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to nonlinear boundary control problems of parabolic type
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Abstract. In this paper we study a Hamilton-Jacobi equation related to the boundary
control of a parabolic equation with Neumann boundary conditions. The state space of this problem
is a Hilbert space and the equation is defined classically only on a dense subset of the state space.
Moreover the Hamiltonian appearing in the equation contains fractional powers of an unbounded
operator. These facts render the problem difficult. In this paper we give a revised definition of a
viscosity solution to accommodate the unboundedness of the Hamiltonian. We then obtain existence
.and uniqueness results for viscosity solutions. In particular we show that under suitable assumptions
the value function of the boundary control problem is the unique viscosity solution of the related
Hamilton-Jacobi equation.
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1. Introduction.

This paper is concerned with the Hamilton-Jacobi equation,

(1.1) Xu(x) + H(x,CVu{x)) - (Ax + F(x), Vu(x)> = 0 x 6 X,

where X is a real Hilbert space with norm | • | and scalar product (•,•), A is a positive real
number, F : X —• X, while if, and u are real valued and defined, respectively, on X x I,
and X. The operator A is the generator of an analytic semigroup in X. We assume that A is
self-adjoint and strictly dissipative (see [20]) and has a dense domain. Operator C in (1.1) is
a fractional power of —A. More precisely we confine our analysis to the case of C = (—

Equation (1.1) is a generalization of the dynamic programming equation related to the
boundary control of a parabolic equation with Neumann boundary conditions. We continue
with a brief describtion of this boundary control problem. Let fl C HN be a bounded, open

* Dipartimento di Matematica, Universita di Roma "Tor Vergata", Via della Ricerca Scien-
tifica, 00133 Roma. Partially supported by the Army Research Office through the Center of Nonlinear
Analysis.

** Dipartimento di Matematica, via F. Buonarroti 2, 56127 Pisa, Italy.
*** Department of Mathematics, Carnegie-Mellon University, Pittsburgh, PA 15213, USA. Par-

tially supported by the NSF grants DMS-9002249, DMS-9200801 and by the Army Research Office
through the Center of Nonlinear Analysis.



domain with smooth boundary. For a given initial condition xo € L2(Q) and a control process
7 € £2(0,T;L2(dfi)) consider the state equation

t, 0 = A€x(t, 0 + /(*(*, 0 ) on (0, +oo) x

(1.2)

where / : R -+ R is a given function (see [17] and [18] for partial differential equations with
boundary conditions of this kind). Let a continuous function L : L2(Q) x L2(d£l) -> R,
and a bounded subset T of L2(dCt) be given. Then the control problem is to chose a control
7 : R + —> F so as to minimize the functional,

r+oo
(1.3) J(*o,7)= /

Jo

over all measurable controls taking values in T. In (1.3), x (V) is the solution of (1.2). To
establish the connection between this boundary control problem and the equation (1.1), we
define the value function by:

(1.4) v(x0) = inf J(xo,7)«
7:R+->r measurable

If v is differentiate on L2(Q,)> then it is well known that v satisfies the dynamic programming
equation which is an equation of type (1.1) with X = L2(£2). See Section 2 for a rigorous
derivation of the dynamic programming equation.

An important special case is obtained when / is linear and L is quadratic. In the
control literature these type of problems are known as the linear quadratic boundary control
problems. Due to the elegant feedback form of its optimal controls, linear quadratic boundary
control problems have been studied extensively. We refer the reader to Lasiecka and Triggiani
[16] and to the forthcoming book by Bensoussan, Da Prato, Delfour and Mitter [5]. Also
Hamilton-Jacobi equations in infinite dimensions have been studied by Barbu and Da Prato
([2] and [3]) when the running cost is convex and the state equation is linear.

In this paper we study the boundary control problem (1.2)- (1.3) with general / and
L. In fact, more generally, we study the Hamilton-Jacobi equation (1.1). We then treat the
dynamic programming equation related to the boundary control problem as a special case of
(1.1). The main purpose of this paper is to obtain a suitable notion of a viscosity solution
which will allow us to prove uniqueness and existence results for (1.1).

In finite dimensions viscosity solutions to Hamilton-Jacobi equations were first defined
by Crandall and Lions [8] (also see Crandall, Evans and Lions [9]). Then several infinite
dimensional problems were studied by Crandall and Lions [10], Ishii [15] Soner [22], and
Tataru [23]. In all these papers the operator C was assumed to be bounded. The chief



contribution of this paper is to extend the viscosity theory to equations with unbounded

Hamiltonians.

As we discussed earlier the main difficulty in analyzing (1.1) is to choose suitable
relaxations of the unbounded terms (Ac, Vu(z)) and i?(z,CVti(x)) appearing in (1.1). These
relaxations will then be used to define the notion of a viscosity subsolution and a supersolution
of (1.1).

We treat the linear unbounded term (Ax, Vu(x)) in (1.1) as in Tataru [23]. We then
follow Ishii's ideas [15] to relax the term iJ(x,CVu(x)). For problems with a bounded C ,
Ishii defines the term H(x,CVu(x)) roughly as the "limit" of H(y,CVu(y)). This "limit" is
taken on sequences y converging to x and and at which H(y,CVu(y)) is defined. However
due to the unboundedness of C, we have to further smoothen the term Viz, see Section 2.5
below. This smoothening is achieved by integral operators from an interesting class related
to the operator A. Of course as one would expect, it is the existence part of the theory which
forces us to introduce this further approximation.

Our uniqueness proof is related to the one of [10]. We also systematically apply inter-
polation inequalities on fractional powers of unbounded operators.

When the value function of our optimal control problem happens to be Lipschitz contin-
uous with respect the negative fractional powers of (—-A), a simpler existence and uniqueness
theory is available, as the semidifferentials of the value function v enjoy a useful spatial
regularity property, i.e.

(1.5) D*v C D(-A)a, Va €]0,1[.

Such a regularity property was first obtained in [6] for distributed control problems (or equiv-
aJently when C is bounded). Also for boundary control problems a similar continuity result
holds under suitable assumptions. For example (1.5) holds, when the discount factor A in
(1.3) is greater than the Lipschitz norm of the nonlinear term / or when the state equation
contains a distributed control z as well as the boundary control 7, i.e.

(1.6)

, 0 = A€(t, 0 + /(*(*, 0) + *(*, 0 on (0, +00) x

on

) on(O,+oo)x0f l

(see [15] and section 6 below).

