§1. Introduction

Let H be some fixed graph with r vertices and s edges. H is assumed to be strictly
balanced i.e.

> %HT}H/

for all non—trivial subgraphs H’ of H, H’ # H, where »(H’), y(H’) are the numbers of

i

vertices, edges in H’ respectively. (From now on H’ ¢ H will always mean such subgraphs).
Consider now the random graph G nm chosen uniformly from $om= {graphs with
vertex set [n] = {1,2,...,n} and m edges} and let Xp denote the number of distinct copies of

2-1/s

H in G . Suppose now m = % wn where w= w(n). Erdds and Rényi [3] showed

that

Pr(Xg=0)=1-o0(1) if w-0
Pr(Xg#0)=1-0(1) if w-o

Here, as usual, we consider limits etc. as n -+ . Using a(n) ~ b(n) to stand for

a(n) = (1 —o(1)) b(n), we remark that

8
E(XH) ~ 90— = ), say,

where a denotes the number of automorphisms of H.

Erdds and Rényi’s result has been refined in many ways. In particular, Bollobas [1] and
Karonski and Rucinski [6] independently showed that if w tends to a constant and k isa
fixed non—negative integer then
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k
(1.1) Pr(Xg=k)~ve 4.

The aim of this paper is to show that the Poisson expression (1.1) is good for w- o reasonably

fast. In particular we prove

THEOREM 1.1

Let H be strictly balanced and A be as defined above. Then there exists a positive
real constant 6 = 6(H) such that if w= o(no) then

K
(1.2) Pr(Xg =k) v e 2 0<k<(1+ €A

Al(logn)r/(2r—1)

where ¢, = SN for some constant A; > 0. o
2 K
(1.3) PrX=k)>>e " {7 (1+ €9)A <k < Alogn

where €, = Az(ﬁ—g-%l—f)r/ 2(r-1) for some constant A, > 0, provided ¢, - 0.

(The notation a(n) >> b(n) is used for a(n)/b(n) - o).

Remarks

1. We are not able to obtain the largest possible values for #(H) although we hope to
refine our analysis for particular graphs e.g. triangles.

2. Observe that ¢;A >> A2 ang s (1.2) is valid into the tails of the Poisson

distribution.



3. A somewhat stronger result for k = 0 and Gn,p has been proved independently by
Boppanna and Spencer [2] and Jansen, Luczak and Rucinski [4]. Jansen [5] has extended
these result to estimate Pr(Xp < k) for k < E(Xp).

4. See Rucinski [7] for a recent survey on the distribution of the number of copies of small

subgraphs of random graphs.

§2. Proof of Theorem 1.1.
We will not specify 6(H) immediately but upper bounds for it will be derived along with

the proof. We will use A,Al,A2,... to denote absolute constants whose values may or may not

be explicitly stated.

We distinguish between isolated copies of H and non—isolated copies. Here a copy of
H in G isisolated if it shares no edge with any other copy of H.

Now let

T 4= Pr(Gn’m contains exactly k isolated and ¢

non—isolated copies of H)

and

o
q= X Tt = Pr(G

L contains exactly { non—isolated
=0

n,m

copies of H)

and



k

Py = lﬁo ’rk—l, (= Pr(G contains exactly k copies of H).

n,m

The main work involved in the proof is to justify the following inequalities:

(2.1) n <qu¢m 0¢ £< Ay = Mlogn)*

-A

(2.2) P1(G contains at least A isolated copies of H) = o(e 0)

n,m

and more importantly

g
k,{ _ A

-1
where |€k,£| =0(A;")-
We devote the remainder of this section to showing how our theorem follows from
(2.1) — (2.3) and prove these inequalities later on.
Suppose now that 0 < £< ’\0‘ It follows from (2.3) that

A .
(2.4) mg= (1+0(1) 7 437 0<i<hy

and so

Ay i

Al

9 =@+ol))m, B o1t B T
= 0



=2 -2
= (14 o(1)) wo,t(e’\ —o(e 0)) + ofe 0)

on using (2.2). Hence

and by (2.4)
i i =2A=A
me=@+o) g frodre ) 0<i<hy
Thus
Now
A% o
Pp2q2n >>e ") since r > 3
and so
LR
P v q 0<k< A,
k (oo £ T 0

=A
m04= (1+0(1)) (g,—ofe )™



a2k k (k)
(2.5) = ]’}‘r (qp + e_)zz -/\75 q)

where (k), = k(k-1)...(k—¢+1).
To proceed from here we need qQp=1- o(1). To prove this we need a lemma on the edge
~ density of intersecting copies of H. We need a general version of this to prove (2.1) and we

prove this here. Let

.. (25 — wH’) s
0, = mln(ﬁ-—%-HT}—->0.
1 5w - I

Note that 01 > 0 follows from the fact that H is strictly balanced. A collection
HI’HZ"“’Hk of copiesof H in G nm is said to be linked if for each i thereis j#i such

that Hi’Hj share an edge.

