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Abstract

We study radially symmetric solutions of a nonlinear elliptic partial differ-
ential equation in R? with critical Sobolev growth, i.e., the nonlinearity is of
exponential type. This problem arises from a wide variety of important areas
in theoretical physics including superconductivity and cosmology. Our results
lead to many interesting implications for the physical problems considered. For
example, for the self-dual Chern-Simons theory, we are able to conclude that
the electric charge, magnetic flux, or energy of a non-topological N-vortex so-
lution may assume any prescribed value above an explicit lower bound. For the
Einstein-matter-gauge equations, we find a necessary and sufficient condition
for the existence of a self-dual cosmic string solution. Such a condition imposes
an obstruction for the winding number of a string in terms of the universal
gravitational constant.

AMS subject classifications (1891): 34B15, 35J60, 81T13, 83F05.

1 Introduction

The purpose of this paper is to present a fairly systematic study of the radially
symmetric solutions of the equation

Au + p(|z])q(e*) = 47 Né(z), z € R?, (1.1)

where N is a positive integer and §(z) is the Dirac distribution concentrated at
the origin. The equation (1.1) arises from several important areas in theoretical
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physics and its solutions are recognized as representing N non-interacting vortices or
particles superimposed at the origin when a critical condition, called the Bogomol’nyi
condition, is fulfilled by the coupling parameters. In the context of the classical |
Ginzburg-Landau theory for low-temperature superconductivity, the solutions of (1.1)
realize topological defects in a superconductor known as the phenomenon of partial
destruction of superconductivity by a magnetic field. In the context of the self-dual
Chern-Simons model discovered recently by Hong, Kim and Pac (1990) and Jackiw
and Weinberg (1990), the solutions of (1.1) give rise to topological and non-topological
vortices carrying both electric and magnetic charges which are useful or even crucial
to several issues in theoretical physics such as high-temperature superconductivity,
the quantum Hall effect, and the proton decay problem in grand unified theories of
forces. In the context of cosmology, the solutions of (1.1) are cosmic strings in the
coupled Einstein-matter-gauge theory (Comtet & Gibbons 1988), (Linet 1988, 1990),
and are believed to be produced in relatively later phase transition stages of the early
universe after the Big Bang and are responsible for the galaxy formation (Kibble
1980), (Vilenkin 1985). Furthermore (1.1) also appears when one uses the method
of Bogomol’nyi (1976) or Jackiw and Weinberg (1990) to get stationary neutral or
charged vortices in the self-dual Abelian Higgs or Chern-Simons system in (2+1)
spacetime dimensions with more general potential functions (Lohe 1981), (Lee & Nam
1991), (Yang 1991). These profound physical origins of (1.1) motivate our present
analytic work.

Since in the Ginzburg-Landau model, the non-interacting superconducting vor-
tices are completely understood (Jaffe & Taubes 1980), (Wang & Yang 1992a), we
shall focus our attention in the study of (1.1) to the other areas mentioned above.
For the Chern-Simons system, topological vortices are better understood and can ac-
tually be constructed through a numerically efficient method (Spruck & Yang 1991).
On the other hand, the existence of non-topological vortices has only been proved in
the radial case (Spruck & Yang 1992a) and the determination of the electric charge,
magnetic flux, angular momentum and energy of such a solution has remained open.
In this paper we shall solve this open problem. In fact we are able to prove the exis-
tence of non-topological Chern-Simons vortices that can realize any prescribed charge,
flux, angular momentum or energy values above an explicit lower bound. This result
confirms not only the fractal nature of those physical quantities for non-topological
vortices conjectured in the work of (Jackiw & Weinberg 1990), (Jackiw, Pi & Wein-
berg 1990), (Jackiw & Pi 1991), but says also that we actually have a continuous
spectrum to realize them. Such a result seems to be quite unexpected. Another



interesting result is that we are able to prove that radially symmetric topological
vortices are uniquely determined by the vortex number N. For solutions without
radial symmetry, the uniqueness still remains open. For the cosmic string solutions
of the Einstein-matter-gauge equations, the first existence theorem was established
in (Spruck & Yang 1992b) by the shooting argument used in (Spruck & Yang 1992a)
and the total vortex or string number N has to verify a certain restriction. Here we
obtain a necessary and sufficient condition for the existence of a finite-energy solu-
tion. Our condition imposes an explicit upper bound for N (the winding number of a
string) in terms of Newton’s universal gravitational constant, G, which excludes the
existence of solutions with large N numbers. This is the second unexpected result.
Besides, we shall also prove the existence of a class of solutions that approach the
asymmetric vacuum expectation value at infinity. Solutions of this type have been
rather elusive to obtain by other methods. All these solutions are regular. Note that
the major difference between the solutions of our problem and those constructed in
the recent work of Smoller, Wasserman, Yau and McLeod (1992) is that their solu-
tions are spherically symmetric with the absence of matter field while the ones found
in the present paper are cylindrically symmetric with matter coupling. Our method
here is based on a shooting argument for a reduced boundary value problem defined
in the entire R. The shooting data are given at —oo which yield a clear understanding
of the structure of the problem.

A brief outline of the paper is in order. In Sect. 2 we recall the self-dual Chern-
Simons system and the Einstein-matter-gauge equations and introduce all necessary
physical quantities. In Sect. 3 we set up the mathematical problem to be studied in
the paper and state our main results. The conditions imposed on the functions p and
g in (1.1) come from the physical problems discussed in Sect. 2. In Sect. 4 we present
our detailed proofs. In Sect. 5 we state some of the interesting physical implications
of our solutions.

2 The Physical Models

The purpose of this section is to introduce the model equations and physical
quantities to be investigated in the paper.

2.1. The Chern-Simons Vortices.
Let ¢ be a complex scalar field, called the Higgs field, and A; (j = 1,2) a vector
gauge field. Both ¢ and A; are assumed to be defined in R%. Let D;¢ = ;¢ — iA;¢



be the gauge-covariant derivative and Fj; = 8;Ax — 8; A, the magnetic field induced
from A;. Then the energy density for the stationary solutions of the self-dual Chern-
Simons theory is (Jackiw & Weinberg 1990)

_ K F}
= TW
where £ > 0 is a constant. The Chern-Simons Gauss law implies that the electric

charge density p obeys the relation p = kFy;. The self-dual solutions of the model are
governed by the following Bogomol’nyi type equations (Jackiw & Weinberg 1990):

D¢ +iD:¢ =0,

£ +1D;81 + 5161 ~ 1) 21)

z €R%. (2.2)
Fs+ ,%WP(W’P -1) =0,

Using the elliptic LP-theory in (2.2) and the finite energy condition fgz £dz < oo
in (2.1), we can derive the boundary condition (Spruck & Yang 1991)

|¢(z)] =1 or|é(z)| =0  as|z|— oco.

The former is called topological which gives rise to quantized magnetic and electric
charges, etc., while the latter, non-topological (Jackiw & Weinberg 1990), (Jackiw, Pi
& Weinberg 1990), (Jackiw & Pi 1991). We shall show in this paper that, in contrast
to topological solutions, non-topological solutions can carry arbitrary charges and
energies above a certain level.

