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On three-phase boundary motion and the singular
limit of a vector-valued Ginzburg-Landau equation

Lia Bronsard* Fernando Reitich!

Abstract

We present a formal asymptotic analysis which suggests a model for three-phase
boundary motion as a singular limit of a vector-valued Ginzburg-Landau equation.
We prove short-time existence and uniqueness of solutions for this model, that is, for
a system of three-phase boundaries undergoing curvature motion with assigned angle
conditions at the meeting point. Such models pertain to grain boundary motion in
alloys. The method we use, based on linearization about the initial conditions, applies
to a wide class of parabolic systems. We illustrate this further by its application to an
eutectic solidification problem.
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1 Introduction

In this paper, we study some models for three-phase boundary motion. We show formally
how a geometrical model of interface motion arises as the singular limit of a vector-valued
reaction-diffusion equation. Then, we prove local existence and unigqueness of solutions for
the limiting problem using a widely applicable method based on linearization about the
initial configuration.

First we study formally the asymptotic behavior as e —> 0 of the vector-valued Ginzburg-
Landau problem

uy = 26" MW (U ) (1)
Zuan=0 o u(xO\n = h(x) @
an

tE(x,0) = s(x), ©)

where «:fixR™-» R™, withQ C R" and n > 2, m > 2. The potential W : R™ -> Ris non
negative and its minimum value zero is attained at three vectors a,b and c, so as to model
a three-phase physical system or three grain boundaries meeting along n — 2 dimensional
surfaces. The parameter e represents the thickness of the transition layer, and is assumed
to be small.

The study of (1)-(3) is partially motivated by the work of Allen and Cahn [AC] on
the motion of curved antiphase boundaries. Consideration of the gradient flow associated
to a free energy functional, modified so as to account for thermodynamic properties of
non-uniform systems ([CH],[AC]), lead them to the study of scalar Ginzburg-Landau type
diffuson equations ([GSS]) of the form of (1), -

u = MAu - aw(u), (4)

where W is an even function with exactly two local minima. In equation (4), a is a positive
Kinetic coefficient and the diffuson coefficient satisfies M = 2aK where K is the gradient
energy coefficient and is proportional to the square of the antiphase boundary thickness,
which is assumed to be much smaller than the boundary's curvature. Allen and Cahn used (4)
to propose that the correct law of motion for antiphase boundaries is mean curvature motion
and, in particular, that it is independent of the surface tension of the interface. (This was
later proved rigorously using partial differentia equations techniques -[BK], [DeMS], [ESS];



more recently Bonaventura [Bo] showed that the mean curvature motion is the scaling limit

of an interacting spin system with Glauber-Kawasaki dynamics.)

For the system (1)—(3) our formal asymptotic analysis suggests that u = u® separates
(1 into several regions where u® = a,b or c respectively, and each interface separating these
regions moves in the slow time scale ¢ = 2t with normal velocity equal (as ¢ — 0) to the sum
of its principal curvatures. To obtain this result we follow the general method of [RSK] and
[ORS]. In the process of developing the formal analysis, one needs an explicit representation
of standing waves connecting the local minima of W. It turns out that these standing waves
come out as a byproduct of works by Sternberg [S] on I'-convergence for the energy associated
to (1) in which W has two zeroes. In fact, one can obtain an explicit representation of the
standing waves in terms of geodesics for an appropriate metric, weighted by the potential
W (see Lemma 1). There are several results on existence of traveling waves for gradient
systems ([R], [Te]) but an added difficulty here is that the wells of W have the same height
(and hence the speed is zero). To our knowledge the existence of a standing wave for (1) has

not been proven elsewhere.

We then specialize to the case n = 2 and derive, besides the motion by curvature for the

interfaces, the formula

sin(#,) _ sin(fy) _ sin(f3) (5)
Pea ~ Pab T Pbe ?

- which prescribes the angles between three interfaces at a “triple junction” in terms of the

minimum energies 7 it takes to change from phase v to phase §, with 7,8 = a,b or ¢
(see Lemma 1 and Figure 1). Formula (5) is well-known by material scientists working in
the theory of phase transitions (e.g. in grain/phase boundary motion [Mul], [Mu2], [Sm], or
in simple fluid phases in equilibrium [W], [C]). Note that, in the particular case where W
is symmetric, this formula suggests that the angles between the interfaces must be 120°, as
is expected for grain boundaries in an isotropic material. The analysis is further supported
by the results of Baldo ([Ba]) on the I'-convergence problem for the energy associated to
(1), which state that this energy converges to a weighted perimeter energy functional whose

gradient flow is mean curvature motion.

In the second part of this paper, we present a simple and general method to obtain
short-time existence (and uniqueness) of solutions for the three-phase boundary motion
model derived in our formal analysis when n = 2. More precisely, we prove local existence

of smooth solutions for the problem of three curves lying in a domain  C R?, each moving
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by curvature, which meet at a point with prescribed angle conditions. The other endpoint
of each curve meets the boundary 85, also with a prescribed angle. In particular, this
answers a question posed by Mullins about the well-posedness of this problem ([Mul]). The
method we use is based upon linearizing the problem about the initial data and verifying that
the linearized boundary conditions satisfy the “complementary condition” for the resulting
parabolic system (see e.g. [So]). This condition assures the existence of a solution to the
linearized problem which is then used to establish local existence for the full problem via a
fixed point argument. This method easily extends to the case of networks in which there are
many “triple junctions”, and to situations where the physical system exhibits any number of
phases. It also applies to some cases of anisotropic mean curvature motion when the problem
is a non-degenerate second order parabolic problem. To show further the wide applicability
of the method, we sketch the proof of local existence of solutions for another problem in the
theory of phase transitions, namely eutectic solidification ([K],[W]). We study a simplified
model for lamellar eutectics. In this model, two curves (the solid-liquid interfaces) move
normally with a speed whose dc;minant contribution is proportional to their curvature. As
the two curves evolve, the locus of their meeting point traces out a third curve (the solid-solid
interface) that should maintain a fixed angle with the solid-liquid interfaces at the meeting
point (see Figure 4).