LEMma 2.1

k
Let Hl’ 2""’Hk’ k > 2 be a linked collection of copies of H. Let K= U H.. Then
i=1

uK) > (6, + DUK).

Proor

Assume w.l.0.g. that Hi (v Hj for i =1,2,....k. We prove the result by induction on
it
k—1

k. We discuss the base case and the inductive step in tandem. Let K’ = U Hi' Then
i=1

k) MH) + uK’) — [E(H) n E(K')]|
vl + vK) = [V(H) n VIR

(2.6)



Furthermore

uv € E(Hy ) n E(K’) - u,v € V(H) n V(K’)
and so if H' = (V(H,) n V(K’), E(H,) n E(K"))
then H’ is a non—trivial proper subgraph of H and, by (2.6)

K) s + pK’
I+

Base Case: k =2

Here K’ = H, and u(K)//K)> 6, + 3 follows from the definition of ,.

Inductive Step
Write

-2
and observe that
(K) —8) = (6; + D(AK') —1)
= ((K") — (8, + IMK")) + 16, >0

by induction.



It is always more pleasant to do computation in the independent model G n,p’
p=m/N,N = (121). We quote the following simple results (see Bollobas [ ], Section 2.1). Let

/6 be any property of graphs. Then

1/2

(2.7) Pr(Gn,m €.£)<3m Pr(Gn,p € %)
and if £ is monotone then
(2.8) a.e. Gn,p € £ -ae. Gn,m € 4.
LEMMA 2.2
If

2,2
(2.9) < 0, 1%/(s” + 0;15)

then g5 =1-0(1).
Proor |
It Gn m has a pair of edge intersecting copies of H then it contains a set of k < 2r-1

vertices which span at least [k(% + 0;)] edges. Now this property is monotone and

Pr(G p contains a pair of edge intersecting copies of H)
]



) 2):3 1(n) 0r2 k( +0,) 2;3 1y 22 ‘}7§k(%+ 0,)
k=r T k=r n
_ nr{a(§+ 01)-§01})
= o(1).
Now use (2.8). o

Referring to (2.5), suppose first that 0 < k < A. then for # sufficiently small

(2.10) (1) 5 W 3
2.10 1-0(1)<q, + q,¢q, + q,<1
0" S %™ 2y

Nowlet k= (1+ €)A where 0< eS¢ = Al(logn)r/(zr'_l)/)\(r—l)/(21'_1). Then, using (2.1)

(k), ¢ 2k A4 gl

U= %S 2(3) e

2
< 2 exp{el -—%k—— A4£1/r logn}.

Case 1: £>3 el
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Case 2: £<3el
1-1
u,<2 exp{tllr(el Ir_ A, logn)}

< 2 exp{£}/T 1ogn(311/TAZ1/T _ 4 ).
So if we make A1 small enough so that A 42 4A% then we have

—AZ
u, <2n

which is also valid for Case 1.
Henceif A<k<(1+ el)A and @ is sufficiently small

k (k), o —AZT
1-—0(1)qu+ [E2—,\-l_q£5 1+ 2t£2n

=1+ o(1).

This together with (2.10) proves the first part of the theorem.
logn \r/2(r-1)
Suppose now that k = (1 4+ €)A where 12> €2 e, =A (—1—%—_ ) .
( 2 2 \ T

Then by (2.5)



11

-\, k
Pk/(ek!)‘ )2 %)‘k—[l)(\]! ]! qk"l.)‘.'