The first equation in (2.2) says that, locally, ¢ is the product of a complex analytic
function and a non-vanishing function. Thus the zeros of ¢ are discrete and all have
integral multiplicities. We will be interested in a solution of (2.2) so that the origin
is the only zero of ¢ and the multiplicity of the zero is an arbitrary integer, NV say.
Such a solution describes N vortices clustered together. It is straightforward that the
substitution u = In|¢|? reduces (2.2) into the elliptic equation (Jackiw & Weinberg
1990)

Au= %e“(e" - 1)+ 47 Né(z), z € R%. (2.3)

2.2. Self-Dual Strings in the Einstein-Matter-Gauge Theory.

Let g,, be the metric tensor of a four-dimensional Minkowskian spacetime with
signature (— + ++), Ry, the Ricci tensor, and R the scalar curvature. Then the
Einstein tensor takes the form

1
Gpu = R;w - '2’gpuR-



The standard U(1) matter-gauge Lagrangian in the Bogomol’'nyi coupling is de-
fined in the expression

1 o 1 .1
L= ng‘ gw FWF#'V' + Eg“"(D,,d))(D,@) + '8‘(|¢12 - 1)2,

where, again, ¢ is a complex scalar matter field, D, ¢ = 8,¢—iA, ¢ the gauge-covariant
derivative, A, a gauge vector field, and F,, = 8,4, — 8, A, the electromagnetic field.
The Einstein-matter-gauge equations are

G, =-4rGT,,

1 1
——D# w D, =35 ¢2_1¢,
= DueVliD.g) = 568 -1 ”
_llg—la#'(gwg“'u'v lg|Fn) = %g‘"’(qﬁ[quS]' - ¢.[DV¢])’

where g is the determinant of the metric {g,. }, G the universal gravitational constant
which is of the order 10-4°, and

! l
Ty =9¢""FuuF, + §(D,,¢[D.,¢]' + [D,¢)"D,¢) = g, L,

the energy-momentum tensor of the matter-g.auge sector.
We assume from now on the string ansatz that

ds? =g,,dz"dz"
= —dt?* + d2? + g;dzidz*, k=12,

0

where ¢t = 2% 2 = 23, {g;i} is the metric tensor of a two-dimensional Riemannian

manifold M, and that A,, ¢ depend only on the coordinates on M and
A“ = (0, 0, Al, Az)
Then T, verifies
Too =£, T33=—£, T03=Toj=T3j=0,
o 1 . .
Tjp =g FiypFiw + 5(D;4Ded]" + [D;4]" Did) — g;1£,

where

1 .o e 1, 1
£ = 397 ¢ FuFyw + 30" (D;9)(Did)" + 519 - 17



Is the energy density of the matter-gauge sector. Besides, if we use K to denote the
Gaussian curvature of the two-manifold (M, {gjk}), the Einstein tensor is simplified
under local isothermal coordinates into the form

r* [** is

"""LJOO ° A33 T A,

Gw =0 for other values of /x, i/.

Denote by Vj the covariant derivative with respect to the metric {gjk} and J* the
current vector

B = Ak = 3(#'(Did] - SIDu4]").

Then, in terms of the skew-symmetric L evi-Civitatensor tjk with C2 = \f\_g-\ we have
1 .2t ¥ l
£= 2¢7¢" (F,-k +5et(18F - 1)) (F2> + \eM\4>\ - 1))

+10%(Dy +ic] Dyd)(Dr + ick gy (2.5)

+V;(e¢* ),
which suggests the following curved-space version of the Bogomol'nyi equations

Dj4>+\)D<t> =0,

! X €M, (2.6)
Fi + §fjk(|¢l’ -1) =0,

From (2.6) it follows that Tjk = 0 (j,fc= 1,2). Thus the Einstein equations become
a single scalar equation

K - 417G VjieNJk) = 0, x € M. (2.7)

It is straightforward to examinethat a solution triplet ({#,*},”> {Aj}) of the coupled
system (2.6)-(2.7) also verifies the full Einstein-matter-gauge equations (2.4). Such
a solution is called a sdf-dual cosmic string.

In local isothermal coordinates, it is easy to show as in the Chern-Simons case
that the zeros of <f> of a solution of (2.6) are isolated and all have integral multiplic-
ities. Thus, if we are interested in solutions such.that M is conformally flat, i.e.,
(Af, {gik}) = (R4 {e*j*}), aad ~ @' ~ An exactly one zero, which is the origin of R?,
with a given multiplicity N, then the substitution u = In\<f>\* reduces (2.6) into the
eguation

Au = e"(e" ~ 1) + 4x Né(z).



On the other hand, (2.6) also gives us
Vi(e*) = —3(I8] = 1) + {e7"Alg[?
= —1(e*—1)+ e "Ae.

Thus the standard formula K = —(e™"An)/2 applied in (2.7) yields a curvature
equation for the unknown conformal factor #:

An =2nGle"(e* — 1) — Ae").
Combining the equations for u and 7, we see immediately that

1 u
H=Er—G-n—u+e + 2N In|z|

is a harmonic function in R2. Therefore, if we are only interested in radially symmetric
solutions, H must be a constant. Without loss of generality, we take H = 0. We then
express 7 in terms of u. This procedure shows that the coupled equations for u and
n are equivalent to the single equation

Au = |z|4™NGe2Gu=¢") (¥ _ 1) + 47 N§(z), z € R%. (2.8)

The integer N is called the winding number of the string solution.

2.8. Non-Interacting Vortices in Generalized Systems.

A special feature of these generalized models is that the Higgs potential functions
can be adjusted to realize in a wide range rather different magnetic excitation patterns
(Wang & Yang 1992b). The existence of topological solutions is well known (Lohe
& van der Hoek 1983), (Yang 1991). The method adopted in the present paper
applies also to the proofs of existence and analysis of properties of non-topological
solutions. For example, we mention here the radially symmetric generalized self-dual
Chern-Simons vortices governed by the equation

1
Au = —e*h(e") / _h(t)dt +47N8(z),  z € R, (2.9)

where h(t) > 0 (¢ > 0) is a smooth function satisfying the typical conditions:
(h1) There holds A(1) > 0.
(h2) The set ~?(0) N [0, 1] has measure zero.
Important examples of h are

h(t) = t™, t>0, m=0,1,2,..., (2.10)



and

1
h(t) = m, t 2 0, a>0. (2.11)

Clearly, when h = 1, equation (2.9) coincides with (2.3).
When the Chern-Simons Higgs system is considered in a symmetric gravitational
background, self duality may again be derived and the governing equation reads .

Au = p(|z|)e*(e* — 1) + 47 N§(z), z €R% (2.12)

In the case that p(|z|) takes some special forms, the equation (2.12) is shown to be
integrable by Schiff (1991). We can apply our method to (2.12) as well to study
topological and non-topological solutions for a general metric function p.

3 Main Results

Now we shall study the radially symmetric solutions of the equation (1.1), which,
upon setting r = |z| and u = u(r), is equivalent to

() + () + p(Ng() =0, 7 >0,

u(r) =2NInr 4+ 0(1) for small r > 0.

Under the new variables

t=Inr, U(t) = u(r), (3.1)

the problem becomes
U"(t) + f(t)g(U(t)) =0, —o0 <t < 00, (3.2)
Ut)=at+0(1) ast— —oo, (3.3)

where
f(t) = €e¥p(e'), g(u)=gq(e"), a=2N.

