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Abstract. This paper concerns semilinear elliptic equations whose nonlinear term has the
form W(z)f(u) where W changes sign. We study the existence of positive solutions and
their multiplicity. The important role played by the negative part of W is contained in
a condition which is shown to be necessary for homogeneous f. More general existence

questions are also discussed.
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INTRODUCTION

In this paper we study the Dirichlet problem for a class of semilinear elliptic equations
involving indefinite nonlinearities. More precisely, given §2 C RY a bounded open set with

smooth boundary 9, we seek solutions for:

— Au—Au = W(z)f(u) in Q
(*2) {

ulag =0
where W € C(Q) changes sign in Q and f is a nonlinear function with superquadratic
growth both at zero and at infinity.

The case where A < ); is somewhat less interesting, since it is indifferent to the fact that
the weight function W changes sign. A (positive) solution in this case can be obtained by
rather standard variational techniques, provided that the Palais-Smale (PS) condition is
satisfied. It should be noted, however, that the (PS) condition is a nontrivial issue here
and it will be discussed below.

A similar remark applies for A >> A; and multiple solutions for (*)) can be established
if, for instance, f is even (see section 3). Still some delicate analysis is needed to obtain
existence for (*,), A large, when f is not even, and we believe that this case already offers
a wealth of interesting questions to be addressed. But even more appealing is the case
where A > A; but close to A\;. There the problem becomes affected by the negative part
of W which contributes to push up the spectrum of the linearized problem and possibly
create a “ground state” solution. Therefore, for A in a right neighborhood of A; a more
interesting problem is the study of positive solutions for (*)). As we shall see in section
2, for f behaving like |u|9~2u near zero with 2 < ¢ < 13—]_\'2, N > 3, the influence of the

negative part of W is displayed in the following condition:

(**) /9 W(z)ed <0

with e; the first positive eigenfunction for —A in H}(Q). As it turns out, condition (*#) is
very important, since it is also necessary when f is homogeneous, ie, f(u) = |u|?"2u (see
appendix).

Condition (**) was inspired by a corresponding necessary condition derived in [B-P-

T)] for a Neumann problem. It appears however, that in the context of the Neumann
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problem, conditions of the same type were already introduced by Kazdan and Warner
[KW] as an obstruction to the solvability of the prescribed scalar curvature problem for
compact Riemannian manifolds. See also [E-S).

We have also learned recently from L. Nirenberg that in [B-CD-N] condition (**) was
derived as a necessary and sufficient condition for the solvability of (*A=AJ with-u > 0
and f(u) = |u|*-?u. See also our Corollary 1.2 and Corollary 2.8.

Surprisingly enough, the same condition appears also for more general /, and yields

THEOREM. Assume that f € C*(K) satisfies

. f

() u_%lulq(ﬂu=a>0, 2<g<N_2,N23,
. . fw) N

(11) fulll-?mm=l, 2<p<TV.T2,N23,
(iii) l/(u)u -pF(u)|<d|ul®?+c, CuC, >0

(iv) /' (U)|<Cslur?+Cs Cs5,Cs>0

IfW changes sign in Q and (**) holds, then there exists A > Ai such that

(&) For every A € (Ai, A), (*A) admits at least two positive solutions.
(b) For A = Ai and A = A, problem’(*A) admits at least_one positive solution.

(c) For A > A problem (*A) does not admit any positive solutions.

The case A < Ai does not require (**) and the existence of a positive solution can be
established only under the assumptions (i)-(iv) above.
Thecritical casep=q=-j* " *** * treated, and an analogous result is established (see

Theorem 4.1). We also point out that condition (iii) may be dropped in case

X€n: WKX) >0} n{x €«: W(x)<0}:O

and we refer to Lemma 1.5 for a more precise statement.

The Theorem stated above was prompted by an analogous result obtained by Ouyang
(see [Ou]) for A > Ai (but not too far from Ai) and for f(u) = |ul’~%x. However, it
must be said that while the approach of Ouyang motivated ours, there are considerable

differences between the case of homogeneous nonlinearities and the more general case. In
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particular, in the homogeneous case one can use a variety of minimization problems to
obtain solutions of () after rescaling. Also the fact that, in this situation, it is possible
to relate the nonlinear term with its derivatives allows one to perform explicit calculations
which yield rather precise information about the solutions of (*x). For more general f
this is no longer possible and even the (PS) condition becomes a delicate issue, since any
inequality which relates F(u) with F'(u) = f(u) will not be of much help when W changes
sign. In practice one faces the problem that the vanishing of W could balance the difference
in homogeneity (at infinity, say) which is at the heart of any (PS) condition for problems
of this type (cf [R], [St]). Here we have managed to obtain (PS) under some restrictions
on f or W (see Lemma 1.5).

The paper is organized as follows: the first two sections deal with the existence of positive
solutions for A = A; and A > )A; respectively. The third section treats the existence of (pos-
sibly changing-sign) solutions for any A and corresponding multiplicity results. The fourth
section is concerned with nonlinearities having critical Sobolev growth and it contains the
extension of the above theorem to this case.

Finally, we conclude by observing that our methods could be generalized to obtain
analogous results for the Neumann problem corresponding to (*) (in which case A; = 0)
as well as to equations on compact Riemannian manifolds. Also the Laplace operator
in the above equation can be replaced by any general second order, positive semidefinite

elliptic operator, in which case the role of A; should be adjusted accordingly.

Acknowledgements. This work was supported by the Army Research Office and the
National Science Foundation throught the Center for Nonlinear Analysis.



1. POSITIVE SOLUTIONS IN THE CASE )\ = A\

We first establish some definitions and notations. Throughout the paper we assume that
2 is an open, bounded domain in RV with smooth boundary 8§ and that W € C#(Q)
(0 < B < 1) is a given function which changes sign in Q. So, if we define

Qt={zeQ: W(z)>0}
Q" ={zeQ: W(z)<0}
Q° = Q\(QtuQ-)

we have
Qt #£0, Q" #0
Consider also a function F' such that
F € C*(R), F'(u)= f(u) >0for u>0
(1.1) F(0) = £(0) = f'(0) =0,
F(u) < A+ Blul?
for constants A, B > 0 and 2 < p < 2*, where, as usual, we denote
?={ﬁ%,ﬁN23
+o00, iIfN=12

Let \; < A2 < ... be the sequence of eigenvalues of —A on H}(f2), and denote by

€1,¢€2,... the associated eigenfunctions normalized so that fQ |Vejl?=1,5=1,2,... and
e; > 0in Q.

a) The constrained case. In this section, we consider some constrained problems which

give rise to the nonlinear eigenvalue equation,

—Au—\u=~4W(z)f(u) inQ

(1.2)
ulag =0

with v € R. The method we use is inspired by techniques introduced by Fleckinger-Pellé
[FP] and Geztesy and Simon [GS] in solving linear eigenvalue problems with indefinite
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weight functions. Basically, the idea is to separate the positive and negative parts of W,

and introduce a one parameter family of equations,
(1.3) —Au— Mu+ p(W™(2) + a)f(u) = v(1)(W (z) + a) f(u)

where 4 € R and a > 0 is a fixed number. In order to solve (1.2), we then need to show
that (1.3) can be solved with y(u) = p.

THEOREM 1.1. Suppose that F satisfies

tPF(u), ift>1

(24) F(tu)2 { t9F(u), ift<1

with 2 < p,q < 2*. If for some t; > 0 we have
(1.5) / W(z)F(toe1) <O,
Q
then there exists a solution pair (u,v) to (1.2) with u > 0 and v > 0.

Before going into the proof, let us mention an interesting consequence of Theorem 1.1.
COROLLARY 1.2. Let 2 < ¢ < 2*. Then the problem

— Au—Mu = W(z)u?™? in Q

(1-6) uIaQ =0
u>0 inQ
admits a solution if and only if
@7 / W(z)el <0
Q

The proof of the corollary follows in one direction from Theorem 1.1 (after a suitable
scaling of the solution) and in the other direction as a consequence of the following neces-

sary condition which is particular to homogeneous nonlinearities:

LEMMA 1.3. Suppose there exists a positive solution u € H} () to

—Au -y = W(z)u?™!?
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for ¢ > 2 and A > A;. Then necessarily (1.7) must hold.

The proof is technical and is deferred to an appendix.
As already mentioned, the result of Corollary 1.2 was also derived in [B-CD-N] via a
different minimization problem. Also, a similar necessary condition for the corresponding

Neumann problem can be found in [B-P-TJ; see also [E-S], [K-W]. We shall see how (1.7)
plays a crucial role also in the study of (1.6) with more general nonlinearities and A > A;.