2
K —Ag(ed+1) It

»AE)*ern

2/t
N Aef2A/3 n—2A3(€A)

2 2
) r-251
= A exp{5~(1 —2A;¢ A logn)}

2_y

2
> A exp{S2(1-24,A,7 )},

2
$_9
Now 62/\ - o and we are free to choose A2 so that 1 — 2A3A2r = %— and the
result is proved for this case.
When k > 2)\ we use
s(k+1)! 2= k! 6
A(k+1-s)! A (k-s)!
to reduce to the previous case.
0

§3. Proof of (2.1) and (2.2)

The upper bound in (2.1) follows fairly easily from Lemma 2.2. Indeed suppose Gn m
contains exactly ¢ non—isolated copies of H. Let K denote the graph induced by the union

of these copies. If K has p vertices then, by Lemma 2.2, it has at least 7p edges where



— §
T= 01 + 5 Note that
lllrgpgrtgr,\o

where the lower bound on p is from (p), > £ Hence, on using (2.7),

I P
q <3m!/? : () [(2)} p’’
p= ll/r TP

L 2
12 T ne\p g e _\TP

™1 7

r!
(3.1) <3m'/? 'y (—37—IA 27
p=11/r nTt/E

1/2 r)é (A,ws('r—l)+'r(10gn)4('r—1))p

<3m
= ro./s
p=l1/l' n 1

and the upper bound in (2.1) follows provided
As(r-1) + 1) <10 /s.

It is convenient to stop and prove a similar inequality which is needed later.

Let A, = [Js(logn)4r+ 1 |. It follows from (3.1) that provided

(3.2) O(rs(r—1) + 7) <16, /s

12
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that

(33) 231 © 0

3.3 q) =ole
t=x;

where q is the probability that G contains precisely £ non—isolated copies.

n,2m

Furthermore, if G contains more than 2)\1 non—isolated copies of H then we can

n,2m
choose A, of them. For each chosen copy of H that does not share an edge with another
chosen copy we choose a further copy that does share an edge. In this way we build a linked

collection of between ’\1 and 2A1 copies. It then follows by the calculations above that

® —2)\0
(3.4) I q= o(e ), also.
{=2),+1

To prove the lower bound of (2.1) we consider the probability of the existence of a collection of
- . . !
disjoint complete subgraphs of specific sizes. Thuslet o, = (i) IE'- for t > r and observe that

K, contains o, distinct copies of H. For a given a define 7= r{(a) by o_ 41 >820,

i
Next let ll = { and L1+1 = [’1 - ar(l) and T, = 21 T(tj) fori = 1,2,....,k where

.

i j
(r+1)!
‘k 2 a > lk+1'
Now let & denote the event that
(3.5a) Gn, m contains complete subgraphs with vertex set [T ],[T,]\[T;],....[T \[Ty ;]

and



(3.5.b)

and

(3.5¢)

and

(3.6)

write

where

But

Thus if & occurs then G 1

14

& 11 copies of H containing the edge {1,2} but otherwise disjoint from all other
copies. Let their vertices belong to [T]\[T}] where T — T, = (r-2)§ 41

there are no other edges in [T] (this assumption simplifies the calculations but

may be a bit drastic!)

there are no other non—isolated copies of H is Gn o
b

m contains exactly { non—isolated copies of H. We can

Pr(&) = 7,
7, = Pr((3.5)) and m, = Pr((3.6)|(3.5)).

N— (T 4 2
T = [( (2) I =@ -0 +3)

m-—u
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x4
where u=i£1 2 +(s—1)lk+1. So

w \u T4 u2 u
T o= (n—r7§) A-0F+7+)
(3.) = ()" @ —oa),

since we show later that

k
(3.8) ) ‘r(l,l)x = 0(tx/ ) for any fixed positive integer x,
i=1
and we assume
(3.9) 0.<x(2-3)/4s.

We show next that 7, =1—0(1). Note that (3.6) given (3.5)) is monotone and so we can use

the G p model to estimate 7y- Now by the FKG inequality
Ty > ré ré’
where

7, = Pr (there are no non—isolated copies of H in [n]\[T])
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and
Ty, = Pr(there are no extra copies of H which share an edge with those defined in (3.5)).
Now 75 =1-0(1) if (2.9) holds and

75 2 1—E (number of such copies of H)

;)
v(H')

e (B i=1 B+ )

on using (3.8) to simplify the second summation
=1-0(1)

provided

B = )
(3.10) 6 < min =
H'cHs — p(H’) + v(H');

The proof of (2.1) is completed once we have proved (3.8). For then (3.7) implies



Tl 2 (;%g)

Proof of (3.8)

When a is large we have, where 7= 7(a),

a—a SJT+1—U1'

=r1(r— l)r—la—l

< r'rr_l.

But

<
-()<a

(3.11) | Lrerall

and so
1-1/r

a—o srra

which implies

o)1 _ oy,

17
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1.
(3.12) L < r"e( r 1<i<k
and
1.i
) < .