The paper is organized as follows. In section 2 we recall some basic results on evolution
equations, fractional powers, generalized differentials and boundary control. In particular,
we recall the connection between problem (1.3) and equation (1.1). In section 3, we define
viscosity solutions of equation (1.1) and prove a comparison result for continuous sub and
super solutions. In section 4 we study the value function v «f problem (1.3) and show that it



is a viscosity solution of equation (1.1). In the same section we prove a Lipschitz regularity
result for v with respect to the negative fractional powers of (—-A). In section 5 we outline a
simplified version of our existence and uniqueness results for solutions that has the property
(1.5). In section 6 we use the results of the previous sections to study a control problem
associated to (1.6).

2. Notation and preliminaries.

2.1 Notation

Let X and Y be two Hilbert spaces (or subsets of them). We denote by C(X;Y) the
space of all continuous functions / : X —> Y and by Cl(X\Y) the space of all continuously
Frechet differentiable functions g : X —> Y. We denote by BUC(X; Y) the set of all functions
w : X —• Y that are bounded and uniformly continuous, with norm:

|H|oo = sup{|w(z)|y ; x € X}

and by Lip(X^Y) the set of all Lipschitz continuous functions w : X —> y , with the usual
seminorm

, , f M^l) - W(X2)\Y V

\w\Lip = supj \x[-x2\x ' Xl'X2 €
[

X2 I

The set of all continuous linear operators B from X to Y will be denoted by C(X; Y) with
norm | • | Finally, if X is finite dimensional, L2(X,Y) stands for the space of all measurable
functions 7(-) : X —> Y such that |7(-)|2 is integrable.

When the space Y is the real line R, we will suppress it in our notation. So, for
example, C(X;H) will be replaced by C(X), and so on. We set

and denote by C](1(X) the subspace of Cl'l{X) which consists af all functions / satisfying,
for every a 6 [0,1[ and for every x € X,

i)VfeLip(D((-A)«y,D((-A)«)),
ii) V/(x) € D({-A)Q)

Finally CW(X) is the set of all weakly sequentially continuous functions / : X —* R.

Let A : D(A) C X —• X be a densely defined closed linear operator satisfying

i) A = A*,

(2.1.2) ii) A is strictly disssipative, i.e.
3u> > 0 such that (Ax,x) < -u;|z|2, Vx € D(A).



It is well known that i) and ii) imply that -A is a generator of an analytic semigroup of

operators etA in X, for t > 0.

Moreover the fractional powers of {-A), (~A)a with a € R, have the following prop-

erties (see [20]).

i) For a > 0, (—A)Q is a closed unbounded operator on X with a dense domain D((-A)a)

and
D{(-A)°) = X ; D(i-A)1) = D(A) ;

a < p => D((-Af) C D((-A)Q)

ii) For a > 0, (—A)~a is a continuous linear operator. Moreover

(-A)-a€£(X;D((-A)°))

In particular, when (—A)"1 is compact, (—A)~a : X —• X is a compact operator for

every a > 0.

iii) For every a € [0,1] there exists a positive constant MQ such that:

(2.1.3) \(-A)aetAx\ < Ms.\x\ Vx € X.

iv) Let a e]0, | [ . Then for every a > 0 there exists Ca > 0 such that

(2.1.4) | ( -^ ) a x | < o\{-A)*x\ + Cff|x|, Vx €

(2.1.5) K-^)"-1*!2 < a\x\2 + Co\(-A)-*x\2, VxeX

2.2 The State Equation for Boundary Control Problems.

Let U be a Hilbert space, F be a bounded subset of U and set ||F|| = sup {|7|t/; 7 € F}.
Let 7 : R —» F and consider the following integral equation,

tt ft
(2.2.1) x(t) = etAx0+ e{t~a)AF{x{s))ds + (-A)li I e^~3)AB-y(s)ds, x0 € X

Jo Jo

where

( i) A satisfies (2.1.2)

(2.2.2)

I iii) FeLip(X;X).

and

i) 7 : R + —> F is measurable and F C U is bounded.
(2.2.3)

u)BeC(U;X).
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Formally, equation (2.2.1) can be rewritten in the following way:

f x'{t) = Ax(t) + F(x(t)) + (-AfBj(t)
\ x{0) = x0

Equation (2.2.1) is the abstract form of (1.2). We continue by explaining this fact. Let
X = L2(ft), U = L2(0ft). Define the Neumann map N : U -» X by

{ Aw = w in ft

§£ = 4> in

Notice that N : L2(dQ.) —> J?t(ft) (the Sobolev space of fractional order). We now define an
unbounded operator A by

(2.2.5)
Ax = Ax - x.

It is well known that (see [18])

{ H26{Sl) for 0 < 6 < |

{<̂  € JJ2*(ft) : |^ = 0} for | < 6 < 1.

Therefore, the Neumann map defined in (2.2.4) satisfies:
<-e)

N:U
(2.2.7) s

Ne£(U,D((-A)-£))

for every £ > 0. Set now

Then it is easy to see that

(2.2.8) N0€C(U,X).

We now define a nonlinear map F : X —* X by

(2.2.9) F(x)(0 = /(«(0) + *(0-

Then by elementary computations, we can rewrite the state equation (1.2) in the mild form:

rt tt

(2.2.10) x ( t ) = etAx0+ e ^ s ) A F ( x ( s ) ) d s + ( - A f e ( t ^ A N ^ ( s ) d s t > 0
Jo Jo

Clearly the above equation is a special case of (2.2.1) with B = Np.



The following proposition contains well known results on (2.2.1), (see [13], [14], and
[18] for similar results).

PROPOSITION 2.2.2 Let x0 £ X and 7 : R+ -* r measurable. Under assumptions
(2.2.2) and (2.2.3) there exists a unique mild solution x(-;xo,7) of the equation (2.2.1).
Moreover for any small a, e > 0 we have:

(2.2.11) x(.;xo,7) € C(R+;X) n C([a,+oo[;D((-A)1-<3-e))

Finally, we have, for some C > 0,

(2.2.12) |x(t;xo,7) - etAx0\ < Ct1"13 Vx0 € X.

We give the proof of (2.2.12) for the reader's convenience.

PROOF. Set x(t) = z(t;zo ,7). By (2.2.1) we have:

\x(t) - etAx0\ <

(2.2.13) <+\J*e^AF(x(s))ds\ (A)

ds\ (B)[
o

We study every single term of (2.2.13).

