Gurtin, and Matias [1993].
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most important, is admissible.

The conditions (W1) and (W2) establish a correspondence between
corners on the interface and faces on the Frank diagram. Precisely, if ¢ is
a corner of B, and if T is the set of orientations of facets that intersect

at ¢, then there is a unique face

4=10 (8.10)
of the Frank diagram such that

L = {(f(m)im: me®P) (8.11)

is the set of vertices of §. Indeed, by (W2), L is contained in the set V of
vertices of a face § of ¥, and, in view of (W1), ¥V =L.

The energy fy(p) is differentiable at all p with p/Ipl¢M; in fact,
given any face -g, on the Frank diagram, V{; is constant on the cone

{ ap: ped, p/IpléTM, >0} (8.12)

We denote this constant by V{y(§). The next result shows that the A's in
(8.3) are completely determined by the gradient Vf;. Precisely, we will
show that if F and G are adjacent facets and if ¢ 1is a corner

terminating the edge FNG, then!®
Aps = Ve Vig(4()) (8.13)

with 4 the outward unit normal to 9F on FNG.

To verify (8.13), let {,=-ﬁ.(c), and let € denote the intersection of S2
with the set (8.12). Then V{y(§)=Vfy(m) for any meC, and, by
homogeniety, m-Vfy(m)= fo(m) for meC. Thus, given any meC, we
may write Vfy({) in the form

Vo) = fo(m)m - &(m), &(m)-m = 0, (8.14)

15Ben Amar and Pomeau {1988] and Gurtin and Matias [1990] establish an analogous
condition for the interface a polygonal curve in the plane.
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and, by continuity, (8.14) holds also for m=mg,mg.

Next, let 4y and 4; denote the outward unit normals to JOF and
oG on FNG. Then 4 and 4; lie in the plane spanned by my and mg
with Ypxmp=-4Ygxmg, and therefore

mF®VF - v;@mp = —[mG®‘vG - ‘UG®mG] (8.15)

(the left side acting on a vector v is *(vpxmg)xv; the right side is also,
with the same sign). Thus applying the left side of (8.15) to (8.14) at
m=m; and the right side at m=m;, we conclude that (4.10) holds with
o = f(mg) and ¢p=&(myg), E=F,G. Thus (4.11) and hence (8.3) is satisfied,
and, since Vf,(§)-vp=cpvp, this completes the proof.
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9. THERMODYNAMICALLY CONSISTENT THEORY FOR BEHAVIOR NEAR THE
TRANSITION TEMPERATURE

a MODIFED QUASI-LINEAR SYSTEM

The quasi-linear system is an approximation of the general theory
and cannot be expected to obey the general laws of energy balance and
entropy growth. For example, when c,* ¢, the interface condition given
by the first of (8.2) is not the appropriate jump condition for the energy
equation (7.1), even when the interface is devoid of internal energy. We
now modify the quasi-linear system by adding "higher-order" terms that
give the theory an approximate thermodynamic structure.

We introduce the bulk internal energy

cau(x,t), X€Qa(1)
ext) = 9.1)

t + cou(x,t), xeQp(t),
the bulk free energy

-«}c“u(x,t)z, xeQa(t)
g(x,t) = (9.2
-fu - fe ulx,t)?, xeQ,(1),

and the Gibbs function (cf. (6.10)3)

f:au(xlt)Z’ X€Qa(t)
<p(xf) = 41 + ue = . (9.3)
$cpulx,1)?, xeQ(t); '

and we replace (8.2) by

lelV = [q)-m,

R (9.9
‘I[\P] = 2 XFGI—FG - AFb(mF)VF.
F G

We refer to (6.11), (8.5), (9.2), and (9.4) as the modified quasi-linear
system.’® Note that

1G'We view the singularity condition (5.16) as inappropriate for this system. One
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[e] = 2 + [c]u, [y] = -2u - Hclu?, (9.5)

so that (9.4) differ from (8.2) only in the presence of the higher-order terms
[clu in the first of (9.4) and -}[c]Ju? in the second. Thus, in particular,

the interface conditions (9.4) of the modified
quasi-linear system reduce to the conditions (8.2)
when the specific heats of the two phases coincide. (9.6)

It is important to note that € and ¢ do not represent the actual bulk
internal and free energies but rather their approximations near the
transition temperature.

Consider now a solution of the modified quasi-linear system. We
introduce an interfacial free energy f(x,t) and a kinetic modulus b(x,t),
defined on each facet F by |

f(x,t) = f(mp), b(x,t) = b(mp), xeF(t); (9.7)

f and b approximate the actual interfacial free energy and kinetic
modulus near the transition temperature.

