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1. Introduction.

Previous studies! began an investigation whose goal is a
nonequilibrium thermomechanics of two-phase continua based on
Gibbs's notion of a sharp phase-interface endowed with energy, entropy
and superficial force. In these studies the underlying continuum is
rigid, an assumption that forms the basis for a large class of
problems discussed by material scientists,? but there are situations
in which deformation is the paramount concern, examples being shock-
induced transformations and mechanical twinning.

In this paper3 we consider deformable two-phase continua in
which one of the phases is solid, the other? either solid or liquid.

The extension to deformable media is not as straightforward as it
might appear. One of the chief differences between theories involving
phase transitions and the more classical theories of continuum
mechanics is the presence of accretion, the creation and deletion of
material points as the phase interface moves relative to the underlying
material, and the interplay between accretion and deformation leads to
conceptual difficulties. A major complication is that — because there
are two distinct kinematical processes — it seems necessary to

Gurtin [1966,19884,1968b], in which the underlying physical process is heat conduction:
dynamical processes generally out of eqilibrium are considered, and restrictions on
constitutive equations as well as free-boundary conditions at the interface are derived
from balances for force and energy in conjunction with a law of entropy growth. (Cf.
Angenent and Gurtin [1989], who discuss the isothermal evolution of the interface.)

2¢1., e.g., Mullins and Sekerka [1963,1964].

- 30ur study was motivated by papers of Cahn [1980], Mullins [1981,1984], Cahn and Larche
[1982], Alexander and Johnson [1985,1986], and (especially) Leo and Sekerka [1966], all of
whom consider deformable media and derive equilibrium balance laws for the interface as
Euler-Lagrange equations for a global Gibbs function to be stationary. In these references,
as in this paper, the individual phases have different constitutive equations. A different
point of view is taken by Ericksen [1975,1977,1967], Knowles [1979], Gurtin [1983], James
[1986ab,1867], Ball and James [1967], Fonseca [1967,1988al, Kinderlehrer [1987], Parry
[1987], Chipot and Kinderlehrer [1988], and Abeyaratne and Knowles [1988abc], who consider
elastic materials specified by a single constitutive relation with phase transitions defined
by jumps in deformation gradient induced by constitutive instabilities.

4For the solid-solid interaction the interface is assumed coherent; for the solid-liquid
interaction the liquid is assumed inviscid.



introduce two distinct force systems:

(i) a system of accretive forces which acts within the crystal lattice
to drive the crystallization process; this system consists of
accretive surface stresses within the interface and accretive
tractions and moments exerted by the lattice at the interface;
these forces are presumed to be purely accretional, they are forces
that would be present were there no deformation;

(ii) a system of deformational forces to be identified with the more
or less standa;rd forces that act in response to the local motion of
material pointﬁ?; this system consists of deformational surface
stresses withip the interface and tractions exerted by the bulk
material of thfé two phases at the interface.

Because of t[;le nonclassical nature of accretive forces, it is not
at all clear whethér or not there should be an accompanying balance
law, let alone what it should be and how it should relate to the more
classical momentufn balance laws. For that reason we base most of
our considerations, on invariance. Here we find it necessary to
introduce a new icfea, that of lattice observers: in addition to the
standard spatial observers who measure the gross velocities of the
continuum, we allgw for lattice observers® who study the crystal
lattice and measure the velocity of the accreting crystal surface.

We characterize the accretive and deformational forces by the
manner in which tl{ieg expend power: we assume that the accretive and
deformational surf;ace stresses expend power over velocities associated
with the motion of the interface, that the deformational tractions
expend power over. corresponding material velocities, and that the
accretive traction and moment expend no power. Both the accretive

-

SThat more than one force system is needed is clear from a physical discussion of Cahn
[1980], who writes: “solid surfaces can have their physical area changed in two ways, either
by creating or destroying surface without changing surface structure and properties per
unit area, or by an elastic strain . .. ... along the the surface keeping the number of
surface lattice sites constant while changing the form, physical area and poperties” (cf.
Gibbs [1878] pp. 314-331).

6The use of more than one observer might be useful in other continuum theories, such as
theories of liquid crystals, of structured continua, or of mixtures, in which “force"-balance
laws over and above the standard laws arise.




and deformational surface stresses perform work related to the
accretive motion of the interface; in fact, this work is performed by a
certain linear combination of the two stresses, referred to as the
total accretive stress.

An outline of the paper is as follows. We begin with a fairly
thorough discussion of the kinematics of a deforming, accreting
crystal, and the manner in which the kinematical quantities transform
under changes in spatial and lattice observers.

Next we discuss the underlying mechanics. As the paper is
devoted entirely to the physics of the phase interface,’” we use
infinitesimally thin control volumes; that is, control volumes which
contain a portion of the interface plus the immediately adjacent bulk
material. A basic ingredient of our theory is the mechanical
production (the outflow of kinetic energy minus the expended power)
associated with a control volume. The first law of thermodynamics
requires that this production be balanced by the addition of heat and
by changes in the internal energy; since heat and energy are invariant
quantities, it seems reasonable to presume that the mechanical
production itself be invariant. In fact, we use this invariance to
derive several important results: invariance under changes in the
kinetic description of the interface reduces the tangential part of the
total accretive stress to a surface tension; invariance under changes
in spatial and lattice observer yields the mechanical balance laws of
the theory. This latter use of invariance is highly nontrivial: it not
only leads to the expected momentum balance laws for the surface,B
it leads to additional force and moment balance laws for the accretive
system.

Basic to our theory is the notion of attachment forces, which
are forces within the lattice associated with the attachment and
release of atoms as they are exchanged between phases. We analyze

7The basic equations satisfied by the bulk material are the standard equations of a
one-phase material and can be found, e.g., in Gurtin [1981].

8cr. Gurtin and Podio Guidugli [1989], who use invariance of the mechanical production to
deduce balance laws for mass and linear momentum for a "massy” interface separating
nondeformable phases.



these forces using bulk control volumes for the individual phases; such
control volumes are infinitesimally thin regions which contain bulk
material arbitrarily close to the interface, but exclude the interface.

we show that the power expended on an arbitrary control volume
(containing the interface) can be decomposed into: power expended by
surface tension in the creation of new surface, power expended in
changing the orientation of the surface, power expended in stretching
the surface, power expended by the attachment forces in the exchange
of atoms between phases, and inertial power expended in the velocity
change between phases.

The conceptdal difficulties of the theory concern forces and the
manner in which they relate to the underlying kinematics. For that
reason we consider next a purely mechanical theory, for which the
second law is a dissipation inequality for control volumes: the energy
increase plus the 'energg outflow cannot be greater than the power
expended, the relevant energies being the energy of the interface and
the bulk energy of the two phases. Again invariance provides an
important result: surface tension equals interfacial energy.

As constitutive equations we allow the surface energy, the
accretive and deformational surface stresses, and the normal
attachment force to depend on the bulk deformation gradient F, the
normal n to the interface, the normal speed v of the interface, and
a list z of subsidiary variables of lesser importance. We show, as a
consequence of the dissipation inequality, that: the surface energy and
the accretive and deformational surface stresses are independent of v
and 2z, and depend on F at most through the tangential deformation
gradient F; in fact, the energy

y = y~(F.n) (1.1)

completely determines the surface stresses through relations, the two
most important of which are:

§ = 0py~(F.n), € = -D,y"(F.n), (1.2)



in which 8§ is the deformational (Piola-Kirchhoff) surface stress, €
is the normal accretive stress, aF is the partial derivative with

respect to F, and D, is the derivative with respect to n following

the interface. A further consequence of the dissipation inequality is
an explicit expression for the normal attachment force

m=8_ + ¥ + By, g =p~(F.,nv,z)20, (1.3)

where W is the ‘difference in bulk energies, while & is related to
changes in momentum and kinetic energy across the interface. Using
these results, we are able to show that the the sole source of
dissipation is the exchange of atoms between phases, with sz the
dissipation per unit interfacial area.

We list the form the resulting equations take when specialized to
coherent crystal-crystal interactions and to crystal-melt interactions;
in the former case we have the relations®

divgS + (S,-S.)n = pviv,-Vv,),

Wy, - Wy, = (S (Fen) - (S,n)s(Fen) - & - g - Bv,

(1.4)

with

& = 1pV¥{IF_ nIi? - IF nI?},

- (1.9)

g = -yK - divgE + (FTS)sL.

The subscripts ¢ and e denote the two phases; W, and ¥, are

the bulk energies per unit reference volume; S, and S, are the bulk

9For statical situations: (1.4), was derived by Gurtin and Murdoch [1975] as a consequence of
balance of forces; (1.4)2 and its counterpart for crystal-melt interactions were derived by Leo
and Sekerka [1989] (cf. Johnson and Alexander [1985,19686]) as Euler-Lagrange equations for
stable equilibria. In the absence of surface stress and surface energy (8§=0,6=0,y=0): (1.4),
is a standard shock relation; (1.4), (with B = 0) was established by Abeyaratne and Knowles
[1988c]. Counterparts of (1.4) for a rigid crystal in an inviscid melt were derived by Gurtin
[1989]; an analog of (1.4), for a rigid system was given by Gurtin [1988b].



Piola-Kirchhoff stresses; F_. and F_, are the bulk deformation

gradients; v, and v, are the material velocities; p is the

reference density. The remaining quantities concern the interface: L
is the curvature tensor with K, its trace, the total curvature, and
divg is the surface divergence.

Our final stép is to enlarge the theory to include thermal
influences. We introduce temperature, bulk and superficial internal
energies and entropies, and heat flow in conjunction with laws of
energy balance and entropy growth. Fortunately, the mechanical results
not pertaining to eonstitutive equations remain valid within this more
general context, while the remaining derivations are similar to those
of the mechanical theory. In particular, here surface tension equals
interfacial free-energy.1®

We generalize the constitutive equations by allowing for a
dependence on the temperature 8, and we write an additional
constitutive equation for the superficial entropy s. Then, in place of
(1.1)-(1.3), we have the relations

Y~ (F,8,n), s = -0gy"(F,8,n),

lp =
8 = 3py"(F.8,n), € = -D,y"(F.8,n), (1.6)
M=%k + ¥ + By, B =pg~(F,n8,v,2) 20,

with ¢ the interfacial free energy.

As before, we list the form the resulting equations take when
specialized to coherent crystal-crystal interactions and to crystal-
melt interactions; in the former case the basic equations consist of
(1.4) and (1.5) in conjunction with the entropy balance!!

§° - skv + [S,; - S,,1v = 87'[hc - hlen + B7'BVE, (1.7)

with W, . and W, the bulk free energies per unit reference volume,

10free energy = internal energy - (temperature)(entropy).

ey, Abeyaratne and Knowles [1988c] for the special case in which surface stress, surface
energy, and surface entropy are neglected.
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S}lc and Sue the bulk entropies per unit reference volume, and h,
and h, the bulk (Picla-Kirchhoff) heat flux vectors per unit reference
area.
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I. Kinematics.
2. Preliminary definitions and results.
2.1. Surfaces.!?
2.1a. Definitions.
The term vector will generally signify an element of R>. Let

n be a unit vector. l(n)elin(nL,R®) is the inclusion of nd into
R% 1I(n) maps aenl into a considered as a vector in R’ P(n)
is the (perpendicular) projection from R*® onto the plane ni: for
each acR’, P(nyaen! is defined by

P(n)a =a - (a=n)n. (2.1)
we consider P(n) as an element of 1in(R’>,ni). Thus the codomain
of P(n) is nl and not R’ with this agreement,

F

I(n)™ = P(n). (2.2)

Let 8 denote a smooth,!3 oriented surface in R> with unit

normal field n(X), the orientation of 8. Then n(X)L is the
tangent plane to' 8 at Xe8. We use the shorthand

e

12we use the notation and many of the results of Gurtin and Murdoch [1975], Murdoch
[1976,1978]), and Gurtin [1966,1988abl. Given finite-dimensional inner product spaces V and
W, 1in(V,wW) is the space of linear transformations from V into W; 1lin(V,W) is equipped
with inner product AsB=tr(ABT). Here tr denotes the trace, B is the transpose of B,
and wve write us=v for the inner product of u and v, regardless of the space in question.
Also, Ae€lin(V,V) is symmetric if A=AT, skew if A=-AT. The tensor product of veV
and weW is the transformation v@®welin(w.,V) defined by (v®w)z=(ws2)v for all zeW;
for v,weV, VAw=v®w-w®v. The inverse transpose B~T of Belin(V,w) is defined by
B"=(B™")"=(B™)™". We write "x" for the cross product on R>;, for beR>,
(bx)€lin(R*,R%) is the skew transformation defined by (bx)z=bxz for all zeR>.
Qelin(R’R%) is a rotation if Q7=Q"' and detQ>0. Here det is the determinant.
13we omit assumptions of regularity concerning functions, surfaces, regions, etc.



1
1(X) = 1(n(X)), P(X) = P(n(X)),

so that P(X) is the projection onto the tangent plane at X, while
[(X) is the inclusion of the tangent plane into R3. The fields P and

I on 8 will be referred to as the tangential projection and
tangential inclusion for %.
We will consistently use the following terminology:
superficial scalar or vector field: a scalar or vector field on 3;
tangential vector field: a superficial vector field whose values are
tangential to .8;

superficial tensor field: a field € on 8 with values
E(X)elin(n(X)L, R®);

tangential tensor field: a superficial tensor field € whose values
satisfy C(X)aen(X)Ll for each aen(X)L.

Let T be a tangential tensor field. Although T(X) maps
tangent vectors into tangent vectors, we consider the codomain of T(X)
to be R® With this in mind, we refer to a tangential tensor field T
as symmetric or skew according as P(X)T(X) (or equivalently
T(X)P(X)) is symmetric or skew at each Xe8. Similarly, we define
the trace, trT, of a tangential field T by trT=tr(PT)=tr(TP).

Each tangential tensor field T admits the unique decompaosition

T = ngm + Topw
where Tgyn and Tg,, respectively, are symmetric and skew
tangential tensor fields called the symmetric and skew parts of T. In
fact,

Toym = THPT + TTI), T = 1HPT - T7D). (2.3)

Each superficial tensor € admits the unique decompositions

€ = Cion + N®E = gy, + By + NOE, (2.4)



12

where Gy, is a tangential tensor field, Cgyy, @ symmetric tensor
field, Cg., a skew tensor field, and € a tangential vector field;
in fact,

G = BTn; Ctan = BP@I csgm and CSkW

are the symmetric and skew parts of GCyp. (25)

We will refer to G, Cgym, Cekyw. and €, respectively, as the
tangential, symmetric, skew, and normal components of C. If
for some scalar field o,

€ = Ceyn = ol

then € is a surface tension o.

If € is a superficial tensor field and Q a rotation, then
E(X)Q is not defined, since the codomain of Q is R® while the
domain of CB(X) is 7=n(X)l; for our purposes it is convenient to
write €(X)Q for the linear transformation of Q"7 into R’ given
by

[C(X)Qlv = E(X)(Qv) Tfor all veQ™7. (2.6)

We write Vg for the surface gradient.'4 For ¢ a

superficial scalar field, V¢ is a tangential vector field; for v a
superficial vector field, Vg v is a superficial tensor field. The trace
of PVgv is the surface divergence of v:

divgv = tr(PV,v).

Wer, e.g., Gurtin and Murdoch [1975], Gurtin [1986abl. For z=2z(t) a curve on 3

(2 =V 4(2)2 2, v(2)'=[V 4¥(2)]2"; for v tangential, PV v is the covariant derivative
of w.



13

Further, for & a smooth field on a closed region in R® containing
B,

Ve = (VO)I, (2.7)

with V  the gradient!S in R°
The superficial tensor field

= -Vﬁn (28)
is the curvature tensor. A classical result is that
L is tangential and symmetric. (2.9)
The superficial scalar field
K = trL (2.10)
is the total curvature (twice the mean curvature).
when 8 has a smooth boundary curve 08, the outward unit
normal v to 08 is well defined with v(X) tangent to 8 at

each Xe€o08.