Motivated by the physical models discussed in Sect. 2, we shall assume that f
and g satisfy the following conditions:



(H1) f,g € C'(R) and

[ s < oo,

sup {lg(u)| + l¢'(u)|} < oo.
uER

(H2) f(-) > 0 in R, lim;—.o, f(t) = o0, g(0) = 0, and g(u) > 0 for all u < 0.
(H3) f'(t) 20 for all t €R.
(H4) There exists M > 0 such that ¢g’(u) > 0 when u < —M and

/o ” f(1)g(~Mt) dt < oo.

(H5) If one defines

Mo = inf {M > o|/0°° F(t)g(—Mt)dt < oo},

then -
/0 F(8)g(=Mot) dt = oo.

In addition, for every ¢ > 0,
. flt—¢)
w0
(H6) Let Go(u) = [~ g(w)dw. (Note that the assumptions (H2)-(H4) imply that
J2. g(u)du < o0, so that Go(u) is well defined.) Define

f't) Go(u)
F(t)= —= and Gi(u) = .
=0 )= 5
Then both f; = lim;—.. Fi1(t) and ¢; = lim,—._ G1(u) exist and are finite.
(H7) The functions F; and G defined in the assumption (H6) satisfy Fi(t) > f
for all t € R and G(u) 2 ¢, for all u € (—00,0).
(H8) There exists 6 > 0 such that ¢'(u) < 0 in [-6,0].

Our main result on (3.2)-(3.3) is the following.

Theorem 3.1. Consider the differential equation (8.2) with the boundary condition
(8.8) where a > 0 is a given constant and f(-) and g(-) satisfy (H1)-(HS). Then
(1) There ezists at least one solution of (3.2)-(8.8) such thatu < 0,u’' > 0,u" <0
in R (the equal signs hold only if a = 0), and
lim u(t) = 0. (3.4)

t=—+00



If in addition (H8) is fulfilled, then there exists a unique non-positive solution satis-
fying (3.4).

(2) Assume also (H{)-(H6). Then, for every B in (a + 2f191,00), there exists at
least one solution u of (3.2)-(3.8), such that u <0, u” <0 in R and

lim u'(t) = —B. (3.5)

If in addition (H7) holds, then for any non-positive solution of (8.2) satisfying
liminf;.o u(t) < 0, there ezists some B € (a + 2f191,00) to achieve (8.5).

The proof will be given in the next section.
If we apply this theorem to the Chern-Simons equation (2.3), we obtain

Theorem 3.2. For N > 0, a radially symmetric solution of (2.8) is either trivial,
u = 0, or negative, u < 0. Corresponding to each given N, there ezists a unique

solution u = u(r) (r = |z|) satisfying

lim u(r) = 0. (3.6)

T =00

All other solutions observe the behavior u(r) — —oo asr — oo and
rlirglo ru.(r) = =4, B >2N +4. (3.7)

More importantly, for any B € (2N + 4,00), there exists at least one solution u

realizing the asymptote (3.7).

Proof. Under the transformation (3.1), the equation (2.3) becomes (3.2)-(3.3)

with
a=2N, f(@)= ;42-62‘, g(u) =e*(1 —¢¥).
If u is a solution of (3.2)—(3.3) which becomes positive at some point ¢ = to, then
the maximum principle says that u’(t) > 0. Thus u”(t) > 0 and u'(t) > 0 for all
t > to. In particular, e*() — 1 > e*(t) —1 >0, ¢t > to. Now the equation gives us the
inequality
u” > be*, t > to,

where 6 > 0 is a constant depending on to. Clearly u blows up in finite time ¢t > .

To obtain non-positive solutions, we can modify g(u) for u € (1,00) such that g

and ¢’ are uniformly bounded. Then, we can directly verify that such f and g satisfy
(H1)-(H8), and hence the assertions of the theorem follow from Theorem 3.1. D

For the Einstein-matter-gauge equation (2.8), the only physically interesting so-
lutions are those verifying u(r) < 0 (see Sect. 5.2). Thus we state

10



Theorem 3.3. For non-positive valued radially symmetric solutions of (2.8), the
following statements hold:

(1) When 2 NG < 1, all the assertions of Theorem 3.2 are valid provided that we
replace 2N + 4 by 2(1 — = NG)/=G.

(2) When 2aNG > 1, there ezists a desired solution if and only if tNG < 1.

(8) When 2xrNG = 1, there are no non-posilive radially symmetric solutions,
although there ezists a unique (up to a scaling) radially symmetric solution, whose
range fills R.

Proof. Under the transformation (3.1), the equation (2.8) becomes (3.2)-(3.3)
with

1 d
— 2(1-2xNG)t = 27G(u—e¥)(1 _ o) — 27G(u—e") .
a=2N, fit)=e , g(u)=ce (1-¢€%) 32C du [e ]

(1) Clearly, when 27 NG < 1, (H1)-(HS8) hold with f; = 2(1 — 227 NG) and g, =
1/27G, and therefore the first assertion of the theorem follows from Theorem 3.1.

(2) When 27 NG > 1, we make a transformation from ¢ to —t, obtaining a similar
equation (3.2) with f(t) = €2?"NG-1)t whereas (3.3) is replaced by lim,_.., u'(t) =
—2N. In this case (H1)-(H8) are valid. Hence, if there exists a non-positive radially
symmetric solution of (2.8), then @ = lim,;_,_, u’ exists and is non-negative, where
u = u(t) is the corresponding solution of (3.2)-(3.3). In fact, the existence and
finiteness of a is trivial from (H1)-(H8). If @ < 0, then u gives rise to a symmetric
solution of (2.8) which becomes positive when r > 0 is sufficiently large. Hence, there
exists a non-positive solution of (2.8) if and only if 2N € (a + (47NG - 2)/7G, 00)
for some a > 0, or equivalently, tNG < 1.

(3) When 27 NG = 1, the equation (3.2) becomes

u” — e2‘er(u—e")(eu — 1)

with the boundary condition u’(—o0) = 2N. Multiplying both sides of the differential
equation by u’ and integrating over (—o0,1) yield

u?(t) = 4N’ - %62”6(“"“) = 2N(2N — ™=y = (N, u)
since 27G = 1/N. Note that sup g(u — €*) = —1 and infx5o(NIn(2N)) = —1/2e,
so that
1

((N,u) = 2N[exp (N

Nln(2N)) — exp (%/—(u - e“))] > 2N(e V/Ne _ e~1/N) 5 0

11



for all N > 0 and u € R. Therefore, there are no non-positive solutions. The only
solution is implicitly given by

u(t) 1
b T et

where c is an additive constant. O

Remark 3.1. Theorem 3.3 (2) states that there are no non-positive radially
symmetric solutions when 7 NG > 1. However, since g(u) = €>"C(*~*)(1 — ¢¥) is
uniformly bounded, one can find solutions whose ranges are R. Solutions of such a
type do not have a finite energy as will be seen in Sect. 5.2.