Several discrete models have been suggested to simulate the evolution of grain growth.
Among these we can cite the Potts model (see [GAG] and references therein), vertex and
boundary dynamics models (see e.g. [CN] and [KNN]), mean-field theories ([FSU]) and
~ motion by crystalline curvature ([T]). (See also [CHT] for a survey of several approaches to
defining and computing geometric motion of interfaces.) In this regard, we believe that the
model we study in this paper, which is certainly amenable to discretizations, is very likely

to yield valuable numerical results. Research in this direction will be left for further work.

Acknowledgments. We wish to thank R. Kohn for suggesting the problem studied in
this paper and for several helpful discussions. We also thank R. Pego for his useful comments.
This work was partially supported by the Army Research Office and the National Science
Foundation through the Center for Nonlinear Analysis.



2 Formal Analysis

In this section, we use a multiple time scales asymptotic analysis to obtain formally the
asymptotic behavior of the solution u = u® of (1)-(3) as € — 0. Specifically, we show that
u® divides € into regions where u® & a, b or ¢ and that the interfaces dividing these regions
evolve normally with speed equal to their mean curvature. In the two-dimensional case, we
also derive a formula for the angles between the interfaces at their meeting point in terms of
a metric involving the potential W and the equilibria a, b and c.

We shall follow closely two papers in which the scalar version of (1)-(3) is studied: the
first one is the paper of Rubinstein - Sternberg - Keller [RSK] where the boundary conditions
are of Neumann type, and the second is the paper of Owen - Rubinstein - Sternberg [ORS]
where the Dirichlet problem is studied. In [RSK] it is formally shown that the interfaces
meet the boundary of  with a 90° angle, while the results in [ORS] suggest that the contact
angle depends on the boundary data h and on the potential W. The essential difference
between our formal analysis and that of [RSK] and [ORS] is the behavior of u® near triple
junctions. Hence we shall modify ideas from [ORS] to study the behavior near triple juntions
and mostly quote results of [RSK] and [ORS] for the study of u® in the interior of  and
near the boundary 9.

First we seek the “outer expansion” in the original time scale. For this, we write u® in
the form of

uf = ud(z, 1) + 2ul(z, t) + *ud(z, t) + ... (e << 1). (6)

Substituting (6) in (1) and (3), we obtain

O ot = v W (ue) (7)

at

u“(z, 0) = g(a). (8)

Since W is a non-negative potential with minima at a, b and c, it follows from (7) that
ug*!(z,t) tends to a, b or c as t — oo. For simplicity, we shall assume that lim,_.o u§*
divides Q into 3 regions, and we let I'; divide phase a and phase b, I'; divide phase b and

phase ¢ and finally we let I'; divide phase ¢ and phase a (see Figure 1). Hence interfaces



generate in this time scale. Subsequently, the diffusion term in (1) becomes large and we
anticipate that these interfaces will evolve. Therefore a better approximation for u* near the
transition layers is obtained by expanding it in a slower time scale. Moreover, we expect
a different asymptotic behavior near 9 and near the triple junction. Therefore we must
study the solution u¢ separately in three regions: near the interior transition layers, where
the interfaces meet 0f) and, finally, around the triple junction.

First, we study the interior transition layer through I';. Following [RSK], we introduce

the slow time scale 0 = €2 t and rescaled coordinates
6 = e7ldi(z, o), 9)

where d;(z, o) is the signed distance from z to the interface I';. Expanding in these new
variables,

uf = uli(6;, 0) + ¢ ull(6, 0) + €2 ul(bi, o)+ ... (10)

Next we substitute (10) in (1) with : = 1 and, by carrying the calculation up to second
order, it follows ([RSK]):

2(ugy)ss = VaW (upy) (11)

ull - aas 6 — —oo, ulf - bas 6 — oo. (12)
0

L =ky . 13

do 1 d; ( )

where k4, is the mean curvature of the level sets of d;j. Thus the interface I'; evolves in the
slow time scale o according to its mean curvature and the profile of the transition layer is a
standing wave given by the solution to (11) and (12). A similar calculation can be carried out
for the other two interfaces I'; and I'; with the same conclusion except that (12) is replaced
by (see Figure 1)

ufy, — b as 6 — —oo, ulh — c as 6, — oo,
tl 6 174 5
U03—>C35 3_)—'50, U03—’aas 3—?00.

Here we make the observation that standing wave solutions arise as a byproduct of work
by Sternberg [S] on I'-convergence for the energy associated to (1) in the case that W vanishes
on 2 vectors. It turns out that the geodesics connecting the local minima of W obtained
using a weighted “distance” functional yield an exact representation for the standing waves.



Lemmal Let _
ey = mf  20W{p{))\p{t\dt, (14)

pl—1)=a,p(1)=¢4

and let p,b(t) be a geodesic connecting a 'to 6, i.e. a path p which achieves the infimum in
(14)" Then there exists a smooth increasing function (3 : (—00,0c) —> (—1,1) such that the
curve 7ab({)i)—= Pab{/3(t>1)) is a solution to (11)-(12). In particular, given a unit vector e,
us(x,t) =7 (JYEI\ is a solution to (1) connecting a to b. The function 7 satisfies

|05, Yap 2 = W (Yas),

and
deb(0) = 2.1 W(vas(61))dé1 .