2.1b. Differential and integral identities.
Let € be a superficial tensor field. Then divgC is the unique
vector field on 8 with the property

a=divgC = divg(CTa)

for all constant vectors a.
The surface gradient and surface divergence obey the usual laws

15V, div, and curl (without subscripts) will denote the gradient, divergence, and curl in
R>. When discussing deforming bodies, V and Div are the material gradient and
divergence, grad and div the spatial gradient and divergence.



14

for the differentiation of scalar products and inner products.'® Less
standard are the identities:!’

diV,g(@TV) = V-divaﬁ + C 'v,g v,
diV£@ = diVﬁctan + (diV)s@)n - L@, (211)
n'diV£@ = @tan'L + (dlvigc)

Here v is a superficial vector field, while € is a superficial tensor
field with C,, and € the corresponding tangential and normal
components.

Let ® denote a sufficiently regular subsurface of 8, and let
v denote the outward unit normal to the boundary curve oOR. Then the

surface divergence theorem (for tensor fields) asserts that, for C
a superficial tensor field,

JCvds = [divsC da. (2.12)'8
oR R

We write
r(X) = X - X, | (2.13)

for the position vector from a fixed point Xoelﬂs. We then have the

following identity,'® valid for € a sufficiently smooth superficial
tensor field:

JrACvds = [(rAdivgC + ICT - CP)da,
oR R
or equivalently, by (2.4),

16ct. Gurtin and Murdoch [1875], eq. (2.17).

17¢t. Gurtin [1988b], eq. (A14).

18¢1. Gurtin and Murdoch [1975], eq. (2.14). We write da for the area measure on surfaces,
ds for the arc-length increment on curves.

1Sct. Gurtin and Murdoch [1975], p. 305.
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JrACvds = [{rAdivsC + €An - 2C4 P} da, (2.14)
oR R
with the tangential field g viewed as having values in R>.

2.1c. Mappings of surfaces.

Let ®, and ©, be regular regions2° in R°, and write
8,=09, and 8,=0D, Then a deformation of ©, onto ®, is a
smooth bijection g:®.-»®, whose gradient

G =Vg (2.15)

has strictly positive determinant. Let X. €8 and X,e8, satisfy
X,=0(X,)). Then a standard identity relates the outward unit normals

n, and n, on 8 and B,
n,(X,) = MX,)6(X,)7"n (X,),
AX,) = I6(X)"n (X )1 (2.18)
Further,
G(X,) maps tangent vectors at X €8, (2.17)

to tangent vectors at X,el,.

Let P, and [, denote the tangential projection and tangential
inclusion for 8;, and let

B=V,g-=6l, (2.18)

B(X,) is a linear transformation from the tangent plane at X €8, into
R®, and hence cannot be invertible. This lack of invertibility is

2°Roughlg speaking, a regular region ® is a closed, connected, possibly unbounded region
in R® whose boundary 9® is a smooth, connected, possibly unbounded surface; the exterior
of ® is the regular region £=closure(R>\®).
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trivial: by (2.17), B(X)t=P,(X,)B(X,)T for. T tangent at X,e8, and

PZ(XZ)E(X1)6lin(n1(x1)l,n2(xz)l) is invertible. We define the tensor
field Bgyr On B, by

Bourr (X)) = P,(X,)B(X,); (2.19)
then, omitting arguments,

(Bsurf)-1 = P1G-1ﬂ2,
6 = 1,(Bgy)P, + (GN)®n..

(2.20)

If we apply the transpose of (2.20), to 1, and use (2.2) and the fact

that P,l, is the identity on nz-’-, we arrive at the useful identity:
G671, = 1,(Bgye)" + n,®P,Gn,. (2.21)
We define the superficial Jacobian detB through the relation
1B(X,)Tx B(X )V

det@(x1) = (2.22)
lTx vl

where T and v are arbitrary vectors in n1(x1)J- with Txy =0
(the particular choice being irrelevant). Then

detG = AdetB. ' (2.23)
The superficial Jacobian and the adjugate adj6 of & defined by
adjB = (detB)(Bgy )" (2.24)

may be used to relate integrals over surfaces and curves in ;81 to



17

corresponding integrals for R, Let ®; denote a sufficiently regular
subsurface of 8; with ®,=g(R,), and let v; denote the outward
unit normal to the boundary curve OR,;. Then, for ¢, v, and B,,
respectively, a scalar, vector, and superficial tensor field on 3,

[dda = [(Pog)(detB)da,
R, R,
[B,v,ds = [B,v.ds, (2.25)
oR, OR
Jv-B,v,ds = [(veg)«B v ds,
R, OR ,
where

B, = (B,°g)adjB. (2.26)

2.2. Smoothly propagating surfaces.
Let 8(t) (teT) denote a one-parameter family of surfaces in

R® with T, the underlying time interval, an open interval of R,
and let

B = {(X1): Xes(t), teT},
(08); = {(X,): XedB(t), teT}. (2.27)

Fix teT and let Y(B)eR® be defined and smooth for B in some

neighborhood of t. Then:

(i) v(B) 1is an =8-trajectory through X at time t provided
Y(t)=X and VY(B)es(B) for all B;

(ii) v(B) is a o08-trajectory through X at time t provided
Y(1)=X and Y(B)eo’(B) for all B.

In either case, we write

Y'(B) = dv(B)/dB.
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We will refer to 8(t) (teT) as a smoothly propagating
surface if:2!

(i) for each teT, R8(t) is an oriented, nonintersecting, smooth,
possibly unbounded?? surface with a smooth (possibly empty)
boundary-curve 03(t);

(ii) the sets 8; and (38); are smooth manifolds in R’xR, and
the orientation n(X,t) for 8(t) is smooth in (X,t) on 28;

(iii) given any teT, there is a smooth 8-trajectory through each
point of 8(t) and a smooth 08-trajectory through each point of
0:8(1). '.

We will consistently write

R for the one-parameter family R(t) (teT).

Superficial fields and tangential fields for 8 are as specified in
Section 2.1; they are defined on 8;, but are superficial or tangential
with respect to ,aﬁt) at each teT (rather than with respect to 8;),
and a similar interpretation applies to the tangential projection and
tangential inclusion for 8. Similarly, V4 and divg denote the
surface gradient and surface divergence on 8(t) for fixed t.

Let 8 be a smoothly propagating surface, and let n(X,t) dencte

the orientation for 8(t) and wv(X,t) the outward unit normal to the
boundary curve 0.8(t).

(2A) Lemma.
(i) Choose teT. _'Then, for each Xes(t), vy(X,t) defined by

vg(X.t) = ¥(1) = n(X,1) (2.28)

is independent of the AB-trajectory VY(B) through X at t,
and, for each Xed8(1), V@ayan(X.t) defined by

21¢t, Gurtin [1988al.
22p5 a set in RS,
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V(a)s)tan(x,t) = V'(t)-V(X,t) (229)

is independent of the 08-trajectory VY(B) through X at t.
(ii) The field (n,-vg) is normal to B8;; the fields (n,-vg) and
(V.-V(p8)tan) are normal to (98).

Proof. Choose (X,t)e8; and write n=n(X,t). There is a unique
scalar o such that (n,&) is normal to 8; at (Xt). Choose an

A-trajectory VY(B) through X at t. Since (¥(B),8) is a curve on
8, its derivative at t=p must be orthogonal to (n,o); hence

x=-Y'(t)sn. Thus vg(X,t) is independent of Y(B) and (n,-vg) is
normal to 3.

Similarly, choose (X,t)e(d:8); and write n=n(Xt), v=v(X1).
There is a unique scalar X\ such that (v,)\) is tangent to B8; and
normal to (98); at (X,t). The remainder of the proof follows as in
the preceding paragraph. m

The following terminology is useful: vg is the normal speed?3
of 8, Vesan 15 the intrinsic edge speed of 3;

Vg =vVgh (2.30)
is the normal velocity of 3;

Vasitan = Vas)tanV (2.31)
is the intrinsic tangential edge velocity of 8;

Vas = Vg * Vs)tan (2.32)

is the intrinsic edge velocity of 8 (Figure 2A).

23we use the term speed even though v, and V(ds)tan May have negative values.
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Figure 2A. The intrinsic velocities at the edge of an evolving surface 8(1). v, fs normal
10 B(1); Vu,(m 15 tangent to (1) and normal to 3a(t). The plane shown is

tangent to A(1) ot the point of 38(t) under consideration.
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More generally,24 a smooth field v on B¢ is a velocity
field for 8 if

Vel = Vg ; (2.33)
a smooth field v on (08); is an edge velocity for 8 if
Vsn = V,g, VsV = V(a}s)tan. (234)

(2B) Lemma. Let v be a smooth vector field on 3+; then
v Is a velocity field for & if and only if, given any teT and any

Xes(t), there is a locally unique R8-trajectory Y(B) through ¥
at t with

Y'(B)=v(Y(B).B) (2.35)

for all B near t. An analogous statement applies with "38"
replaced by "08" and "velocity field" by "edge velocity".

Proof. We will prove that portion of the Lemma regarding 3.
The "if" assertion is a direct consequence of (2.28) and the definition
of a smoothly-evolving surface. To establish the "only if" assertion
assume that v is a velocity field. Choose teT and Xes8(t). Then
near B=t there is is a locally unique solution Y(B) of (2.35) that
passes through X at t. We have only to show that VY(8)es’(B). But
this follows from the fact that, because of (2.33) and (2Aii), the vector
(d/dB)(Y(B).B) 1is, for each B, tangential to R8; at (Y(B).B), so that
(v(B),p) describes a curve on 3;. =

The trajectories corresponding to the the normal velocity are

24an evolving surface described in parametric form x=x(p,t) (where p ranges in a region
in R® has an associated velocity field defined by 0¢x(p,t). Changes in velocity field then
correspond to changes in parametrization; a basic axiom of our theory is that the underlying
physics be invariant under reparametrization.
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called normal trajectories; and the time derivative ¢°(Xt)
following 8 of a scalar, vector, or tensor function &(X,t) is

defined by

(K1) = (3/0B)O(Y(B).B)|pt. (2.36)

with Y(B) the normal 8-trajectory through X at t. We then have
the well known relation

no = _v)a V;&' (2.37)

(2C) Transport Theorem.2> Let & be a smooth superficial
scalar field on a bounded, smoothly propagating surface 2. Then

(d/dt){fdda} = [(d° - dkvydda + [PV(ysyandS. (2.38)
A(1) A(t) 08(t)

We will refer to ®(t) (teT,CT) as a smoothly propagating
subsurface of 8 if ® is a bounded, smoothly propagating surface
with R(1)C8(t) at each teT,.

2.3. Response functions.
The following notation is convenient:

Lin* = {FeLin(R? R : detF>0},

Unit = {neR®:InI=1}. (2.39)
In discussing phase interfaces we will consider functions
®(F.n.v.2) (2.40)

with domain Dom(®) an open set in Lin*xUnitxRxRP (p<oo) of the
form

25Gurtin, Struthers, and Williams [1989].
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Dom(®) = {(F,n,v,2): (F.n,v)eLin*xUnitxR, zeZ(F,n) }, (2.41)

where Z(F,n) is an open subset of RP for each (F,n)eLin*xUnit. In

applications F will be the deformation gradient, n and v the
orientation and normal speed of the interface, and z a list of
variables of lesser importance.26 Let

p =(F,n,v,2).

We write

2;b(pleLin(R®R%), 3 d(plent, 3 b(pleR, 3,b(pleR® (2.42)

for the partial derivatives of &(p) with respect to F, n, v, and
Z.

For the remainder of this section we suppress the arguments v
and 2z, which are irrelevant to our discussion, and we return to our
original notation in which P(n) and I(n) are the projection and
inclusion as defined in Section 2.1a. Given neUnit, a tensor Felin*
admits the unique decompaosition

F=FP(n) + fon, FeLin(nt,R?), feR?, (2.43)
with

F=Fi(n), f=Fn (2.44)

26when we study coherent crystal-crystal interactions F will be the deformation gradient
in one of the phases, F+u®n the deformation gradient in the other; here we take Z(F.,n)
to be the set of all ueR® with F+u®nelin*. More generally, Dom(¢) might be an open

subset of a manifold in Lin*xUm‘tlelep to allow for constraints on z dependent on F,
and wv.

n,
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(so that F is simply the restriction of F to ndl). In applications
F and f represent the tangential and normal deformation gradients

relative to the interface. The decomposition (2.43) allows us to
consider @¢(F,n) as a function

¢~ (F.f.n) = ¢(FP(n) + f®n,n) (2.45)

of the "components® F and { relative to n. The partial derivatives
dg®(F.n)eLin(nL,R®) and d,%(F.n)eR’ are then the corresponding
partial derivatives of ¢7(F,f,n):

ogb(F.n)«A + 0,4(F,n)=8 = (d/dﬁ)dJ(G(ﬁ).n)lﬁ:o, (2.46)
where

G(B) = B(B)P(n) + g(B)®n (2.47)

is a curve in Lin* with B(0)=F, B(0)=A, g(0)=7, g(0)=a.

The partial derivative of ¢7(F,f,n) with respect to n is not
as easy to define, since both F and T depend on the choice of n.
Given n,n'eUnit, n=n', let Q(n'.n) denote the rotation of n' into
n about the axis orthogonal to n' and n, and let Q(n,n) be the
identity on R>. Then the components F'=F'I(n') and f'=F'n' of
F'=FQ(n',n) relative to n' are, modulo the rotation Q(n'.n), the
same as those for F with respect to n. We define the partial
derivative D ®(F,n)enl (or D ®7(F,f,n)) with respect to n
following the surface?? as follows:

D,®(F,n)=a = (d/dB)P(Fa(k(p), n).k(ﬁ))h3=0 (2.48)

for Kk(B) a smooth curve in Unit satisfying k(0)=n, k'(0)=a.

27ip applications n will be the outward unit normal to the crystal surface.
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(2D) Lemma.

0g®(F,n) = 0.9(F,n)i(n),
0¢®(F.n) = 0®(F,n)n, (2.49)
D,$(F.n) = 0,4(F,n) + gd(F,n)"f - FT0,4(F,n).

Proof. By (2.46),
Opd(F.n)- A +.af¢(F,n)- = aF¢(F,ﬁ)-{AP(n) + 8®n},
which implies (2.49),,, since P(n)T=1(n). Next, for k(B) as in (2.48),
(d/dB)Q(k(B),n)hj:o = n®a - a®n,
and thus, as a consequence of (2.48),
D,¢(F.n)=a = 0, #(F,n)=a + 0, 4(F.n)-{F(n®a-a®n)};
therefore, since a is an arbitrary vector in nd,
D,®(F.n) = 3,(F,n) + P(n)[3 ®(F.n)"Fn - FT3.¢(F,n)n],
which, with (2.43), (2.44), and (2.49),,, yields (249),. m
We say that ¢ s intrinsicv to the surface if
¢(F,.n) = ®(F,,n) whenever F_I(n) = F,I(n). (2.50)
Roughly speaking, ¢ is intrinsic to the surface if ¢ depends on F
only through F (=FI(n)); in applications, with n the outward normal

to the surface and F the deformation gradient, (2.50) implies that ¢
depends on F only through the tangential gradient. Conditions more
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useful than (2.50) are furnished by the following

(2E) Lemma. Let ©=Lin*xUnit. The following are equivalent:

(i) & is intrinsic to the surface;

(ii) given any (F,n)e®, &(F,n) = ¢(F+udn,n) for all u with
F+u®nelin®;

(iii) 9¢9(F,n)=0 for all (F,n)e®, so that ¢~ (F,f,n) is
independent of T;

(iv) 0p®(F.n)P(n) = 0,®(F.n) for all (F,n)ed.