For the generalized Chern-Simons equation (2.9), we have the following result
concerning a sub-class of h:

Theorem 3.4. Consider the non-positive radially symmetric solutions of (2.9) where
N > 0 is a constant. Assume that the function h is smooth in a neighborhood con-
taining [0,1] and is positive in (0,1). Then the assertion (1) of Theorem 3.2 holds.
In addition, if t

ho = {i\r‘%% . (3.8)
erists, then for any B € (2N +4ho,00), the equation (2.9) admits at least one negative

radially symmetric solution satisfying (3.7). Furthermore, if h(t) satisfies
Js h(s)ds _ S h(s)ds + [} h(s)ds
th(t) 2 [} h(s) ds
then the assertion (2) of Theorem 3.2 is true provided that we replace 2N + 4 by
2N + 4ho.
Consequently, when h is given by (2.10) or (2.11), (3.8) and (3.9) hold with
ho = 1/(1 + m) (in the case (2.10)) or ho = 1 (in the case (2.11)). Therefore all the
assertions of Theorem 3.2 are valid if we replace 2N + 4 by 2N + 4h,.

>ho, Vte(0,1), (3.9)

The proof follows the same lines as that of Theorem 3.2.

Remark 38.2. For general k satisfying only (hl) and (h2) in Sect. 2.3, our
method can be applied to obtain existence of solutions of various kinds. In particular,
if h(€*) = 0 has roots in (—00,0), then there are rich structures of the solutions, such
as solutions connecting —oo with any of the roots, besides the topological one and
the non-topological ones. For brevity, we shall not pursue this here.

Similarly, we may obtain various classes of solutions for the equation (2.12).

12



4 The Mathematical Ana‘Iysis

In this section, we shall study (3.2)-(3.3) under the assumption (HI)-(H8).
First we establish the existence of the initial value problem for the equation (3.2).

Lemma 4.1. Assume that (HI) holds. Then for any constantsa € R anda € R, the
equation (3.2) admits a unique solution U such that when t —* —o0,

U(t) = at + a + o(l). - (4.])

Conversely, if U(t) is a solution of (3.2) in some interval, then it can be uniquely
extended to a global solution of (3.2) in R so that (4.1) holdsfor some a,a € R.

Proof. One can directly verify that U is a solution of (3.2) satisfying (4.1) if and
only if U verifies the integral equation

Ul) =at +a- f (& 9F(9gUE) ds, t € R (4.2)

Let T € R be a constant such that

JT (T-9\(s\ds (= f 1" \f(s)\dsds) <

2sup r{l+ \Q(U)V +¢'(u)]}

Then one can use the Picard successive iteration method (with the initial iteration
£/(°) = at + a) to establish a solution in the interval (—O00, T]. Since g is bounded, we
can extend U to a solution of (3.2) in R.

Next we prove the uniqueness. Assume that U* and U? are two solutions of (4.2)
in the interval (-00, T]. Then their difference U-= U' -U? satisfies

\U@\ = \f_Jt-5)ns)(g(U\s))-g(U%(s)))ds\
< sup\g'(U\[" (T-9\f(s\ds wp |t/(-)|
< Lp 0], t<T,
? (-00,T] .
by the assumption on T. Since the first equation implies that sup”.”jj \U{"')\ < 00,
we obtain, upon taking the superum on theleft-hand side of the above inequality, that

¥P(-00,T] I*OIl = 0; namely, U* = U?in (—oo,T]. Hence, by the unique continuation,
U'=U%inR.

13



Finally we prove the last assertion of the lemma. Assume that U(t) is a solution of
(3.2) in some interval. Then since g(-) is Lipschitz and bounded, U can be uniquely
extended to a solution of (3.2) in R. Noting that f2_ |f(s)g(U(s))|ds < oo and
for any t < 0, U'(t) = U'(0) + f? f(s)g(U(s))ds, we know that a = limy_._ U’(t)
exists and a = U'(0) + f2., f(s)g(U(s))ds. Consequently, for any t € R, U'(t) =
& = JX o f(8)9(U(s)) ds and | )

U(t) = U(0) +at - | ' [ 1(s)g(v(s)) dsds:. (4.3)

Since
/_oo _/_; [£(s)g(U(s))lds = /-oo(t - 8)|f(s)g(U(s))|ds < o0,

we can write (4.3) as

v =at+ (VO + [ [ f)w)dsds) - [ [" j(6)gUis) dsder

i.e., U satisfies (4.1) with a = U(0) + S [*., f(s)g(U(s)) dsds;. This completes the
proof of the lemma. D

In the sequel, we shall study the behavior of the solution as t — oo. To do this,
we shall fix the constant a > 0, and vary the parameter a € R. For convenience, we
denote by u(t, a) the solution given by Lemma 4.1 and denote by ’ the derivative with

respect to ¢t and by a subscript , the derivative with respect to a.

Define

At = {a €R| there exists t € R such that u(t,a) > 0},
A’ = {a€eR|u(t,a)<0, u'(t,a) >0 Vt€R},
A~ = {a€R|u(t,a)<O0VteR, u'(to,a) <0 for some to € R}.

Clearly, the following relations hold:
AtUALUA =R, A'NA=ALNA"=4'nA"=0.

Lemma 4.2. Assume (H1) and (H2). Then, the following holds:
(1) If a € A*, then v’ > 0 in the set {t | u(7,a) <0 V7 € (—o0,1)}.
(2) If a € A%, then u” <0 and w' > 0 in R and lim;_. u(t,a) = 0.
(8) Ifa € A-, then u” <0, u <0 in R and lim;_. u(t,a) = —oo.
(4) A* is open and if a > M, = sup,R lg(w)] L2 |sf(s)|ds, then a € A*.
(5) A~ is open.
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(6) Let T be a positive constant such that

t+l/a

(ue[l-nzi..-l]g(u)) tl% t f(s)ds>1+a.

Then (—o0,—-M;—-2-aT)C A~.
(7) A° is non-empty, closed, and bounded.

Proof. (1) Let a € A* and ¢, be the first time at which u(t, a) hits the ¢ axis from
below. Then u(t,a) < 0 for all ¢ € (—o0, ). Hence, by the assumption (H2) and the
equation (3.2), ©” < 0 in (—o0, ), which implies that u'(t,a) > 0 in (—o0,%). The
first assertion of the lemma thus follows.

(2) If a € A, then by the assumption (H2), the equation (3.2) and the definition
of A% v” < 0inR. In addition, b = lim— u(t, a) exists and is non-positive. If b < 0,
then lim;_o u"(t,a) = —g(b) lim~ f(t) = —o0, which is impossible. Hence, b = 0.

(3) Since the only solution of (3.2) with U(t) = U’'(te) = 0 is U = 0, it follows
that if @ € A~ then u(-,a) < 0 in R, and therefore u”(-,a) < 0 in R; that is, u'(¢, a)
strictly decreases. Hence, limsup,_, . v'(f,a) < 0. Assertion (3) of the lemma thus
follows.

(4) Since u(t,a) is continuous in a (Cf. the uniqueness proof of Lemma 4.1), if
u(to,ap) > 0, then u(lp,a) > 0 when a is close to ao; that is, A* is open. From (4.2),
u(0,a) > a — M, > 0if a > M, so that (M;,00) C A*.