We also introduce a surface shear c¢(x,t) defined on each facet F as
the solution of the boundary-value problem:

dich +mT =0 on F,

(9.8)
CrVYr = Apg on each of the edges FNG of F,
with A given by (8.3) and
nt = [¢] - bV. (9.9)

(The second of (9.4) implies (7.7), and this ensures that (9.8) has a solution.)
Finally, we define a capillary force

might also wish to require that 8 be admissible; the ensuing results are independent

of such an assumption.
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C=fP+m@Qec. (9.10)

Then reasoning as in Remark 2 following (4.16), we see that C satisfies the
force balance (4.1) (with m defined by the second of (4.16) and (9.9)).

We now show that solutions of the modified quasi-linear system
satisfy the energy balance

{(Je}y = -Jan (9.11)
R aR

and the dissipation inequalityl7

{Je+Jf) < -Jugn + [Cuw, (9.12)
R n oR on

for each control volume R, with the difference between the right and left
sides of (9.12) given by

D(u,R) := [bVvZ + ¥ [Vu-K Vu, (9.13)
n v Ry

the sum being over p=o,p.
The verification of (9.11) and (9.12) is based on two identities. The
first, a direct consequence of the divergence theorem, asserts that

2 Jdivkda = [kn - [lkl'm (9.14)
kK Ry oR n

for any bulk vector field k. The second identity is

{(Jt} = [nV + [Cyw,. (9.15)
n n on

To establish (9.15), we note that, since f is constant on each facet, we may
use (2.9) and (9.10) to conclude that

17¢cf. Gurtin [1993b], eqt. (3.3).
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{(Ji} = 2 JfeWp = 2 [fpWe + [fW
n

F ong F Rp on
= z J-fFWp + J-( C1J,L~w,t - VC'V), (9.16)
F Ry on

where Rp(t) = 9np(t)\ 9n(t) and the sum is over all facets F with
np(t) =n(t)NF(t) not empty. Next, since V=V, on each facet F,

JVew = -2 [Veew, + [Vdivee. (9.17)
an F Rp ‘n

Further, since C satisfies (4.1), (4.3) holds on each edge FNG, and, by (4.3)
and (9.10),

Z J(fFWF + VFC"U,LF) = Z va'LF'w"'F = 0, (9.18)
F RF F G’F

The first of (9.8) and (9.16) -(9.18) yield (9.15).
To establish the energy balance (9.11) we use (2.8), (8.5), (9.1), (9.4),
and (9.14) to show that

{Je} = -JIqlm - [divq - [divq = -[qn. (9.19)
R n Re R, R

To verify the dissipation inequality (9.12), note first that, by (8.5) and
(9.3),

¢* = -div(uq) + q-Vu (9.20)

away from the interface, and this relation, (2.8), (9.3), and (9.14) yield

{JoY =-Jiclu?V - Jdiv(uq) - Jdiv(uq) + [q-Vu
R n R R, R
= [(ulqlm - }clu?v) - fuq:n + [q-Vu. (9.21)

n oR R



31

But, by (9.3), (9.4), (9.9), and (9.15),

J(ulql'm - }clu?V) = - [(m+bV)V
n n

=-{Jf} - JoVZ + [Cy.w,; (9.22)
n n on

(9.21) and (9.22) yield the dissipation inequality (9.12).
Thus the solution of the modified quasi-linear system are consistent
with the "first two laws" in the form (9.11) and (9.12).

b. GROWTH THEOREMS.
We restrict our attention to a bounded body and to the following
types of boundary conditions: an insulated boundary for which

gn=0 on 9Q for all time; (9.23)
an Isothermal boundary for which
u=U on 9Q for all time (9.24)

with U=constant the prescribed boundary temperature.

The energy balance and dissipation inequality yield important
Lyapunov relations for boundary conditions of this type. Indeed, if in (9.11)
and (9.12) we let R=Q, so that A=8 and o =&, then we find that:18
Given a solution of the modified quasi-linear system, if the boundary is
insulated,

{Je} =0, {Je+ [t} =-D,Q) < 0; (9.25)
Q Q P}

if the boundary is isothermal,

18¢ct. Gurtin [1986], §10; [1988], eqts. (7.8), (7.9).
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{(Jlo-Ue) + Jf} = -D(u,Q) <0 (9.26)
Q p:)

(cf. (9.1), (9.2), (9.7), and (9.13)).
By (9.6), these results are valid also for the quasi-linear system
provided the specific heat is the same for both phases.

c. QUASI-STATIC APPROXIMATION

A (common) quasi-static approximation!? to both the quasi-linear
and modified quasi-linear systems is obtained by setting the specific heats
equal to zero: ’