(A) Due to the continuity of F(-) and x(-)

| / e
{t-s)AF(x{s))ds\ < t sup \F(x(s))\

JO «€[0,t]

(B) Using the boundedness of F, inequality (2.1.3), and the fact that \ < (3 < | (see
assumption (2.1.1) and (2.2.2)ii) respectively) we obtain

Jo

< M0\B\ unit1-"
which concludes the proof of (2.2.12).

Q.E.D.

2.3 The control problem and the Hamilton - Jacobi equation.



8

We assume that the running cost L(-, •) : X x U -+• R satisfies
(2.3.1)

i) L is continuous and bounded i.e.
L e C(X x U); |£(z,7)| < Loo, for all (x,7) € X x U and some constant L^ > 0

ii) |L(x,7) — L(y,j)\ < Lo\x — j/ | , Vx,# € A", V7 € F; for some Lo > 0

For A > 0, and a control function

7 € A = < 7 : R + —> F : 7 ( ) is measurable >,

we take the mild solution x(-;x,7) of the state equation (2.2.1) and the pay off functional
given by

(2.3.2) J(x, 7) = r ° ° e~XtL(x(t; x, 7), l(t))dt
Jo

which we seek to minimize overall 7 € A

Then, under assumptions (2.3.1), (2.2.2) and (2.2.3), the value function

(2.3.3) v{x)= inf J(x,7)
76.4

satisfies the Dynamic Programming Principle (see [11] and [19]): for every xo G X and t > 0

(2.3.4) v(x) = inf < / e"A3L(x(s;x,j)^(s))ds + e~Atv(x(t)) > = inf Jt(x,7)
^ A Jo

REMARK 2 .3 .2 . Let e > 0. If 7e € A is an e-optimal control, i.e.

v(x) > J ( x , 7 e ) - £ .

Then, for every t € R + we have

(2.3.5) v(x) > J t ( x , 7 e ) - e ,

(see [12] ch. 1). Formula (2.3.5) easily follows from the fact that

Jt<J Vt € R + .

The Hamilton-Jacobi equation related to problem (2.3.2) and (2.3.3) is

(2.3.6) Xu(x) + H(x, (-AfVu(x)) - (Ax + F(x), Vu(i)> = 0 x E X.



where

(2.3.7) H(x,p). = sup{-(B7,P> -
r

If the value function v is continuously differentiable on X and Vu is contained in
D((-A)p), then the fact that v is a solution of (2.3.6) on D(A) is well known and can be
proved exactly as in the finite dimensional case (see for instance [19]).

REMARK 2 . 3 . 3 . Hypotheses (2.2.3) and (2.3.1) implies that the Hamiltonian H
given by (2.3.7) satisfies:

f(») \H{z,p)-H{x,q)\<H0\p-q\
(2.3.8) {

[(it) \H(x,p)-H(y,p)\<H0\x-y\

for some #0 > 0. To prove comparison results, we only need to assume (2.3.8) on H. So, in
this context, equation (2.3.6) is not necessarily related to a control problem.

2.4. Semidifferentials

Let Q, be an open subset of X and ip : Cl —• R. For any xo € H, the super- and
sub-differentials JD+<0(xo)> D"^)(XQ) are defined as follows (see e.g. [9])

(2.4.1) D^(xo) = L e X|limsup *(*)-#*o)-(p,«-«o) < J
t x-^x0 \X — Xo| J

(2.4.2) D-rKzo) = {p 6 *& ^ o ) ^ a Xo)

The function if> is Frechet difFerentiable at XQ, if and only if D+T])(XQ) and
are both non-empty. Moreover in this case:

(2.4.3)

where D^ denotes the Frechet derivative.

The following fact is well known and will be used in section 5.

LEMMA 2 . 4 . 1 . Let a €]0,l[, and v : X -> R be such that:

(2.4.4) \v(x) - v(y)\ < C|(-A)~Q(x - y)| Vx, y € X

for an appropriate constant C > 0. Tften;

(2.4.5) D^ix) C £>((->i)Q) Va €]0,1[

and

(2A.6) sup sup |(-A)Qp| < C
X ±
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2.5. A class of integral operators.

We introduce a class of convolution operators that will be used in the definition of
viscosity solutions.

Given an unbounded operator A that satisfies (2.1.2), we denote by M(A) the set of
all maps M : [0,1] -• C(X) such that

' i) \Mtx\ < \x\ Vx G X
ii) Mtx € D(A) Vx € -X\ Vi > 0

(2.5.1) i in) Mtx "* > x
iv) M\ = Mt

h v) A.M* = A^tA
Examples of operators in M(A) are the following.

1) Consider a function s : [0,1] —> [0,1] such that s(t) < t for every t € [0,1] and define:

2) For t > 0 and x e X set

(2.5.2) Mtx
 d=f - f esAxds = i f e^-^xds = ^——i4"2

Then it is easy to show that both Mt and Alt belongs to M(A).

The following lemma will be useful in the proof of the comparison result.

LEMMA 2 .5 .1 . For every x e X we have the following

5 (i) 0 < (-AM tx, -Mtx) < <-AMix, x)

(ii) (-^leMx,x) < <-AMtx,x>

PROOF. By the definition of

<-i4A^tx,-Mtx> = -j / / (-AerAx,
* Jo Jo

and t t

) = 1*
Hence,

(2.5.4) < -AM t x ,<Mtx ) - < - A M t x , x ) = 7 2 / / ( ~
* Jo Jo

Moreover for every y G ^ w e have:

<-A[c rA - J]», y> = - [{A2e<>Ay, y)dp =
(2.5.5) Jo

r

= - / |Aet^j/|2dp < 0.
Jo

Now use the above estimate with y = e%Ax in (2.5.5) to arrive at the first of (2.5.3). The
second inequality is easily proved with similar arguments.

Q.E.D.
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3. Definition of viscosity solution and comparison results.

Let us now consider the Hamilton-Jacobi equation:

(3.1) Xu(x) + H{x, {-AfVu{x)) - (Ax + F(x), Vu(x)) = 0

where A > 0 and If is a Hamiltonian satisfying (2.5.3), but otherwise not necessarily related
to a control problem. Throughout this section we will assume that (2.2.2), (2.2.3) and (2.3.8)
hold true.