(5) Assume that ag € A~. Then there exists to € R such that u’(¢o,a0) < 0, and
consequently, u'(fp,a) < 0 when a is close to ao. In addition, by the third assertion
of the lemma, u(t,a9) < 0 for all t < ¢, which also implies that u(¢,a) < 0 for all
t < tp and a close to ap. (When t is negatively very large, use (4.1); when ¢ is
in a compact subset, use the continuity of the solution in a.) Furthermore, since
the assumption (H2) implies that any solution of (3.2) cannot take a local negative
minimum, u’(¢,a) < 0 for all t > ¢o as long as u(?p,a) < 0 and u'(tp,a) < 0. Therefore,
u(t,a) < 0 for all t > ¢, when a is close to ao. That is, A~ is open.

(6) We need only consider the case a > 0 since when a = 0, A~ = (—00,0). Let
a < —M; — 2 — aT be any constant. From (4.2), u(ae,t) < at +a + M; < =2 for
all t € (—00,0]. Since u cannot take a local negative minimum, it follows that if
a ¢ A~, then there exist positive constants T and T3 such that T, < Tj, u(t,a) < =2
in (—o00,T3), u(Tz,a) = -2, u'(T3,a) 2 0, u(t,a) € [-2,-1] for all t € [T3,T1],
u(Ty,a) = -1, and v'(T},a) > 0. It then follows that u”(t,a) = —f(t)g(u(t)) < 0
for all t < Ty, which implies that u'(t,a) < a for all t € (—o00,T1]. Therefore,
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T; > [u(T3,a) — u(0,a)]/a > [-2—a — M,])/a > T and Ty - T; > 1/a. Consequently,
W(Tia) = w(Tya)= [ f(s)o(u(s))ds
T
. t+1/a _
s e- (:g; ' f(s)ds) (ue[’-nzf,—ng(“)) <L
by the definition of T, which contradicts the aésumption that u'(Ty,a) 2 0. Héhce
a€ A
(7) Since R cannot be decomposed into two disjoint non-empty open sets, the
assertion follows from the conclusions (4)-(6). O

The following lemma deals with the monotonicity of the solution with respect to
the parameter a and will play an essential role in analyzing the three sets A*, A°,
and A~.

Lemma 4.3. Assume (H1)-(H3) and let To(a) € [—o00, 0] be the first time such that
either u'(t,a) > 0 or u(t,a) < 0 is violated, namely,
To(a) = sup{T € [-o0,00] | u(t,a) < 0,u'(t,a) >0 Vte€ (—o0,T)}.
Then )
u,(t,a) > -(-;u'(t,a) >0 Vte (—o0,To(a)).

Proof. We need only consider the case To(a) > —oo. From (4.2) and the standard
ODE techniques on the continuous dependence of solutions on the the parameters,
one can show that v(t,a) = u,(t,a) exists, is smooth and satisfies

v'(a,t) = = f(t)g'(u(t, a))v(t,a), —o0<t< oo,
tliinoo v(t,a) =1, t_ljr.nw v'(t,a) = 0.
Define Ty(a) = sup{r € R| v(-,a) > 0 in (—o0,7)}. Then, by the last two equations,

Ti(a) > —oo.

Set w = u'. Then limy._, w(t,a) = a and by (3.2), lim,,_ w'(t,a) = 0.
It follows that the function C(t,a) = w(t,a)/v(t,a), t € (—o0,Ti(a)), satisfies
lim¢ee—oo C(t,a) = a and limy_o C'(t,a) = 0. Since the function w satisfies the
equation w" = —f(t)¢'(u)w — f'(t)g(u), the method of variation of parameters yields

C'(t,a) = -—;—2-(-17‘—5 /_; f'(s)ua(t,a)g(u(s,a))ds Vit € (—oo0,Ti(a)). (4.4)

Since f' > 0, it follows that C’ < 0 and therefore C < a in the set (—oo,T1(a)); that
is, v(t,a) > lw(t,a) in (o0, Ti(a)). Clearly this implies that To(a) < Ti(a). The
lemma thus follows. O

The following statements characterize the sets A%, A° and A-.

16



Lemma 4.4. Assume (H1)-(H3). Then there exist constants a, and a, satisfying
a\ < a, such that :

(1) A+ = (a, 00);

(2) A~ = (—o0,a1);

(8) A° = lay,a3);

(4) if in addition (H8) holds, then a\ = a,..

Proof. We need only consider the case a > 0 since in case a = 0, one can directly
verify that A+ = (0,00), A° = {0}, and A" = (-00,0).

(1) Since A+ is open, it suffices to show that if (61,62) C >17, then 62 € A*. For
any a € (61,62), let z(a) be the first time the solution crosses the t axis. (Since
a > 0, limt-"_oott(<,a) = —00, so z,(a) is wdl defined.) Clearly, u(zo(a),a) = O,
u'(zo(@,a) > 0, and by Lemma 4.2 (1), u > 0 in (—00,z{a)]. By Lemma 4.3,
U, > \u' > 0in (—00, z(a)]. Applying the Implicit Function Theorem to the equation
u(z(a),a) = 0 then yields that z{a) is a differentiate function of a in the set
(61,62) and "z, (a) = —us(z,(a),a)/u’'(zo(a),a) < 0. Noting that (4.2) implies that
u < at+ain (—00, z(a)], we then know that z,(a) > —al/a for every a 6 (61,62).
Thus 20(62) = lim,/6, z,(a) exists and is finite. By continuity, u(z,(b,), b,) = 0. Since
u'(20(62), 2 = 0 would result in tt(J, 6,)= 0, we also find that u\zo{b,), b,) » 0, which
implies u(t,b,) > 0 for t near 20(62. That is, 62 € -4*. The first assertion of the
lemma thus follows.

(2) It isaufficient to show that (61,6,) € A" implies61 € A~. For every a € A~, let
2\(a) be the point where u'(zi(a),a) = 0 and let m(a) = u(zi(a),a) be the maximum
of t/(-,a) in R. Since \i"(A(a),a) < 0, the Implicit Function Theorem implies that
Z\(a) is a differentiate function on A'. Hence,

Eférr{a) - u'(zi(a),a){gi(a) +ufd{a)a) = w(d@(@a) >0  Va€ (6L62).

Consequently

bth)

2

161 + &2 .
m@ = supu(at) <ml—-=3  for all a € (6,
tcR \ 2, N

By continuity, m(6i) = supwerU(t,6i) < m{*) < 0. This implies that 6x €
A°UA~. However, by Lemma4.2 (2), we can easily conclude that 6 £ A°. Therefore,
61 € A~. This completes the proof of the second assertion.
(3) Since ,4° = R\ (A* U,4~), the assertion follows from thefirst two conclusions.
(4) For every a £ A° = [a, a,], wehaveu' > 0in R and, by Lemma4.3, u.{t,a) > 0
in R. In addition, since u is monotonic and limy-yx-t/(f,a) = 0, for each 6 > O there
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exists a continuous function Tjs(a) such that u(Ts(a),a) = —6 and u(t,a) > —6 in
(Ts(a), 00). By the assumption (H8), ¢'(u) < 0 when u € [—6,0]. Therefore

ug = —f(t)g'(v)us 20  Vt > Ts(a), a € [a1,a3).
Hence u, is a non-negative convex function on [Ts(a), ), so that
ug(00,a) = !l_l‘rg u,(t,a)

exists and u,(00,a) € [0,00]. Suppose that we have shown u,(c0,a) > 0 for all
a € [a1,az). Then, by Fatou’s lemma,

0= Jim(u(t,a) - u(t, ) = Jim / :" ua(t,a) da > / ua(00, ) da

which implies that a; = a;. It remains to show that u,(co,a) > 0 for all a € [a;,a;).
Suppose, on the contrary, that u,(oo,a) = 0 for some a € [a;,a;]). Then by (4.4),
the function C = u'/u, satisfies

Clt0) = s [ F(Ouals,alglu(e,a)ds
1

ui(t,a)

/_oo<> F(s)ua(s,a)g(u(s,a))ds = —c0  as t — oo,

which implies that C(t,a) < 0 when t is large enough. However, this is impossible
since C = v'/u, > 0 for all t € R. This proves that u,(co0,a) > 0 for all a € [a;,4,)
and thus the last assertion of the lemma follows. O

Now we want to find more detailed behavior of the solution u(t,a) when t — oo
anda€ A™.