PROOF: Fix k > 0 such that W = %W satisfies

/ W(z)F(toer) =%
Q

Now fix a > 0 so that
(1.8) / (W+ + a)F(toe) = 1
Q

Clearly, it is sufficient to solve (1.2) with W replaced by W, as the same u will solve the
original (1.2) with u replaced by -};u. So without loss of generality, we drop the tilda and
assume that (1.8) holds for the original W.

Define the constraint set

S={ucH\(Q): /,, (WH(z) + a)F(u) = 1}

and a family of functionals

1) = F/IVullE = Malull) + | (W (2) + )P (w)
Set
(1.9,) 7(p) = inf Ju(u)

Note that if u is a minimizer for (1.9,) then it satisfies

FAVull = Mllulld) Ay 5y (2 o=y + ”
(1.10) N TR ( A Au) + p(W=(z) + a)f(u) = v(u)(W™ (z) + a)f(u)

for some Lagrange multiplier #(u). This would yield a solution for our problem provided
that we find p with v(u) = u (note that in this case necessarily || Vu||3 > A;||u]|3). However,
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very little can be said about the function v(u). Even its continuity is not apparent, unless
F is homogeneous, in which case v(u) would essentially be the same as (). Nevertheless,
under the more general assumption (1.4) and with the help of an auxilliary functional, we
still manage to show that for 4 = () the minimizer of (1.9,) solves (1.10) with u = v(u).

To this end we start by showing that for each u > 0, v(u) is attained at (at least) one
function v, € S. Indeed, fixing ¢ > 0 and choosing a minimizing sequence up, = uy,,, > 0

for v(u), we clearly have
(1.11) 0 < [[Vua|l®* = Mlluall; £ €

for suitable constant C > 0. Now, applying (1.4),

[l <[ i
Q {un(z)21}

1
< — F(un) + |2
F(l) {un(z)>1} ( n) I ‘

1 /(W+ +a)F(un) + 10| < C
Q

(1.12) X F®

Putting together (1.11) and (1.12), we see that |lun| 53 (q) < C so extracting a subsequence
up — vy in HJ(). As F has subcritical growth, v, € S and hence v, # 0. Also

F(y/I90,l13 = Mllvallf) < limint F(/[[Vual3 = A ljual)

(1.13) Ju(vy) < hﬂ‘g.}f Ju(un) = v(r)

Now it is easy to verify that:

(1.14) 7(0)=0
(1.15) 4(u) is strictly increasing for u > 0
(1.16) v(p) 1is Lipschitz continuous for u € [0, c0)

Our next task is to show that there exists p* > 0 with y(p*) = p*.

8



First, we claim that there exists & > 0 so that
(1.17) 7(J1) <\i for al\i >p.

To see this, choose any tp € C®°(fl) with

v(*) 2 05 supp~C @F
i/éWJr(si) +a)F(p) =1

Then,

700 < Jy(fp)<C +fi f (W-(x) +a)F(<p)

= C+ti (1 - MWF{<p)}

But, as suppy> C £2" we have
/nW(x)F(tp) >0

and

l;l 2 I WE)Fe) <1

Note that when /x = 0 the unique positive minimizer is VQ = <o"i with to " in (1.5). In
fact, as /i -f O, it is clear from (1.11), (1.12), and (1.13) that ry -+ i> strongly in U”(fi).
In order to show that 7(/i) = /x has a solution, we will show that the curve 7(AO lies

above the diagonal 7 = /x for // near zero. Indeed,

1 _ 2 pivanlg = nal) + (1= [ WP

i
> 1- / W)F(v,)

(1.18) . / W(x)F (vo) > 1

where we have used (1.5) and the fact uo = t¢€;.
Now by putting together (1.16), (1.17), and (1.18) there exists /x* > 0 with

Y(ux)= f
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Denote by v* € S the corresponding minimizer for (1.9,=p¢ ).
Next we introduce an auxilliary functional in order to show that v* actually solves

equation (1.2). Let

119)  Jw=F/lE - i) - [ W@Fw, ve B@)

Note that
Ju) = Jype(u)—p*, forallues

We will show that v* is the global minimizer for J in H}(2). Clearly J(v*) = 0, so it
suffices to show that J(u) > 0 for all u € H}(Q).

Let u € Hj(Q), u # 0, be fixed. As the function 1(t) = (W™ + a)F(tu) is continuous
with ¢(0) = 0 and

w20 [ (W +aF @)
Q

for all t > 1 (by (1.4)), there exists t = t(u) > 0 such that ¥(t(u)) = 1, that is
(1.20) t(u)ue S
For such ¢, (1.4) implies that

(1.21) /Q (W+ + a)F(u) < min{t(u)?, {(u)~7)

and hence

Ju)=F (;ﬁ VIVl - A ut(u>uu§) — /Q W (z)F(u)
> min{t(u) 7, 8(u) "} Ty (t(u)r) = /Q (W* + a)F(u)
> (min{t(u)",t(u)"} - [+ a)F(u)) >0

via (1.4), (1.19), (1.20), and (1.21).

Hence v* is a nontrivial critical point of J, and therefore it satisfies

(1.22) a(—Av* — \v*) = p*W(z)f(v*)
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where

o = JVAVEIIE = Mlvt]3)
IV@IZ = Mllv*|iZ

Clearly a = 0 only when v* = tge; for #, as in (1.5). However, if this were the case, (1.22)
would imply that p*W(z)f(toe1) = 0, which is impossible as u* > 0, e; > 0, and W # 0.
Hence, (v*, %) solves (1.2). 1

b) The unconstrained case. Here we handle the more general problem
— Au-—\u=W(z)f(u) in Q
(1.23) ulan =0

u>0 in Q

In the following we shall assume that f is extended as an odd function for u < 0 and let
Fa)= [ e

Note that F(u) = F(|u|). We seek critical points for the (even) functional

129 B@=3 (V- M) - [ W@, e @)

As usual for this setting, the variational techniques are helpful only if suitable information

on the nonlinearity near zero and near infinity are available. So we will impose the following

conditions:
(1.25) lim qulg'_‘zu =a>0
(1.26) O

ju|—o0 luIP‘zu -
for some 2 < p,q < 2*.

LEMMA 1.4. If f satisfies (1.25) and (1.26) and in addition

(1.27) / W(z)e] <0
Q .
then ug = 0 is a strict local minimum for the functional Iy,.

PROOF: Set
A=-—-/ W(z)e§ >0
Q
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via (1.27). Decompose u € H}(f2) as u = te; +v for t € R and fve; = 0. Suppose that
IVullz < gopiq=- Then, clearly [t| < riqz- Now
I (w) = 3 (1991 = Mllol) — [ W()F(ter +2)

-,15(1 = TNVol - (1t [ Wia)el +Rit,v)

= 3= ITol + Al + Ret,o)
where the remainder term R is

R(t,v) = L W(z) [alte1|? — F(te1)) +-‘/n W(z)[F(te1) — F(tey + v)]

(128) = [ W@)[Fiter) - Ftes + o)l + o1l

using (1.25). Now to estimate the remaining term in (1.28), we have for each v,t,z a

number 6 = 6(v,t,z) with 0 < 8 <1 so that
(1.29) F(tei(z)) — F(tei(z) + v(z)) = f(tei(z) + bv(z))v(z)

Putting together (1.25), (1.26), f satisfies the bound

Cluls?, if [u] <1

(1.30) UwNS{CMraiumzl

with some constant C > 0. Fixing v,t for now, we consider two cases. First if z is such

that |u(z)| = |tei(z) + 6v(z)| > 1, we have (recalling |t] < 1——1":) that |fv(z)| > 9|t|es,

Oflex
so applying (1.30) we see:

|f(tex () + Bu(z))v(2)| < Clter(z) + 6v(@)||P™" - |o(<)]
(1.31) S%CMﬂP

On the other hand, if z is such that |u(z)| = |tes(z) + 6v(z)] < 1,thenlet 0 < e < % and
apply (1.30) again to obtain
|W(2)||f(ter () + 8v())v(z)| < Clter(=) + 8lo(@)||*™" - |v(=)|

< C[ltea]®™! + o(2)|?7] [v(=)|
(1.32) < eltea|! + Celo(z)|?
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Plugging (1.29), (1.31) and (1.32) into (1.28) (and usng 2 <p,q < 2*,) we see that
hM > 21" M)[|V»|g + [<* +0o(t«) + O\\WW3) + O(||Vvil)
Asp,q > 2, weredone |
Note that for <p € CE°(fi+) it is dear that

I\(s(p) — 00 as s —e 00

So, if in addition 1\, satisfied the (PS) condition we would be able to solve (1.23) via
the mountain-pass lemma (cf [A-R]). Here we state some conditions on / and W which
guarantee the (PS) condition for the family of functionals

h(u) =\ (WU - AMO - | WiF{u), U ¢ HIiS)

As the proofs are technical, we will present them in the appendix. Denote by cr (fi°) the
collection of egenvalues of —A in H&(cI°). (In cae £2° = 0, then take cr(fi°) = 0 also.)