Let M(A) be the set defined in subsection 2.5 (formula (2.5.1)). We now define the
viscosity sub- and super-solutions of (3.1). In the following x € argmaxtx — (f> (argmin) is an
abbreviation to say that u(x) — <j>(x) = max{u(y) — 4>(y),y € X} (min).

DEFINITION 3.1. Letu€BUC(X)nc»(X).

i) u is a viscosity subsolution of (3.1) if for every <f> € Cl'l{X) we have,

( 3 ' 2 ) + inf limin
t|0

inf liminf ( Hx) " * ( e < A g ) + H(x, (-AfMtV<f>(etAx))) < 0

at every x € argmax(u — <j>).

ii) u is a viscosity supersolution of (3.1) if for every <f> € C l a (X) we have,

\u(x)-(F(x),V<fi(x))+

( 3 3 ) + sup limsnp( *x) ~ ^ ( e t A x ) + H{x, (-AfMtV<fi(etAx))) > 0

M£M(A) HO [ t J

at every x € argmin(ti — <f>).

Finally, u € BUC(X) f) CW{X) is a viscosity solution of (3.1) if it is both viscosity
subsolution and supersolution of (3.1).

REMARK 3 . 2 . In the above definition we have considered two approximations of
the terms containing derivatives of w, namely the ratio:

4>(x) - <f>(etAx)

t

to approximate the term (Ax, V<f>(x)) (see also [23]), and the regularized term:

H(x,(-AfMtV<t>(etAx))

t o a p p r o x i m a t e H ( x , ( ~ ^
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Should the maximum (resp. minimum) point x in (3.2) (resp. (3.3)) belong to D(A),
the above inequalities would be equivalent to:

Xu(x) - (F(x),V<f>(x)) - (Ax,V<f>(x)) + inf liminfi H(x,{-A)0MtV<t>{etAxj) \ < 0
MEM(A) tlO I I

and

Xu(x) - (F(x),V<f>(x)) - (Ax,V<j>(x)) + sup limsupi H(x, (-AfMtV(f>(etAx)) \ > 0
M£M(A) UO [ J

The above inequalities could be simplified further, provided that V<f>(x) G D(A) for all
x € D(A). In that case we would have:

Xu(x) - (F(x),V<f>(x)) - {Ax,V<f>{x)) + H{x,{-AfV<f>{x)) < 0
and

Xu{x) - (F(x), V<fi(x)) - (Ax, V<f>(x)) + H(x, (-A)^V(/>(x)) > 0.

We shall use this observation in the proof of Theorem 3.3.

THEOREM 3 . 3 . Assume that (2.2.2), (2.2.3) and (2.3.8) hold true. Let u,v €
BUC(X) n Cu,(X) be a viscosity sub and super solution of the Hamilton-Jacobi equation
(3.1), respectively. Then

(3.4) u(x) < v(x), Vx € X.

PROOF. For simplicity we take A = 1. For e > 0 consider the function $ e :
defined as:

(3.5) Ve(x,y) := u{x) - v(y) - ^ ( ( - ^ ^ ( x - y),x - y)

and, for /x > 0 define the test function $£iM : X x X —> R:

(3.6) $ £ i M ( x , y ) : = ^ ( a : ) j , ) - | [ | x | 2 4 - M 2 j .

Observe that our assumptions on A and the weak continuity and boundedness of u and v

imply that

1) ^£ is sequentially weakly lower semicontinuous on X x -Y,

2) **,„(*,y) < Noe + H o - MWa + IvH-
Therefore there exists a point (x£^,y€yfM) £ X x X such that

(3.7) *c,fi(*e,M> » ^ M ) = ^ ^ *e,M-

Set now ze^ = x£>M - z/£,M and, for r > 0,

m(r) = sup \u(x) - u(y)\ + \v(x) - v(y)\.
|x-y|<r

It is clear that

(3.8) m(r)<2(||tt||0e + |H|0O).

We complete the proof in several steps.
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Step I.

We claim that

(3.9) -((-A)-lz£,^ ze,M> < m(\z£j)
6

Indeed by (3.7) we have the inequality:

Then

1 - 1 2 2

Hence

(3.11) ~((-A)-lz£ifX, ze^) < [u(x€yfA) - u{y£^)) + [v{xe^) - v(y£^)] < m(\zt^\).
s

Step II. In this Step we will prove that

(3.12) lim /x[|x£?/i|
2 + |t/e,M|2] = 0.

Since ^e is bounded above, for every 6 > 0 there are rr$, ys € X such that:

Then the inequality

implies that

Hence,

l imsup TT[|2;£,MI2 + IS/CMI2] ^ ̂ + l i m T:[IX*I2 + l^l 2 ] ==: «̂

Step III. We claim that for every tn > 0, Â f € M(^), we have

(3.13) Ve > 0 limsup limsup hn{^e) < 0
/xJ,0 n—•oo



14

where

h i \d£f V (\ i2 I tnA

(3.14) " "' 2tn ^

Indeed since all operators are bounded and etnAx£yfl
 n~*GX? x£iA1, we have

Also since /3 < | the interpolation inequality (2.1.4) yields that for every a > 0 there
exists Ca such that

(3.15) ^ a\{

where we have used property v) of the operator Mt (see (2.5.1)) and inequality (2.5.3)(ii).
Thus

(3.16)

Moreover
(3.17)

— \(\rr I2 — \ptAT \2\ — — 1 / r

1 Jo

By inequality (2.5.3)(i), both terms in the right hand side of (3.17) are negative. Hence, for
every /z > 0

(3.18) - £ ( l x ^ l 2 " leM*^!2) * f <AM«*e>«*>-
Using (3.16) and (3.18) we obtain for every a > 0

+

Now, choosing a = <7o = jg^,= <7o = j g

+fiH0Cao\x£J + ^(1^(0)11*^1 +

Since $(w — w2) < \i for every w € R, by (3.12) we easily derive (3.13).
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Step IV. Set

(3-19) r£)M = li-Ar'z^ = l

and

i,e) = limsup /in(/x,e)
n—*oo

Then we claim that for every p > 0 there exists tn
 n~*°°) 0, and .M 6 M(A) such that

(3.20)

Indeed let

(3.21) <j>(x) = v

or equivalently:

(3.22)

Hence

(3.23)

Then from definition

( ) (F( ) )

+ Urn H{xe^{-Af

xVs u) • 7T~*\V""" / v*^ "~ 2

4>(x) = u(x) -

(*LL ™"~ Q) 1 (^E l ""~ m a 3 C ( ?X -

3.1 we have that Vp > 0,

1
£

x \ i ̂  fi |2 i 1 |2"|

-«-«8.».,(..»,,)

3tn | 0, and 3M € M(>1), such that

(3.24) +

n-»oo
«***„) + {_A V^e«.A )} I <
tn J

Recalling the definition of r£)fl we have

(3.25)

and

(3.26)

So,

(3.27)
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Observe that

Km

1
= 27

(I — etA)
) —I

1
-

and

Therefore

1 etA — I
^ m ( ( 4 ) " 1

1
-

(3.28)

-

where limt_»o ^o(t) = 0. Moreover, by (3.25) and assumption (3.2) v), for every M € M(A)

<H0

- I)xtJ + Hoii\(-AfMte
tAxeJ.