Lemma 4.5. Assume (H1)-(H{). Then for anya € A~
B(a) = - lim u'(t,a)
ezists and is positive and finite.

Proof. Since for any a € A~, u” < 0 in R, it follows that f§(a) exists and belongs
to the interval (0,00]. We want to show that §(a) < oco.

Assume that B(a) > M where M is the constant in the assumption (H4). Then
there exists a constant 7 > 1 such that u(t,a) < —Mt for all t > T. Since g’'(u) > 0
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when u < =M, it follows that g(u(t,a)) < g(—Mt) when t > T. Consequently, for
allt > T,

w(tya) = v(Ta) = [ f(s)gu(s,a))ds
> W(Tya)~ [ f(s)o(~Ms)ds 2 u(T,0) = [~ fls)a(~Ms)ds.
Therefore, f(a) < —u'(T,a) + J;° f(s)g(—Ms)ds < co. The assertion of the lemma

thus follows. O

Finally, we would like to find the range of 8(a) when a runs over the set A~.
Note that the assumptions (H2)-(H4) imply that [°_ g(u) du is finite, so that we can
define

Go(u) = /_:o g(w) dw. (4.5)

Lemma 4.6. Assume (H1)-(H{) and let Gy be defined as in (4.5). Then for any
a € A, both the function f(-)g(u(-,a)) and the function f'(-)Go(u(-,a)) are in L}(R)
and there hold the relations

a)+a = [ fWg(uta)t, (46)
1 2 1 2 /
SB(a) - 50t = /R F'(8)Gol(u(t, a)) dt. (4.7)

Proof. Since u/(t,a) = a — [ f(t)g(u(t,a))dt and fg > 0, the identity (4.6)
follows from Lemma 4.5.
To show (4.7), we use the identity

u'2 a
%(__(z_) + F(O)Go(u(t,))) = £ ()Go(u(t, )

2
which follows by multiplying (3.2) by u'. Integrating both sides over [-T, T yields
T n t, t=T t=T
[ 5@Go(utt,ande= 2" 4 fe)Gou(t,a))|

Since the integrand on the left-hand side is positive, to finish the proof, we need
only show that limy—+e f(t)Go(u(t,a)) = 0. Since f(t) — 0 as t = —oo and Go(u)
is bounded, we have f(t)Go(u(t,a)) — 0 as t — —oo. It remains to show that
f(t)Go(u(t,a)) = 0 as t — oo.

Since v’ > —f(a) in R, for T sufficiently large so that u’ < 0 when ¢ > T, we have

Go(u(t,a)) = /_':"')g(u(s,a))du(s,a)
= /t g(u(s,a))u'(s,a)ds < B(a) [mg(u(s,a))ds.

(>}
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Hence, using the facts that f monotonically increases and that f(t)g(u(t, a))'e L'(R),
we obtain that 0 < f(t)Go(u(t,a)) < B(a) [ f(s)g(u(s,a))ds — 0 as t — oo,
thereby completing the proof of the lemma.D

Lemma 4.7. Assume that (H1)-(H5) hold. Then the function f(a) is continuous in
A-. : .

Proof. Let ag € A~ be any point and M, M, be the constants in the assumptions
(H4) and (H5). First we claim that B(ap) > M. In fact, if Mp = 0, there is nothing
to prove. Thus it suffices to assume Mp > 0. If the claim is not true, then since
u"(t,a) < 0, u'(t,a) > —M, in R, which implies that there exists a positive constant
C such that u(t,a) > —C — Mot for allt > 0. Let T > 0 be a time such that
u(t,ap) < —M for all t > T. Then

[ swgtuttanar = [7 st)e(-C - Mot)

f(t = C/My)
2 gggT f(t)g( Mot)dt = oo

by the assumption (H5), contradlctmg the finiteness of f(ao) and (4.6). This shows
that B(ao) > Mo. -

Let § = (B(ao) — Mo)/4. Then there exists a positive constant T; such that
(Mo+6)Ty > M, u'(Th,a0) < —(Mp+26), and u(Ty,a0) < —(Mo+26)T;. Since u(a,t)
and u'(a,t) are continuous in a, v'(Ty,a) £ —(Mo + 6) and u(Th,a) £ —(Mo + 6)Th
when a is close to aq. It then follows that, since u” < 0, u(t,a) < —(Mp+¥6)t in [T}, 00)
for all a close to ao. Let W(t) be the function defined by W(t) = sup R lg(u)|f(t)
for t < Ty and W(t) = f(t)g(—(Mo + 6)t) for t > T;. Then by the definition of My,
W € LY(R). In addition, when a is close to ao, f(t)g(u(t,a)) < W(t) for all t € R.
The assertion of the lemma then follows from the Lebesgue Dominated Convergence
Theorem and the formula (4.6). O

In order to find the range of 5(a), we need find the behavior of 8(a) as a / ao =

sup,c4-{a} and as a — —oo.
Lemma 4.8. Assume (H1)-(H{) and let ap = sup,c 4-{a}. Then

Jim B(a) = oo.
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Proof. Using the identity (4.7), we have

.. B*a) o
DT

= limjnf /R (1)Go(u(t, a)) dt

> liminf liminf /o T P 0)Go(u(t, a)) dt
= Jim /OT F(8)Go(u(t, ao)) dt

> Jim Go(u(0,00)) || f(t)dt = o0

where in the last inequality we have used the property that both Go(-) and u(-,ao)
are monotonic so that Go(u(t,a0)) > Go(u(0,ao)) for all £ > 0. Since B(a) > 0, the
assertion of the lemma thus follows. O

To study the behavior of 8(a) as a — —o0, we need the following property of the
solutions.

Lemma 4.9. Assume (H1)-(H{) and for any a € A~, let m(a) = sup,cR u(t,a).
Then

aEr_nq) m(a) = —oo.