LEMMA 1.5. Suppose A £cr(Q°), and / satidfies (1.26) with 2 < p < 2* and the estimate
(1.33) |/ (U)I<A]ur?+J9
for suitable constants A, B > 0. Then I\ satisEes (PS) if either of thefollowing conditions
hold:

@ ?FnTF=0

(b) Thereexist constantsc\,C2 >0and2<p<2* such that for all u €R

\f(U)u-pF(U)\<CWV®  +

REMARK: We bdievethat (PS) should in fact hold only under the assumption (1.26) with
2<p<2*.
Note that by domain monotonicity we have Ai < mina(£2°). Now we may use the

mountain pass theorem to obtain solutions to (1.23) in the subcritical case. The critical
case f(u) = u*" ! will be treated separatdy in section 4.
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THEOREM 1.6. Assume that (1.25), (1.26), and (1.33) hold. If either of the conditions (a)

or (b) in Lemma 1.5 is satisfied, then there exists a positive solution to (1.23).

PROOF: In view of the above remarks, the value

c= inf 22 I (+(t)) >0

P = {y € C([0,1); H()) : 7(0) =0, I,(7(1)) < 0}

defines a critical value for I),. The positivity for the corresponding (nontrivial) critical
point follows from the observation that if v € P then |y| € P and

I, (7(t)) = D (lv(?)]) for all £ € [0,1]

‘We leave the details to the interested reader.

2. POSITIVE SOLUTIONS IN THE CASE A > \;

In this section we study positive solutions to the problem
- Au—du =W(z)f(u) in Q
(2.15) ulag =0
u>0 in

We follow Ouyang [Ou], and base the first part of our arguments upon Perron’s method
of sub- and super-solutions. In fact, the existence of subsolutions for (2.1,) follows with

only a simple hypothesis on the nonlinear term f:

LEMMA 2.1. Suppose that there exist constants n,C >0 and q > 2 so that
0< f(u) < Cut™!?

for all 0 < u < 5. Then for every t which satisfies

.
A— Al a=1
(2.2) 0<t< ( — )
IW=lloollea ]IS
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the function u = te; is a subsolution for (2.1)), A > A;.

PROOF: Let t > 0, ¢ € C§°(R2) with ¢(z) > 0. Then,

t/QVﬁ 'V¢—At[2€1¢—LW(3)f(tel)¢
=—()\—z\l)tLelcp—/{;W(z)f(tel)cp

< [ w-@itede-= 2t [ e

< [IW loollea L2972 — (A = M) ¢ /ﬂ e1p < 0

and we see that te; is a subsolution when (2.2) holds. i

Our next observation is that positive solutions of (2.1)), A > A; cannot exist for A too

large, as the following simple calculation shows:

LEMMA 2.2. There exist A > \; so that (2.1) does not admit a positive solution for any
A>A

PRroOOF: This fact has already been observed in [Ou], where it is shown that it is enough
to take A = A;(2*) where Q* = Q\Q~. In fact, let ¢ > 0 be the first eigenfunction of the
Dirichlet Laplacian on ©*. Multiply (2.1,) by %, and integrate by parts to obtain:

(2.3) /m. u%’g '(’\_X)/Q. w-/n_ W'*‘(x)f(u/)z/; =0

oY
u— <0
_/89‘ al/

On the other hand,

so (2.3) cannot hold for A > A. I

Define
(2.4) A =sup{) > A; : (2.1,) admits a positive solution}

LEMMA 2.3. Suppose that f € C}(R) and there exists p,q with 2 < p,q < 2* and

15



constants A, B > 0 so that:

(2.5) ‘1‘13}) "{52 =a>0
(2.6) / W(z)e] <0

Q
(2.7) |f(u)| < A+ Blulp™?
Then A > A;.

'PRrOOF: Following [Ou], we shall use bifurcation theory to show that (2.1x) admits positive
solutions for A > A; near A;. To this purpose, we define F : H}(2) x R — H™! by

F(u,A) = —Au — du — W(z)f(u)

From (2.5), f(0) = 0, and so F(0,A) = 0 for all A\. Moreover, (2.5) also implies that
f'(0) =0, and so Fy(0,A;)v = —év — A\;v. Hence,

N(Fu(0,11)) = span{e; }, codim R(F,(0,A;)) = 1,
a.nd }',\,..(0, /\1)61 = —€ ¢ R(.’Fu(O, A] ))

Consequently, (0, A;) is a bifurcation point for F (cf. [C-R]) So if we decompose
H(Q) = span{e;} ® Z

(here Z = span{e; }*) then by the bifurcation theorem of [C-R] we obtain a neighborhood
U of (0,);) in H}(2) x R, continuous functions ¢ : (—a,a) = R, ¢ : (—a,a) = Z with
©(0) = A1, $(0) =0 and

FHO)NTU = {(ae1 + app(a), p(a)) : & € (—a,a)}U{(0,)): (0,)) € U}

Set u, = ae; + ay(a).

CLAIM: $(a) — 0in C*A(Q) as a — 0.
This claim follows by standard elliptic regularity theory and the fact that (by continuity)
t(a) — 0 in H}(2) as a — 0. For the reader’s convenience, we reserve the proof of the

Claim for the end of the lemma.
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Note that the Claim guarantees that u, > 0 in fi for all a sufficiently small.
Next we show that <p(a) > Ai for all sufficiently small positive a. To this purpose, note
that

,"1 J/ W(X)f(u)e, -*> a JI W(X)€e\

In fact, as ~(<*) — O uniformly asa—* 0, (2.5) yields

_f<rei(®) +atP@(x) ao”
at~lae; (z) + ep(a)(=)j1~!

uniformly in Q, and
(aex + ay(a))

-Na [ W(x)e\
Jn

(e +¥(e)) s

The desred result ip(a) > X\ now follows easily with an argument by contradiction. In
fact suppose that there is a sequence of a, —> 0" with <*(a,) < Ai. Denote u, = t*,,

which axe positive solutions to (2.1"(qn)). We have
(A] ﬂn))/une /W( )f(t:lﬂ-)lel
==, ;(n WX)t\ < 0

(via (2.6)) which is clearly impossible.

It remains to prove the Claim. Note first that (2.5) and (2.7) imply that there exist
constants A\, A2 > 0 with
(2.8) \f(u)\ < AM*-* + A\ur>

Also, as u, satisfies (2.1 (y)), tf>(a) itself satisfies the equation
flaer + ayla))
(44

(2.9) —Ay(a) ~ p(a)p(a) = (¢(a) — h)e + W(z)
Estimate (2.8) shows that the right hand side of (2.9) convergesto zero asa -» 0 in 2/(£2)
for s = 2*/[max(p,g) ~!']* K p,q are subcritical, then s > 2*/(2* — 1) and standard
bootstrap arguments guarantee that

lé(@)llcre @y ~— 0
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In the critical case, the same conclusion follows provided that we show that ||3(a)||r — 0
for some r > 2*. To this end, we use Moser’s iteration scheme as presented in [B-K]. Writing

(2.9) as
(2.10) —Ay(a) = w(a)p(a) + Aj(a)

we have w(a) € LV/%(Q) and |jw(a)||n/2 = 0, ||¢(a)||l2» — 0 as & — 0. For fixed s > 0
such that 2(s +1) = 2* and L > 1 set

o1(z) = ¥(a) min{lp(a)?*, I?} € HA(Q)
Using ¢ as a test function for equation (2.10), we obtain
A /ﬂ B(a)or + /Q w(a)p(a)pr = ]n [V(e)[? min{j$(a)*, L*}
+2s [ (1 199(a)))?
{l¥(a)|<L

> | IV(w(a)mln{|¢(a)l’ LyP

This calculation yields:
o [ V@) min{lu@)l, L)
a)|2(e+) w(a a)min{|¥(a)|® 2
sz\/ﬂw( et +/Q| ()] [$(e) min{l¥(a)l*, L}
(211) < A9(@)llee + [lw(@)]]nj28 /ﬂ IV(¥(a) min{|p(e)|*, L})P

with S the best constant in the Sobolev inequality. Since ||w(a)|| s, —0asa—0,we

can find ag > 0 such that
s

llw(e)ll 2=, < ms
for all a < ap. Thus we can absorb the second term of the right hand side of (2.11) to
obtain
s+1)?
[ w@mingp@r, 2t < AEEL @)

Letting L — +oo, we see that [1)(a)|*¢(a) € Hj(R) and
[ @@ <o
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In turn, the Sobolev inequality then implies that

/ [p(a)|e+D2" 20 ¢
Q

and so (as s > 0), we can proceed as in the subcritical case. This concludes the proof of

Lemma 2.3. §

COROLLARY 2.4. For each A € (A1,A) problem (2.1,) admits a minimal positive solution

uy. Furthermore, the map A — u, is strictly monotone increasing, that is, if A\ < u then
ux(r) < uu(z) for all z € Q.