This Lemma follows easily from the proof of the Lemmain [S].

Regarding the behavior of u® near dfl, we just recal that in [RSK] it is shown that if
the boundary conditions are of Neumann type, F meets dQ at a 90° angle. In the case of
Dirichlet boundary conditions, u(x, t) = h(x) on 3Q, results of [ORS] show that F, must
meet dQ at a prescribed (non-zero) angle which depends only on h and on the potential W.

Finally, we study the behavior of u® near the triplejunction of the interfaces. To simplify
the argument, we assume from now on that n = 2, i.e. u*(-t) : Q C R> —> R™. Recalling
that the interior interfaces evolve in the Sow time scale a = €, we let m(@) and O-, i = 1,2,
denote the meeting point and the angles between the tangent planes to F; and to F.i at
m{a). Then the angle between Fi and F3 satisfies 0; = 2n - 9\ — 6, (see Figure 1). In order
to determine the angles between the interfaces at m(a), we introduce the following systems
of stretched coordinates around m(a)

- Xx—m(@)
V, = ——,
with r)i = (CnC) where Ct represents coordinates along the tangent plane to I\ at m(a)
and %; is perpendicular to Q (see Figure 2). Next, let T be an isosceles triangle with base
perpendicular to Fi asin Figure 2. Since the interior interfaces evolve in the dow time scale

a, we expand u° near 721 = 0 in the form
ut = ui{m, 0) + € ui"(m, o)+ ...

6



Using (1), u{® satisfies
QA Uil = VW (uil). (15)

Furthermore, we have the following matching conditions between ' and u; ([VD]):

Jim ug(6, G) = uGi(&), (16)
lim*u{* (&, (1) = u§i(&), (17)

where lim" denotes the limit as |(;] and |£;| — oo along the lines which are at some distance
&; from the interface I'; (see Figure 3). We note that from (15), (16) and (17), it follows that
u{" is in fact independent of o. Since the coordinates (&;, (;) satisfy

& = —sin(y:)& —cos(vi)G and ¢ = cos(y:)é1 — sin(%)G

where 0 < 7; < 27 is the angle between I'; and the ;-axis, the matching conditions (16)-(17)
can be written as

Jim (&, G) = ugi(&) - (18)

for ¢ fixed. Following ideas from [ORS], we now multiply (15) by &, u{® and we integrate
over T :

/ / Be, uin - T W (uh) diy = / / 20, uf - O uly + 20, ui - 02w dipy.
Since this can be written as
// 0, (W (ug") + 10, ug™ * = 10g, ug" ") dm = //TQac](f%UE" - Og,ug’) dm
using the divergence theorem it follows that
/ar [W(ui) + 186w |? = |0g ufy'[?] vads = — /aT 20g, ug" - Og, ug vads, (19)

where v = (v, ;) is the outward unit normal vector to 07

Next, we parametrize these line integrals in the (§;, (;) coordinates. The last two sum-
mands of the integrand in the left hand side of (19) become

106,12 = 10, wip [* = = cos(27:)10, ulf[2 + 40, " - B, sin(:) cos(y,) + 9, ul?[2 cos(27:)



while the integrand in the right hand side of (19) satisfies
-0, uo O, ui? = |0, uf|? cos(7:) sin(7;) + c08(27:) 0, ul® - O, uit — |0, uir|? cos(7:) sin(7y:)-

Assuming ‘that 0 < 0; < m, ¢ =1,2,3, and choosing counterclockwise orientation along 0T,
we can write d§; = ds, d€; = sin(vy, + 0)ds and d€3 = sin(y3 — §)ds, where 6 is the angle at
the base of T (see Figure 2). Now using this change of variables, the matching conditions
(18) and the fact that limy¢|— |0, ug*| = O for finite energy solutions (this also follows from
the matching conditions since uf: is independent of ¢;), we take the limit as the length R of
the base of T tends to oo. Since we want to use the matching conditions (18), we need to
consider two domains of integration within each line integral. The first domain lies within
a fixed distance a to I'; while the second consists of those points which are at least a-away
from I';. In taking the limit as R — oo and then as @ — oo, the line integrals which are
away from I'; tend to zero: indeed the integrands tend to zero since uf® — ug*' which, in
this time scale, is either a, b or ¢. Therefore taking the limit in this order, we obtain on the

left hand side of (19)

o | » o
Jm Yim J, (W (") + 10w | = |0, uiP|?) nids =
ii<a

sin(6)

/_O; [laszuozlg cos(27y2) + W(u 02)] mdﬁ
in(6
—/ |853u 37 cos(2v3) + W (uf )] gi_fls(—l—-ly:(——)-&_)d&’ ,

where we used that v; d§; = 0 and the fact that in the R limit {; >> 1 so that we can use
the matching condition (18). Similarly, we obtain for the right hand side of (19)

a—00 R—o

lim lim — /TQ Og,ul - O ug vods =
l&il<e

Y ) cos(f)
2/_ec |0g, ubs|? cos(72) sin( 72) (s +0)d§
cos(f)
—2/ |, ug3|® cos 73)Sln(73)md53,



where this time the integral along d¢; vanishes in the limit since 7; = 270°.