Proof. Since when a = 0, m(a) = a, the assertion of the lemma is obviously true,
so that we need only consider the case a > 0.
Let a € A~ be any constant and let z;(a) be the point such that u'(z(a),a) =
0. Then (4.2) implies that u(t,a) < at + a which, in turn, implies that m(a) =
u(z1(a),a) < az(a) + a; that is,
a(e) > 2822 (4.9

Since 0 € v’ < a in (—00, 21(a)), there holds the inequality
m(a) —1 < u(t,a) <m(a) Vte€ (z1(a)-1/a,z(a)),
so that

0=u(n(a)a) = a— [ f(s)glu(s,a)ds

z;(a)
< a- inf ds.
< = (gnmer®®) [igonsa 1O
Therefore, by (4.8) and the monotonicity of f,

21(a) m(e)=e
> . > .
@z (u€[m(a])n-fl.m(a)]g(u)) -/zl (a)-1/a f(s) ds - (uG[m(:)!-l-fl,m(c)]g(u)) ./'_"12):“_"’ f(s) ds.
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Since f(t) — oo as t — oo, the assertion of the lemma must hold. O

Now we are in a position to find the behavior of A(a) as a — —o0.

Lemma 4.10. Assume (H1)-(H{) and (H6). Then
ali.r_noo B(a) =a+2fig:. (4.9)
If in addition (H5) holds, then (a + 2f19;,00) C {B(a) | a € A~}.

Proof. Let a « —1 and T > 1 be any fixed constants. Then the identity (4.7)
implies that

Fa_o - | rociute)a

= [: f’(t)GO(u(t, a))dt + ‘/Too Fl(t)Gl(U(t,a))f(t)g(u(t,a)) dt
= [ S 0Gu(t,@)dt+ RIIGETa) [ 1(Dg(u(t,a) d

by the Mean Value Theorem, where T* € [T, 00). Using the identity (4.6) we have
that

Ezg-) - 322 = F(T*)G:1(u(T",a))(e + B(a)) + A(T, a) (4.10)

where

AT a)= [ [F(OGo(u(tsa)) = Fi(T")Ga(u(T", ) f(t)g(u(t, )] .

By Lemma 4.9, lim,_._o, A(T, a) = 0. Solving S(a) from the algebraic equation (4.10)
yields that

B(a) = Fi(T")G1(u(T*,a)) + /[ + Fi(T*)G1(u(T*, a))] + 2A(T, a).
Therefore,

Jim Ba) = Jim lim (R(T7)Gi(w(T",q))
+y/la + Fi(T*)G1(u(T*,0))]? + 2A(T, a) )
= lim lim (a+2FR(T")Gi(4(T",a))) = a +2fig:

T —+00 a=+—00

by the assumption (H6) and Lemma 4.9. This proves (4.9).
Since when (H5) holds, B(a) is continuous in A~, so that the range of $(a) when

a runs over A~ contains the set (a + 2f;g1,00). O
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Lemma 4.11. If (H1)-(H7) hold then
{B(a) | a € A7} = (a +2f191,0).

Proof. We need only show that 8(a) > a + 2f19; for all a € A~. In fact, if (HT7)
holds, then ’ -

F(a) - =2 L FOGo(u(t,)) > 2her [ S)o(u(t,)) = 2£i1(B(a) + ),

which implies that f(a) > a + 2f;¢;. O
Clearly, Theorem 3.1 follows from Lemmas 4.1-4.11.

Remark 4.1. There is another way to prove part of Theorem 3.1 which in some
sense is easier than what we have presented. We outline it here. For each m > 0 and
T € R, let u = u(t,m, T) be the solution of (3.2) with the initial condition u|;=r = —m
and u'|;=7 = 0. Then, one immediately knows that u takes its maximum at t = T,
u” < 0, and a*(m,T) = lim;_4c ' exists. In addition, 0 < = = JT_ f(t)g(u) <
supg [T f(t), which implies that lims—._o @~ (m,T) = 0 uniformly for all m > 0.
The proof of Lemma 4.5 yields that a* is finite and a similar proof as that for part (6)
of Lemma 4.2 yields that limr_... |o*(m, T)| = oo for each m > 0. Thus for any given
positive constant ap, a topological argument shows that, for any M > € > 0, there
exists a continuum « in the (m,T) space intersecting the lines m = € and m = M,
such that any pair (m,T) on 7 satisfies a=(m,T) = ap. The same proof as Lemma
4.10 shows that a*(m,T) — —(@o+2f191) when (m,T) is on 4 and m — —o0o. Using
the explicit bound of a~, one knows that T on « is uniformly bounded from below,
which, together with the identity (4.7) and the fact that the solution can be close to
the ¢ axis for an arbitrarily long period of time if m is small enough, (m,T) varies on
7, the value of a* varies from —(ap + 2f192) to —oco. This furnishes a proof of the
second statement in Theorem 3.1.

5 Direct Physical Implications

Let u be an arbitrary radially symmetric solution produced in either Theorem
3.2 or 3.3. It will be convenient to use z = z! + iz? to denote a point in R2. We
understand

6=61-—i62, -=61+i62.
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Set

¢(z) = exp (%u(z) +iNarg z), 61)

Ai(z) = —Re{i0"In¢}, Az(z)=-Im{id"Iné¢}.
5.1. The Chern-Simons Model. ..
From a solution u obtained in Theorem 1, we can use (5.1) to construct an N-
vortex solution of the self-dual Chern-Simons equation (2.2). For any given 8 >

2N + 4, let u be such a solution that (3.7) is fulfilled. Then it follows from (2.2),
(2.3), and (5.1) that the magnetic flux is

2 u u
L' =/R,Fnd$=;2'/R,€(1—e)dI

4m [
= u(r)(] — evl(r
=), T (1 - ) dr

= w[lir%ru,(r) — lim ru.(r)] = 22N + 78.

The first term on the right-hand side equals to the flux of a topological N-vortex
solution. The electric charge is just k®. Furthermore, the energy density (2.1) has
the Bogomol’nyi decomposition (Jackiw & Weinberg 1990)

1[5Fa
41 |¢|
+Fi2 + Im{0;e;16"(Di9)},

where €;; is skew-symmetric with €12 = 1. On the other hand, in view of (5.1), we

2
£= + 218161 = )] + D16 +iDsgP

have
|D;¢|* = 2ule, r=|z|. (5.2)

Thus (3.7) gives us |D;@|* =O(r~(+#) for large r > 0 and the integral over R? of the
last term in the expansion of £ vanishes. Therefore, by virtue of (2.2), we have the
total energy

E= [, £dz= [, Fuds=0.

In summary, we can state

Theorem 5.1. For given integer N > 0 and any B > 2N +4, the Chern-Simons sys-
tem allows a non-topological N-vortez solution which realizes the following prescribed

asymptotic decay properties

|6 = O(r'ﬁ), IquSl2 = O(r'(”ﬁ)), Fy = O(r"ﬁ) for large |z| =7 >0
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and the corresponding values of energy, electric charge, and magnetic fluz
E=9, Q =k, ®=27xN+=np.

Moreover, the radially symmetric topological N-vortez solution is uniquely determined
by the vortez location.

5.2. Finite-Energy Cosmic Strings.

In Sect. 3, we remarked that (2.8) also permits solutions with positive values.
Here we show that such solutions cannot carry finite energy. In fact, we shall prove
that the original self-dual Einstein-matter-gauge equations (2.6)-(2.7) have a finite-
energy radial cosmic string solution with the winding number N > 1 if and only if
(2.8) has a negative radial solution (with the same N). As a consequence, we are
able to arrive at the important conclusion that the existence of a symmetric self-dual
cosmic string with winding number N is equivalent to the condition

2rNG # 1, NG < 1. (5.3)
This result is stated as follows.