PROOF: Let A € (A\1,A) be fixed. By the definition of A there exists a Ag € (A, A) such
that the problem (2.1,,) admits a positive solution u4. It is easy to verify that uy is a
supersolution to (2.1,). Indeed for any ¢ € H}(2) with ¢ > 0 in £,

[ e Vo2 [uro— [ Wapttide = (o= [ ue 20

Furthermore, since —Au4 > 0 in a small neighborhood of 952, by the Hopf Lemma we
conclude that %"- < —c on 9N for a suitable constant ¢ > 0. This allows us to take t > 0
sufficiently small to have u_ = te; as a subsolution for (2.1)) with u- < u4 in Q. The
sub- and supersolution method now guarantees a solution u of (2.1) with u_ < u < u4.

To show that there is in fact a minimal solution for each A we rely upon the information
near u = 0 for A near \; as given by the Bifurcation Theorem and the fact that we can

construct subsolutions for (2.1)) with A > A; as small as required (see Lemma 2.1). Define
(2.27) ut(z) = inf{u(z): u positive solution for (2.1,)}, z € Q

First, we claim that u* # 0. Indeed, note that the minimum of any two positive solutions of
(2.1,) furnishes a supersolution for (2.1,). Hence we can construct a monotone decreasing
sequence u; of positive supersolutions for (2.15) with u} — u* uniformly in Q. fut =0
then there would be a supersolution (and hence a solution) of (2.1)=,()) as close to zero
as desired, for each @ > 0 with A\; < ¢(a) < A. This is impossible in view of the bifurcation

theorem. Hence, ut # 0.
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Thus, as above, we can find a sufficiently small ¢ > 0 such that u_ = te; will be a
subsolution for (2.1)) with u— < u*. The usual sub- and supersolution method now yields
a positive solution u) which is minimal (it is clearly just u% itself). A similar sub- and

supersolution argument also shows the strict monotonicity of the minimal solution family

ux.

We now explore some properties of the minimal solution family uy, A; < A < A. We
would like to know whether or not these minimal solutions are actually (strict) local minima

_ of the functional associated with (2.1,),

In(u) = % ( /Q (Vul? — ).u2) - /,, W) F(u), ueHY(Q)

where F(u) = [’ f(v)dv. That this is the case has been shown by Ouyang in [Ou] in the
special case of homogeneous nonlinearities (ie, F((u) = %[u[” ). There, explicit calculations
can be carried out which are no longer possible for more general F’s. In fact, in the
general case it is reasonable to expect discontinuities for the map A — u, which would
naturally cause some degeneracies. However, it is still possible to provide some (second
order) information on u) (see Lemma 2.5) which together with a continuation argument
of [C-R] will enable us to identify certain solutions as strict local minima (for almost all
A).

To this purpose, we consider the variational formulation of Perron’s method (see [St]).
Namely, if there exist u_ a subsolution and u a supersolution to (2.1) with the property
that u_(z) < u4(z) for each z € 2, then one obtains a solution u,, u- < u, < uy, to

(2.1,) by solving the minimization problem:

(2.12) inf  In(u)

u_<u<uy .
The advantage of this characterization of u, is that it yields the additional information
(I"(ux)p,p) 2 0 for all p € H}() (unless u, = u_ or u, = uy.) This justifies the

following:
LEMMA 2.5. If uy is the minimal solution, then

(2.13) (I"(ur)p, ) 20
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for all p € H} ().

PRrRoOOF: Choose a sequence ), / A and denote by u, = uj, the corresponding minimal

solutions. Clearly u, < uy and
supu, = limu, = uy

Take another sequence gy, Ap < pn < A, and apply Perron’s method to find a sequence of

solutions vy, to (2.1,,) with u, < v, < uy and

I, (va)= inof I“,,(u)

un<u<Luy

This readily gives (I"(vn)p,p) 2 0 for all ¢ € H}(S2). As v, 7y strongly, in the

limit we arrive at (2.13). §

More generally, property (2.13) is inherited also by the right limit of minimal solutions
(which need not be minimal).

LEMMA 2.6. Suppose A\g € (A1,A). Set
u, = inf uy >0
A> Ao
Then u, is a solution for (2.1y,) which satisfies (I} (u.)p, ) > 0 for all p € H} ().

Proor: First of all, note that uy, < u,. If ux, = u,, then the conclusion follows from our

previous lemma. Hence, assume that in fact uy, < u..

Define
(2.14) ii(z) = sup v(z)
vEV
With
V = {v > 0 subsolutions for (2.15,) with v < u., (I"(v)e,¢) > 0 Ve € Hy(Q)}

Note that uy, € V, and # < u,. Now, since the supremum of two solutions for (2.1y,) is

a subsolution for (2.1,), using u as a supersolution and passing to the limit as A \, Ao,
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we congtruct a monotone increasing sequence of solutions wa of (2.1A,) with W) 6 V and
supWj = 0. Clearly Wj -+ U in 2%0(fi), so ix is a solution for (2.1A,) with

(2.15) (1" (ii)*)=0

and 0 < up.
We now claim that t = u». Supposethat in fact G < u*. By (2.15), thefirst egenvalue
6 of the linearized problem at (d, Ao),

A - Ay — WHWip = Sip

Isnon-negative. Since 0 < u+ = infA>A,“X and u\ are minimal, the solution set of " (u, A)
near (fi, Ao can only cover aleft neighborhood of Ao Thisimpliesthat, necessarily 6 = Q.
So we may apply Theorem 3.2 of [C-R] which ensures that the solutions of ,F(u,A) =0
in a small neighborhood of (tX,A0) form a single C*-curve (u(*), A(*)) with u(s) > 0 and
\(s) <Aofor all s In particular, we can find SQ > 0 sufficiently small such that A(s0) < Ao
and U < U(SQ) < ti* in Q. Now using (2.12) with U(SQ) as a subsolution and u\y+¢ (e > 0)
as a super solution we obtain (after passingto thelimit e—* 0) asolutionu £ V withu > U.
This contradicts (2.14), and so we mug have U = it*. Hence u* € V, and the lemma is
finished. |

Now that we have solutionsto (2.1A) for A G (Ai, A) which are (almost) local minima,
we may congtruct a second solution via a mountain pass.

THEOREM 2.7. Suppose f € C%(R) satisEes the hypotheses of Lemma 2.3 and Lemma
15, and A isasin (2.4). Then:

(@) For every A € (Ai,A), (2.1\) admits at least two'positive solutions.
(b) For A =Ai and A = A, problem (2.1\) admits at least one positive solution.
(c) For A > A prabJem (2.1A) admits no positive solutions.

REMARK: If A < Al more sandard variational techniques of mountain- pass type apply
and the existence for a postive solution can be established under all the hypotheses above
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except condition (2.6) which is no longer necessary for the existence of positive solutions

for (2.1x) when A < A;. We leave the details to the interested reader.

PROOF: (a) Fix A € (A\1,A) and let u} be the solution of (2.15) given by Lemma 2.6,
with
(I"(u3)p,0) 20 forall ¢ € Hy(R)

In the case that I"(u}) is in fact positive definite, (ie, there exists 6§(A) > 0 such that
(I"(u3)p, @) = 8(A)|lell?,) then uj is a strict local minimum for Iy and a second solution
would follow using a Mountain-Pass procedure as shown below. So we focus on the more
delicate case where §(A) = 0 is the first eigenvalue for I"(u}), and we denote by ¢ > 0
the corresponding eigenfunction. In this situation, the continuation theorem of [C-R] gives
that the solution set of F(u, A) = 0 in a sufficiently small neighborhood of (u}, A) defines a
C?! curve (u(s), A(s)), s € (—¢,€), € > 0, with u(0) = ug, 4(0) = ¢, A(0) = A, and A(0) = 0.
In particular, we can always assume that u(s) > 0 for s € (—e¢,¢€).