In view of (19), it follows

sin(6)

——d
sin(yz + 6) &2

oo
(= <]

I (10, uigf? cos(212) + W(uih)]

[ el costng) + W) o de (20)

sin(7y; — 6)

cos(6)

—_—d
sin(y2 + 6) &

= —2/_ |0g, uga|? cos(72) sin(72)

o0 : cos(8)
=2 [ |9g, uff|? cos(1a) sin(1a) —

—_—dfs.
(v3—0) &

Next we obtain the angle conditions at the meeting point. Indeed applying Lemma 1 to
(20) yields

sin(6) sin(6)

COSQ(’Yz)m *(c) - COS?(%)m 9%(a) =
— cos(12)sin(22) o s () = cos(a)sin(ra) e D 8 )

which after simplification, gives -
cos(7y2) ®%(c) = — cos(y3) ¥ (a).
Further, since 72 + § = ) and 3 — 72 = 63, it follows that 3 = §2—" — 03 and we conclude
sin(8,) ®%(c) = sin(f3) ®*(a). (21)

If we rotate T so that its base is around I's, we can similarly derive the equation

sin(6y) ®°*(a) = sin(8;) °°(b). (22)



Therefore (21) and (22) give the angle conditions between the three interfaces. We note
that (21) and (22) are the well-known formulae for the angles between three interfaces in
grain/phase boundary motion ([Mul], [Mu2], [Sm]), or in simple fluid phases in equilibrium
([W], [C]), where @°%(b) represents surface tension of the interface between phase a and b.
Also note that if W is symmetric ®°(a) = ®°(b) = ®*(c) and (21)-(22) imply that the
interfaces must meet at an angle of 120°.

The case in which one of the angles 6; > 7 while the others are positive, cannot occur:
indeed one can easily check that (21) and (22) would continue to hold, which is impossible
since ®%7(y) > 0 for § and 7 equal to either a, b or c. On the other hand, if one of the angles
vanishes the limit problem becomes ill-posed (see Remark 2).

In conclusion, it follows from (13) that the interfaces I';, ¢ = 1,2,3, evolve normally
according to their mean curvature and the angles they form at triple junctions are given
by (21) and (22). In the two dimensional case, parametrizing I';, i = 1,2, 3, in arc-length
coordinates, we have shown formally that the solution u® of (1)-(3) asymptotically yields
the following three-phase boundary problem for the curves T';:

Pi,zl“;ss in D,E{(S,t)/OSSSL,’(t)} (i=1,2,3)
Ti(s,0) = TY(s)

Pl.s P?s
. = cos(f ats=0
|F13| |F2s| ( 1)
P?s F3s
. —— = cos(f at s=0 23
|F2s| |F3s| ( 2) ( )

I1(0,t) = T'y(0,t) = I'3(0,t)
I; L o0 at s = L;(t), in the case of Neumann boundary conditions,

L(T;, Q) =a; at s= L;(t), in the case of Dirichlet type boundary conditions,

where 0 < §; < 7 and o; # 0.

3 Short-time existence

In this section, we present a local existence result for the three-phase boundary problem (23)
derived in the previous section. While arclength parametrization is geometrically convenient,

10



it will be easier, from our perspective, to write the equations in coordinates in which the spa-
tial and time variables are independent. In order to find the simplest formulation, let us first
suppose that the curves are given by the graphs of functions v>, and let (//(<), t™(//(*),t)) and
(Zj(®), M(IJC*)**)) be, respectively, the meeting point of the three curves and the intersection
point of each curve with dQ. Then (23) can be written in the form

"

1 yy
j— !;'y )
= L:(t Y=

o (ult), 1) = vA(p(tht) = P(u(t),t)

(111’; . ('11_1’:)
[(Lygh K1, —))l

=cos(f;)  aty= ult) -

(Ly)  (=1,-2%) |
o] =L =) ~ cos(0y) at y = fi(t)

£((1,0),09) = Qi aty=1/(9

z((-1,-vJd),an)=Q; aty=/(0 i=23
b(1;(t), ¥ (1(2), 1)) = 0,

where
0 = {(21, 1) € R?{b(z),22) = 0}.

Local existence and uniqueness for this "free boundary problem” can be established directly
via a fixed point argument (in fact the proof becomes easier if one considers the system of
equations satisfied by w" = V¥,). However a more straightforward formulation of the problem
(23) which does not involve free boundaries can be derived. In fact, if the position vector for
Fi is given by (ui(x,t),U2(x,t)) (x € [0,1]) and if u\ is invertible, then letting y = Ui(xt)
and V(y,t) = ux(ui'ty,t)t), one can easily show from (24) that p; = (*11*2) satisfies

Pite ATl =jApeM=*j, (25)

11



where N, is the unit normal to I'; and k; is its curvature. Since (23) does not prescribe the

tangential velocity, a choice must be made, and motivated by (25) it is natural to consider
the system

Djzz
Pjt = 4

= z€|0,1], 7=1,2,3
t ij:t|2 [ ]

p;(z,0) = pj(z)
pl(oat) = p2(0’ t) = p3(0,t)

Pz P2 cos(6;) atz=0 | (26)
'plzl |p22:]

P2z D3z

. = cos(63) atrzr =0

IpQTI ‘p31'| 2

&—-M=cos(aj) atz=1

lpszl T (p))
b(p;) =0 atz=1,

where
T(p;j) = (=0:,b(p;), 0, 5(p;))
is tangent to 99 at p;(1,t). If we let

D= (ul’u?)a D2 = ('Ua,U4) and b3 = (u5vu6)a (27)

then (26) is equivalent to the following system of parabolic equations for the u;’s:

1 .
Ujy = ™5 Ujz 7=1,2
7 Ipl:r|2 =
Ujy = — U 7=3,4
” '|p2r|2 7

! u j=295,6
Ujp = T3 Uj =9,
gt |P31[2 JjzT

12



uj(z,0) = uj(z)
4;(0,t) = uj42(0,t) = u;+4(0,1) J=12 (28)
U1 U3, + UnrUse — €OS(01)|P1||p2z| = 0 atr=0
U3 Usz + UgzUgr — COS(02)|p2:||ps| =0  atz =0
~1,05,b(p1) + 220z, b(p1) — cos(a1)|p1c||T(p1)| = atr=1
— 3,02, b(p2) + 14z 8;, b(p2) — cos(@2)|p2:||T(p2) =0 atz=1
~ 15, 02,b(P3) + U0z, b(p3) — cos(as)|psc||T(ps)] =0 atz=1
b(p;) =0 atr=1 j=1,2,3.