Proof. Choose (F,n)e®, ueR’. Since (u®n)l(n)=0, we may
conclude from (2.43) that (i) = (ii). Next, by (2.49),, for
F(B)=F + Bu®n,

(d/dB)B(F(B).n) = 0 P (F(B),n)=(u®n) = 3;P(F(B),n)=u (2.51)

whenever F(B)eLin*. Since F(B)eLin® for sufficiently small B, if
(ii) holds, then (2.51) vanishes at B=0, and this yields (iii).
Conversely, assume that (iii) holds. Let F+u®neLin®. Then
F(B)eLin® for 0<P<1 and, by (iii), (2.51) vanishes for all such B;
this yields (ii). Hence (ii) = (iii). Finally, by (2.49),, (iii) =(iv). =

(2F) Lemma. Let & be intrinsic to the surface. Then 0%
and D,® are intrinsic to the surface, but 0,9 is intrinsic if and

only if O0p® =0, in which case & is independent of F and
D,$=0,%.

Proof. Choose F, F, with F,i(n) =F,I(n), and let
F,(8)=F, + BAP(n), with AcLin(nL,R®) arbitrary. Then
F,(B)1(n)=F,(B)I(n), and thus differentiating $(F,(B),n) with respect
to B at B=0 gives 0p®(F,n)=0g®(F,n). Similarly, using the
notation of (2.48), F,Q(k(B),n)I(k(B)) = F,Q(k(B),n)I(k(B)), so that
$(F Q(k(B),n),k(B)) = ®(F,Q(k(B),n),k(B)) and (2.48) yields
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D,#(F,.n)=D,%(F,n).
To prove the last assertion of the lemma, suppose that ¢ is
intrinsic to the surface. Then, by (2.49), and Lemma (2Eiii),

D®(F.n) = 3,®(F.n) + dgd(F,n)7T, (2.52)

and 0,9 is intrinsic if 0g$=0. On the other hand, assume that 0,¢
is intrinsic. Choose FelLin* and neUnit, and let a be an arbitrary

vector. Then G=F +ea®n belongs to Lin* for €>0 sufficiently
small, and FI(n)=GIl(n); thus (2.52) yields
Ogd(F.n)T(Fn-Gn) = 9z4(F,n)"a = 0

and O0g%(F.n) =0. m
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3. The kinematics of evolving crystals.
3.1. Crystal lattices. Crystals.

By a uniform label change we mean an affine transformation
g of R’ onto R’ whose gradient Vg has strictly positive
determinant.

A crystal lattice is a set & together with a family of
bijections of & onto R° called configurations (of &), such
that:28
(i) if p and A\ are configurations, then po)‘" is a uniform label

change;
(ii) if p is a configuration and g a uniform label change, then gop
is a configuration.

We assume that a crystal lattice &£ is prescribed. We use
the following notation and terminology: points Xe& are material
points; X=pu(X) is the material point X 1labelled by its position X
in the configuration p; if p. and p, are configurations, then
g=}12<'}11'1 and G=Vg are the label change and label gradient
from p, to W,

We assign to each configuration p of & a strictly positive
(constant) mass density p,., Wwith densities p, and p, for

arbitrary configurations p, and p, related by

p, = p,detG. (3.1)

By a crystal (of the lattice &) we mean a subset C of the
lattice such that CP=}1(C) is a regular region in some (and hence
every) configuration p. The set 0oC defined by u(aC)=0(C,) is then
independent of W and represents the crystal surface; C, and ac}1
are the crystal and crystal surface labelled in p.

H

3.2. Motion of an evolving crystal.

28gyr definition is patterned after Noll's [1958] definition of a body. Thus the terms

"crystal lattice” and "configuration” might more appropriately be called "uniform crystal
lattice” and “uniform configuration”.
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In contrast to standard continuum mechanics, we allow evolving
crystals to gain and lose material points by accretion at the crystal
surface. The next definition makes this precise.

Let C(t) (teT) be a one-parameter family of crystals with
time t as parameter. Then C(1) (teT) is an evolving crystal if
0C,(t) (teT) is a smoothly propagating surface for some (and hence
every) configuration j.

Our interest is in describing crystals which deform as they
evolve. Each such time-dependent deformation, or maotion, is
described by a time-dependent mapping %(t) that carries C(t) onto
a region <(t) in R®. It is convenient to write

x(1)(X) = %x(X,1),

so that X = x(X,t) is the point of space occupied by the material

point X at time t in the motion. The differential properties of

motions are best described by labelling material points X by their
positions ¥ in a configuration . Thus we write

x,(X.1) = x(n7(X),1)
for Xecp(t), so that

c(t) = %(C(t),t) = x“(Cp(t),t) (3.2)

(Figure 3A).

Precisely, a crystal motion is a one-parameter family of
mappings x(t):C(t)-sc(t) (teT) with the following properties:

(i) c(t) (teT) is an evolving crystal;

(ii) for some (and hence every) configuration p, the mapping
X~ % (X,t) is a deformation of C,(t) onto c(t) at each teT,
and the mapping (X,t)»—»xp(x,t) is smooth.

Let u, the reference configuration, be a fixed configuration
of the lattice. Assume that a crystal motion (t):C(t)>c(t) (teT)
is given. Then Cp(t) consists of the points of the lattice (labelled in



the crystal C, (1)

in & fixed reference
configuration .of the

lattice

Figure 3A. A i:rusttﬂ motion

28a

A(1)

&(t)

o X =3 (X1)

the deformed crystal (1)
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M) which comprise the crystal at time t, while <(t) is the region in
space occupied by the deformed crystal at time t. The following
notation and terminology are useful: X=2%(X,t) is the place occupied
by the material point X at time t; (X,t)Hx“(x,t) describes the

motion relative to p with material points X labelled by their
positions X=p(X) in p;

F(X,t) = Vasp(x,t) 3.3)
is the deformation gradient relative to J;

po(x.) = p,detF(X,0)7", (3.4)28
is the crystal density at Xxec(t) in the motion;

21 = 2, (), &) = de(t) (3.5)

are the reference and deformed surfaces. In addition:

Vg Vg surface gradients on 8 and ¢&;
divg, div, surface divergences on 8 and 4&;
Ng, Ny outward3® normals for 8 and &;
Pg, Py tangential projections for 8 and 4&;
Is, 1 tangential inclusions for 8 and &;
L curvature tensor for 3;

K total curvature of 3.

Then, by (2.16),

ny(x.1) = L(XOF(X,1) "ng(X,1), (3.6)

29Here and in what follows, in equations relating functions f(x,t) and functions g(X,t), it
will always be understood that x-x“(x,t); in fact, we will often omit arguments entirely.

30with respect to C, (1) and dc(t), respectively.
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with
L =1F Tngl™ (3.7)

the change in length scale in the direction perpendicular to the crystal
surface.

The tangential deformation gradient3! F(X,t) is defined at
each Xel(t) by

F(X.1) = V x, (K1) = F(X,1)14(X,1). (3.8)

F(X,t) is a linear transformation from the tangent plane at Xe8(t)
into R® but F(X,t) actually maps tangent vectors at Xes(t) to
tangent vectors at Xea(t). The deformation gradient F is
completely determined by F and the normal deformation gradient

T(X.t) = F(X,t)ng(X,t) (3.9)
through
F = FP,& + f@n‘s (310)

As in our discussion of (2.19), F(¥,t) is not invertible, but the
superficial deformation gradient

Fourr (K1) = P (X, DF(X,1) (3.11)
is, and
F(X1) = Do (X, 0F o (X,1). (3.12)

We define the superficial Jacobian

31ct. Gurtin and Murdoch [1975].
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J = detF (3.13)
through the obvious analog of (2.22), so that, by (2.23),

detF = J¢. (3.14)
Further, guided by (2.24), we define the adjugate of F through

adjF = J(Fgyrr) ™. (3.15)

In view of (3.7) and (3.14), the superficial Jacobian (3.13) may be
considered a function J=J7(F,n), n=ng, with

J*(F,n) = IF""nldetF. (3.16)
Then (cf. Section 2.3)

0¢J™(F,n) = 0. (3.17)
Less trivially, the formula

Op(detF) = (detF)F™T" (3.18)
and a lengthy calculation yields the identity

OgJ”(F,n) = I, adjF, (3.19)

Further, (3.16) implies that J™(FQ,Q"'n)=J"(F,n) for any rotation Q;
hence (2.48) has the interesting consequence:

D,J"(F.n) = 0. (3.20)

We denote by v (X,t) the velocity of material points:
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Ve(X1) = (0/0)% (X.t) = (0/01)%(X,1) (3.21)

for x=x(Xt)=3% (Xt)

Let ¥Y(B) denote an 8-trajectory through ¥ at time t. Then

v(B) = p~(Y(B)) (3.22)

defines a "trajectory” in the lattice & through X=p '(X) at t; we
will refer to VY(B) as the intrinsic material trajectory
corresponding to Y(B).

Let v be an arbitrary velocity field for 8. Fix t and Xes(t),
let Y(B) denote an 8-trajectory through X at time t, and suppose
that ¥(B) corresponds to v in the sense of Lemma (2B). Further, let

Y(B) denote the intrinsic material trajectory corresponding to Y(B).
Then

y(B) = %,(Y(B).8) = =(V(B).,B) (3.23)
is an ¢-trajectory through x=2%,(X,t) at t, so that, by Lemma (2B),
o(X,t) = (d/dB)Y(B)|g-t (3.24)

defines a velocity field for &. We will refer to o as the velocity
field for & induced by v. By (3.3) and (3.21),

o(X,t) = v (x,1) + F(X,1)v(X1). _ (3.25)

We write v, for the normal velocity of 8. It is important
to note that the corresponding induced velocity field for 4,

0, (X,1) = v (X,1) + F(X,t)vg(X,1), (3.26)

is generally not normal. In fact, the normal speed of & is easily
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obtained from the relation
(o, = V)en, = Lvy, (3.27)

which follows from (2.30), (3.6), and (3.26).

It is important to note the difference between the velocities v,
vs, and o,. Fix t and choose Xel(t) and xe&(t). Then v (xt)
is the velocity of the material point which at time t occupies the
place X on the deformed surface &(t). vg(X,t), the normal
velocity of the undeformed surface #(t), gives the rate at which the
crystal surface is moving through the lattice £, as measured in the
configuration p. This velocity is governed solely by accretion at the
crystal surface; it is independent of the manner in which the crystal is
deforming. On the other hand, vo,(x,t) is a velocity field for the
deforming crystal surface &(t); as is clear from (3.26), o, (x,t) is
effected by both accretion and deformation. The fields vg(¥,t),
vg(X,1), and wv,(x,t) depend on the choice of reference configuration
H; we will refer to these respective fields as the accretive
velocity, the accretive speed, and the total velocity of the
crystal surface, relative to J.

It is useful to consider the gradient (Vgo )(X,t) of o,
considered as a function o,(x,(Xt)t) of X on 8(t); by the chain-
rule

(Vo )(X1) = V, 0, (X )Fg, (K1) (3.28)

We then have the following important identities:

Visvs = -(ng®ng®)ly - vsl, (3.29)

V£°¢ = {F° - F(n;@ng’)”,& - V“sFL.

The first of (3.29) follows from (2.8) and (2.36). To verify the
second, let a be an arbitrary tangential vector field for 8. Then
(2.7), (2.8), (3.9), and the symmetry of VF=VVx  yields
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[Vsfla=[(VgF)alng - FLa = [(VF)ng - FlLla,
so that
Vaf = [(VFInglly - FL.

Thus, using a superscript dot to denote the material time-derivative
(with respect to t holding X fixed), we find, with the aid of (2.7),
(3.26), and (2.37), that

Vo,

Vé[vc + FV,&] = (qu')ﬂ,s + v,s(vlsf)
(F.)n,g + V,&(v,gf) + [f@(vlsv,g)]ug
=[F +(VF)vglly - (T®ng°)lg - vgFL,

which yields (3.29),, since F°=F +(VF)vg (cf. (2.36)).
Let ® be a smoothly propagating subsurface of 8. Then

n(t) = %, (R(1).1) (3.30)

defines a smoothly propagating subsurface of &. As before, if v is
an edge velocity for R, then (3.25) defines an edge velocity o for
n, the edge velocity for & induced by v. We write vye for the
intrinsic edge velocity of R,

an(X,1) = vV (X,1) + F(X,1)vpe(X,t) (3.31)
for the corresponding induced, but not necessarily intrinsic, edge
velocity for n. In view of (2.32), Vpe=Vg+Vayan: thus (3.26) has

the following counterpart:

Oa,l'(x,t) = °¢(x,t) + F(x,t)V(aa)tan(x,t). (332)
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3.3. Notation to be used in subsequent sections.

For the remainder of the paper - unless stated to the contrary -
we will use the notation and terminology of this chapter. In particular,
B is a reference configuration, fixed once and for all; 2(t):C(t)-c(t)
(teT) 1is a crystal motion;

2 = 3C, (1), alt) = dc(t) (3.33)

are the reference and deformed surfaces; ® is a smoothly evolving
subsurface of 8 with

A(t) = %, (R(1),0) (3.34)

the corresponding deformed subsurface; w(X,t) and T(X,t) are the
outward unit normals to dR(t) and on(t). We will often omit the
argument t when considering integrals over ®(t), n(t), dR(t), and
on(t). ‘

3.4. The environment.

We assume that the crystal is surrounded by an ancillary phase
that supplies atoms during accretion. For now we will not model this
phase in detail; our only assumptions concern its behavior at the
crystal surface. We therefore associate with the crystal motion two
fields defined for Xea(t) and teT:

Ve(X,t) environmental velocity,
pe(X,t) environmental density.

The vector v (X,t) is the velocity of the material exterior to the
crystal, while pg(x,t)>0 is its mass density per unit deformed
volume.

Much of the theory we will develop for the crystal surface will
be independent of the environment. We will, however, demonstrate the
particular form of our results for two specific environments. The
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first consists of an inviscid melt. The second occurs when the crystal
exterior is a crystal consisting of another phase of the original
material, and the interaction between phases is coherent. We will
discuss this second environment in more detail in the next section.

3.5. Coherent crystal-crystal interactions.3?

Suppose that the environment consists of a second solid phase of
the crystal material, with the same crystal lattice & appropriate to
both phases. Here it is convenient to refer to this second phase as the
e-phase, and to the original phase as the c-phase. By a coherent
two-phase crystal motion we mean a pair

% (1) :C(1) » c(t), %, (1) : (1) »e(t), teT, (3.39)

of crystal motions, such that, for some (and hence every) configuration

M

(i) at each teT, the sets C,(t) and €,(t) are exterior to each
other, as are the sets <(t) and e(t);

(i) %., and x,,, the motions relative to j, are continuous across
the interface ;8=a(:}1 in the sense that, for any teT,
x.,(X)=%x,,(Xt) at each Xes(t).

For such a motion, we will identify the crystal with C, the

environment with £, so that n,(Xt) is the outward unit normal to

B(t)=0C,(t), n,(x,t) is the outward unit normal to «(t)=0c(t), and

so forth. Then, by (3.26), the corresponding deformation gradients

(F=F. for phase c, F, for phase e) and velocities satisfy the

standard compatibility relations33

o, =V .+ F.vy =V, + F,v,, (3.36)

Fc - Fe = u®n£,

32cf. Robin [1974], Larche and Cahn [1978].
33c1., e.g., Truesdell and Toupin [1960], Sect. 185.
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so that

u=(F,-F)ng =1, -T, (3.37)
and

Flg = Folg =F. (3.38)
In addition,

py = pcdetF; = p.detF,, (3.39)

and the formulas (3.6) and (3.7) hold for both F, and Fg, but with
L=2..4,.
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4. Changes in observer.