Theorem 5.2. Consider the radially symmetric solutions of the equations (2.6)-
(2.7) so that the 2-surface is conformally flat, (M, {g;x}) = (R?, {€"6,x}), and that
the zero of ¢ is the origin of R* with multiplicity N > 1. Let K be the Gaussian

curvature of the surface. Then the finite energy condition
/R,Ee"d:r<oo, '/I;!’ Ke"dz < oo (5.4)

is equivalent to the bound |¢| < 1. In other words, there ezists a symmetric cosmic
string solution with winding number N > 1 if and only if N satisfies (5.8).

Proof. Since a radially symmetric solution verifies the representation (5.1) with
u = u(r) (r = |z|) and u satisfies

Uy + ‘:fur - r-—41rNGe2rG(u—e")(eu - 1)’ rs 0,
(5.5)
lin& ru,(r) =2N

(see (2.8)), where u = In |¢|?, it suffices to establish the equivalence of (5.4) with

u(r) <0, r>0. (5.6)
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Assume first that (5.4) is true. Let us verify (5.6).

Suppose otherwise that there is some rg > 0 to make u(ry) > 0. Since u(r) < 0 for
r > 0 small, we may assume rq to be the smallest such number at which u(ro) > 0.
Obviously u(ro) = 0. Because u(ro) cannot be a local minimum of u and r = rg
is an isolated zero of u, we see that there exists some § > 0 so that u(r) > 0 for
r € (ro,r0+6). The maximum principle prohibits the existence of an r; > ro to make
u(r;) = 0. Thus u(r) > 0 for all r > ro. '

As a consequence, we can strengthen the above observation by the statement
u,(r) > 0 (r > 0). In fact, if there were some r; > 0 so that u,(r;) = 0, then r; # ro.
Thus u(r;) < 0if r; < 1o or u(ry) > 0 if r; > ro. However, either case would violate
the maximum principle applied to (5.5).

Thus the equation (5.5) says that (ru,(r)), > 0 when r > ro. Therefore ru.(r) >
rou,(ro) = 0 > 0 for all r > ro, which implies that

u(r) > ollnr—Inrg), r>rq.
Using the expression (5.2), we find
|D;¢]? > 20%ryr°~2, lz] =r > ro.
Recall the definition of £ in Sect. 2.2. Since £ > Je~"|D;4|?, we arrive at
/R’ Ee'dr > 21r/':° orgr°"ldr = oo,
namely, the solution does not carry a finite energy.
Suppose next that (5.6) holds. Then, according to Theorem 3.3, either 27 NG < 1
or tNG <1 < 2rNG. Let us first deal with the former case. In this situation, a
negative solution will satisfy either (3.6) or (3.7) with 8 > 2(1-7NG)/7G. We shall
now concentrate on (3.6) because the latter case has been worked out in (Spruck &
Yang 1992b).
Let u be a solution of (5.5) satisfying (3.6). Then (3.7) holds with 8 = 0 and

u,(r)>0,r>0.
Consider the comparison function

v(r) = Cr, r >0, - (5.7)
where C > 0,b > 0 are constants. Set w = u + v. Then

W,y + ‘:"wr = r—4xNGe21rG(u-c")(eu - 1) + b2r—2v

(5.8)

_41rNGe2tG(u-e“)+Auu + b2r—2

=r v,
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where A = A(u) € [0,1]. Using the facts that 2vNG < 1 and u(r) -» 0 as r-» oo, we
can find somero > 0 so0 that

~4rNG 21G(u-e"+hu 5, p2.-2

T T > T

Inserting this information into (5.8) gives the dliptic inequality
Wi + :w, < 67%;, r>r. (5.9)
Choose C > 0 in (5.7) sufficiently large so that
w(ro) = ti(rg) + Crd° = 0. (5.10)

Applying (5.10) to (5.9) and using the boundary behavior w(r) —> 0 (asr —e 00), we
get w(r) >0, r >ro. In summary, there holds the decay rate estimate

- C(b)r~° < u(r) <0, r> 1. (5.11)

Note that, in (5.11), b > O isarbitrary. Thus u vanishes at infinity faster than any
power function of the type r"° (a > 0). Therefore, for any a > 0, €' ® - 1 =O(r~°)
for larger aswdll. Inserting this information into (5.5), using (3.7) (with /? = 0), and
integrating, we obtain the same type of decay rate for u;:

u(r) = =11 o NG2WGIU-e ) _ ) > = @8 tor  anyrizo . (5 19)
rJr
In terms of u, we easily obtain from Sect. 2.2 the expressions
rf = -47riVGInr + 2TTGU - ¢Y), fi: = TrGu?er + (e - )3,

B =et,  IDP =2l Fa=ler(i-ev)

Thus, in view of u < 0, we see that the 2-surface where the strings reside always has
a positive Gaussian curvature and, asr —> 00, there hold the following estimates for
the physical fidds

Noo(r=**"C) MZ-1, B2 Fu K=0(r-), . (5.13)

where a > 0 is arbitrary. Consequently (5.4) is verified.
Finally, we assume VNG < 1 < 2xNG. Then a negative solution u of (5.5) will
satisfy (3.7) with 0>0. If 0 > 0, we easily derive the estimates as r —e 00:

e\ Fj = CXr-A7-"%))  M2=0(-"), \Dj<j>\%, KI>= O(r-<*">).  (5.14)
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However, K > ©G/2 (say) at points far away from the location of the string. This
fact implies that the 2-surface is not asymptotically Euclidean.

On the other hand, if 8 = 0, then u,(r) > 0 for all r > 0 because ru,(r) is a
decreasing function in view of the property u < 0 and (5.5). Thus lim,_.. u(r) exists
and is non-positive. Applying this fact to the integral in (5.12) yields directly the
bound A

ru.(r) = O(r*1-2"NG)  for large r > 0.

Therefore we arrive at the estimates at |z = r = oo:
&', Fy, Ke'= 0(r~"N6), |92 =0(1), |D;gf = O(r-24N6-D).  (5.15)

Both (5.14) and (5.15) lead to (5.4). O

Remark 5.1. The expressions (5.13)-(5.15) give us the asymptotic behavior of
the physical fields and the geometry of the conformally flat 2-surface (R?, {€"6;}). In
particular, since the canonical volume g2 €”dz < 0o when 7NG < 1 < 27NG, we
find that the finite-energy condition implies that the space cannot be asymptotically
Euclidean at infinity.

Remark 5.2. In terms of S given in (3.7) and the winding number N, the values
of the energies of the matter-gauge sector and the gravity sector may all be obtained
explicitly. Here we choose not to pursue these calculations.

Remark 5.3. The condition (5.3) is a rather peculiar obstruction to the exis-
tence of the U(1) self-dual cosmic strings which are produced from gravitational and
electromagnetic interactions. On the other hand, when nuclear forces are put into
the coupling, cosmic strings with an arbitrary winding number may exist. This dras-
tic distinction has been observed in the Einstein-Weinberg-Salam system where the
interactions of gravitational, electromagnetic, and weak forces are considered (Yang
1992).
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