We shall prove the following theorem:

Theorem 1 Let uf(z) € C***([0,1]) (0 < a < 1) satisfy the compatibility conditions for
(28), and assume that 9Q is C2**. Thenifa; # 0,0 < 6; < 7 and § = min; inf, |p},(z)| > 0,
there ezists T = T(|u9(z)|24a, [bl24a, 6) such that (28) has a unigue solution in C***1+1([0,1]x
[0,T)).

By reparametrizing, it follows:

Corollary 1 IfT;(s,0) € C***(Dy) and satisfy the boundary conditions in (23), then (23)
has a unique solution in C***1*%(Dr).

Remark 1 The theorem also holds if the angles 6; between the curves, and the angles a; be-
tween the curves and the boundary 02, change in time as long as 6;(t), a;(t) € C*%([0,T)).

In order to keep the presentation simpler, we choose §; = §, = 120° and a; = 90° in what
follows. The modifications necessary to treat the general case are simple and will be pointed
out later on. The idea of the proof of the theorem is to first linearize the system (28) about
the initial data, use the classical theory for parabolic systems (see e.g. [So]) to establish
existence for the linearized system and then obtain local existence for the full problem by
means of a fixed point argument. More precisely, if we let

X; = {ue C***4([0,1] x [0,T))| Ju|o4a < M and u(z,0) =2%(z)} 1<j<6,

we seek a fixed point of the map

6

6
RIHXJ'-—)HXJ'
j=1

j=1

13



which associates to #; € X}, the solution u = R of the linearized system:

Ujt = Djtjez = fj
u;(z,0) = u)(z)

where (cf. (27), (28))

1 . 1 1 \a.

|p1f|2 for j - 1’2 X R ('l—’lz|2 |P1,|2) qu't

Di=q mp fori=34 andf;={ (Gt~ @p)Le=
) = : 1 1 ~

|p352|2 for J ‘5» 6 Bl I—pgT) Ujze

with the linearized boundary conditions:
Bj(0.t,u) = u;(0,1) = ujpa(0,1)=0 1<;j<4

0

2

1 9 1
Bio.t) = (s + 2t dBd) s (w4 Jug

P, |

1 0 1
(b e 1

= b5z + bsopuor + bszugs + bssus,

= &(p1,P2)

2% pY, |

2u

for 7=1,2
for 7=3,4
for j=5,6

) U2z

0
1

2 !p :rI
“ P3|

) Ugg

1 0 1 0
Bg(0,t,u) = (“’gz + =0 |P3x|) Use + (ugz _2_112: |P3:|) ”

1 o P3| 1
0 4 2,0 |P2r 0 4 2
(st ) e (st

be3uzr + beaUaz + bestus: + begUez

= ‘I}(ﬁQ,ﬁ(i)

and

(1]

Bj(1,t,u) = pjr - T‘(pg) =

14

i(P;) J=12,
Bj(1,t,u) = Db(pj) - p; = Z(B;) 7 =4,5,

P3|

0
uO Ip2z I ) Uy

% |3, |

3
6.

(29)
(30)

(31)

(32)

(33)

(34)

(35)



The functions ®, ¥ and = are defined by

1 _ -
q)(ﬁl,ﬁZ) = —ﬁlx(oat) : ]321'(0at) - §|ﬁlr(07t)”p2z(0,t)l + B5(0,t,U) (36)

1 ) _
Y(pg, P3) = —P2.(0,1) - P32(0,t) — 'Q'Iﬁzz(O,t)”Pax(O,t)l + Bg(0,t,u)
and

Z(B;) = —P(1,1) - T(p;(1, 1)) + B;(1,t,u) j=1,2,3 (37)
Z;(p;) = =b(B;(1,1)) + B;(1,¢,u) j =4,5,6.

(Here and throughout, an expression with a bar above means that u; is replaced by #; in the
expression. Also to simplify the notation, we shall write C2* instead of C2**1+7([0,1] x
[0,7)), and | - |o44 for the norm in C2+2.)

We shall show that in fact, for a suitable constant M and small enough T, the map
R is contracting. The success of this approach depends solely on the uniform parabolicity
of the system (28) (for small time) and the fact that the boundary conditions (32)-(35)
are “complementary” for the equations (29) ([So, p. 11]), i.e. that the system (29)-(35) is

well-posed.

Proof of Theorem 1: First we show that there exists a solution in C?*¢ for the problem
(29)-(35). This follows from the classical theory of parabolic systems. In fact, (29)-(35) has
a unique solution (u;) satisfying

J

6
= J

6
E luj|2+o < Cs (

6
1fila + 2 l24a + [®l14a + |¥]14a +
1=1 =1

1 J

6
|Ej|1+a ) (38)
=1

provided the boundary conditions (32)-(35) are “complementary” ([So, p. 121]).

To describe the complementary condition at the meeting point, i.e. at z = 0, let
B(0,t,0,,0;) be the matrix of boundary conditions at z = 0, i.e.