By construction, there are minimal solutions for F(u,\) = 0 near u} in any right
neighborhood of Ag. Hence, A(s) < A for s < 0 and we can find so € (0,€) with A(sg) > A.
In particular, the range of A(s), s € [0, sg] must contain the interval [A, A(so)].

Set

S={p€R: thereexists s € [0,s0] with A(s) = u, A(s) = 0};

by Sard’s Theorem, we know that the Lebesgue measure of S, |S| = 0. For all u €
(A, A(s0))\S define
su = max{s € [0,50] = A(s) =}

Note that 0 < s, < so. Furthermore,

Asu) >0
Indeed, since p € S clearly ;\(s,‘) #0. If /'\(.s,,) < 0, then there would exist s; € (s,,50)
with A(s1) < # < A(So). The continuity of A(s) would then yield yet another value sz > s,

with A(sz) = p, which would contradict the maximality of s,.

Now, u(s,) satisfies
(2.16) —Ai(sy) — pi(su) = W(2)f (u(su))i(su) = Msp)u(sy)
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Denote by (6,,p,) the first eigenpair for the linearized problem
(2.17) —Apy — oy — W(2)f' (u(s,))pu = bupu  in Hy(Q)
with ¢, > 0 in ©. Combining (2.16) and (2.17), we obtain
b [ ouiton) = 3o, [ ulsuon >0
that is,
(2.18) 6, >0

This information will enable us to construct a second solution w, for (2.1,) forall 4 ¢ S,
which will not lie in the curve u(s) for s € (0, so).

To this purpose, fix u € (X, A(s0))\S. We seek a solution to (2.1,) of the form w = 4, +v
with v > 0 and 4, = u(s,). Direct calculations show that v can be characterized as a

critical point for the functional

7,(0) = 590l - s ) = [ Gule,v4)

where v4(z) = max[v(z),0] and

3
Go(z,€) = ] W(2)[f (@(z) + v) — F(@u(@)] dv
= W(x)[F(‘&“(:c) + f) - F('&“(m)) - f('an(z))f]

Next we show that, in virtue of (2.18), v = 0 is a strict local minimum for J,(v). Indeed,

1u(0) = 5 (1915 = wllosl) = [ WS @0 + ol yen)

1 N
= SIVo_ I+ (T(@u)v4,v4) + ool )
1 1
> Vo3 + 5870413 + oleldy ) 2 CIIVoIE

for a suitable constant C, whenever ||v|[y3(q) is small. Hence v = 0 is a (strict) local

minimum.
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On the other hand, let vy € C§(2F), vy > 0, and evaluate

1
(2.19) Tut00) = 5t (190l = wllnl) = [ Gz, o)

But for large positive t,

7 [ Gutat) = [ Wi et i) | )
—ot [ (o P £ Gl o [P

-2
(2.20) - tT WH(2)of + o(tP~?)
Q

via (2.5), (2.7) and the dominated convergence theorem. Putting together (2.19), (2.20),

we derive:

p
Ju(tve) = —t; /ﬂ Wt(z)v} + o(tP) = —c0

as t — oo large.

Thus, the mountain-pass lemma (cf [A-R]) applies to J,(v), and gives a candidate for a
critical value

€= ueli'l; 022l Ju(r(t)) >0

P = {y € C(0, 1 H(R)) : 1(0) = 0, J,(x(1)) < 0}

Since for any v € P we have J,(74+) < Ju(7), it follows that v4 € P, and we derive the

existence of a sequence vy with

Ja(vi) 2 >0,  ||J'(we)l -0, w20

On the other hand, wy = i, + v satisfies:
{ Ty(wi) = Iu(@p) + Ju(v) = cu + ¢
I, (wi)ll = I (&)l + 1T (o)l = |1 T (ve )]l = O |

as k — oco. Here we denote ¢, = I,(1,). Hence, we see that wy is a Palais-Smale sequence

for the original functional I,. On the other hand, since p < A < A;1(2°) (see Lemma
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2.2), by Lemma 1.5 {w;} possesses a strongly convergent subsequence, vk — v, in H ().

Since J,(v,) = ¢ > 0, v, is a non-trivial critical point of J, and v, > 0. In particular,

[ 0+ = Ao = W) G+ v2) = Flinlp = 0

for all ¢ € H}(2). So, by the strong maximum principle, we must have v, > 0 in Q and
w, =14, + v, > 4, is a second positive solution to (2.1,).

Now, the maximality of s, and the fact that @, < w, guarantee that w, cannot belong
to the solution curve {u(s): s € [—s¢,30]}. In particular, for a small neighborhood U of
u3 we have w, ¢ U. We now conclude by an approximation argument. Indeed since the
Lebesgue measure of S, |S| = 0, we can certainly pick a sequence p, € (X, A(30))\S with
tn — A. Denote by wn, = wy,, un = tiy,, Vn = v,,, and J, = J,,. The mountain-pass
construction for J, yields that I, (w,) are uniformly bounded. Indeed, letting vo be as

in (2.19),

Jn(vn) < max Jn(tve)

1 tP
3t (19l = wallol) = = [ Wea)g +000)
<C

Since u} < un < u(so) we derive that ||Vuy|l2 < C and

I\(wg) = I, (ua) + Jn(va) + (pn — ’\)"wnng
(2.21) < C+ (pn = Mllwall3 + OQ1)

Similarly,

222)  (T(wa)@) = (Ih, (wn)r0) + (tin — A) ]ﬂ Wap = (tin — ) /9 Watp

So, as pp — A, wy, is almost (but not quite) a Palais-Smale sequence for Iy. However,
by returning to the proof of Lemma 1.5, we see that (2.21) and (2.22) are sufficient to
conclude that w, — wy strongly in Hj(R2). Clearly, wy is a positive solution to (2.1,)

with wy > u} > 0 Furthurmore, since w, ¢ U we have that w, ¢ U and w, > u}.
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Note that in case ixj > u\ (ie, A is a point of discontinuity for the map A —* u\) this
would yield a third positive solution for (2.1A).

This ends the proof of part (a).

(b) The existence of a positive solution at A = A* has already been proven in Theorem
1.6. For the case A = A, choose a sequence A, /* A and construct a sequence of solutions
un to (2.1A,) via (2.12), with subsolution u~ = tt\ and supersolution uy with A, < /i < A.
Using as a test-function the subsolution u~ = tt\ for t > 0 chosen suffiently small, we see
that

I (un) < I, (te1) <0

and hence
(2.23) la(un) <0
Also, we have

(ra(uaU) = (1;>,),5>) - (A - A)) [ Up<f
Jn
(2.24) ' =-(A- A / u<p
Jn

Again, u, is almost a Palais-Smale sequence for 7A, in the sense that conditions (2.23)
and (2.24) are sufficient to follow the argument in Lemma 15 and obtain a convergent

subsequence whose limit UA will solve (2.1A) with u\ > u\ for each Ai <A < A.

(c) Thisisjust Lemma 2.2 plus the definition (2.4). |

Putting together the results of section 1 and section 2 we derive the following:

COROLLARY 2.8. Let 2 < q < 2*. Then problem

- Au - Xu = W{x)u» in fi
tlan =0 |
u>0 inQ,

admits a solution if and only if X € [Ai, A] and (2.6) holds.

A similar result will be obtained for p = 2*: see Theorem 4.1.
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3. MULTIPLE SOLUTIONS

Here we study multiplicity for the problem

{ — Au— du = W(z)f(u) in Q
(3.1*)

u|aQ =0

with A € R and f satisfying (1.26) with 2 < p < 2*. We are going to use standard min-max

methods and therefore assume that f is odd. We have:

THEOREM 3.1. Let A\ ¢ 0(Q2°) and suppose that the assumptions of Lemma 1.5 hold.

Then (3.1)) possesses infinitely many pairs of nontrivial solutions.

As in (1.24), introduce

1) = 5 (IVulf = Mul) = [ W@FW), weH@)

Denote by
Sp={u e HY(): [|Vullz = p)

We shall show that the following critical point theorem for even functionals applies to I.
To this end, let H be a Hilbert space and I € C'(H,R) be an even functional. Denote by

¥ = {A C H closed, symmetric; ie, u € A — —u € A}

As is well known, the Krasnoselski genus gives a well defined map i : £ — N U {+00} (see
[R]). Let H denote the family of odd heomeomorphisms h : H — H for which both k and
h~! map bounded sets to bounded sets. Then define the psuedoindex

i*(4) = inf (ANA(S,))

where S, = {u € H : ||lu|| = p} and p > 0 is fixed. Note that if Y’ C H is a linear subspace,
then :*(Y) = dimY. Following [Be] it is not difficult to obtain the following:
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THEOREM 3.2. Let I € C(H,R) be an even functional on a Hilbert Space H which
satisfies (PS). Suppose:

(a) There exists a linear subspace X C H with codim X = k¢ < 400 and a bounded
symmetric neighborhood U of 0 such that

inf IanaU 2 ¢

for some constant cy.