Now let i) = [r logr] and assume £ is large enough that ip < k ((3.8) is trivial for
bounded £). Then (3.12) implies

(3.13) ¢ <Al
‘o

ior
where A=1" .

Now T(ll) < rll/ T and 7 is monotone increasing and so

i
(3.14) .gl r(4)* < i .
i=

On the other hand it is easy to see that

.27 for 72r+1

and thus

t =G+ G +-+ (g4 )+ 4y



= UT(ll) + 01_(‘1) + 0'1_(12) 4+ ...+ aT(lk) + tk-l-l
> (4) + (&) + ... + 7(4)
and so replacing ¢ by Llo above

MG 1)+ 7G) <6 1y

Hence

k k
(3.15) T (T e)*

= o(&/7) by (3.13).

(3.8) follows from (3.14) and (3.16) and this completes the proof of (2.1).

We now turn to the proof of (2.2). For positive integer t

. . . 1 t,rlt t
Pr(3 t isolated copies of H in Gn,p) < {-r(n) ()'p*

I a

r!
a

IA
—~
Laa Ked
o]
) o

s\t
- p)

19



20

Now put t = ’\0 and apply (2.7).

The same argument gives

-2
Pr(G n,2m contains at least ), isolated copies) = o(e 0)
and so, using (3.3), (3.4), we find
=22,
(3.17) Pt(G o, contains 2 A, or more copies of H) = o(e )-

§4. Proof of (2.3)
This section contains the main ideas of the proof of Theorem 1.1

Let £ ,= {Gey n,m’ G has k isolated copies and ¢ non—isolated copies of H}.
Let a,,= |4 K, ¢| sothat (2.3)is actually concerned with the ratio 3 t/ak—l, ¢

Now for k > 0,£> 0, let BPk ! denote the bipartite graph with vertex partition £ k.

"‘k-—l,l and edge set gk,l where GG, € gk,t’ G, € "‘k,t’ G, € "‘k——l,l if the edge sets of
GI,G2 are related by

E(Gy) = (E(G)\{e}) u {f}

where e is an edge of some isolated copy of H in Gy and f is some edge which does not
create a new copy of H when added to G /e.

If Ge “‘k,t” "‘k—l,t let d(G) denote its degree in BPk,t Then
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(4.1) Ge g k. implies
ks(N —m — £(G)) ¢ d(G) ¢ ks(N —m)

where ¢(G) = the number of copies in G of a graph of the form H —x for some edge
x € E(H).

This is because we have ks choices for edge e in an isolated copy of H. Then of the
N —m possible edge replacements f there are at most £(G—e)—1 choices which create a new
H when added. Finally observe that ¢(G—e)-1 < ¢(G).

Also

(4.2) Ge ‘/gk—l, ¢ implies

(m —s(k+))(§(G) — 2¢(G)) £ d(G) < m¢(G)

where ((G) = the number of subgraphs of G of the form (Hl U H2) —x where H,H, are
copies of H which share x (soif e.g. H is a triangle then (H; U H,) —x must be a 4—cycle).

To see this we overestimate the number of choices of { by m and the number of
choices of e by ¢(G). To underestimate d(G) we underestimate the number of choices of f
by m — s(k+/) since we do not wish to touch a copy of H. The number of choices for e, given
f,is at least £(G—f) — ¢(G) 2 ¢€(G) — 2¢(G) (crudely.)

The equation

¥ d(G) = ) d(G)
Ge./{k’ { Gexk_l’ {
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and (4.1), (4.2) lead to

(43) (@skD)1,072 %1, 20 PEk—1,

ks(N — m) " %10 7 ks (N-m-§, )
where Ek ¢ %k ¢ denote the expectations of §(G), ((G) over .§, , It only remains now to
estimate these quantities. For G€ .6, , and e€ E(G) (G = complement of G) let h,
denote the number of new copies of H created when e is added to G. Let #(G) =

{e € E(G) : h, > 0} and A(G) = |#(G)|. Let A; beasin (3.2).

LEmmr 4.3

Let G = Gn’m.
(a) Pr@eeE(G):h,>2)) = o(n’ 2A0).
(8)  Pr(n(G) 2 /%), logn) = o(e20).

Proor

Let & denote the event {G has at least 2, copies of H}. Think of Gn,2m as

n,2m

Gn,m plus m random edges.

(a)
Let &, ={3e€E(G) st h, 22)} Then

Pr(&) > Pr(&|& a.) Pr(& a.)