B(Oat’arvai)ﬁ(o,t) = (0, 0,0,0, @,‘I’) W'here '[[: (uJ) j = 1,.. . ,6.
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Then

1 0 -1 0 0 0 7
0 1 0 -1 0 0
. 0 0 1 0 -1 0
B(O,t,lT,p) = 0 0 0 1 0 -1
T b51 b52 in53 in54 0 0
0 0 in63 in64 in65 inﬁﬁ i

where b;;, 1 = 5,6,1 < j < 6, are the constants defined in (33)-(34). Let £(z,t,0,,0;) be the
matrix of the system (29) and let L = det L(z,t,i7,p) = [I;(p + D;7?), and ﬁ(:c,t, iT,p) =
LL™Y(z,t,i7,p). Then L is a diagonal matrix and the element in row k is I1;2(p + D;72).
We note that the parabolicity condition is fulfilled since D;7? > Wrz see [So, p.
8]). The complementary condition at £ = 0 is fulfilled if the rows of the matrix A(0,t,i7,p) =
B(0,1, iT,p)[Z(O,t, ¢7,p) are independent modulo the polynomial

II(r - z\/;)/_DJ) when R(p) > 0 and |p|® > 0 (see [So, p. 11]).

J

We must therefore verify that the homogeneous system of 6 equations with 6 unknowns given
by '
(a,b,c,d,e, f) - A(0,t,ir,p) = 0

has the unique solution (a,b,¢,d,e, f) = 0, mod I1;(t—1iy/p/D;). Explicitly, we must verify

that, mod II;(7 — iy/p/D;),

(a+eitbsy) [[ (7 — iy/p/D;j) =

i#1

(b+ eitbsy) [[ (7 = iy/p/D;) =

j#2

(—a+c+eitbss + fitbes) [[(7 — iy/p/D;) =0

J#3

(—b + d+ eirb54 <+ fin64) H(T - z\/p/D]) = 0,

#4

16



(—c+ firbes) [[(7 ~iy/p/D;) =

7#5

(—d+ firbge) [ (7 — iy/p/D;) = 0,
Jj#6

has (a,b,c,d,e, f) = 0 as its unique solution or, equivalently, that (a,b,c,d,e, f) = 0 is the

only vector satisfying

(a—ey/p/Dibs1) = 0

(b— e4/p/Dsbs) = 0

(—a+c— /p/Ds(ebss + f bes)) = 0,
(—b+d — \/p/Da(ebss + f bes)) =
(=c= f /p/Dsbes) = 0,

(=d = £ y/p/Debes) =

Thus, it suffices to show that

det

0 0 0 —y/p/Dibs 0
0 1 0 0 —\p/Dobsy 0
-1 0 1 0 -\/mbss —\/17D_3b63
0 -1 0 1 —/p/Dsbss —y/p/Dibes
0 0 -1 0 0 —/p/Dsbss

0 0 0 -1 0 —‘/p/Dsbss i

17
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(39)



From (39) and using that £), = D, = rafiT, D3 = D, = 7-*;; and £5 = Dg = Ql_lz"’ we find
13 - A
that the value of the determinant is XL

2V3

—plp?zl ngzl |pgz —8__ =Ié 0.

In the general case of arbitrary angles 9j, it is easy to check that the condition for the system
of boundary conditions at x = 0 to be complementary for the parabolic equations (29) is
given by

(1 - cos(0N))(l - cos(0y))(sin(0i + 0,) + sin(0i) + sin(0,)) + 0,
which is satisfied if 0 < Oj < X, j = 1,2.

The complementary condition at X = 1 is easier to verify as the system decouples into
three 2 x 2 subsystems. When Qj = 90°, the matrix B(l,t,tr,p) is given by

dub(Pi) O b(p}) 0 0 0 0 ]
—i70.,5(pY) i78., b(p?) 0 0 0 0
o 0 0 db{p%)  dxbfpl) 0 0
B(1,t,ir,p) = 0 0 —irdob{p\)  irdub(p®,) 0 0
0 0 0 0 dyb(P°2) dxob(P°2)
0 0 0 0 =178 b(p°) irdygb{p°s) |
Xi

so that the rows of B(l,t,iT,p)C(I,t,iT,p) are independent modulo U.jiT — iv/p/Dj) if the
determinant of

8z, b(p?) 8, b(pY) 0 0 0 0
VB —/EM) 0 0 0 0
0 0 dxb(p°2) dxab(p°2) 0 0
0 yifdib(P°2) T4 . 0, b@g) 0 0
0 0 0 0 8z, 5(p3) dab(P°2)
0 0 0 0 'j:%'az: b(Pg) - ) b(pg)_

is non-zero.



But using that D; = D,, we find

0Oz, 0:,b(p°
det[ \/D‘ai%l) _ \/Dzlg” },)(p?)] = —\/DZI ((82,8(pD))? + (8:,0(23))?)

# 0,

and similarly for the determinant of the other 2 x 2 submatrices. Thus, the Neumann
boundary condition (35) is complementary. In a similar way, one can show that the bound-
ary conditions at z = 1 in (28) (with arbitrary angles a;) are complementary as long as
(8z,b(p?), 82,0(p9)) - PY, # 0, j = 1,2,3. This means that the complementary condition is
satisfied at r = 1 if a; # 0, i.e. as long as the curves are not tangent to 952. Thus given
@; € X, there exists a unique solution to (29)-(35) satisfying (38).