(b) For every k =1,2,... there exists a linear space Yy C H with dimY}; > k and

sup] < 400
Y

Then for k > k¢ the numbers

crk= 1inf supl>c
k u‘(A))k Ap 0

define critical values for I. In particular, if ¢o > I(0), then I admits infinitely many pairs

of critical points.
PROOF OF THEOREM 3.1: Fix A ¢ 0(02°). Denote for each j
(3.2) E; = span{ey,...,¢;}, X;=Ej

We now verify the conditions of Theorem 3.2.
First, we claim that for each j > m there exists p = p; and 7; > —oo such that

j—oo
v; — oo and

I\(u) 2v; forallueX;NS,

Indeed, simple arguments show that for any u € Xj,

IVullz

(3.3) llull < Aa
J+1

where a = 2[2. 7—£] > 2, and S is the best Sobolev constant. Now, (1.1) and (3.3) imply

that
1 A ) ,
D)2z {1-—)IIVulz-C |u| -
2 Aj+1
(3.4) >3 (13- 1) 19wl - e Il -
) -2 Aj+1 Aa
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Taking p; for which the right-hand side of (3.4) is maximized with ||Vul|z = p;, we obtain
constants A, B > 0 which are independent of j and such that

A\ ey
j+1) A =T

I(u)zA(l—-A

Clearly ~; 32 o0, and so the claim holds.

Now, from the claim we see that we may choose j sufficiently large such that condition
(a) of Theorem 3.2 holds with X = X, p = pj, and ¢o > 0 = I)(0).

Next we verify condition (b) of Theorem 3.2. Fix k > 1 and let ¢1,...,px € C§(QF)

be any fixed collection of functions with disjoint supports. Set

Yi = span{p1...,pi}

As the supports are disjoint, dimY; = k. Now, foru € Y3, u = 2:;1 tipi, we calculate

k k
@)= 3 38 (96l ~ o) - Y- [ W*@F(e)

=1 =1

L k p/2
< EX:t,?—c (Zlmz) +C

=1 =1

<Tr <o
where we have used the lower bound
F(u) 2 alul? - b

for constants a,b > 0, which is a consequence of (1.26). Thus condition (b) is satisfied.
Note that our hypotheses in Theorem 3.1 guarantee that (PS) is satisfied, via Lemma
1.5. Hence, Theorem 3.2 holds, and we obtain infinitely many pairs of critical points for

(3.15)- 8

We conclude this section with some remarks concerning the existence of solutions for
problem (3.1,) when f is not necessarily odd.

In this situation one could try a linking argument (cf [R], [St]) to establish existence.
That is, find a manifold whose boundary I' links with the sublevel {Iy > ¢ > 0} and for
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which I\\r <.0. While the choice of such a manifold is quite natural when W > 0 (where
it is enough to take care of the positivity of the quadratic part,) in the case where W
changes sign the situation is more delicate since both terms in the functional need to be
insured of a proper sign. We sketch here one possible way of handling this situation, which
is however very much inspired by the case of a fixed-sign W, and therefore requires the
availability of "good" subspaces for both the quadratic and superquadratic parts of the
functional.

To this purpose, let A* < A < A*+1 and suppose that there exists a linear subspace
E C HI{SI) with dimE = k such that

sup WWA\ =\ < A < Apy

'] -
« E

(3:53) FIWOOF(W) 1+ A,
&rﬁ " ,_ _.—:a>0

PROPOSTION 3.3. Let A £cr(Q°) U {AgA,,...} and assume that for A 6 (A*, A*+i) there
exists a subspace E, dimE = k, which satisfies (3.5\). Let f satisfy (1.25), the assumptions

of Lemma 1.5, and
(3.6) f{uju >0 foru” 0.

Then (3.1\) admits at least one nontrivial solution.
REMARK: The most obvious choice of the space E would be E = span{ei,..., €*}.

PROOF. We will only deal with the case A > Ai, sincefor A < Ai the proof will follow by
even-easer arguments. We show that alinking argument (see [St]) appliesfor the functional
Ix. Assume, without loss of generality, that 0 € ft and W(0) > 0. Let (p € Cg°(B,(0)) with

p > 0 small enough such that B,(0) C ft*. For e > 0 construct the following mollifiers:

pdz) = oS,

Ec={u=w+ttp: wW€E, t >0}
where E is the linear subspace as given in (3.5A).
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CLaIM: We can fix ¢ > 0 sufficiently small such that for R and T sufficiently large we

have

I\eg £0

where

Q={U=W+t(,0¢°€E¢°2 llkui’SR, OStST}

To obtain the claim we evaluate:

In(w+tp0) = 5 (IVl} - Alwlf) - | W)F()
Q
2
+5 (90 = Medd) - [ WEF(o

+1 /Q (Vw - Ve — dwp,) — /,, WH(2)[F(w + tpe) — F(w) — F(tpe)]

<=3 (2-1)1vul-a [ Fw)

t2
t3 (IVeell = Meell3) — ext®lipellf — cat®lwell?

+ Ct| Avlalieells + C /ﬂ W) (w2 + (tee)?~ + 1) tpelw]
1/
<=3 (3-1-6)IVul} - a(Cilluly + Callul)

+ 2 (190 - Mliedd) - ertoledz - el
3.7 +82Csllpcll + C (w37 ltwells + lltwellz " llwlly)
where, to estimate the nonlinear terms, we have used (1.33) and
(3.8) F(u) 2 Cy|ul? + Ca|ul?

(which is a consequence of (1.25), (1.26), and (3.6)).
On the other hand, by the definition of ¢, we have

lleell2 = co, lipelld = CeN=3),

leellp™ = CeM2, lpelh = €N
Consequently, (3.7) can be estimated by

1/
I(w+tp) < —3 (; -1- 5) Vw3 = (Cra = §)|jw]l?
t2
+ 5 (IVeellz = Mlellz) — Ct? [Co — N e”""")] — Ct9eN0—3)
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Now fix é sufficiently small such that % —1-6>0and Cia — 6 > 0. Subsequently,
choose ¢ > 0 sufficiently small such that

cp — NG _ N/G-1) 5

‘We conclude that

c, D, E
I(w + tpo) < —A||Vull} - B Vullf + 4 - SP= =t

for suitable positive constants A, B, C, D, and E.
Now we check the conditions on 8Q. If t = 0 then obviously Ix(w) < 0. On the other
hand, for allt > 0

C D E 1 1\ cr/(-2)
(2 B)

2 Ty e -
2t pt qt < D2/(p-2)

Therefore if w € @ and ||Vw||2 = R then

p/(p—2)
1 1) C 0

Dw+te) < -4+ BROR + (3 - 1) T <

for R sufficiently large. Finally, for T > (2£)!/(P=2) we have

FE
I(w + Te.) < —A|Vul3 ~ BIVul} + ST - %TP - 2150

This concludes the proof of the Claim.

On the other hand, standard arguments show that for a suitable pg > 0,
IN(w) 2 ¢ >0, forallwe XiNS,,

with X as in (3.2). Moreover, it is not difficult to show that 8Q and (X N S,,) link.
In fact, let v;,...,vx be an orthonormal basis for E, and set A = (a;j;); j=1,...k With
aij = [ eivj. By (3.5)) and the variational characterization of the eigenvalues of —A in

H}(Q), we have that necessarily det A # 0. Define also the vector

z= (/ ¢e°el,...,/¢¢°ek)
Q Q
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Via a degree argument, we will be finished if we show that the system of equations

1 k
Al T +tz=0, |V tivi+toelllz —po =0
te =1
admits a unique solution for r_, #? < R? and t € [0, T]. But this is an easy consequence
of the invertibility of A, and so the linking is proven.