A crucial difference between our theory and the more classical
theories of continuum mechanics is that we have two essentially
independent velocities to be measured by observers: the velocity v,
of material points and the accretive velocity vg of the crystal
surface. Because of this we allow for two distinct classes of
observers: a class of spatial observers that observes the motion of
the deforming crystal, and a class of Jlattice observers that observes
the evolution of the crystal surface as measured in some configuration
of the lattice. As is usual, it is not the observers themselves that
are needed, it is the notion of a change in observer.

Precisely, changes in spatial and lattice observers are
defined by smooth transformations

X — x¥

X — X¥

aMx + q(b),
L(O)X + 1), (4.1)

with Q(t) and L(t) rotations and q(t) and 1(t) vectors at each
teT. The corresponding time-derivatives

w(x,t) = Q(t)x + g'(t),
w (X,t) = L'(D)X + 1(1) (4.2)

represent the velocities of the new observers relative to the old, while
curlw and curlw, are the corresponding spins. Since Q(t)TQ(t) and

L(t)TL(t) are equal to the identity on R® Q)T™Q'(t) and L()TL()
are skew; thus there are vectors w(t) and (1), smooth in t, such
that

Q®)Ta(t) = w(t)x, LOTL () = w (H)x. (4.3)

It is convenient to let
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R(X)=X-X,. r(x)=x-x,

denote the position vectors from fixed points X, and X, and to
write

u(t) =a(t)Tq-(t) + w(t)xx,, u (D=L (1) + @ (DxX,;
then

w(x,t)= Q)X {w(t)xr(x) + u(t)},
w (X,)= L {w (1)xR(X) + u (1)}, (4.4)

curlv = Qu, curlw, = Lw, .

Under the change in lattice observer (4.1) a "fixed configuration”
1 transforms to a "time-dependent configuration" p*(t) (teT) with
values P*(t)(X) = p*(X,t) given by

PE(X,1) = LIORX) + A1),

Let C(t) (teT) be an eveolving crystal. Under this change in
lattice observer the crystal surface 8(t)=0C/(t), as observed in g,

transforms to the surface R8%(1)=03C; ) (1)=L(1)8(1) +1(t), and the
outward normal ng(X,t) to 8(t) transforms to the outward normal

(ng)*(X*,1) = L(t)ng(X,t) (4.5)

to 8%(t).
Let v be an arbitrary velocity field for 8, and let ¥Y(8)
denote an R-trajectory through X at time t which corresponds to v

in the sense of Lemma (2B). To the new observer this trajectory
appears as the 8*-trajectory

Y*(B) = p*(V(B).B) = L(B)Y(B) + 1(B), Y*(t) = X¥, (4.6)
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with Vv(B) the intrinsic material trajectory (3.22) corresponding to
Y(B). The velocity v(X,t) for 8 therefore appears to the new
observer as the velocity field v*(X*,t) for 8% given by

v¥(X*,t)

(d/dB)Y*(B)|p.t.
LOOV(RD) + L(DX + T(V),
LIV + w (X.0). (4.7)

Next, smoothly propagating subsurfaces ®(t) of .8(t) transform
to smoothly propagating subsurfaces ®*(t)=L(t)R(t)+1(t) of 8%(1),
and edge velocities v for ® transform to edge velocities v* for
®R* with v*(X*t) also given by (4.7).

Thus far we have considered quantities which are invariant under
changes in spatial observer. Consider next a crystal motion
%(t):C(t) »c(t) (teT). Under the observer changes (4.1), :(X,t)
transforms to the crystal motion 2*(t):C(t)->c*(t) (teT), with

x*(X,1) = Q()x(X.t) + q(t) (4.8)

and <*(1)=Q(t)c(t) + q(t), and the surface &(t) transforms to the
surface &®(t)=0c*(t) with outward normal

(ny)*(x*,t) = Q(t)ny (x,1). (4.9)

By (4.8), the deformation gradient (3.3) and the material velocity (3.21)
transform according to

F¥(X*,1) = Q(OF(X,1),

v X (x*,1) = Q(t)v (x,t) + w(X,t). (4.10)

Let v be a velocity field for 8, let o be the corresponding
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induced velocity field for ¢, and let v* and o* be v and o as
seen by the new observers, so that v* is given by (4.7). The &-
trajectory y(B), which is defined in (3.23) and used in (3.24) to
compute o(X,t), transforms to the o&*-trajectory y*(g)=3%*(4(B),8);
hence

o*(x*,t) = (d/dﬁ)y*(ﬁ)lﬁ=t.
= Q()o(x,t) + w(x,t). (4.11)

Edge velocities for smoothly propagating subsurfaces of & are also
consistent with this transformation law.

We assume that the transformation rule for the environmental
velocity is the same as that for the material velocity:

v = Qv, + w. (4.12)
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II. Mechanics.
9. Control volumes. Mass. Kinetic energy.
S5.1. Evolving control volumes.

®(t) and its image n(t) are subsurfaces of the undeformed and
deformed surfaces 8(t) and &(t). When writing balance laws it is
useful to visualize n(t) as an infinitesimally thin region consisting
of the crystal and environmental bulk material immediately adjacent to
n(t), and to visualize R(t) as an infinitesimally thin region
consisting of those atoms of the crystal lattice immediately adjacent
to ®(t) together with those atoms of the environment about to be
added to - or just removed from - this portion of the lattice (Figure
5A). With this interpretation, we will refer to the pair

R(t) = (R(1),n(t)) (teT) (5.1)

as an evolving control volume. The physical boundary of R(t)
then consists of: the edges OR(t) and on(t) of R(t) and na(t); the
two sides of n(t); the two sides of ®R(t). These definitions are
formal and we will use them only as aids when writing balance laws;
in mathematical expressions, such as integrals, (t) and n(t)
should always be interpreted with their precise mathematical meaning
as evolving subsurfaces.

Under the observer change (4.1) the control volume R(t)
transforms to the control volume .

R¥(1) = (R™(1),n™(1)) (teT), (5.2)
where ®* and n* are the images of & and n under (4.1).

5.2 Outflows.

Consider an evolving control volume R(t) (teT).

Let ¢.(x.t) and ¢, (x,t), respectively, denote bulk densities of
a physical quantity for the crystal and for the environment, with both
densities measured per unit deformed volume. To ease the discussion,
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Figure SA. The control volume R(t) consists of ®(t) and a(t), considered
8s infinitesimally thin regions. The physical boundary of R(t)
consists of: the two sides of R(t) and the edge dR(1); the two

sides of a(t) and the edge on(t).
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we will refer to this quantity as energy, but it can represent a

variety of physical quantities such as mass, kinetic energy, or entropy.
The bulk energy of the control volume R(t) is zero, since the volume
of R(t) is zero, but, since R(t) is moving relative to the bulk
material of the crystal and the environment, R(t) captures and looses
bulk energy across its physical boundary. In fact,

[o (0o, -v.)=n_da, -[$. (v, -v.)en, da, (5.3)

n n
represent outflows of crystal and environmental bulk energy across
this boundary. Similarly, if & (X,t) is the bulk energy of the crystal
measured per unit referential volume, then

J&,v, da (5.4)
R
represents an outflow across the portion of the physical boundary of
R(t) that lies in the crystal. This integral actually represents the
same physical outflow as (5.3),; indeed, the energy densities ¢_ and

¢u are not independent, but related through

¢, (X,1) = detF(X,t) P (x,1), (5.5)
and, by (2.25),, (3.14), and (3.27),

Jo,vyda = [d (o, -V )en, da. (5.6)

®R n

It is clear from this discussion that

o (o, -V )en da - [b (0, -Vv,)en, da =

n n (5.7)
Jo,veda - o (o, -v,)en, da
R n

represents the total outflow of “bulk energy” from the control volume
R(t) (Figure SB).
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-4, (°¢ -V,)- n,

Figure 5B. The dark arrowvs indicate outflows across the physical boundary of a control
volume R(1). The terms invoiving ¢, and ¢, represent the same outflow
measured, respectively, per unit deformed area and per unit referential area.
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(5A) Remark. It will be necessary to compute the manner in
which outflows of the form (5.3) transform under a change in observer.
The term V. =(v, -v./)=n, represents the normal velocity of &
relative to the deforming crystal. In view of (2.33) with 8 replaced
by ¢, we may replace v, in the above expression by any velocity
field o for &. Under the change in observer (4.1) the term V.
should be replaced by V *=(o*-v *):(n, )* with »* any velocity
field for &*. In particular, using (4.11) for ©* in conjunction with
(4.9) and (4.10), we see that V_ is invariant under a change in
observer: V *(x*,t)=V_ (X,t). An identical argument yields the
invariance of the term V. =(o, -v.)n,.

S5.3. Balance of mass. Scaled differences.

We neglect interfacial mass. Balance of mass then requires that
there be no net outflow of mass from the.evolving control volume
R(t). Thus, in view of (5.7) with & =p., ¢.=p, balance of mass
is the assertion that

[{pc (o, -v)en, - p.(0, -V,)en }da = 0 (5.8)
n
for every evolving subsurface ®; hence

Pe(Vg - 0,)en, =p.(v, -0,)en, =m, (5.9)

with m(X,t) the mass flow across & in the direction n,, per
unit area. By (3.4), (3.14), and (3.27),

mo=-pdvg = -p,J vy, (5.10)

with Py the crystal density in the reference configuration j, so
that -p,vs represents the mass flow per unit area of . The
relations (3.4), (3.27), (5.9), and (5.10) yield the identities
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(Vo-Ve)en, = 2(E-Dvs,  F U v-ve)eng = (E-1vg,

& = Pc/Pe = Pu/(pedetF), (5.11)

which also express balance of mass.

For the coherent crystal-crystal interaction, the relations (5.11)
are consequences of the relations expressed in Section 3.5 and the fact
that p,, the lattice density in the reference configuration J, is the

same for both phases. Therefore,

mass balance is automatically satisfied
in a coherent crystal-crystal interaction. (5.12)

The densities are invariant under a change in observer:
P (x* ) =p.(X,1), pX(x¥t)=p,(x,t). Thus, in view of Remark (5A),
the mass flow /m is invariant:

m*(x*t) = m(x,1). (5.13)

The mass balance relations (5.8) and (5.10) allow us to rewrite
the outflow relations (5.7) as

-fm(p, "o, - p, "0, )da = [dv, da, (5.14)
n R

where
¢ = pu(p. 0, - p'0,) = b, - (detF)td,. (5.15)

The quantity ¢ is called a scaled difference; we will use this
concept often: it will always represent a physical quantity for the
crystal minus the same quantity for the environment, with both
quantities normalized to the referential volume of the crystal.

For the coherent crystal-crystal interaction (Section 3.5) it is
most convenient to use bulk densities measured per unit reference
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volume for both phases:
dnpc(x,t) = deth(X,t)dJc(x,t), dlpe(x,t) = detFe(X,t)dJe(x,t); (5.16)
then, by (3.39), (5.15) becomes

® = by -0 (5.17)

5.4. Kinetic energy.

The bulk kinetic energy, per unit deformed volume, of the
crystal and environment are given by {p.v.> and 1{p.v.’:

KR) = L [{p.v (o, -v)en, - p,v (0, -v,)en }da (5.18)
n

therefore represents the outflow of kinetic energy from the
evolving control volume R(t). Since we neglect interfacial mass,
(5.18) represents the only term involving kinetic energy for this
control volume. Note that, by (5.9),

KR) = 1fm (v, -v.)da. (5.19)
n
Under the observer change (4.1) the control volume R(t)
transforms to the control volume R*(t) given by (5.2), and the kinetic
energy ¥X(R) transforms to a value

KXR*) = 1[m*{(v,*)? - (v.*)}da, (5.20)

’L*

which we now compute. By (4.4), (4.10), and (4.12),

(V" )? = (v)? + 2v e (wxr + u) + (wxr + u),
(V*)? = (v)? + 2v s(wxr + u) + (wxr + u)?,

where we have omitted the arguments (x*,t) and (xt) for the
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starred and unstarred quantities. Changing variable of integration in
(5.20) from x* to X, and using (5.13), we see that

K*R™) - K®) = [p=(wxr + u)da, (5.21)
n
where

p=m(v,-v.) (5.22)

is the outflow of momentum from the control volume, per unit
deformed area.
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6. Accretive, deformational, and environmental forces.
6.1. Force systems.

Basic to our theory are two systems of forces that accompany an
accreting, deforming crystal. The first, the accretive system,
consists of forces that arise as a response to the crystallization
process as atoms are added to and removed from the crystal. These
forces are presumed to be purely accretional: they are forces that
would be present, were there no deformation. The second, the
deformational system, consists of forces related to the gross
deformation of the crystal. Since the accretive system accompanies
the addition and deletion of material points, it is advantageous to
consider this system in the reference configuration p using X as
spatial variable. On the other hand, the deformational system is most
easily discussed using the variable X in the deformed crystal.

Precisely, the accretive force system relative to
consists of three superficial fields for 2:

C(X,t) accretive surface stress,
c(X,b) accretive traction,
m(X,t) accretive moment;

the deformational force system34 consists of three superficial
fields for &:

T(x,t) deformational surface stress,
t.(x.t) deformational traction,
te(x,t) environmental traction.

C(X,t) is, at each Xe&(t), a linear transformation that maps
tangent vectors v to 8(t) at X into (not necessarily tangent)
vectors C(X,t)v; T(x,t) is, at each xea(t), a linear transformation

3470 parallel the accretive sustem we could allow for a deformational moment exerted on the
crystal surface by the crystal bulk. For surfaces whose constitutive equations allow for a
dependence on the deformation only through its first gradient such a moment is ruled out by
thermodynamics. To ease the presentation, we have chosen to omit this moment from the
outset. Interestingly, accretive moments are not so precluded, and are, in fact, necessarily
present whenever there is anisotropy.
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that maps tangent vectors T to &(t) at x into (not necessarily
tangent) vectors T(x,t)T. C(X,t) represents forces within the
undeformed crystal surface that perform work during accretion,
T(x,t) represents forces within the deformed crystal surface that
perform work during deformation. We write GCian Cgym. Ceky. and
€, respectively, for the tangential, symmetric, skew, and normal
components of € with respect to 8; Tgym, Teky, and t for the
symmetric, skew, and normal components of T with respect to
& . (cf. (2.9)).

Let ®(t) be a smoothly evolving subsurface of 38(t) with n(t)
the corresponding deformed subsurface, and let v(X,t) and <T(x,t)
denote the outward unit normals to the boundary curves O0R(t) and

on(t). The forces exerted on the control volume R(t)=(R(t),n(t))
then consist of (Figure 6A):

Cv force per unit length of OR,

TT force per unit length of 0n,

t.. t, forces exerted by the crystal and environment per unit
area of n,

c.m total force and total moment exerted by the crystal
and environment, per unit area of R,

where, for convenience, we have omitted arguments. Cv is the sum of
a tangential force (Cy,,)v and a normal force (€sv)ng, and

similarly for Tt. If T (x,t) and Te(x,t) denote bulk Cauchy
stresses for the crystal and the environment, then

tc = —Tcn¢, te = Ten¢. (6.1)

At this point it is not necessary to decompose c(X,t) and m(X.t)
into crystal and environmental components, but we do stipulate that

C and m are indeterminate,
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Figure 6A. Forces on & control volume R(1)=(®(1)a(t)). ¢ represents the force exerted by
the crystal and the melt, and similarly for the moment m.