Therefore for every M € M{A)

(3.29)
_ J)Xej _ HOfi\(-AfMte

tAx£J.

Finally we easily estimate the term containing F in (3.24) by (3.26) and the Lipschitz conti-
nuity of F:

(3.30)
e,M| + \F\Lip\xeJ*)

Using (3.28), (3.29), (3.30) into (3.24) (for t = tn) and the definition of hn(fi,e) we conclude
that

1
e

lim

which directly implies the claim (3.20).
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Step V. For sn —• 0 and Af € M{A) define the function kn(fi,€) similarly to hn

(exchanging z£,M by ye^) and set

n—>oo

Then, using the same arguments of step III and IV we conclude that

(3.31) lim sup fc(/x, e) < 0

and for every p > 0 there exists sn
 n~*°°) o, and M e M(A) such that

+ Urn

Step VI. Conclusion.

Fix p > 0 and e > 0. Subtract (3.32) from (3.20) to obtain

+ ^ <

), h-A)-lz^) (I)
(3.33)

i IT(j/£)A1, (-AfKnr£^j - H(XW (-AfMtnr£it^ | (II)

+ 2p+h{n,e)+.k(fi,e)

Next, we estimate the first two terms appearing in the right-hand side of (3.33).

(I) First recall the elementary fact that, given a, b > 0, for every a > 0 we have:

(3.34) 2ab < aa? + -b2.
a

Since F € Lip(X; X), we estimate

(3.35)
-\

S Te^
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(II) Using the definition of rCtft in (3.19) and the assumptions (2.3.8) we obtain

(3.36) 1
< H0-£\{-Af~

We now estimate the right hand side of (3.36). First by the properties of M(A) we
have

(3.37) lim Hoh-Af-l(Mt -M)z*#\ = 0.
8,t—+\j £

Moreover

(3.38)

Observe that, by (3.34) and (2.1.5), for any a > 0 there exists Ca > 0 satisfying

(3.39) \z£J\{-Af~'zEJ < o\ze,rf + Co{{-A)-*ze^ze,tl).

Use (3.39) with a = O\ = fjj- to estimate the last term in (3.38)

(3.40) £

This concludes our estimate of the second term in (3.33). In sum, setting t = tn and
s = 5n, and letting n go to +oo by (3.36) — (3.40) we get

Urn
(3.41) n^°°

< !f^!! + Ho\Z£>f

We can now substitute (3.35) and (3.41) into (3.33) to obtain

(3.42) 2 e

< 2/) + h(fi,e) + k(n,e) + -C2{ze^ (-A)-X

where we have set C2 = (HQC^ + |-F|LPl(-^)~* l)-
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Now we recall that, by (3.14), /i(/x,e) + fc(/x,e) is bounded in a neighbourhood of 0.
Moreover, by (3.9) and (3.8) (zty^{-Aylzt^) is bounded, and u and v are bounded by
hypothesis. Then, inequality (3.42) yields

(3.43) k a d i < #0|2£)M| + cz

for some C3 > 0, for every sufficiently small /x and e. Clearly this implies that

(3.44) t | | £ < C4

for some C4 > 0. Substitute (3.44) in (3.42) and use (3.9) to conclude that

(3.45) u{xe^) - v{ye^) <2p + H0\/2C4e + 4C2m(\/2C4£) + /i(/x,e) +

Since (x£,M,ye>/i) is a maximum point for $£,/!, for every x € X we have

u(x) - t/(ar) - /x|x|2 = *C t / 1(x,x) < $e,/i(xe,M^^M) ^
(3.46) y y

< u{xe^) - v(yCfM) <2p + HQy/2C4e + 4C2m(y/2C4e) + /i(/x,e)

Let (i —> 0 in (3.46) to obtain

?x(x) - v(x) <2p + H0y/2Cke + 4C2m(y/2C^e) V x G l

Since p and £ are arbitrary, (3.5) follows from the above inequality.
Q.E.D.

The following uniqueness result is a straightforward consequence of the above compar-
ison theorem.

COROLLARY 3 . 4 . Assume that (3.2) hold true. Then equation (3.1) has at most
one viscosity solution in the sense of Definition 3.1.

REMARK 3 , 5 . By the proof of theorem 3.3 it follows that the comparison result
(3.5) still hold true if we take test functions <f> e C\l(X) in definition 3.1. Indeed the test
function appearing in the proof of theorem 3.3 clearly belong to C)^l{X). We will use this
fact in sections 5 and 6.

4. Properties of the value function v and existence results
In this section we show that the value function of the problem (2.3.2) is the only

viscosity solution of the Hamilton-Jacobi equation

(4.1) Xu(x) + F(x , (-A)*Vu(x)) - (Ax + F(x), Vu(x)) = 0
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where the Hamiltonian H is as in (2.5.2). Since the Hamiltonian H defined in (2.3.7) satisfies
hypotheses of Theorem 3.3 (c.f. Remark 2.3.3), the uniqueness of viscosity solutions to (4.1)
follows from the results of previous section. In this section we will prove that, if the operator
(—A)~l is compact, then the value function v € BUC(X) nCu,(X) and is a viscosity solution
of (4.1) . Throughout this section we assume that (2.2.2),(2.2.3) and (2.3.1) hold true and
take A > 0.

We first study the regularity properties of the value function v.

PROPOSITION 4 . 1 . The value function v is Holder continuous on X with respect
to the norm of (—A)~~e for every 6 € [0,1[. More precisely, for any a < Tpr— o,nd a < 1 we
have:

(4.3) \v(x) - v(y)\ < Ce,*\(-A)-$(x - y)\° Vx,y € X; V0 € [0,1[

Therefore, if the operator A has a compact resolvent, thenv is weakly sequentially continuous.