Since the given assumptions ensure that (PS) holds, the conclusion of the Theorem

follows fromTheorem 8.4 in [St]. §

4. THE CRITICAL CASE

In this section we would like to extend the results of Theorem 2.7 to include nonlinearities
with critical growth. In fact, to simplify the technical details, we shall assume that f(u) =

|u|>" ~2u, N > 3. More precisely, we investigate solutions to the problem:

—Au—du=W(z)u? ! in Q

(4.15) ' ulog = 0
u>0 in
Set
— 9T
(4.2) By= [ Y&-2)

IRy (1)
and for W € C%(Q2) and y € Q with W(y) # 0, let

(NN —2)% [ (=D*W(y)z,2)
W(y) Jav (L [cP)V

(4.3) An(y) =
We have:

THEOREM 4.1. There exist a constant A > A; such that (4.1)) admits a solution for all
A € (A1, A] if and only if

(4.4) /s; W(z)e?" <0
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In addition, if W € C?() N C(§) satisfies
(4.5) max W(z) =W(zo) >0 for some zo €

then problem (4.1,) admits:
(i) at least two solutions if A € (\;,A) and if, for N > 6, the inequality

(4.6) ABy > = An(z0)

holds with An, BN defined as in (4.3), (4.2)
(ii) at least one solution if A = A\; and if, for N > 5, (4.6) holds with A = J;.

REMARK 4.2: It will follow from our arguments that the case A € (0,);) can be treated
in a similar fashion without assuming (4.4). So for A € (0, );) the existence of a positive
solution can be established provided that, for N > 5, the inequality (4.6) holds. Also notice
that when N = 3 the argument becomes more delicate and one has to follow Lemma 5
of [Br] to show that there exists a 0 < A* < A; such that for A € (A*, ;) there exists a
positive solution to (4.1,). We leave the (lengthy) details to the reader.

REMARK 4.3: Condition (4.6) should be compared with the degeneracy conditions (2.1)
and (3.2) of [E-S].

PROOF:
The necessity of the first part of our result just follows from the definition of A,

4.7 A =sup{\ > A; : (4.1)) admits a solution} > A;

and Lemma 1.3. For the sufficiency, we know from section 2 that for all A; < A < A there
exists a minimal solution uj to (4.1)). Combining the variational formulation of Perron’s
method and the fact that the minimal solution u) is nondegenerate (see [Ou]), we derive,

for given A < A < A4, that
= i <
In(uy) u_rsn‘}g“ I\(u) <0

with u— = uy_ < uy = ux,. Choosing a sequence A, / A denote the corresponding

monotone sequence of minimal solutions by u, = u,,. We have
In(un) = Ing(un) — (A = An)lluall; <0
(4.8)
I (un) = I}, (un) — (A = An)un = —(A = Ap)un
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As in the proof of Lemma 15 (see also the analysis shown below for Claim 2), (4.8) is
sufficient to conclude that [|Vu,||2 £ C and in turn ||uyjloo < C Hence UA = supu, > 0

gives the desired solution for (4.1A)-

We now move to the second part of Theorem 4.1. Without loss of generality, we assume
that xo = 0 € n and W(0) = 1. ‘
(i) Thisresult was already claimed in [Ou], but without recourse to condition (4.6) for
N > 6. We believe however that without this condition his argument does not guarantee
that the second solution found therein (as aweak limit of approximate solutions) is different
from thefirst solution.

Nevertheless, from [Ou], we know that the minimal solutions u\ for (4.1A) (constructed

in section 2) are, in fact, strict local minimafor the functional

In(u) = % ( /9 (Vuf? - ,\u*’) - 51 /9 W(z)u?"

More precisely, for each A 6 (Ai, A) there exists a 6(X) > 0 such that

(4-9) | (I(ua)e,0) 2 6(M)lel & 1(q)

for all <p £ H&(Q). Ouyang derived this information with a very nice argument which is,
however, limited to homogeneous nonlinearities.

As for Theorem 2.7, we seek a second solution of the form
w=ur+¢
with ip > 0. This amountsto finding a (positive) critical point for the functional
M<P) = \(\W<P\L - AJPJR) - & 3N WOO[(Uy + VA - UX - 2V~ gy]
which, in view of condition (4.9), admits <? = 0 as a strict local minimum. That is,
(4.10) J{<f) > co > 0(= Ja(0))

| _ ')
for |[M!n(n) = > some r > 0 sufficiently small.
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To obtain our candidate for a critical value, we use the mountain-pass procedure, and

define

(4.11) c= ':lel% oxglta,sx1 Ia(7(t)) 2 co
(4.12) P ={y€C([0,1]; Hy(Q)) : 7(0) =0, Jx(x(1)) < 0}

(P is non-empty by the structure of J).) As is well-known for variational problems involv-
ing critical exponents, concentration phenomena can occur and violate the (PS) condition
for certain values c. Therefore, to guarantee that this is not the case for the value con-

structed in (4.11), we will continue as in [B-N] and estimate ¢ from above.

CLAIM 1:
(4.13) c< ~§N
) N

with S the best constant in the Sobolev embedding.
Define

(4.14) Ue(z) = e,

where ¢y = (N(N - 2))£4_—2 , so that U, satisfies
AU, =U¥"1 inRN.

Fix p > 0 so that B,(0) C 2%, and pick a function n € C§°(B,(0)) such that 0 < n(z) <1
and n(z) = 1 for all z € B,/2(0). Then set

(4.15) Ve =1 Ue

As usual, to establish (4.13) we will estimate max;>o Jx(tve).

First, we introduce the familiar estimates (see [B-N], [St]):

Vo3 = SN2+ 0N, Jloellf = SN2 + O(<N)
Bne2 +O0(eN2), if N>5
llvell = { O(*|logeel), N =4
Ce+ O(€?), if N=3

(4.16)
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where By is as in (4.2). Then, it is easily verified that for g > 0 chosen sufficiently small
there exists a (large) R > 0 such that

(417) Irn(Rve) < 0

holds for all 0 < € < €. In other words, the path «(t) = tRv,, t € [0,1] belongs to P, and

hence
. <
(4.18) ¢ max Ia(tve)

To take advantage of the “better” error terms involved when estimating (4.18), we

distinguish a few cases according to the dimension N.

CASEN2>T: Let 0<t < R. Then
t2 2 2 t2' 2'
Ia(tve) = 5 (IVoellz - Mvell3) = =+ A W (z)vg
. 1 . . -
+t /9 Wehd - o /9 W(@)[(ux + to)? — 2 — (t00)?]

t2 t2‘ . ._ ._
< 5 (IVedlz = Alledlz) - 5 /‘; W(z)v?" + CR|vellr + CR* 7Y||ve]|3. )

(4.19)
N
2 _ 217 _
<1 [ Vel = Aed | * | 252
(fq W(z)?")
where we have used the estimates
(4.20) l[vells = O("F*) = |[ue]|3 3

On the other hand, using our hypotheses on W, we have
/ W(z)? =/ W(z)UZ + O(eM)
Q B,(0)
= / W(ez)—ch-— + O(eM)
B,/.(0) (1+]z|2)N
2.

- W(o)SN/? + /B » (1- W(ex))migwﬁ + O(eM)

2 -D? z, T
~woste e [ TR 1o

(4.21) = SN2 4 2 An(zo = 0) + of€?)
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In the sequel we set Ay = An(zo = 0). Resuming from (4.19), after applying the estimates
(4.16) and (4.21) we see that

max Ji(tve) < - ST = ABne + o)
MWHI=N (§N/2 - ANe2 +o(e2))2/2°

0<t<R
1
22 — SN2
(4.22) < NS

5
+0(e™ )

\ L
i OBy — 2 AN)E + o )] + O(e™F)

for € > 0 sufficiently small, using (4.6). The claim is completed in the case N > 7.
CASE N = 6: When N = 6 then 2* = 3 and one can estimate explicitly the above

expression to derive

t2 t3
Rt = 5 (19wl = Mol = 5 [ Weapt = [ Wizuse?
Q Q

Since [, W(z)uav? > 0 we conclude as in (4.22),

3
[Vo.|i2 - Auvenz]’

max J)‘(tvc) <3 [

o )"
= 653[1 - ?(BNA - -éAN)GZ -+ 0(62)]
1
—g3
< 6

for € sufficiently small, under our hypothesis (4.6). Note also that in this case we could
allow equality in (4.6) because we control the sign of the error term, which is also O(e?).