30

since lattice points - as measured in the reference lattice - do not
move relative to each other.
Omitting arguments,

[Ttds + [(t;+t)da
on n
represents the total deformational force on R(t), while

JCvds + [cda
oR R
represents the total accretive force on R(t), and analogous
expressions apply to moments.
It is convenient to define the Piola-Kirchhoff surface
stress3® §(X,t) through

8(X,t) = T(x,t)adjF(X,t), (6.2)
with adjF defined by (3.15), for then, by (2.25),,

JTtds = [Svds (6.3)
on R

6.2. Expended power.

We characterize forces by the manner in which they expend power
(perform work). Let R(t)=(R(t),n(t)) be an evolving control volume,
and let v and T denote the outward unit normals to O0R and onr.
€C and T represent stresses within the undeformed and deformed
crystal surfaces; we therefore assume that Cv and Tt expend
power on R over edge velocities for & and a. t. and t, are
tractions exerted on portions of the control volume that lie in the
crystal and in the environment and hence expend power over
corresponding material velocities. ¢ and m do not expend power

35c1. Gurtin and Murdoch [1975], eq. (5.24).
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since they act within the lattice, and the lattice points are motionless
in the configuration p. Thus the power expended on the evolving
control volume R(t) is given by

P(R) = J[Cvsavds + [(c«O+ms0)da +

oR R (6.4)
JTteods + [(t sv, +t,=v,)da,
on n

where v 1is an edge velocity for & with © the corresponding
induced edge velocity for n. (Here we have written c=0+m:0 as a
reminder that the power expended by the accretive traction and
acretive moment vanish only because the velocity and spin of the
lattice are zero; these terms will contribute under changes in
observer.)

Using the Piola-Kirchhoff stress § in conjunction with (2.25),
and (3.25),

JTtevds = [TTev,ds + [FTSvavds, (6.5)
on on oR
so that the deformational stress expends power in two ways: over the
velocity v, of those material points currently on the crystal surface,

and over the "purely accretive" velocity v of the crystal surface. By
(6.5),

[Cvevds + [TTsvds = [(C+F'S)vevds + [TTsv.ds, (6.6)
R on oR on
showing that the power expended on the edges O0R and on of the
control volume can be considered as an accretive part

[(E+FT8)vevds
oR
and a purely deformational part
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[TTev, ds. )
on

We call
&=C+F'S (6.7)

the total surface stress; it represents the stress € due to
accretion alone plus the accretive contribution F'S of the
deformational stress T. We write A, and

= ATn,s ’ (68)

for the tangential and normal components of & with respect to 3.
Then, by (2.5), (3.8), and (3.9),

Atan = @tan + nzFTS, =C + STf (69)

(6A) Remark. It is important to note that @&,,, depends on
Ciann S, and the tangential deformation gradient F, all superficial
quantities. On the other hand, the normal component of the total
stress depends on the normal deformation gradient ¥, which is not
intrinsic to the surface. In particular, for a coherent crystal-crystal
interaction as described in Section 3.5, the definition of & depends
on the crystal phase in which F is computed.

We assume that the forces transform “naturally” under changes in

observer. Precisely, we assume that under any observer change of the
form (4.1),

c*

*

LCLT, T =QTQ", c* =Lec,

m Lm' tc* = th' t * = Qte. (610)
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where we have used the convention introduced in the paragraph
containing (2.6), and where we have omitted the arguments (X*,t) and
(X,t) for the starred and unstarred accretive fields, and similarly for
the deformational fields.

Consider the observer change (4.1). The power expended, as
recorded by the new observers, will have terms analogous to those of
(6.4). In addition, the new lattice observer does not see the lattice at
rest, but sees the lattice moving with the velocity w (X,t) defined in
(4.4); hence the power expended, per unit area, by the accretive
traction and the accretive moment is c*sw +m*scurlw,. Therefore

relative to the new observers the power expended is

P*@R¥) = [E*v*av¥ds + [(c*sw +m¥scurlw )da +

oR™ R* (6.11)
[T*T*s0*ds + [(t*ev ™+t *av ¥)da,
on* n*

where ®* and a* are the images of & and » under (4.1), while
v¥=Lv and T*=Qt are the outward normals to 0R* and on* By
(4.4), (4.7), (4.10), (4.11), (4.12), and (6.10),

C*V*ev* = Cva(v + @ xR + u)),

c¥sw, = cs(0 xR + u)), m*.curlwv, = m=0,

T*1™ 0™ = TTs(v + Wxr + u),

tc*'vc* = tc-(Vc + WXr + Uu), te*-ve* = te-(ve + WXr + u).

Therefore, changing variables of integration in (6.11) from X* to X
and from x* to X, and subtracting (6.4) from the resulting relation,
we see that

P¥R¥) - PR) = [Tt=(wxr+u)ds + [(to+ty)s(wxr+u)da +
on n (6.12)
[Cve(w xr+u)ds + [{cs(w xr+u)+m=w}da
R R
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7. Invariance of the mechanical production. Momentum
balances. Force and moment balances for accretion.
7.1. Mechanical production.
Let R(t)=(®(t),n(t)) be an evolving control volume. The
difference

ER) = K(R) - P(R) (7.1)

between the outflow of kinetic energy (5.18) and the expended power
(6.4) represents the mechanical production of energy, and will be
referred to as the mechanical production for R(t). The first law of
thermodynamics requires that this quantity be balanced by the addition
of heat and by changes in the internal energy; since heat and energy
are invariant quantities, it seems reasonable to presume that the
mechanical production itself be invariant. In fact, we will use
invariance of the mechanical production to derive several important
results: invariance under changes in the kinetic description of the
interface yields the notion of surface tension; invariance under changes
in observer yields the mechanical balance laws of the theory. This
latter use of invariance is highly nontrivial: it not only leads to the
expected momentum balance laws for the surface, it leads to
additional force and moment balance laws for the accretive system.

Our discussion of invariance is facilitated by the following
definitions. Let {(R,v,w) be defined for every evolving subsurface R
of 8, and for all velocity fields v and edge velocities w for R,
and suppose that a rule is prescribed giving the value £*(@®*v*,w*)
of 4(R,v,w) under any change in observer (4.1). We then say that:

(i) § is invariant under changes in observer if, for all R, v, and
v, $*@®*v*,w*) = {(®,v,w) for every change in observer (4.1);

(i1) § is invariant under reparametrization3® if, for every R,
4(R,v,w) is independent of the choice of velocities v and w
used to describe the evolution of OR.

36¢1. Footnote 24
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A basic axiom of our theory is that the

mechanical production be invariant under changes
in observer and under reparametrization.

‘Here it is tacit that, under the change in observer (4.1), the mechanical
production &(R) transform to

EX*R™) = K¥(R™) - P*(R¥), (7.2)

with K*(®*) and P*(R*) given by (5.20) and (6.11).

The requirement of invariance under changes in observer is
nonstandard: in classical continuum mechanics the mechanical
production is the rate of change of kinetic energy minus the expended
power and is invariant under Galilean changes of observer, but not
more generally due to the presence of accelerations in the observer
change. Here the use of arbitrarily thin control volumes and our
neglect of interfacial mass renders the control volumes massless, and
because of this accelerations in the observer change do not destroy the
invariance.3?

7.2. Invariance under reparametrization. Surface tension.
By (6.6) and (6.7), the hypothesis that & be invariant under
reparametrization is equivalent to the requirement that

[Av.vds (7.3)
oR
be independent of the edge velocity v. Thus (iii) of the Invariance
Lemma (Appendix C) yields the

(7A) Surface-Tension Theorem. The tangential part of the
total surface stress & is a surface tension:

37The requirement of invariance under observer changes could be replace invariance under
Galilean changes in observer. This would yield balance of linear momentum (7.11), and balance
of accretional forces (7.10),. Using this as motivation, the moment laws (7.10), and (7.11),
could then be adopted as separate axioms.
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Atan = Olg, ~ (7.4)
with o a scalar field called the surface tension.

Note that, by (6.8) and (7.4), the total surface stress has the
representation

A=clg + ng®8. (7.5)
7.3. Invariance under observer changes. Momentum balances.
Force and moment balances for accretion.
Let
t=t. +t, -p, p=m(v,-v.) (7.6)
denote the total deformational traction (including the outflow p
of momentum). In view of (5.21) and (6.12), invariance of £ under

changes in observer is equivalent to the requirement that

[Tte(wxr+u)ds + [te(wxr+u)da +

on n (7.7)
JEve(w xr+u)ds + [{ce(w xr+u)+mswlda = O,
R ®

or alternatively, that

us{JTtds + [tda}= O,

on n

we{frxTtds + |rxtda}= 0,
on n

u {JCvds + [cda} = 0,
oR R

w_+*{JRxCvds + [Rxcda + [mda} = 0
R R R
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for all vectors u, w, u, and w_. This yields the momentum
balances

JTtds + J(t,+t.)da = [m (v -v,)da,

on n n (7.8)
JrxTrds + [rx(tc+tg)da = [rx{m (v -v_.)}da,
on n n

as well as the force and moment balances for accretion

[Cvds + [cda = O,

R R (7.9)
JRxCvds + [Rxcda + [mda = O,
oR R R

which must hold for all smoothly propagating subsurfaces ® and x
of 8 and «&.

(7B) Remark. Here we see a major difference between the theory
presented here and the more standard theories of continuum mechanics.
In classical continuum mechanics, where there are only deformational
forces, the stress can be expressed per unit deformed area (Cauchy
stress) or per unit undeformed area (Piola-Kirchhoff stress), but both
of these quantities represent the same force. Here T and te

represent a force system within the deformed crystal, while € and

c represent a completely different force system within the crystal
lattice; and these two force systems are generally unequal even when
the former is "pulled back" to the undeformed crystal. This difference
is characterized by the manner in which the two systems perform work,
and is exemplified by the fact that there are two sets of mechanical
balance laws, one for each system. This underlines the importance of
using an invariant basis to derive these balance laws.

(7C) Local Balance Laws.
(i) The force and moment balances for accretion are equivalent to



o8

diVJSB +C=0,
mx = ZCskvpz - CAnA. (7.10)
(ii) The momentum balances are equivalent to
divyT + t. + tg = m (v, -Vv,),
(7.11)

Tskw = 0, t = 0,

so that the deformational surface stress is tangential and
symmetric.

Proof. We will prove only (i). It is clear from the divergence
theorem (2.12) that (7.9), and (7.10), are equivalent. To complete the
proof of (i) it suffices to show that, granted (7.10),, (7.10), is
equivalent to (7.9),. Since (aAb)c=(axb)xc, (7.9), is equivalent to

JRACvds + [RAcda + [(mx)da = O,
oR R R
or alternatively, by (2.14) and (7.10), to

[{eAng - 2By Py + (mx)}da = O;
R
this relation can hold for all sufficiently regular surfaces ® if and

only if (7.10), is satisfied. =
Note that (7.10)2 is equivalent to the two relations
€ = ngxm, ZCskv = IzP,g(mX)nlg. (7.12)

7.4. Referential balance laws.

The balance laws expressed in (7C) are difficult to use, chiefly
because the independent variable is X in (7.10) and X in (7.11). The
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next result remedies these difficulties. There we discuss only the
normal component of the accretive force balance, since that is what
arises in applications.

(7D) Referential Balance Laws.
(i) The momentum balances are equivalent to3%

divegS + J(t +ty) = p (v -Vevy,
8FT = F8T.

(7.13)

(i) The normal component of the accretive force balance (7.10), is
equivalent to

ok + divgE - (FT8)«L + c=ny = 0. (7.14)

Proof. Using (2.25), (6.2), and (7.6), we can write the balance law
(7.8), in the form

[Svds + [Jtda = 0. (7.15)
oR ®
Since the smoothly propagating subsurface ® of 8 is arbitrary,
this, (7.6), and (5.10) yield (7.13),. Further, (7.11),, (2.3), (2.5), (3.15),
and (6.2) yield

P@S(Fsurf)-r = Fsurf ST né’, STHQ, = 0, (7-16)
which, by virtue of (3.11), imply (7.13),. The converse assertions are
established similarly.

Next, by (2.9), CeL=Cipn=L; thus (2.11),, (6.7), (7.4), and the
identity k =lg«L yield

njs'div‘,sc = 0K - FTS oL o+ divasc. (717)

38ct. Gurtin and Murdoch [1975), p. 307, for the statical version of (7.13).
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Substituting (7.17) into (7.10)1 yields (7.14). That (7.14) implies the
normal component of (7.10)1 follows upon reversing this argument. m

(7E) Remark. By (2.9), the term F'8.L in (7.14) can be
written as (F'8)s(PgL) and hence involves only superficial
quantities.

Suppose that the environment is a melt, modelled as an inviscid
fluid. Then

t, = -pen,. (7.18)

with p,(X,t) the melt pressure at the crystal surface. By (3.6) and
(3.14), Jn, =(detF)F "ng, and therefore

Jt, = -p,(detF)F Tng. (7.19)
The crystal traction is given by (6.1), with T_(X,t) the bulk Cauchy
stress; introducing the bulk Piola-Kirchhoff stress S.(X,t)
defined by

S. = (detF)T F7, (7.20)
we can express this traction as

Jt, =-S.ng. (7.21)

Balance of linear momentum (7.13), for a crystal in an inviscid melt
therefore has the form

div,ss - {Sc + Pe (detF)F'T}n,s = PP(VC- Ve) Vs, (7.22)

On the other hand, for the coherent crystal-crystal interaction
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described in Section 3.5, S (X,t) defined by (7.20) with F=F_. and
S.(X,t) defined by

S, = (detF )T F, " (7.23)

are the bulk Piola-Kirchhoff stresses for phases ¢ and e. By
(3.6), (3.14), and the remark following (3.39), Jn, =(detF.)F,""n,, so

that (6.1), becomes
Jt, = S.n,. (7.24)

Balance of linear momentum, (7.13),, for a coherent crystal-crystal
interaction therefore has the form

diveS + (So-ScIng = p,(V -V )vs. (7.25)

7.5. Invariant form for the expended power.
We now take v and v in (6.4) equal to the intrinsic edge
velocity Vvae 0f ® and the corresponding induced edge velocity v,,

of on; in view of (7.5), this leads to an invariant form for the power
expended:

PR) = [Cvevyds + [TTe0,,ds + [(t =v, +t =V, )da
oR on n (7.26)
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8. Bulk interaction between phases. Attachment forces.
B8.1. Forces describing bulk interactions.

One of the chief differences between theories involving phase
transitions and the more classical theories of continuum mechanics is
the creation and deletion of material points as the phase interface
moves relative to the underlying material. This phenomenon involves
only bulk material and the relevant forces may be isolated using
(evolving) bulk control volumes R(t)=(R(t),n(t)) that exclude the
interface. Each such R(t) is generated by an evolving subsurface
R(t) and its image ~n(t); what makes these control volumes different
from those that include the interface is the interpretation of their
physical boundary. Formally, the physical boundary of a bulk
control volume R(t) for the crystal consists of: the two sides of
n(t) representing the portions of R(t) in the deformed crystal that
interact with the interface and with the remainder of the deformed
crystal; the two sides of ®(t) representing the portions of R(t) in
the crystal lattice that interact with the interface and with the
remainder of the lattice (Figure 8A). The physical boundary of a
bulk control volume for the environment is defined analogously.
Note that, for any such control volume,

the net outflow of kinetic energy vanishes, (8.1)

since the energy entering one side of n(t) leaves the other side.
Force balance for bulk control velumes requires further structure

(Figure 8B). We decompose the accretive traction c(X,t) into crystal
and environmental components

c(X.t) = c(X,t) + c (X,1) (8.2)
and introduce attachment forces
n.(X,t), mo(X, 1)

and bulk-interface interactions
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the portion of the
physical boundary in
the deformed crystal

the portion of the
physical boundary in
the crystal lattice

c(t)

the portion of the physical the portion of the
physical boundary in

boundary consisting of atoms
about to be added to - or Just the environment
removed from - the crystal

Figure BA. R(1)=(R(1),A(t)) considered as & bulk control volume for the crystal (shaded)
8nd 38 & bulk control volume for the environment (dotted). @ designates the
portion of the corresponding physical boundaries that tnteract with the interface.
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Figure BB. Forces on & bulk control volume R(t)=(R(t),a(t)) for the crystal.
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cci(xat)s cei(xlt)l tc](x:t): tei(xpt)

defined for Xel8(t) and Xea(t). w(X,t) and m(X,t) are forces
within the lattice associated with the attachment and release of
atoms as they are exchanged between phases, while c(X,t) and
Cei(X,t) are forces exerted by the interface. w (X,t) and c(Xt)

act on the atoms of the crystal lattice; w.(X,t) and cg(X,t) act on
the atoms of the environment which are about to become - or just were
- part of the crystal lattice. tg(X,t) and tg(x,t) are forces exerted
by the interface on the deformed crystal and on the environment. The
forces associated with the symbols ¢ and w depend on the choice
of reference configuration H.