PROOF. We adapt some ideas of [6] and [15].
Let x,y € X and 7 G A be given. Set x(t) := x(t;x,j) and y(t) := x(t; j/,7). Then by (2.1.3)
we have, for every t € [0,T]

(4.4)
\x(t) - y(t)\ < \etA(x - y)\ + \F\Lip f \x(s) - y(s)\ds <

< ¥f\(-A)-$(x - y)| + \F\Lip J \x(s) - y(s)\ds.

Now set T){t) = JQ \X(S) — y(s)\ds and integrate the above inequality to obtain

v{s)ds'

Then, by Gronwall's inequality we can estimate rj(t). Substituting this estimate into (4.4)
yields

(4.5) \*(t)-y(t)\<\^-

for some C6,C7 > 0. For every a €]0, |Ffc [, a < 1 (4.5) implies that

(4.6) \x(t)-y(t)\°<2

We also have

(4.7) |L(*(t),7)-•&(»(*).7)1 < (2Lo o)1-' r |L(x(t),7)-^(*),7)r <^kW-2/(*) | e
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where L = (2Loo)
l-°L^. Choose T > 0 satisfying

(4.8)

By the Optimality Principle, Proposition 2.3.1, there exists 7 € A such that

(4.9) v(y) > / e"AtL(t/(t),7(t))dt + e~XTv(y(T)) - \(-A) (x - y) |a .
•/o

Again, the principle of optimality, formulas (4.7) and (4.9), the fact that \v(x)\ < Loo for
every x € X and the choice of T in (4.8) yield

v(x)-v(y)< f e-xt[L(x(t)Mt)) ~ L(y(t),'y(t))}dt+
Jo

(4.10) +e->T[v(x(T)) - v(y(T))) + \{-A)-e(x - y)\' <

e~xt\x(t) - y{t)\°dt + 2\{-A)~e{x - y)\°
'0

Finally, by (4.6) and (4.10) we obtain

Kx)-t;(y)|<2|(-il)^(x-y)r+
rT

+ L2a
dt \(-A)~9(x - y)\a.

Since a < \p^ , , (4.3) follows from the above inequality.
Q.E.D.

Motivated by Proposition 4.1 in the remainder of this paper we assume that

(4.11) (—A)"1 : X —• X is a compact operator

This assumption, together with proposition 4.1, guarantees the weak continuity of the value
function v. The main result of this section is the following.

THEOREM 4-4 . Assume that (2.2.2), (2.2.3), (2.3.1) and (4.11) hold true, and let
A > 0. Then the value function v is a viscosity solution of (4-1)) in the sense of Definition
3.1.

PROOF. Take A = 1.

Step I. In this step we will show that the value function is a subsolution of (4.1).
Fix x € X, 7 € F. Consider a constant control function 7(t) = 7 for every t > 0. Set
x{t) = x{t\x\7). Then by the Principle of Optimality (2.3.4) we have

v(x)< I e-3L(x(s),7)d
Jo
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which implies that

,_x Tl x , v(x) - v(x(t))

(4-12) t i _ - t
<- I e-L(x(s),*f)ds - L(x,f) + v(x) - 1--l-t/(x(t)) *> **(*) 2=£ 0

Wo * •

due to the continuity of x(-), v(-) and £(-,7). Now suppose that, for some <j> € C1'1

(4.13) v(x) - <f>{x) = max(v - <̂ ) > u(

Then, for every t > 0, (4.12) and (4.13) yield

(4.14) ,(x) - £(*,7) + m fAt)) < 1(D *=g 0

Moreover

<f>(etAx) - <j>(x^ ( x ) <^(x(t)) <^(x) < ^ ( e x ) ,
(4.15) - - - +

Since <f> is difFerentiable

(4.16) = (V<f>(etAx), (-
i rt

Ax) / e(t-a

where ^(t) = A(t)etX + (1 - A(t))x(<) for some A : R+ ->]0,1[, and Xft = 7 /0* eaAxds as in
(2.6.2).

formula (2.2.11), we have

\ Ax)Mt) ~ etAx)\ < \V<f>\LiJ^t^l t^X 0,

uniformly with respect to 7 6 F. Moreover,

(V(f>(etAx), I f e^AF(x(s))ds) - <V*(x), F(x)) =
t Jo

= {V<f>(etAx) - j fV^(x), j f e^AF(

- F(x)]ds) + (V< (̂x), (>ft - I)F(x)) d=f h +1 2

where
\IX\< sup

«€[0,t]

sup
«€[0,t]
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Therefore,

(4.17) (V<j>(etAx) 1 f e^^AF(x(s))ds) = <V*(3:),F(s)) + a*(t) ^ > 0,

uniformly with respect to 7 € F. By (4.14) — (4.17) we thus obtain

(4.18)

— 0

where u>4(-) is independent of 7 € F. In the above estimate we have used the equality

((-AfMtV(t>(etAx),Bj) = {V4>(etAx),(-AfMtBj).

So, taking the supremum over all 7 € T in (4.18) we conclude that

+ H{x,(-AfMtV<f>(etAx)) < w5(«) ^ ^ 0.

Letting 11 0 (4.19) yields

v(x) + (V4>(x),F(x))+

+ hmsupl ^ ( ^ " * ( e g ) + g(g, ( -^)^ t V^(e M x)) l < 0
tio ^ * J

which implies that

+ inf hmsnpl^^^^ + H(x,(-AfMt^<f>(etAx))\ < 0

Q.E.D. STEP I

Step II. In this step we will now prove that the value function is a supersolution of
(4.1). Let <f> € Ca>1(X) and x € X be a (local) minimum point for v — <f>. Then, for every
t > 0 we have

(4.20) v(x) - v(x(t)) <

Recall that by the Bellmann Optimality Principle (2.3.4) we have

(4.21) v(x) = inf
7()e
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Therefore, (4.20) and (4.21) yield

(4.22) sup {-I f e-HW(s), y(s))d, +

Arguing as in (4.12), we obtain

[t

(4.23)
-j [te-L(x(s)Ms))ds+ (1 " ' " ' W ) ) =

= -1 I L(x,*y(s))ds + v(x) + u>6(t)1 Jo10

where limt_0+ UQ(t) = 0 uniformly with respect to 7(«) € A. Moreover by the same reasoning
used in step I, (see (4.15), (4.16) and (4.17)):

d>(x) — d>('x(t)) (bCx) — d>(et'Ax) d>(etA'x) — cbi'xl

(4.24)

- (V<t>(etAx),h-Af [
1 Jo

where limt_>o+ ^ ( 0 = 0 uniformly with respect to 7(-) € A. Now, from (4.22), (4.23) and
(4.24) it follows that:
(4.25)

A

- i [* Lp,sup [ [
( ( i * Jo

where limt_>o+ ^ ( t ) = 0 uniformly with respect to 7(-) € A.