Co =C =0, (9.27)

in which case we have the energy balance

t{volume(Ry)}' = -[qn (9.28)
oR

and the dissipation inequality

{Jft} < -Jugq:n + [Cvu-w, (9.29)
n oR on

for each control volume R, with the difference between the right and left
sides of (9.29) given by (9.13). Thus, in particular,

{volume(Q )} = 0, {Jfy =-DuQ) =<0 (9.30)
b

for an insulated boundary, and

{2Uvolume(Q, ) + Jf} = -D(u,Q) <0 (9.31)
.S

19Rybka [1992] establishes local existence for the corresponding isotropic problem in

R2 for a bounded container with walls held at u=0.
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for an isothermal boundary:.

d. JUSTIFICATION OF THE MODIFIED QUASI-LINEAR SYSTEM

The quasi-linear system was developed by formally linearizing the
PDE's and interface conditions of the general theory. A problem with this
procedure is that the thermodynamical structure is lost in the
approximation. An alternative procedure — and one that ensures a
consistent thermodynamical structure — begins with approximate versions
of the thermodynamical laws and generates a theory that is exact within
* this framework.20

We begin with a formal argument in support of (9.11) and (9.12) as
the appropriate thermodynamical laws for the modified theory. The
condition (8.2);, which represents the interfacial energy-balance for the
quasi-linear theory, involves no terms representing surface structure, and
it seems reasonable to base the modified theory on an energy balance in
which such terms are neglected; such a balance is furnished by (9.11).
Deducing an appropriate dissipation inequality is more delicate. Roughly
speaking, such an inequality should be quadratic in u; thus, by (6.10), it
seems reasonable to base the theory on (5.19) with 9 and u replaced by
¢ and u. Also, since h is not present in the energy balance (9.11), we
omit it in (5.19). Finally, e-#8;s= f'(er,m) = f(m) plus higher-order terms,
and we therefore replace e-9s by f(m) in (5.19). This discussion leads
us to consider (9.12) as an appropriate version of the dissipation inequality
for the modified theory.

We therefore take (9.11) and (9.12) as the basic thermodynamical
laws, which we consider in conjunction with the force balance (4.1).
Localizing (9.11) and (9.12) with the aid of (9.3) leads to the bulk relations

e = -divq, g +eu +qVus<0 (9.32)

and to interface conditions consisting of the first of (9.4), the conclusion
f=0, and

fo+ (n-[yDV < 0. (9.33)
20Gurtin  [1993c).
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Writing bulk constitutive equations for each phase in which ¢, ¢,

and q depend on u and Vu with ¢ and q linear, and demanding
consistency with the second of (9.32), leads to the relations

¢ = -fc u?, £

¢ = -2u - fcyu?, €

c,u, q=-K,Vu in phase o, (9.34)

2+ cpu, q = -K,Vu in phase B,

with all moduli constant. Interfacial constitutive equations with f and =«
functions of u and V, with m linear, lead, via (9.33), to the restricted
relations

f = f(m), m = [¢) - bm)V. (9.35)

Finally, (9.34) vyields (9.3) for the Gibbs function ¢. Thus the modified
quasi-linear theory, as described in Section 9a, follows as an exact theory
based on the approximate thermodynamical laws (9.11) and (9.12) in
conjunction with the constitutive equations described above.

e. PERFECT CONDUCTORS.2!

Consider the quasi-linear — or modified quasi-linear — system for a
bounded region with boundary held at the constant temperature U. We
now discuss the asymptotic form these equations take when the
conductivity of each phase Is large. Precisely, we replace

K, by &K, H=o,B, (9.36)

under the assumption that § is small. Writing a formal perturbation for
u in powers of §, it is clear that the lowest-order term, also written u,
should be consistent with

divqg = 0, q=-K,Vu in bulk (9.37)

[qkm =0 on the interface

21Gurtin [1988), §8.
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in conjunction with the interface condition (8.2), or (9.4),. Under
reasonable assumptions, the problem (9.37) has the unique solution
u(x,t) = U; the only equation then left to solve is the interface condition?2

bFVE(t) = Ap(t) 1 2 ApgLpg(t) - D (9.38)
G

for each facet F, where bF= f)(m,.-), and where D=2U for the quasi-
linear equations, D=2U+$[c]lU? for the modified quasi-linear equations.
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22Taylor [1988] and Angenent and Gurtin [1989] propose and discuss .equations of
this type (cf. Fukui and Giga [1992], Taylor [1992], Giga, Gurtin, and Matias [1993],
and Girdo and Kohn [1993), and Girao [1993]).
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