8.2. Power expended in bulk. Consequences of invariance.
As before we use invariance to derive associated balance laws.
By (8.1) we may restrict our attention to power; in particular, to

PcR) = [(€e«0 + M =0 + c=v)da + [(t,av, +t,=0)da, (8.3)
® n
the power expended on bulk control volumes for the crystal, and to

P®R) = [(c,»0 + W_+0 + c=v)da + [(t,=v, +t,+0)da, (8.4)
R n
the power expended on bulk control volumes for the environment. Here
v is a velocity field for 8 and © the corresponding induced
velocity for &. In these relations cCg, Cei Y, and tg; are forces
exerted by the interface and hence expend power over appropriate
surface velocities; w, and w, are forces within the lattice and
hence expend power over the velocity of the lattice (which is zero in
the configuration ).
We assume that the forces and power transform as follows under

an observer change (4.1): for g=c,e,
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Co¥ =Lcg Cg™ =Lcg, g™ =Lmg 5™ = Qtg,

PE@R*) = [(c*ew + W¥ew, + c " ev™)da + [(} % v ™ + 1% -0%)da.
R* n*
A basic axiom of our theory is that the
power expended in bulk on the crystal and on

the environment be invariant under changes
in observer and under reparametrization.

As before, the presumption of invariance has important
consequences.

(8A) Interactive Force Balance. For q=c,e,

Mg+ Cq =-C t

q =-t_, P,g(cqi +JFthi) = 0. (8.5

q’ qi q

Proof. An argument strictly analogous to that used to derive
(7.10) and (7.11) shows that the invariance of P, under changes in
observer is equivalent to the first two relations in (8.5). Next,
isolating the terms in (8.3) and (8.4) that depend on v (and o), we
find, using (2.25), and (3.25), that invariance of 7, under

reparametrization is equivalent to the requirement that

I(qu +JFthi) sV da

R
be independent of the choice of velocity field v, and the third of
(8.5) follows from (i) of the Invariance Lemma (Appendix C). m

The balance relations (8.5) allow us to express the power
expended in bulk invariantly as

Pq®) = Jt e(vg-0,)da - [(c + T )V, da (8.6)
n R
for g=c,e.
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III. Mechanical theory.
9. Energies. Global laws for energy. Reduced dissipation
fnequality.
9.1. Global laws for energy.
We endow the crystal, the environment, and the crystal surface
with energies:3°

Y (X,1) ~superficial energy,
W.(x,t) crystal bulk energy,
W.(x,t) environmental bulk energy.

p(X,t), Xe8(t), represents the energy of the crystal surface, per unit
referential area; W (x,t) and W.(x,t), Xec(t), are the the bulk
energies of the crystal and the environment, per unit deformed
volume. Although the bulk energies are measured per unit volume, they
enter this portion of the theory only through their values (limits) at
the crystal surface.

Consider an evolving control volume R(t)=(R(t),n(t)) which
includes both the interface and the adjacent bulk material (cf. Section
5.1 and Figure S5A). Then

[yda
R

represents the superficial energy of R(t), while

JW.lv, -ve)engda - [We(v, -Vvg)en, da = [Wv, da

n n R
represents the outflow of bulk energy from R(t) (cf. (5.7) and (5.15)).
Here

39ye use the term energy in a generic sense. The thermodynamic potential (free energy,
internal energy, etc.) actually represented depends on which thermodynamic theory this purely
mechanical theory is meant to “"approximate”. The current theory is independent of such
considerations.
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U= pu(p W, - pgT W) = W, - (detF)tW, (9.1)

is the scaled difference in bulk energies, while W, is the bulk
energy per unit referential volume.

For a purely mechanical theory the second law is the assertion
that the rate of energy increase plus the energy outflow (including
kinetic energy) cannot be greater than the power expended. A precise
statement of this global dissipation inequality for the evolving
control volume R(t) is

(d/dt){[yda} + [Wv,da + KR) ¢ PR) (9.2)
2 R

for every evolving subsurface ® of 8, where XK(R) is the outflow
of kinetic energy (5.18), while P(R) is the expended power (7.26).

We will also postulate energy balances for the bulk material
(near the interface). Since bulk control volumes exhibit neither
outflows of bulk energy nor outflows of kinetic energy, the bulk
energy balances take the simple form

Pe(®R) = P,R) = 0 (9.3)

for every evolving subsurface ® of 8, where P (R) and P, (R),
given by (8.6), are the power expenditures in bulk.

9.2. The accretive balance law.
By (8.6) and (9.3), we have the local balances

Jtae(vg=0,) = (cg+ M)V, (g=c,e), (9.4)
which, by (8.2), combine to give
(Cong +Mvg =Jt (v -0,) + It =(v,-0,), (9.5)

with
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T = (M +M)eny (9.6)

the (normal) net attachment force. Using (3.26) and (7.14), we may
rewrite (9.5) in the form

{m+ g+ JFT(t +t)lenglvg + Jt e(v,-v,) =0, (9.7)

where g represents the superficial terms
g = -0k - divgG + (FT8).L. (9.8)

We will refer to (9.7) as the accretive balance law; it represents a
combination of the bulk energy balances and the normal accretive force
balance.

Suppose that the environment is a melt, modelled as an inviscid
fluid. Then, using (7.18), (7.21), (3.6), (3.14), and (5.11)1,

{JFTtoanglvy + Jt = (v -v,) = -(detF)tp,vs, & = p./Pe.
JFTt =ng = -(S.ng)=(Fny), (9.9)

with p, the melt pressure and S, the bulk Piola-Kirchhoff stress in

the crystal. Thus the accretive balance law for a crystal in an
inviscid melt has the form

(Schg)=(Fng) + (detF)tp, - g - m = 0, (9.10)

provided vg = O.

On the other hand, for the coherent crystal-crystal interaction
described in Section 3.5 and the paragraph containing (7.23), the
relations (3.36) and (7.24) yield

{(JF . Ttoenglvy + Jt s(v -Vv,) = (Sgng) s (Fong)v,.
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Thus, by (9.9), with F=F_, the accretive balance law for a coherent
crystal-crystal interaction becomes

(Scnlg)'(Fcnlg) - (Sen,g)'(Fen,g) -g-Tn= 0 (9.11)
provided v, = 0.

9.3. The power identity.
The next theorem, one of our main results, is central to the
thermodynamics of crystal motions.

(9A) Power ldentity.

PR) =

J{-okvg - 8sng° + (8P4)=F° + mvy + Jp=v, }da + [0Vieyands-
R OR (9.12)

The left side of (9.12) is the total power expended on an evolving
control volume, while the right side catalogs the manner in which this
power is used: -OKv, represents power expended in the creation of
new surface, -8sng° power expended in changing the orientation of
the surface, (SP,)«F° power expended in stretching the surface,
Tvs Ppower expended in the exchange of atoms between phases,

Jp=v, (inertial) power expended in the velocity change between
phases (cf. (7.6)). The final term OV ey, COMpensates for the
tangential motion of the edge OR.

Proof of the power identity. By (3.32) in conjunction with (2.25),,
(6.2), (6.7), and (7.4),
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[Cvavyds + [TTev, ds =
R on
JCvev,ds + [TTe0, ds + [0V sq)1anTS:
R on R
therefore, using (7.6), (7.26), and (9.5), we find that

PR) = [Cvev,ds + [cav,da + [TTs0, ds + [(t+p)=0, da

oR ® on n (9.13)
+ [mvgda + [0Veyands.
R oR

Next, as a direct consequence of the balance laws (7C),

JCvsvgyds + [cavgda = [E=V v, da,

R R R (9.14)
JTteo, ds + fteo,da=[T=V o, ,da=[E:V,0, da,
on n n ®

where the final identity follows from (2.25),, (3.28), and (6.2). The
integrands of the right sides of (9.14) represent the stress power, per
unit area, of the accretional and deformational stresses. By (3.29),

C-Vagvg + S'Vébo = (E + FTS)'VISV‘& + (SPA)-FO'

and this relation, (3.29), (6.7), and (7.5) yield the stress-power
identity:

C-Vgevy + 8:V,0, = = -OKVg - 82n,° + (8P,)-F~. (9.15)
The results (9.13)-(9.15) imply (9.12). =

9.4. The reduced dissipation inequality.
By (5.10), (5.19), and (7.6),
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KR) - [pro, da = [v,da, (9.16)
n R
with
k= %pp[(vc—vd2 - (vg-0,)°L; (9.17)

therefore, using (2.38) and (9.12), we can write (8.2) in the form

[{w® +(0-y)kvy + Ban,® - (SP,)eF°+ (W+h-Tv }da +

® (9.18)
J(g-0IVeayands ¢ O.
IR

This inequality must hold for every smoothly evolving subsurface ®
of 8; thus, by (ii) of the Invariance Lemma (Appendix C), we have the

(9B) Tension-Energy Theorem. The surface tension and
superficial energy coincide:

o=y (9.19)

If we substitute (3.19) into (9.18) and use the fact that ® is
arbitrary, we are led to the reduced dissipation inequality

Yo+ Bang - (SP,)sFo+ (Wabh-mv, <O, (9.20)

an inequality central to our theory.



71

10. Constitutive equations. Thermodynamic compatibility.

As constitutive equations for the crystal surface we allow the
surface energy and the accretive and deformational surface stress at
any point of the surface to depend on the deformation gradient F, the
orientation n=ngz, the normal speed v=v,, and a list z of

variables of lesser importance, all evaluated at the same point:
¥ =y (Fnvz), T=T"Fnvz), E€-=C"(Fnv,z2). (10.1)

We describe the interaction between phases by a constitutive equation,
also of this form, for the normal attachment force:

1 = 1°(F,n,v,2). (10.2)

We refer to z as the subsidiary variable; we require that 2z
contain, as entries, the velocities v, and v, as well as variables

(other than F) which determine the bulk energies W_ and W,

through bulk constitutive equations. With this stipulation, & and W
may be regarded as functions of (F,n,v,2):

£ =4_7(F,nv,2z), V¥ =WY"F,nvz2) (10.3)

(cf. (9.17) and (9.1)). We assume that the common domain of the
response functions ¢~, T~, €%, and 17"~ is an open set of the
form (2.41).

The constitutive equations (10.1) imply corresponding constitutive
equations for the Piola-Kirchhoff stress and the normal component of
the total surface stress,

§ = §°(F.n,v,2), = 8~(F,n,v,2) (10.4)
(cf. (6.2), (6.7)). By (7.4) and (9.19), the tangential component of the

total surface stress is the surface tension o=y.
Let 2(t):C(t)->c(t) (teT) be a crystal motion and z:8;-1Z
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(cf. (2.27)) a smooth function with z(X,t) interpreted as the
subsidiary variable at Xe8(t) in this motion. Then the corresponding
list p=(Fnv,z2), with n=n, and v=v,, will be referred to as an
admissible process, and p together with corresponding fields v,
T, €, and 1 generated through the constitutive equations (10.1) and
(10.2) will be termed a constitutive process.

The presence, in the constitutive equations, of the deformation
gradient F rather than the tangential deformation gradient F
implies a possible dependence on the behavior of the crystal away from
- although arbitrarily close to - the crystal surface. We will show, as
a consequence of the reduced dissipation inequality, that certain of the
constitutive quantities are intrinsic to the surface in the sense
that they depend depend on F only through F (=FI(n)) (cf. the
sentence containing (2.50) for a precise definition).

The basic thermodynamic axiom of the mechanical theory is that
the reduced dissipation inequality (9.20) be satisfied in all
constitutive processes.4° This hypothesis places severe restrictions
on the constitutive equations.

(10A) Compatibility Theorem.

(i) The response functions for the superficial energy (surface
tension), the Piola-Kirchhoff surface stress, and the accretive
surface stress are intrinsic to the surface, independent of the
normal speed and the subsidiary variable, and related through

401t is tacit that there are forces available to ensure satisfaction of the underiying balance
laws in arbitrarily chosen constitutive processes (cf. Gurtin [1988b], Footnote 13). We chose
not to introduce such forces since their introduction tends to complicate the discussion and
since it is only here that they are needed. Precisely, we need accretive and deformational
body forces Cgxt and b. Then (7.10); and (7.11), become divgC+ c+ Cexy=0 (1) and
dive T+t + tg+ b=m(vg-v.) (2). Invariance under reparametrization requires that

Cext +JF'D be normal to 8. Write n=ng and recall that ¢ and m are indeterminate.
Given any process we choose: (i) b to balance (2); (ii) Cgxt=n and cian to balance (1);
(iii) m to balance (7.10), (accretive moments); (iv) c=n, Wc-Tg, (We+ Wedtan. Ceir
tei. and tg; to balance (8.5) (interactive forces) and (9.4) (bulk energy balances).

Cci-
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87(F,n) = dgy"(F,n),
Cian (F.n) = w~(F,n)l(n) - Kn)FT0py™(F,n), (10.5)

€"(F.n) = -D,y"(F.n).

(ii) There is a response function B~ such that the normal
attachment force has the form

m™(F,nv,2) =k + ¥ + By, g =p~F.nv2z)20  (10.6)
with & and W given by (10.3).

Proof. The requirement that the reduced dissipation inequality
hold in every constitutive process is equivalent to the requirement
that

avq’A(P)V" + bzq;"(p)-r + [anq_."(p) + 8°(p)lan® +
[2py"(p) - S(PIP(MI+F* + [A%(p) + YA(p) - (@)l ¢ o (107

in every admissible process p=(F,nv,2z). In view of the Variation
Lemma proved in Appendix C, given any p,=(F,n,v,z,) in the
domain of the response functions, there is an admissible process p
such that, at some point and time, p=p, but (F°,n°v°,2°) is
arbitrary. Thus

0,7(p) =0, 0,y"(p) =0, &(P) = -0,y"(p),
S (P)P(N) = 3,y (p), [17(p) - £°(p) - W(P)Iv 2 0, (108

with p=(F,nv,2) an arbitrary element of the domain of the response
functions, and ¢~ is independent of v and 2z. Further, (2.48)2 and
(10.8), imply 04y~ =0, so that, by Lemma (2Eiii), ¢~ is intrinsic to

the surface; Lemma (2Eiv) and (10.8), then yield (10.5),. Next, (2.50),



74

(6.9), (7.4), (10.5),“and the relation o=y imply (10.5),, while the
remaining assertiops of (i) follow from (10.5) and Lemma- (2F). Finally,

(10. 8) implies tha existence of .a funi:twn ﬁ“(anz)) 0 such that
(iii) is satisfied. ;, m ' Lo LB

(10B) Remanrnks e
(1) By (6.2) &nd (10.5),, the response function ‘T~ for the
deformational surﬁace stress is intrinsic to the surfage and gwen by

¢
T~(F.n)g= Opw ™ (F,n)(adjF)™". w0 (10.9)

(2) By (10.8)§ the normal cgmponent of the. total- surfax;e stress

“satisfies 4

¥

8~(F.n) = -d,y"(F.n), (10.10) "

and, by Lemma (289, is intrinsic to the surface if and only if "y~ is
independent of the deformation gradient (cf. Remark (6A)).