Now observe that

sup < -

(4.26) <- f
* Jo

f
o t€A

= 1 [ H(x,(-Afe^-^AV<l>(etAx))ds
* ./o

Then, by (4.26) and (4.25) we have

7 f H(x,(-Afe^-'
1 Jo
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and so, for every t > 0 there exists st €]0,i] such that

v{x) - (V^(g)tF(af))^(g)"f(e<Ag) + #(x,(-.4)V«

Let 11 0 to obtain

v(x)-{V<f>(x),F(x))+

As seen in section 2.6, the family of operators e*tA,t €]0,1] belongs to M(A), and taking the
supremum in M(A) we conclude that

v(x)-(V<t>(x),F(x))+

+ sup liminf
no

\ > 0,
j

minf {
no y t j

Q.E.D.

5. Solution of the Hamilton-Jacobi equation in the Lipschitz case

We give in this section a simplified version of the existence and uniqueness theory for
viscosity solutions of our Hamilton-Jacobi equation:

(5.1) A«(x) + H(x, (-A)^Vu(x)) - (Ax + F(x), Vu(x)> = 0

Troughout this section we assume (2.2.2), (2.2.3), (2.3.1), (4.11) and the following:

(5.2) \F\uP < A

Under the hypothesis (5.2) we have (see proposition (4.1)

Va€ [0,l[, 3Ca > 0 s.t.
(5<3) \v(x) - v(y)\ < Ca\(-A)-«(x -y)\ Vx, y € X

This fact implies that the semidifferentials of v are contained in the domain of the fractional
powers of (-.A) (see Lemma 2.4.1):

(5.4) Vx € X, Va 6 [0,1[ D±v{x) C D((-A)a)

In view of (5.3) and (5.4) we give the following definition.

DEFINITION 5.1. Consider a function u € BUC(X) n CW{X) such that:

(5.5) |u(x) - «(y)| < C\(-A)-P(x - y)\ Vx,y € X
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for some constant C > 0. Then, we say that u is a viscosity solution of the Hamilton-Jacobi
equation (5.1) in X t/V<£ € Clj*{X) we have

(i) Subsolution. Ifu — <j> has a local maximum point at XQ € X, then

( 5 ' 6 )
 tofarf«*>««*»> < p

ii) Supersolution. Ifu — <j> has a local minimum point at XQ € X, then

(F(x0), V^(xo)) + -mmsup * ( X o ) *&**) > 0
t|0 *

REMARK 5.2.

A) As one can easily see, if xo is a local maximum (minimum) point of u — <£, then by
(5.5) and Lemma 2.4.1 it follows that

V<f>(x0) £ D+u(x0) C D({-Af)

so the term (—A)0V<P(XQ) in (5.6) and (5.7) is well defined.

B) If, in addition we have that D+u(x0) 6 D((-A)?), then V<£(zo),zo € D((-A)?) so
that

liminf * (*o ) - * ( e t ^ o ) = limsup >

and in such case the definition 5.1 could be simplified further replacing the liminf and
limsup in (5.6) and (5.7) by ((-J4)SXO,(-A)*V</>(XO))

C) By formula (5.5) it follows that

(5.8) |ii(*) - u(y)\ < C\{-A)-'\\x - y| Vx,y € X

so that the function u € Lip(X;X).

The main result of this section is the following:

THEOREM 5.3. Assume (2.2.2), (2.2.3), (2.3.1), (4.11) and (5.2). Then the value
function v is the only viscosity solution of (5.1) in the sense of Definition 5.1.

PROOF We divide the proof in two main steps proving separately existence and
uniquess of a solution of (5.1).
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Step 1. Existence. Assume (2.2.2), (2.2.3), (2.3.1), (4.11) and (5.2). Then the

value function v is a viscosity solution of (5.1), in the sense of Definition 5.1.

We prove the subsolution condition. The other one follows in the same way. By
theorem 4.4 the value function v satisfies equation (5.1) in the sense of definition 3.1. Then
by definition 3.1 and the fact that Cl/(X) C Cl>l(X) we easily get that, given <f> € C\l{X),
we have

\v(x)-(F(x),V<f>(x))+

(5-9) + inf Uminf{0 ( x )^^ ( e M x ) + H(x,(-A)'MiV4>(etAx))\ <0
M£M(A) HO y t V J

at every x € argmax(u — <j>).

Let <f> e C]^(X) and xo € argmax(u — <f>). By remark 5.2 A) and property (5.3) we
have that V<£(x0) E D((-A)<*) and therefore, x0 € D((-A)p), by definition of Cl/(X). It
follows that

etAXQ J i ^ XQ in D((-

which implies, still by definition of C^a(X), that

0) in D((-A)'3).

Finally, by the property of the class M(A) and by the continuity of the function H(XQ, •) we
obtain that for every Mt € M(A) we have

(5.10) lim H(x0, {-AfMtV(f>{eiAxo)) = H(x0, {-AfV<f>{x0))

and putting (5.10) in (5.9) we get that u satisfies the subsolution condition of definition 5.1.

Step 2. Uniqueness. Assume that (2.2.2), (2.2.3), (2.3.1), (4.11) and (5.2) hold
true. Let tx, v € BUC(X) H C^{X) be respectively a viscosity subsolution and a supersolution
of (5.1) in the sense of definition 5.1, satisfying property (5.5). Then, for every x € X we
have:

u(x) < v(x).

The uniqueness result easy follows from the above statement.

Let u be a subsolution of (5.1) in the sense of definition 5.1 and satisfying (5.4). Then
consider a function ip € C^iX) and x0 € argmax(u - <t>). By formula (5.11) and definition
5.1 we obtain that
(5.11)

Xu{x) - (F(s),V#r))+ inf Urn inf J ^ 0 ~ f{ ^ + H{x,(-AfMtV<f>(etAx))\ =

= Au(x) - (F(x), V (̂x)> + Urn inf ̂ x)~^x) + H^ (-AfV<f>(x)) < 0
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which implies that u is also a subsolution of (5.1) in the sense of definition 3.1, when the
test functions belong to C^1(X). In a similar way we can see that v is a supersolution of
(5.1) as in definition 3.1 when the test functions belong to C^'1. Now, to conclude, recall
that by remark 3.5 the result of Theorem 3.3 remains true when the class of test functions is
restricted to C\l.