> %1- Pr(&,).
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Part (a) now follows from (3.17).

(b)
Let Ay = nI/s,\1 logn and & = {n(G) 2 A}. Then

Pr(8) 2 Pr(8|&}) Pr(é’b)

and (b) follows if we show that Pr(&|&,)2 L But to see this observe that the expected
2

number of copies of H created by adding the second m edges is at least % (G A n) and
N A ® wA, logn
>> )«1.

Note that we see now that the actual number added, given 8b, majorizes a binomial with mean
>> ’\1°

o
Let us now return to the consideration of (4.3). Suppose £¢ Ap- It follows from (2.1) and (2.2)
that there exists k0 such that

. i)

—1
7 >n .

0

We prove that

1 [k—ko| . —As2/T —
(4.13) wk,lz(l—x(;ﬂ kol y—Ast? ()" 0<¢k<A
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This is true for k = kO and assume inductively that it is true for some 0 < k kO.
k >k, will be dealt with subsequently and this is why we are assuming that ko > 0. We will
be able to verify (2.3) as we proceed with the induction. We will estimate Ek, I Zk, ¢ by the
same method and to do this welet I' denote a generic graph of the form H —x or
H, U Hy —x. Let T denote some fixed copy of T' with vertex set {1,2,...,t}, t = /(T') and
let e.e,,... wep U= @(T') be an enumeration of its edges.

Let "‘k,t= {Ge "‘k,t' for i =1,2,...,u we have either (i) ¢; € E(G) and e, does not
lie in any copy of H or (ii) ¢; ¢ E(G) and ¢, ¢ #(G)}.

LEMMA 4.4
*
| A 4l 25
1_1%,2__1‘.1!;2 1-— 2)_
| N
Proor

*
sk, _ 14k <5, ((28—1)(’)(G12I + s(k+0),

where E, , denotes expectation over G in ¢} , (4.13) and Lemma 4.3(b) imply that
b )
1
Ek, A™G)) € (1 + 55)A, and the result follows.
o

So now let "‘ktl"{Ge"‘kl E(G) n{e,e.} = {e e}}for 0<i<u and
consider the b1part1te graph BPk i i > 0, with bipartition u‘k i ./( k,Li-1 and an edge
G G for G eufk tl’G e./tk ti—1 if G can be obtained from G by deleting € and
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*
adding a new edge f. Using d to denote degreein BP, ,, we have

*
(4.14) Ge ks kL implies
N-m-7G)<d(G)<{N—-m.

There are at most N —m choices for £ which gﬁv&s the upper bound. On the other
hand, if ¢ E(G)Un(G) then G—e, + 1€ "‘l:,l,i-l‘ To see this we first note that G + f
has the same k + ¢ copies of H as G. But then if e ¢ H(G - e + f) we find that €
belongs to a copy of H in G + f and hence in G, which is disbarred by G € Jg;, ;

(4.15) Ge ./{; Li-1 implies
m —s(k+£) < d(G) < m.

There are at most m choices for f and if we choose to delete an f which is not in any
*
copy of H then G + e, —f isin £} (i~ The latter fact following from e, ¢ # (G).
* * Yy
Hence if 3 (i = IJk’ l,il we have, analogously to (4.3),

*
a .

N 3 g1 N-m—

It follows from (4.13) and Lemma 4.4 that there exists iy such that

2/t
* 1.4 —ANTN
3 13,28 % B ()

* *
Now (4.16) implies that ay l,i/ak liz12 21%- and soif i > i,
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* 1 2/1‘ i—
ni25 10 (G °

and hence we see from Lemma 4.3(b) that ’_71: i $ 2A2 for i> io. But this then implies that
for i > io

*
25 . 3(m+2X,)
OB E o R

3, Li-1

(4.17) (1-

cp - * m _* .
But if iy > 1 we see from (4.21) that 3 Lig-1 > 5N 3 Liy This puts a bound of 22,
on ’—7k (i.—1 and proves (4.18) for i = i) Clearly we can repeat this argument a further
b 0

iy —1 times to show that (4.17) holds for i > 1.
It follows that

(4.18) Pr(G contains T | GeJ:;’t)= @+ e qp)
S5 2-1/s
where |6 ,pl ¢ Aw”/n .

Let us now deal with £ Let A ¢ denote the set of possible graphs of the form H —x.
Then, from (4.18),

(419) BEE) [Geh)= T Q@™ A +q,p
¢

where ap = the number of automorphisms of T'.