(3) The Compatib#lity Theorem allows us to write the constitutive
equations (10.1) ar@ (10.4), in the form (cf. Lemma (2Eiif)) » #¥+

yFm, T
CFn): S

WP
€

TAER), 7

‘)“

§~(F,n). S (10.11)

(4) We interpret the symmetry relation expressed in (7.11), or
(7.13), as a restriction on the response function §~ or T~, and
hence, by (10.5), én ™. o

(5) The relations (10.5) yield the Gibbs relation

Yy + 8sn° - (8P,)«F° = 0, (10.12)

which shows that ghe surface itself does not dissipate energy. - A
further confirmatigg_)n of this is found upon computing the right side of

=¥
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(9.2) minus the left; the result, the total dissipation, is given by

JBvsida 2 0, | (10.13)
. ,

so that the only source of dissipation is in the exchangé of atoms
between phases.

(6) Consider the coherent crystal-crystal interaction (Section 3.5)
described by constitutive equations of the form

y = Yy (F..F.,nv), T = T™(F,.Fe.nv),

€ =C F, F.nv), (10.14)

“A(Fche 'niv)'

with domain subject to the constraint F_l(n)=F lI(n)=F (cf. (3.38)).
Then for every F,, F,, and n in this domain there is a ueR’
such that

Fo - Fo:=u®n. ‘ (10.15)

Because of (10.15), the constitutive equations (10.14) fall within our

- framework: we simply take F=F_, and allow u to enter the list4!

" z. Thus ¢, T, €, and § can depend on F, and F, only through
the common tangential gradient F. Here it should be emphasized that
the normal component & of the total surface stress is defined (cf.
(6.9)) relative to the normal deformation gradient f=F.n for phase

c (cf. (2) above).

41Cct. Footnote 26
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11. Basic equations for the crystal surface.
The basic equations of the mechanical theory, expressed usmg the

referential descrlptlon and the abbreviations

n=n,, V= Vg, p=p,

consist of: balange of mass

F(Vg=ve)en = (- 1)V,
& = poApe = p/(pydetF), (1.1)

balance of momg_,entum

diveS + J(t + ) = pv(v -v,), (11.2)

and the accretive balance
-Ve) =0, (11.3)

(W o+ JFT(t+t)en + &+ g + BVIV + St = (v -V,)
with |
-yk - divg€ + (FTS).L, (11.4)

8 =
"'OQ,)Z];

& = 1pl(v.-0,)% - (v,
supplemented by the thermodynamic relations

y~(F,n), 8 =0gy~(F.,n), €= —Dn\p"(F,e).
(11.5)

Yy
B

(cf. (5.11)2‘3, (7.13), (9.17), (9.7), (9.8), (10.5), (10.6), (10.11)).
full theory, which;includes constitutive equations and balance laws for
the crystal interior and for the environment, (11.1)-(11.5) constitute

p~(Fnv,2z)20

Within the
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free-boundary conditions.
For the environment an inviscid melt, as discussed in the
paragraph containing (7.18), the basic laws reduce to42

F-U(ve-vg)en = (5-1)v,

divgS - {S.+ P, (detF)F "}n = pv(v, -Vv,), (11.6)

W, - (detF)§W, = (S.n)«(Fn) + (detF)tp, - & - g - Bv,
supplemented by (11.5) (cf. (7.22), (9.1), (8.10)).

For the coherent crystal-crystal interaction described in
Section 3.5 and the paragraph containing (7.23), we may use (3.36) to
write (9.17) in the form

& = {pvi{IF_nI® - IF,nI?),

and, using the bulk energies llfpc and lllpe measured per unit
reference volume (cf. (5.16),(5.17)), the basic laws reduce to

divgS + (S,-S.)n = pv(v, -v,),
(11.7)
Wie - Ve = (5cn)=(Fen) - (Sn)«(Fen) - & - g - Bv,

supplemented by (11.5) (cf. (7.25), (8.11)). Because of (5.12), mass
balance is not needed. If we let

0
]

av = ${(5.n) + (S.n)},
v = 3{f.+ T}, fT.=Fxn T,=Fgn,

=g
I

then we can use (3.36) to write (11.7), in the form

42For statical situations (v=0, vcsve=0); (11.6), and (11.7), are trivial consequences of eqt.

(5.25) of Gurtin and Murdoch [1975]; (11.6), and (11.7), were derived by Leo and Sekerka [1989]
(cf. Johnson and Alexander [1985,1986]) as Euler-Lagrange equations for stable equilibria.
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Wy - Wy = Sy o (T - 1) + T, =diveS - g - Bv. (11.8)

(11A) Remar"k. Coherent phase transitions involve jumps in
deformation gradient and material velocity, and therefore are
kinematically equivalent to shock waves. When surface stress and
surface energy are neglected, (11.7) reduce to

(se'sc)%‘ = pV(Ve=Ve),

(11.9)
W, - W = (S,n)(Fon) - (S,n)«(Fon) - & - BV,

The equation (11.9), is a standard jurhp condition for shock waves,

but43 (11.9), is not. Indeed, for shock waves (11.9), is replaced by the
"entropy condition”

[W,e - Wye - (Sc) = (Fen) + (S,n)=(Fen) + &1v 2 0,
which shows the major difference between shocks in single phase
materials and evqlving phase boundaries; for shocks the dissipation is
specified only to:sign, but the dissipation underlying the motion of
phase boundaries is specified completely as ﬁvz, with B a given
constitutive modulus.44 If, in addition, interfacial energy is included,
then one would expect severe restrictions on the spontaneous
development of phase boundaries,4> another indication of the major
difference between the two phenomena.

43(11.9)2 was first established by Abeyaratne and Knowles [1988c]l. We arrived at (11.7), and
(11.9), independently, motivated by results of Gurtin for nondeformable media ([1988b], eqt.
(5.7),) and for a rigid crystal in an inviscid melt ([1989], eqt. (5.3)). We proposed a one-
dimensional version of (11.9), during discussions with Slemrod in April 1989.

44c1. the discussion of Abeyaratne and Knowles [1988c].

¢
45This possibility was prought to our attention by Slemrod and Rascle (private
communication, April, 1969).
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IV. Thermodynamic theory.
12. The first two laws.
12.1. Balance of energy. Growth of entropy.

A thermodynamic system, relative to j, consists of
accretive and deformational force systems together with seven
functions of Xel&(t) and teT:

e(X,t) superficial internal energy,

s(¥,t) superficial entropy,

8(X.,t) absolute temperature, ,

E(X,t) scaled difference in bulk internal energies,
S(X,t) scaled difference in bulk entropies,

q(X,t)  heat supply,
q(X.t) apparent heat.

A basic physical assumption of the theory is that the
temperature be continuous across the crystal surface; 8(X,t)>0 then
represents the common limit as the surface is approached from the
crystal interior and from the environment.

The fields e and s represent the internal energy and entropy
of the crystal surface, per unit referential area, while E and S are
scaled differences as defined in (5.15). It is convenient to define the
superficial free energy w(X,t) and the scaled difference W(X,t)
in bulk free energies through

y = e - Bs, ¥=E-86S y, (12.1)

Consider an evolving control volume R(t)=(R(t),n(t)) that
includes the interface. Then

feda, fsda
® R
represent the superficial energy and entropy of R(t), while
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[Ev, da, [Sv, da (12.2)
R R
represent outflows of bulk energy and bulk entropy from R(t).

The field q gives the heat supplied to R(t), per unit
referential area, from the bulk material of the crystal and from the
environment. If q.(x,t) and gg(x,t) denote the heat flux vectors for
the crystal and the environment, measured per unit deformed area, then

q=J(qc - q¢)=ng. (12.3)

The quantity qVeejan 0ives the heat flow into R(t) across its

edge OR(t), per unit referential length, due to the motion of 0OR(t);
thus :

lqda + lckv(aﬂ)tands' ]B-1qda + Iquv(bR)tands

R oR R oR
represent the total heat and entropy flows into R(t). (We neglect heat
flow within the interface.)

The accretive and deformational force systems and the kinetic
energy enter the thermodynamical laws through the mechanical
production €(R) for R(t), which remains as defined and structured in
Section 7, so that the results of that section remain valid.

The rirst two laws of thermodynamics for R(t) are balance of
energy

(d/dt){feda} + [Evgda + €(R) = [qda + [qVie)ands  (12.4)

R R R oR
and growth of entropy

(d/dt){[sda} + [Svgda 2 [87'qda + [B7'qV(seandS- (12.5)
R R R oR
Attachment forces and bulk-interface interactions are as defined
in Section 8, and the results of that section remain valid. Further,
since bulk control volumes (as defined in Section 8) have no thickness,
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they have neither bulk internal energy nor bulk entropy, they do not
exhibit outflows of bulk internal energy, bulk entropy, or kinetic
energy, and they exhibit neither net heat flows nor net entropy flows.
Thus energy balance for such control volumes is the requirement that
(9.3) hold, while growth of entropy is satisfied automatically. We
therefore postulate (9.3), and this renders the results of Sections 9.2
and 9.3 valid.

12.2. Local forms of the thermodynamical laws.
By (2.38), (9.12), (9.17), and (12.1), we may write (12.4) and (12.5)
as

[{e® + (o-e)kvy + 8=n° - (SP,)sF°+ (E+&-T)v, - q}da
R

+ [(e-0-9)Veerands = O, (12.6)
R
[{s°- skvy+ Svy -87'a}da + [(s-87'9)Veeyands € O,
R . oR

with Rk given by (9.17). This relation and inequality must hold for
each smoothly evolving subsurface ® of 8; thus (ii) of the
Invariance Lemma (Appendix C) yields the

(12A) Tension-Energy Theorem. The surface tension and

superficial free energy coincide, while B8s represents the apparent
heat:

o=y, g = Bs. (12.7)

If we substitute (12.7) into (12.6), and use (12.1) and the fact that
® 1is arbitrary, we are led to the

(12B) Local Thermodynamical Laws. The laws of balance of
energy and growth of entropy have the local forms
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8° - BSKvy + B:n° - (SPy)eFo+ (E+h-T)Vg =0, (15

S°- SKVg + Svg 2 q/8,
which combine to yield the reduced free-energy inequality

w° + $8° + Ban® - (SP,)eF* + (W+k-Tvy < O.  (129)
The accretive balance remains as in the mechanical theory:

{m + g JFT(tc+te)'na8}v:8 +Jtge(ve-vy) = 0,

g = -0k - divgE + (FT8)aL. (12.10)

For the environment an inviscid melt, it is convenient to express
the scaled differences ¢=ES, W in terms of bulk densities in the
crystal '13}1=E}1,'55H,LIJ,l per unit referential volume and bulk densities
in the melt &,=E,, S, W, per unit deformed volume (cf. (9.1):

¢ = &, - (detF)to,. (12.11)
On the other hand, for the coherent crystal-crystal interaction we will
use densities @,¢=E;¢,Spc, Wy and Ppe=Epe,Spe, Wpe Per unit
reference volume for both phases (cf. (5.16) and (5.17)):

¢ = ¢uc - ¢pe (1212)

It is generally easier to use the bulk Piola-Kirchhoff heat flux
vector

h, = (detF)F g, (12.13)

for the crystal; then, by (3.6) and (3.13), we can write (12.3) in the form
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q = [he - (detF)F'q l=ny. (12.14)

For the coherent brystal—crystal interaction we will use bulk Piola-
Kirchhoff heat flux vectors for both phases:

h, = (detF )F.,"'q,,  h, = (detF )F,'q,; (12.15)
in this case

g = (he = hy)=ng. (12.16)
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13. Constitutive equations. Compatibility with thermodynamics.
We consider constitutive equations of the form

e = e~(F,B,nv,z2), s
T = T~(F,8,n,v,2), (e

m = n™(F,8,n,v,2).

s~(F,8,n,v,2),
€~(F,B,n,v,2), (13.1)

with n=ng, v=v,, and 2z a subsidiary variable as specified in
Section 10, so that

& = °(F,nv,2), W =VUY"F,B,n,v2) (13.2)
These constitutive equations imply relations
y = y~(FB,nv,z), §=867(FB8,nv2), = 8~(F,8,n,v,2). (13.3)

A constitutive process now consists of: (i) a crystal motion
x(t):C(t)>c(t) (teT); (ii) smooth temperature and auxiliary fields
B(X,t) and z(X,t), defined for Xe8(t) and teT; (iii) corresponding
fields e, s, T, C,’and m generated through the constitutive equations
(13.1). The basic thermodynamic axiom is now the requirement that
the reduced free-energy inequality (12.9) be satisfied in all
constitutive processes. The next theorem is a direct consequence of
this axiom; its proof is strictly analogous to that of (10A).

(13A) Thermodynamic Compatibility.
(i) The response functions for the free and internal superficial
energies, the superficial entropy, the Piola-Kirchhoff surface
stress, and the accretive surface stress are intrinsic to the

surface, independent of the normal speed and the subsidiary
variable, and related through
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s~(F,8,n) = -05y"(F,8,n),

§~(F.e,n) = 0gy~(F,B,n), (13.4)
Cion (F.B.0) = w7(F,B8,n)I(n) - I(N)FTogy"(F,B,n),

€”(F.8,n) = -D,y"(F,B,n).

(ii) There is a response function B~ such that the normal
attachment force has the form

n°(F.8,nv,2) =& + W + By, g = p~(F.B,nv,2z) 20, (13.5)
with & and W given by (13.2).

Analogs of the Remarks (10B) hold in the present theory. In
particular, we have the Gibbs relations

y° + $8° + 8:n° - (8P,)F° = 0, (13.6)
e’ - 8s° + 8=n° - (8P;)+F° = 0.

The relation (13.6), allows us to simplify the local energy balance
(12.8),; indeed, by (12.1) and (13.5), we have the following result:

(13B) Local Entropy Balance. Granted the thermodynamic
restrictions (13.4) and (13.5), balance of energy (12.8), is equivalent
to the entropy balance

§° - sKkvg + Sv, = 87'(g + Bv, ). (13.7)

The left side of (12.5) minus the right represents the total
entropy production, which, by (13.7) (cf. (12.6),, (12.7),), is

[87'Bv 2da 2 O, (13.8)
)
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so that the only source of entropy production is in the exchange of
atoms between phases.
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14. Basic equations for the crystal surface.
The basic equations of the thermodynamical theory, expressed
using the referential description and the abbreviations n=ng, v=v,,

p=p,., consist of: balance of mass

F-' v -veg)en = (£-1)v,

§ = p/Pe = P/(pydetF), (14.1
balance of momentum

divg§ + J(t +t.) = pvlv,-Vv,), (14.2)
the accretive balance

(W + JFT(t +t)en + & + g + BV}v + Jtoa(v -v,) = 0,
g = -yK - divge + (FT8).L, (14.3)

b= 1pl(ve-0,)% - (ve-0, )],
the entropy balance (energy balance)

s° - skv + Sv = 87'(q + BV?), (14.4)
and the thermodynamic relations

y = 7 (F,B,n), s=-0gy"(F.B,n), & =0gy~(FB,n),

€ = -D,y~(F,n), B =p"(FB,nv,2)20. (14.5)

Within the full theory, which includes constitutive equations and
balance laws for the crystal interior and for the environment, (14.1)-
(14.5) constitute free-boundary conditions.

For the environment an inviscid melt, the basic laws reduce to
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F'(vg-veden = (E-1v,

divg8S - {S. + Pe(detF)F "}n = pv(v -V,),
(14.6)
W, - (detF)tW, = (S,n)=(Fn) + (detF)tp, - & - g - Bv,

s° - skv + [S, - (detF)tS,lv =
87'[h, - (detF)F 'g,l=n + 87V,

supplemented by (14.5).
For the coherent crystal-crystal interaction the basic laws

reduce to4
divgS + (S,-S.)n = pv(v, -V,),
Wie - Wie=(Scn)e«(Fcn) - (Sen)«(Fen) - & - g - v, (14.7)
s° - skv + [S); - S,,1v = 87'[h; - hJen « 878V,
supplemented by (14.5). We could also use (14.7), in the form (11.8).
Acknowledgment. We greatly acknowledge valuable discussions

with Perry Leo and Marshall Slemrod. This work was supported by the
Army Research Office and by the National Science Foundation.