Next, using (38), we show that the operator R maps [I5_; X; into [J5_; X;. For this we
first find a bound on the C* norm of fi; similar bounds hold for |f;],, 2 < j < 6. Using
the convention that the C?*® norm of a vector is the sum of the norms of its components, it
follows that for 4; € X, we have |pj|o4o < 2M and hence

P]x

6
|ﬁj,| 2 I I > fOI’ T S to = to(M,(S), (40)

where § = min; inf, |p}, (z)|. Therefore, using the identity

1 1
2t 1%(0)

1 1
= —(f(t) - £(0)) <f2(0)f(t) + f(O)fQ(t)) (41‘)

and that ||p1z| = [p}: || < |1z = PL;| < |1z — Pl |eo , We have

1
|P1z|2 Iplzlz s 6 |p1, P1x|a . (42)
Using (31) and (42), it follows that for 7' < ¢t
1 1

!fllo .<_ (

) |%1]24a
a

Prel* Ipla?
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< CslplasaT? |24 (43)
< CsM?T:

which can be made arbitrarily small.

Next, we find a bound for the C**° norm of the function ® defined in (36) (a bound for
¥ is obtained in a similar way). For this, we shall use the following identity which holds for
any two functions h; and h;, defined on [0, T}:

hihg — hYhg — hihd = (hy — hY)(he — RS) — RORS (44)

with our convention that hy = h;(0) and hY = hy(0). Then

_ | =
|¢)Il+a = I — Piz * P2z — §lplr”p21| + B5|1+a

a

) ) 1 ) 1
—(Prz — P2.) (B2 — 13,) + D319, — 5 (1P| - 1p3.1)(|B22| — |P3:]) + §Ip‘1’zllp‘§z| .

= = a 1ta - _
P1l2+alPolora (T +2T°5) 4 (171 = [pLel)(1P2e] = 1P8: )1+

D D o 7] = a 1ta
C|p1|2+a|p2|2+aT N C|p1l2+a|p2|2+o(.T1+ + T3 )
CM?T**,

IANIN IA

where in the first inequality we have used the compatibility conditions for the initial data.
On the other hand, at £ = 1 we have (c.f. (37))

IEili+a = I—ﬁlz -T(p1) + Pre T(’P?)|l+a

L
piz [ DTOR + (1= M) (s — p)dA

14+a

< C(Iblasa)lp13a(T + T7%)
< C(blosa)M? T
with similar bounds for |Z3]i4+o and |Z3]14e. Finally, since b(p?) =0

Zihta = |=0(D1)+ Db(P?)ﬁ1|1+a
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1
< \Dbee>)pvea + [Db(B})(B1 = P)|14o + | /0 Db(Ap] + (1 = A1y (PI ~PIIAA1+Q

|Db(P(1])p?|l+n

and similarly for |Es|i+a and |Egli+q. Putting this together in (38), we find for T_<t,

6
Z"U;.-un -~ rsa 1 s

i=1 \i=1

Hence, choosing

6

v -w-u.-,pf,-'lp,a+C(|b|2+°,a)m:r‘-’f).

j=1

6
M= ch (z 'u1|?+o + Z 1Db 0‘)1’?'1-#&) 1
j=1 i=1

we conclude that there exists a time t\ = ti(M, [62+o,<5) <.<o small enough so that

i.e. 1Z maps [T X; into itself.

Next we prove that the map 71 is a contraction. Let (UJ) and (VJ) G YIjXj with T < t\,

Z 'Hj]2+¢, < M for T < 1,

(45)

let (UJ) = 7N(S) and t] = 7(0j) be the associated solutions to the linearized problem (29)-
(35) and let ujj = Uj — V). Moreover, let pj, g, ] = 1,2,3 be the associated position vectors,
(g = ("1,12), etc.) and let Zj = pj — qj. Then the u/s solve

where Dj isasin (29) and

e

9; = 1pz=
1

[Paz?

Wjj - DjU>jxx = £

wi{z,0)=0  (p%, =df,)

> X 1 1 . y  —
rl,rr,)“ - (qull @A) Bse 4 =1,2
"R u,.-.: (Fz:l ) e | =34

1
p,, el e )”m j =516

21
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with the corresponding boundary conditions
B;(0,t,w) = w;(0,t) —wj4+2(0,2) =0  1<;5<4
B5(0,t,w) = bsywiz + bsowar + bsawsz + bsawsz = (P1z, Poz) — D(Giz, Goz)
Bs(0,t,w) = beawsz + beawsz + beswsz + beswer = Y(Poz, P3z) — ¥ (G2, G32)

BJ(l’taw)

= E;(B;) - E(g)-
Since this is a linear parabolic system that satisfies the complementary conditions and the

compatibility conditions, we shall again use Schauder-type estimates to show that

N =

6 6
E ij|2+a < Z |@j|2+a for T < t,,
Jj=1 j=1

where t; <t and t; is as in (45).

First using (41) and (47), we find a bound for g; in C*:

1 1 1 1
PP o [ s oy
Prel?  IPLLI? o NP 131f?

Cs (T?|p1|24l@1|240 + |91 240l Z12]a)
< Cs MT?|Zi|p40.

Q

IN

A similar bound holds for g;, 2 < j < 6. Next, we use (44) and the identity
(hy = h)(ha — BY) — (h = i) (G2 = 42) = (A1 = 51)(ha = j2) + (1 = j1)(j2 — 72)
+(h = j2)(41 — 77)
to obtain, at z = 0,
|8 (P12, P2z) — ¥(Giz: Goc)lite = @1z = 012) (G2 = 8;) = (Prz = PU2)(P2x — Ph:)14a

'leZ2xll+a + |le(ﬁ2x - pgr)|1+a + |Z-2x(ﬁlz - p?z)ll«{—a
CM(|Z1]240 + |22|2+a)TL+’£-

IN IA
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The same type of bound can be obtained for the term involving \&. On the other hand at
x =1,

|Z1(P1) = Z1(q1 )]s +a

(@i "Pi*)2(Pi) + (TTai) - F(PO) T + F(P(E* - &i s
< 12 [ " DTXp + (1= Np)(Fr = 2)dA e