To handle E({(G) | G€ £, ,— ./{; () Ve note that for such G,
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(4.20) £(G) € eeg(é) b, + s(k+()

<2X;7(G) + 1| {e € E(G): b, > 2A;}| + s(k+9).
It follows now from Lemmas 4.3 and 4.4 that
(4.21) E(E(G)|G € £, 4~ .4; PRI
Lemma 4.4, (4.19) and (4.21) then imply that

= =‘ds—l /s ¥
§k’l . I‘eA§

1

a—l'\ (1 + fk,l,l-\)
where € v 1OW satisfies, |ek’ 5,P| < Aw3rs‘s+1/n2—f/ 5.

Before looking at ( observe that

% r! sr!
€

PeA, o @’
. T

since we obtain all copies of graphs of the form H —x in Kr by taking all copies of H and

deleting an edge. Thus we can write

_ s—1
(421) =P+ g )

where |¢ ,| < Aw3rs—-s+1/n2—r/ 5,
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Analogously to (4.19) we have

(4.22) E(((G) | G e Ay ) = 2 Gy e @O 1+ g 1)
¢

where A ¢ denotes the set of possible graphs of the form H, VH, —x.

LEMMA 4.5

TeA, implies L(ur)+1)—yr)21+5,

Proor

If I‘=H1UH2—x let H’ =H1nH2. Then

ul)=2s—w(H')-1
and
UT) =2r—-1(H').
The result now follows from the definition of 01.
It follows from (4.22) and Lemma 4.5 that

(4.23) E({(G) | G € £y ) < A1 aT/50-00),

*
For G € £, ,— .6} , we write, analogously to (4.20)
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he L
(@) € 2 D+

<2220(G) + 2% |{e € E(G) : b > 22 }| + 5.

It now follows from Lemmas 4.3 and 4.4 that

* 2
Combining this with (4.23) and g, < % and using Lemma 4.4 we obtain
(4.24) [ (< AL r(1=61)/s,

Remark: the above analysis, between here and (4.13) could equally well have been done
with (4.13) replaced by T g2 e")‘°. This would lead to slightly larger "hidden"

constants A.
Now (4.3) implies
ks (N-m—¢, ,)
(4.25) o1 g2y
)
—Xo

But clearly Ek—l, ¢S n' and so, using (4.13), o1 >e and by the above remark (4.21)

and (4.24) hold with k replaced by k — 1. But using these estimates now in (4.3) gives
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a
k,{ _ )
(4.26) ——=r(1+58, )
31,4 k k,¢
—0y1/s 3rs—6+1_rs—2 -1
where, |5, Jd = 0(« n +w n- )= o(/\0 ) provided
rf
. 1 2s-1
(4.27) 6 < mm{gz ' 53T

Note that (4.26) = (2.3) and that this completes the inductive step in the proof of (4.13)
for k <kj. For k> kj the only thing that changes is that we replace (4.23) by

(m—s(k+0)(€y , — 2 G p)
A +1,2 Es{N-m) Ay

which enables to use (4.21), (4.24) with k replaced by k+1. The rest is as before. This
completes the proof of (2.3) and the theorem.

Remark: we have identified 5 upper bounds (2.9), (3.2), (3.9), (3.10) and (4.27). It turns
out that (2.9) and (3.9) are implied by the others.

References

[1]  B. Bollobas, "Threshold functions for small subgraphs", Math. Proc. Camb. Phil. Soc. 90
(1981) 197—-206.

(2] R. Boppana and J. Spencer, "A useful correlation inequality", J. Combinatorial Theory
A 50 8989) 305—307.

(3] P. Erdos, an A. Rényi, "On the evolution of random graphs", Publ. Math. Inst. Hung.
Acad. Sci. 5 (1960) 17—61.



(4]

(5]
[6]

[7]

31

S. Janson, T. Luczak and A. Rucinski, "An exponential bound for the probability of
nonexistence of a specified subgraph in a random graph", in Random Graphs *87 (to

appear).

S. Janson, "Poisson approximation for large deviations", to appear.

M. Karonski and A. Rucinski, "On the number of strictly balanced subgraphs of a
random graph", Graph Theory Lagbw 1981, Lecture Notes in Mathematics 1018
Springer—Verlag (1983) 79—83.

A. Rucinski, "Small subgraphs of random graphs (a survey)", to appear.



DEC 0 4 200%

AT

k0 303k