46Abeyaratne and Knowles [1988¢] derive (14-7)2.3 for the special case in which surface
stress, surface energy, and surface entropy are negligible (cf. Remark 11A).
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Appendices.
AppendiXx A. Change in reference configuration.
A1. Kinematics.

Let p, and p, be configurations of the lattice, with g and
6=Vg the label change and label gradient from ., to W, Further,
let 8,(1)=0C, (1), n,=ng, P=Pg, li=ly, ==%¢,, F=F,, andso
forth; and similarly for the quantities corresponding to j,. Let
X,€8,(1) and X,e8,(t) satisfy X, = g(X,). Then

x,(X,.1) = %,(g7'(X,).0),
F,(X,.1) = F (X067, (A1)

so that, by (2.16) (applied to G7), (2.20),, and (3.8),
F,=F,1,=FG6'l,=F 1P G"'l,=F (Bg )" (A2)

and (3.11) yields

)7 (A3)

), = (Fp),(B

surf surf

where, for convenience, we have omitted arguments. Similarly,

J, = J,detB, (Ad)
so that, by (2.24),

adjF, = (adjF,)(adjB), (A5)

Each 8 -trajectory VY.(B) through X, at t induces an 8,-

trajectory Y,(B)=g(Y,(B)) through X, at t, and VY, (B)=GY S (B). We
may therefore use Lemma (2B) to conclude that each velocity field4’

47Here we write v, and v, for arbitrary velocity fields, vy and vg for normal
1 2
velocities.
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v, for 8, induces a velocity field v, for 8, through

1

v, = Gv,. (A6)
What is important about this pairing is that, by (3.25), (A1), and the
invariance of v, under reference changes, the corresponding induced

velocities 0, and o, are invariant:
v, =0, (A7)

This result holds also for edge velocities and corresponding induced
edge velocities for smoothly propagating subsurfaces ®, and R, of
A, and 8, provided R,(1)=g(R,(1)).

The transformation (A6) does not generally preserve the
normality of velocity fields. If in (A6) we take v, to be the normal
velocity v, and use (2.16) and the fact that (v,=n,n,=v, ., we
arrive at the transformation rules

Ve, =My, Vg =NBTVg,  A=16TnT (AB)

2
A2. Invariance under change in reference configuration.

The accretive force system is defined relative to a given
reference configuration M, and this renders the expended power
possibly dependent on the choice of J. We now deduce transformation
laws for accretive forces under changes in reference which ensure the
invariance of the expended power (and hence of the mechanical
production, since the outflow of kinetic energy is independent of the
choice of reference).

Let p, and u, be configurations of the lattice, let €, and c,
denote the accretive stress and accretive traction for p, and let C,
and ¢, denote the analogous quantities for p,. Further, (using the
notation of Section 3.3) let g and G=Vg designate the label change
and label gradient from p, to u,; let ®, and ®, denote smoothly
propagating subsurfaces of 8, and 8, with R,(t)=g(R,(t)) so that
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n(t)=2%,(R (1),1)=2,R,(1),1); let v, and v, denote the outward unit
normals to OR, and OR, Then relative to the configuration p,
(i=1,2) the expended power (6.4) is given by

Py = JCv,sv,ds + [TTev,ds + [(t,=v, +t,av,)da,  (A9)
OR on n
with v; an edge velocity for OR; and v; the corresponding induced
edge velocity for n. (Here it is tacit that the deformational and
environmental systems are independent of the choice of reference.)
Since P; is independent of the choice of v;, we may choose Vv,

arbitrarily and v,=Gv, (cf. (A6)), so that o =v, (cf. (A7), to
verify that P,=P, if and only if

JCv,»v.ds = [C,v,-Gv. ds,

OR 0R,
or equivalently, using (2.25), and the fact that v, and R, are
arbitrary,

€, = 67C,adj86, (A10)

which is the transformation law for the accretive stress.

Next, (2.25),, the fact that G is constant, and the requirement
that the accretive force systems relative to the two configurations be
consistent with the balance laws (7.9), yield

0= [G"C,v,ds + [G67c,da
oR, R,
= |67 C,(adjB)v.ds + [(detB)G'c,da
R, R,
= [C,v,ds + [(detB)GTc,da,
R, R,
so that
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Jc,da = [(detB)GTc,da.

R, R,
Since R, is arbitrary, this implies the transformation law for the
accretive traction:

c, = (detB)G'c,. (a11)

Next, (AS) and (6.2) yield the transformation law for the Piola-
Kirchhoff stress:

S, = S,adj6, (A12)

and this, (A1) and (6.7) yield the transformation law for the total
surface stress:

A, = GTAZadjE. (A13)
The law (A13) implies corresponding transformation rules for the
surface tensions o, and o, and the normal parts &, and &, of
the total surface stress, where, by (7.5),

Indeed, if substitute A, in the form (A14) into (A13), and use (2.16)
and (2.21), we find that

(detB)'A, = 0,l, + n,®(Bgy() '[N8, + 0,P,6n], (A15)

and therefore, taking A, as given by (A14) and using (2.17), we find
that

o, = (detB)c,, 8, = (adj6)"[»8, + o,P,6n. ] (A16)
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Finally, if y; and W, denote the superficial and (crystal) bulk
energies relative to p; (i=12). Then, by (2.23), (2.25),, and (AB),,
under the transformations

y, = (detB)y,, W, = (detB) ¥, (A17)

the corresponding terms in (9.2) are independent of the choice of
reference configuration; these transformations coupled with those given
in (A10)-(A12) (which ensure the invariance of the expended power)
render the global dissipation inequality independent of the choice of
reference.

Similar considerations apply in the thermodynamical theoruy.
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Appendix B. Material symmetry.

we now deduce the manner in which the response functions y~,
€~, and T~ in (10.1) transform under a change in reference.46
Thus let p, and W, be configurations, and let y;", G;", and T;”
denote these response functions relative to p; (i=12). Then, since

the deformational surface stress is invariant under a change in
reference, we may use (2.16), (A1), (A10), and (A17) to conclude that

¥, (F,n) = (detB) 'y, ~(FG,I16™nI"'6"n),
C,~(F.n) = 6"C,~(FG,I6"nI"'67n)(adjB)™", (B1)
T,~(F.n) = T~(FG,I6™n1""'6"n),

with G the label gradient from p, to p,.

we use the term unimodular tensor for a tensor Gelin(R’R°®)
with detG=1. The symmetry group for the material relative to a
configuration p consists of those changes in reference which leave
the material response and density unaltered. Modulo an inconsequential
translation, each such change in reference can be identified with a
unimodular label-gradient G. Thus, guided by (B1), we define the
symmetry group4S ﬁu, relative to a configuration j, to be the

group of all unimodular tensors G such that the response functions
relative to p satisfy

W™ (F,n) = (detB) 'y"(FG,I6"n1"'G™n),
GTC"(F,n)(adjB) = E~(FG,IG"nI"'G™n), (B2)
T~(F,n) = T~(FG,I6™nI"'6™n)

for all FeLin* and neUnit.
A solid is, by definition, a material whose symmetry group np,

48The response function T~ could also be included provided we specify the manner in which
the subsidiary variable z transforms under a change in reference.

4SFor a single-phase bulk material this definition as well as those of "solid" and "fluid" are
due to Noll [1958]. Cf. also Truesdell and Noll [1965], Sect. 31, Gurtin [1981], Sect. 25.
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relative to some configuration jJ, is a subgroup of the group of all
rotations. The particular configurations W with this property are
then referred to as undistorted. In contrast, fluids are defined by
the requirement that, relative to some (and hence every) configuration
J, X, contains all unimodular tensors. As is clear from our choice

of terminology (lattice, crystal, etc.), our interest lies chiefly in
solids; even so, our ideas seem appropriate also to fluids.

We require that the constitutive equations be invariant under
changes in spatial observer. By virtue of (4.10), and (6.10), this is
equivalent to the requirement that, for all rotations Q,

Y~ (F,n) = y~(QF,n),
C~(F,n) = E~(QF,n), (B3)
QT~(F,n)QT = T™(QF,n)),

The restrictions (B3) may be used, in the usual manner,3° to deduce
reduced constitutive equations in terms of superficial strain tensors.

For a solid the conditions (B2) and (B3) may be combined to give
the more standard symmetry relations:

w™(F,n) = y™(QFQ7,Qn),
QC~(F,n)Q™ = C~(QFQT,Qn), (B4)
QT~(F,n)QT = T~(QFQT,Qn)),

for all (rotations) Qed,. In deriving (B4), we have used the fact that,
it

by virtue of our convention (2.6), C€7(F,n)(adjB) = C"(F,n)G for G a
rotation.
For fluids it is convenient to introduce the energy

Yo(F.n) = J*(F,n) "y (F,n) (B5)

per unit deformed area (cf. (2.25)1, (3.16)). Then (BZ)1 and (133)1

SOct, Gurtin and Murdoch [1975]).
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combine to give
yo(F.n) = y (QFG,I6™nI"'6"n) (B6)

for all rotations Q and all unimodular tensors 6. In classical
treatments of fluid surfaces the surface tension is assumed constant
and equal to y,. The next result establishes the consistency of our
theory with this classical formulation.

Theorem on Fluid Surfaces. Let the material be a fluid.
Then:
(i) the surface energy v, (per unit deformed area) is identically
constant;
(ii) the deformational surface stress is a surface tension equal to
Yy, and the accretive surface stress vanishes identically:

T = woﬂ@. € =0. (B7)

Proof. Fix (F,n). The choice G=(detF)F'QT in (B6) yields
w,(F.n) = g, ((detF)1,IF TnI"'QF n),

which can hold for all rotations Q only if . (F,n) is independent of
n. Thus vy (F.n)=y (detF) and, by (BS),

y7(F,n) = J°(F,n) g (detF).
Consequently, (2.49),, (3.17), and (3.18) yield
0¢yp~(F.n) = J°(F,n)(detF)y '(detF)F Tn. (B8)

But ™ is intrinsic to the surface, so that, by (9Eiii), (B8) must

vanish identically; hence y =constant. Further, this result, (3.19), and
(10.5), yield
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8 =y,l, adjF, (B9)

and we conclude from (6.2) that (B7), is satisfied. Also, by (3.11),
FTl, =(Fgu)": therefore (3.19) and (10.5), with dgy”™ given by (B9)

yield G, =0, while (3.20) and (10.5), imply E€=0; hence (B7), is
satisfied. m=m

Note that (B7), and (7.10) imply that the accretive traction also
vanishes: ¢ = 0.
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Appendix C. Two lemmas.

Invariance Lemma. Let 8 be a smoothly propagating
surface. Let f, g, f, and & be fields on 8, with f and g
superficial scalar fields, f a superficial vector field, and A& a
superficial tensor field.

(i) If, for all smoothly propagating subsurfaces ® of =8,

[f=vda (C1)
R
is independent of the choice of velocity field v for 8, then
the tangential component of f vanishes.
(ii) I, for all smoothly propagating subsurfaces ® of 28,

Jfda + [gVv(ee)tands < O, (C2)
R oR
then g=0.

(iii) If, for all smoothly propagating subsurfaces ® of 3,

JAvsvda | (C3)
R
is independent of the choice of edge velocity v for R, then
Aian 75 @ surface tension. (Here v is the outward unit
normal to OR.)

Proof. For any (unit) vector u let P(u)elin(R*> R’ be defined
by

P(u) = 1 - udu, (C4)

with 1 the identity on R®. Let n=ng. Throughout the proof q(X,t)
is an arbitrary smooth vector field on R°xR.
The following results will be useful:

(1) If E is a tangential tensor field, and if, for each Xes,
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o=E(X)B=0 whenever o and P are orthogonal vectors orthogonal to
n(X), then E 1is a surface tension.
(2) The field

V=Vg + P(n)q (C5)

is a velocity field for 8.
(3) Let ® be a smoothly propagating subsurface of 8, with v
the outward unit normal to OR. Then

V = vy + P(N)P(v)q (C6)

is an edge velocity for ®.

The results (2) and (3) follow from (2.33) and (2.34) (with 8
replaced by ®). Consider (1). Since E is tangential, it suffices to
show that if EeLin(R%R?) satisfies osEB=0 whenever o, BeR?
are orthogonal, then E=01, with 1, the identity on R% This
latter assertion follows using the choices x=e, ﬁ=e2 and
x=e-e, PB=e +e, with e =(1,0), e,=(0,1).

Consider now (i)-(iii).

(i) Choose v in (C1) equal to (C5). (C1) is then independent of
g only if

[P(n)fsqda = 0

R
for all q; thus and since ® is arbitrary, P(n)f=0, which is the
desired conclusion.

(ii) Again let v be defined by (C5). Fix t;, let ®, be a
sufficiently regular subsurface of .8(t)), and, for t sufficiently
close to t, let ®(t) with R(t))=R, be the image of ®, under the
trajectories generated by the velocity field v. Then, at t=t
Vee)tan =4V, With v the outward unit normal to. 0R, and, since q
is arbitrary, (C2) yields the conclusion that, at t=t, gv=0 on OR,;
since t, and ®, are arbitrary, this yields g=0.
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(iii) Choose a smoothly propagating subsurface ® of 8, and
take v in (C3) equal to the edge velocity for ® defined by (C6).
Then, since the resulting expression must be independent of the choice
of q, we may use (2.5), to conclude that

[(A,,,V)=P(v)qda = 0.
oR
Thus, since q and ® are arbitrary, P(v)A,,,v =0 for any

tangential vector field v, and the desired conclusion is a consequence
of (1). m

Let ©cCLin*xUnitxRxRP denote the common domain of the
constitutive equations (10.1), so that © is an open set in

Lin*xUnitxRxRP (cf. 2.41). In the next lemma it is convenient to
identify the crystal C(t) with the region C,(t) it occupies in the
reference configuration J.

Variation Lvemma. Given

P, = (Fuun,.v,.2,)€D,

FeLin(R*R%), nen,t, v.eR

p
170 e Z1€||Q,

there is a crystal motion %(t):C(1)->c(t) (teT), with Oe€T,

0€0C(0), such that the corresponding admissible process p=(F,n,v,z)
satisries:

p(0,0) = p,, p°(0,0) = (F,n,v,2,). ‘ (C7)

Proof. Let
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F(t) = F, + tF,,

n(t) = (n, +tn,)/(n, + tznf)%,
r(t) = tv, + 1ty

z(t) =z, + tz..

Further, let

C(t) = {X: Xen(t) <r(t) },
so that

oC(t) = {X: Xen(t)=r(t) }

is a plane with normal n(t) and distance r(t) from the origin, and
C(t) is an evolving crystal (on any time interval) with n(t) as
outward normal. The normal velocity v 1is found by choosing a
oC(t)-trajectory Y(t) and differentiating the relation Y(t)sn(t)=r(t);
the result is

v(U),t) = () =n(t) = v, + tv, = Y(t)=n(1),

so that

v(X,t) = Vo + tv, - Xsn'(t)

for all XeoC(t).

We choose the time interval T (0eT) sufficiently small that
(F(t),n(1),v(X,1),2(t))eD for all teT (cf. (2.41)). Then F(t) is the
deformation gradient of a crystal motion 3(t):C(t)-»c(t) (teT).
Moreover, using (2.36) to compute the normal time derivatives of F(t),
n(t), v(X,t),.and z(t), we see that the corresponding admissible
process is consistent with (C7). = :
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