1
+| /(AR + (1 - APt - B1)izl14a
vQ

< C(Ib12+a)|zll2+aMTl_?£-
A similar bound holds for \E.2(p2) —~ (*li+0 and |E3(p3) — H3(93)|i.q. Asfor E4, we have

1Za(B1) =~ Zal@)hi4a = [6(G1) = b(B1) + DO(p))(P1 — G ))14a
= | [ Db0AG + (1 - ATPO@I - P)OA + Db Zil1vo

< C(lblase)iZ '2+aTl§£-

Again similar bounds hold for the terms involving E5 and Ee- Therefore, putting this together
and using the Schauder estimates for (46), it follows

6 6
Z iwj |2+u < Csc(|b12+m 6)MTT Z I‘:’J'|2+a'

i=1 =\

Thus TZ is a contraction for
T<L(M ,\b\»:,6)

where %2 is such that

CoC{Iblosa, )Mt T < 1/2. D

Remark 2 A word isin order tojustify the possible non-existence of a solution when either
off = 0or Q =0. We show this in amodel case: we assume that Fj is agraph so that its

position is given by (xi, u) where
_ u;n:n

U = — -,
1+4u2

(48)
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Let z; = s(t) denote the intersection of I'; with the boundary of 2 = {z, > 0} and let
a; = 0. Then u > 0 and the boundary conditions for u are

u(s(t),t) =0

and
ug, (s(t),t) =0,

which contradict Hopf’s Lemma. A similar argument works at the meeting point of the three
curves: for the model problem in this case, one can take one of the curves to coincide with
the z;-axis and the other two to be graphs symmetric about this axis. In this model, the

graphs stay symmetric, and we are in the same situation as above.

As can be seen from the proof of Theorem 1, the method used to obtain local existence
-is simple and quite general. Indeed it is enough to show that the problem is parabolic and
that the linearized boundary conditions are complementary. Therefore it can be used in a
wide variety of physical systems. As a further example we consider another problem in the

theory of phase transitions, namely eutectic solidification ([W], [K]).

In lamellar eutectics two solid phases grow into a liquid phase. We model this process
by considering two curves (the solid-liquid interfaces) meeting at a point with a prescribed
angle, moving normally with a given speed whose dominant contribution is proportional
to the curvature of each curve. As the two curves evolve, the locus of the meeting point
traces out a third curve (the solid-solid interface) that should maintain a fixed angle with
the solid-liquid interfaces at the meeting point (see Figure 4). The system of equations for
the position vectors p; of these two curves is therefore given by

Djzz .
Djt = I'Z;]—ii + a(z’t»pj’pjl) T € [Oa 1] yJ=1,2 (49)
jz

pj(x’ 0) = p_?(l‘)
p1(0,2) = p2(0,2)

D1z D1t

— . ——=cos(fh) atz=0
Ip1z| [Pl
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Piz -pizcos(t91+02) atz=0

|P1:| |P2z|

—J)L’--I.-.S-P-’i=cos(a,~) atr=1
szl |T(p;)|

b(pj)=0 atz=1,

where T and b are as before, 0 < 6; < 7 and a is any smooth function. In a very similar
way as above, we can prove short-time existence and uniqueness for this problem as long as
a; # 0 and 6, + 6, # 7. Since the proof is similar to that of Theorem 1, we will only give
a sketch of the proof. Also, for the sake of simplicity, we will only consider the special case
that a = 0 since it is clear that the argument works equally well for any smooth function a.

Sketch of proof: The main difference with the system (26) is that the boundary con-
ditions at = = 0 contain time derivatives. To overcome this difficulty we shall replace p;; in
the boundary condition at £ = 0 with the help of (49) and study the problem satisfied by
g; = p;jz around z = 0. The system of equations for g; is:

Gdjzz q; " 4jz
git = == — 2q;; . (30
PR P S PRE )

To find the boundary conditions at the triple junction, we observe that p,,(0,t) = po,(0,t)
so that using (49), we find:

Qir _ Q22 _ -
W = IQQP at r = 0. (01)
Moreover
_pi - DPizz
|Pu' |P1u|’

and hence the other boundary conditions at-r = 0 become

4 Qir
la1l  gue]

=cos(f,) atz=0 (52)

i . _qg.. = COS(01 -+ 02) at z = 0. ' (53)

|¢h| |92|
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Thisis now a second order parabolic system with boundary conditions involving only g and
g« If we linearize (50)-(53), we can show that the boundary conditions at the triple junction
are complementary provided that the determinant of the matrix

-DivpD: 0 —vPDy(u} = cos(61)7p  "ul.) VDiDyu§ — cos(6) + 62)D1uf
0 -Dy,/pDi -yIN(V™-cos(9) 781 V) VDNSUR, - cos(M + 6,)Diu°s
~vpD1 D, 0 0 X -yID{u\ + cos(0, + 82)v/Dzul
0 -/pDiD; 0 - =D1ud + cos(6; + 62)v/Dyul

is nonzero. Here D, =y, D, = jjjp, ft = (uit£;) and g, = (ua,us).

The value of the determinant is

ﬁ@ﬁ sin( N )do§ N +fl,)- 1)(cos(0!) + cos(fs))

and hence the boundary conditions at the triple junction are complementary as long as
6l+&,? T
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Figure 1. Three-phase boundary
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Figure 2. The inner variables ( T, is the
tangent plane to I‘]. at m(o))



Figure 3. The matching conditions
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Figure 4. Eutectic interfaces separating solid 1
solid 2 3, and liquid [—Jphases.