Q.E.D.

6, A control problem with boundary and distributed control

Now we modify the control problem (2.2.1) - (2.3.3) by adding a distributed control
z(-) : R + —> X, in the state equation (see also [15] for the study of this problem). Formally
the state equation becomes

f
\

x'(t) = Ax(t) + F(x(t)) + z(t) + (-
x(0) = x0

that can be written in mild form as

(6.2) x(t) = etAx0+ ( e(
t-3>>A[F(x(s)) + z(s)]ds + (-A)<3 f e^s^ABj(s)ds, x0 € X.

Jo Jo

The mild solution x(t;xo,7,2) of (6.2) exists and is unique as one can easily see by a simple
modification of Proposition 2.2.2.

Denoting by Z the space of measurable controls z : R + —* X, we study the problem of
minimizing the functional

H"°°
(6.3) J(x,t,z)= / e-»[L(x(t),'r(t)) +

Jo
overall 7 € A, z € 2. The value function of this problem is

(6.4) vo(x) = ^ mf

and the Hamilton-Jacobi equation associated to this control problem is precisely

(6.5) Xu(x) + H(x, (-AfVu(x)) + ^|Vw(x)|2 - {Ax + F(x), Vu(x)) = 0

where H is given by (2.5.2).

PROPOSITION 6.1 Under assumptions (2.2.2), (2.2.3), (2.3.1), the value function
VQ is Lipschitz continuous with respect to the norm induced on X by (—A)"a for a € [0, j[,
i.e.

(6.6) Va € [0, | [ , 3Ca > 0 s.t.\vo(x) - vo(y)\ < C Q | ( -A)- a (x - y)| Vx,y € X
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PROOF. Take A = 1. Let a €]0, J[, and x0, xi € X. Without loss of generality we

can assume that

(6.7) \(-A)-a(x1-x0)\<\\v\\oo.

Let 70 € A, ZQ € Z be such that, setting xo(t) := x(i;xo;7o,2o) we n a v e

0) + \(-A)~a(xi - xo)| > J(xo,7

( 6 ' 8 ) > /
Jo

for every T > 0 (see remark 2.3.2). Set

(6.9) Zl(t)
 d^ zo(t) + F(xo{t)) - F(xo(t) + etA(Xl - x0))

so that

(6.10) xi(t) d=f x(t;xuj0,Zl) = xQ(t) + etA(Xl - x0).

Then

(6.11) /
Jo

Subtract (6.8) from (6.11) to obtain

< f e-ulLMt^oW-Lixoit^oit))] +h\zi(t)\2-\zo(t)\2] )dt+Jo {I J 2 J
(6.12)

r ^ - vo(xo(T))J +\{-A)-a(xl - x o ) | =

Now we estimate every single term. For the first one we easily obtain, for every T > 0,

\Ii\ 5i Ĵ o / e l^i(0 ~~ xo(t)|dt < LQ I e \e (x\ — xo)\dt <
JO Jo

r+oo e—t
< LoMQ I dt\(—A)~a(xi — XQ)\ =: KiyCt\(--A)~a(xi — XQ)\ .

Jo *

where K\,a < +°° ^or a € [0, | [ . As fot the second term

/o

(6.14) <\f
* Jo

rT

\h\ = \ I*e-^t) - zQ{t),zx{t) + zo(t))\dt <
* Jo
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Now we can apply Holder inequality to obtain

(6-15) |.

The first term can be estimated as follows

(6.16)

-xoJ|Afa( / 7 2 ^ * I = : ^2,o|(—-A) a (# i — ^o)|
/o *

where K2,a := Ma (fo
+°° ^rdt) < +oo for a€(0,J[..

At this point we estimate the term \zo(t) + zi(t)\2. By (6.4) we have that ||v||oo < L^, which
implies, by formula (6.8), that

\ f °° \zo(t)\2dt < Loo + \(-A)-a(x1 - xo)\
* Jo

Then, using the expression of z\(t) in (6.9), it follows that

t-A)-*^ - xo)\ + 2\F\lip^\(-A)-a(xl - xo)\
2

Now, recalling that |(-^4)~a(xi - xo)\ < ||v||oo < ̂ oo,

(r -* 2dt\ * <
(6.17) V° /

< 16Loo + 2\F\LipMaLoo I -p^dt =: Kz,a < +00 for a € [0, - [

By (6.16) and (6.17) into (6.15) we obtain, for every T > 0,

(6.18) I/21 ̂  'X\F\l,ipK2,aJ^3,a\\~A) (Xi — XQ)\
2

Finally, for every T > 0,

(6.19) |/31 < e-^IMloo < 26-^00
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By (6.13), (6.18) and (6.19) in (6.12) we conclude that, for every T > 0 and a € [0, | [ ,

v{*i) - ti(xo) < k i , a + \\F\LipK2,«Ks J |(-A)-a(xa - xo)| + 2L0e~T

which gives the claim by letting T —> +cx).
Q.E.D.

REMARK 6 . 2 . The main difference between Propositions 4.1, and 6.1 is the fact
that we obtain the Lipschitz continuity of the value function without assuming the strong
condition |jP|Lip < A to obtain the claim. This gain in regularity is due to the presence of
the distributed control z in system (6.1).

Now we can repeat the theory of viscosity solutions for equation (6.5). The following
theorem can be easily proved with the same method as theorem 5.3.

THEOREM 6 . 3 . Assume (2.2.2), (2.2.3), (2.3.1) and (4.11). Then the value func-
tion VQ is the only viscosity solution of (6.5), in the sense of Definition 5.1.

Theorem 6.3 is a corollary of Theorem 5.3. One has just to pay attention to the fact
that the Hamiltonian term H(x,p) + \\p\2 of equation (6.5) does not satisfy a Lipschitz
estimate with respect to p as required by condition (3.2)v to obtain uniqueness. On the other
hand, this difficulty can be easily overcome since the behaviour of the Hamiltonian at infinity
is not essential when dealing with Lipschitz continuous solutions.
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