CASE N = 3,4,5: Here we must be more careful with the error terms of order eii-—z, as
they represent the first order correction in these dimensions. As above, let 0 <t < R. We

have

2 12" . e .
I(tv) =5 (190l = Mocl) = 5 [ Wap?' =771 [ Wiz

/ W(z){(ur +tve)” —ul — (tve)? = 2"turvcud ~2 + (tve)® 2]}

% . _
< 2 (190 = Mod) - 5 [ Wan? - Com(@) 165 + o5
(4.23)

2 2* . — -
= %s”ﬂ - %s”ﬂ — Coun(0)t2 "1™ T 4 o(e7T7)
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with Cy > 0 a suitable constant. Now, if we call t, the value of ¢ which attains the
maximum of the right-hand side of (4.23) over [0, R], then

0<te—1=0(7)
and hence

tf N/2 tz. N/2 g1 N=2 N-2
&I&XRJ*(W‘)SES —-2—;5 — Coux(0)t? 7'e 7 +o(e 7 )

N-2

< %I—SN/’ — Coun(0)t2 "1 %

1 oNy2
< NS

for € sufficiently small. This completes Claim 1 in all dimensions.

We are now ready to conclude the proof of part (i). The mountain-pass principle, (4.11),

yields a sequence w, = u) + ¢n € H} (), with ¢ > 0 and satisfying:

1
(4.24) In(wg) = In(ur) + ¢ < In(ur) + -A—rs"’/2
(4.25) I 73(wa)l| — O

CLAIM 2: ||Vw,||2 £ C for suitable C > 0.
We argue by contradiction, and assume instead that ||Vw,||2 — co. We begin by observing
that this implies

lwall2
—_2>C>0
"V'wn“2

In fact, combining (4.24) and (4.25) we have

(3- 51—) (IV2al = Mwal) = (Z5(wa), wa) + O(2)

which yields
“wn”% 1
—+=>0
Vwall3 A

Now, setting v, =

Then, (4.25) yields

[ e have (along some subsequence) un — vo # 0 in H}(®).
n

jv Ve — A /W( )Ya
Vn Vi — Avgp = T
a " 0 N Vwallz”

= Va2 /ﬂ W(zp? 1y
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for all if € HQQ). Necessarily,

i W(X)V%-ip->0 for all » € HL(R)
that is,

I' W(x)vf~'<p = 0 for all <p € J5Tj(fl)

which implies that vo = 0 in Q\Q°. In other words, t;o € iTj(fl°), to ~ 0, and satisfies
—AVQ — \Wwo =0

Thisis clearly impossible, as A < A < Ai(ft+ U Q°) < Ai(ft°), and Claim 2 follows.
Passing to a subsequence, w, — wQ with wqQ € -ffg(fi) a solution to (4.1A). Note that

wo >ulin Q. We now claim that wo is the desired second solution.

CLAIM 31 wg > u\
It suffices to show that wo * u\. Let us argue by contradiction and assume that WQ = u\.

As W, = U\ + (p,, this would imply that ip, —% 0 in iTd (") " A" turn:

1 1
SIVenll = 52 [ W@leal > c € (0,25™7)
LY

IVenll — fn W(z)lenl? = o(1)

That is,
(426) v dll->c€(0ys™7)
and
: 1 T
@21) VI3 < lonlf + o) < (F196018) ™ +o)

From (4.26) it follows that ||V/,]]2 is bounded away from zero, and hence (4.27) yields
IVenllz 2 M2 +o(1)

which clearly contradicts (4.26). This completes the proof of (i).
41



(ii) Now A = A;, and ux, = 0, so J,(v) = I),(v). By Lemma 1.4, we have that u =0is a
strict local minimum for J),, and we can proceed as in (4.11), (4.12) to obtain a candidate
for a critical value ¢ via the mountain-pass lemma. To obtain the estimate (4.13) in this
case, we proceed as above. If N > 5 and A, = Ap(z0 = 0), corresponding calculations

yield,

12 2 t2°
Dt = 5 (19 = Mallod) - 5 [ Weap?

_ 1 [Ivwedg = o] *
<5 2/2°
L (Jo W(z)vZ")

=1 SN/Z — X\ Bne? + o(€?) ]q‘

N | (snr - ANe2+o(ez))2’2°

1 N/2 2 2 2
=55 - 2SN/2(*\IBN o AN)E +o(e)]
< __l_sN/Z

2

provided (4.6) holds at A = A; and e > 0 is sufficiently small.
When N = 4, the estimate (4.13) holds without condition (4.6), as

N
I (tve) < N I(va;‘”/%(;)v’\;l;?/g%] |
Q e
<X 'S””—Alcéuogel*o(ez)r
TN (s - anet 4+ o(e) "
— -JIVSNﬂ[l — C'é?|log e| + O(€?)]
< _lesN/z

for all € > 0 sufficiently small, where C,C’ > 0 are constants.

The case N = 3 is a simple consequence of a result of Brezis-Nirenberg [B-N] where
these type of estimates were first introduced to handle problems with critical exponents.
In this case there is a competition between the “good” error term given by A;||v¢||3 and
the “bad” error term as given by the expansion of ||Vv,||3. Thus, as in Lemma 5 of [Br]

one shows that there exists A* € (0, A;) such that

L onp
tfxzach,\(tve) < NS
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for A € (A*,+00), and hence (4.13) follows in our case where A = A; € (A*,+c0).

Now, the convergence part follows exactly as in (i) to provide the solution for A = );. }

REMARK: Following the arguments of section 3, we can also derive existence for (4.1,)
when A is large provided that the corresponding assumptions (3.5)) hold. Namely, we
assume that for A ¢ o(02°) and A\ < A < A\gqa,

(i) there exists a linear subspace E C H3 () with

dmE=*k  sup [[Vo|? <A< Ai
wE€E
ﬂwl‘egnl
(if)

w 2°
inf ———fﬂ ()] =a>0

bt 54 fn |w|?*
Then, exactly as for Proposition 3.3, a linking argument can be utilized by taking ¢.(z) =
ve(z) (as defined in (4.15)) to yield a candidate critical value below the threshold -JIVS N/2
provided condition (4.6) is satisfied for N > 5.

5. APPENDIX

In this section, we return to some of the technical lemmata from section 1. Our first

concern is the Palais-Smale condition (Lemma 1.5)

PROOF OF LEMMA 1.5: Consider a sequence {u,} € Hj () for which

(51) Ixun) = 5(IVunlly = Munll) — [ WIF(a) < ¢
(5.2) Ii(un)p = /ﬂ Vg - Vo = Aunp — W(z)f(un)p = /ﬂ Vz, - Vo

where ||Vzy,|]2 — 0 as n — oo.
Note that by the (subcritical) growth condition (1.1), it suffices to show that the sequence

u, is bounded in H}(2). We suppose the contrary, that is ||[Vuy|lz — oco. Let v, =
Un

Nl Then v, — vo in H}(2). The crucial step in the proof is the following:
Unll2
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: . lluall2
CLAIM: vo #0in Q (ie, /=—— # 0
0¥ G, 19tz 7 )

Assuming the claim for the moment, we then divide (5.2) by ||Vuy||2 and pass to the limit

to obtain
1 p—2 f( n)
(5.3) Vg - Vo — Avgp = Hm | ||Vun||? W(z)=——"=5¢
Q oo o IVuall
for all ¢ € H}(Q). Now, using the condition at infinity (1.26) and dominated convergence,
we see
(5.4) .
n _ Vuy, Vugll2v
[ w@lsds = [ wup-rup+ [ W [f ekt = Al el °)] o+o(1)

Now, using (1.33), and denoting t, = ||Vuy||2, we have

‘/ﬂ W(z) [f(tnvn);lf(tnvo)] ol < C/‘; [f'(ta[6vn + (1 __g)vom lom — vol

tn tP
<c / [160n + (1 = 6)v0[*~2 + 1]jvn — vol [¢]
Q
(5.5) | < Cl[|6vn + (1 — 8)v0E~2 + Clllvn — vollpllellp = o(1)

Applying (5.5), (5.4), and (5.3), we have

/9 W (@)]vo[?~2vop = 0
for all ¢ € H} (). Hence vy € H} (), and from (5.3) we have
(5.6) /9 Vg - Vo — Aygp =0

for all ¢ € H}(2°). As we are assuming that the claim holds, this is impossible unless
A € o(02°). However, this contradicts our assumption, and so we see that in fact ||Vu,||
must be bounded, and the Lemma follows.

It remains only to prove the Claim. In fact, we shall show that it is a consequence of
either of the conditions (a) or (b). We treat the two cases separately.

So suppose first that (a) holds; ie, f satisfies (1.26) with 2 < p < 2* and

(5.7) QtnNnO-—=10
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To prove the claim we argue again by contradiction and supposethat VQ = 0. In that case,
(5.2) yields

(5.8) lim / W(z )ﬂ(;".):ﬁ; =1

Now, in view of (5.7) there exists V € Co°°(R™) with 0 < xp(x) £ 1, j>(x) = 1 for all
x € ft" and V(*) = Ofor all x € £2°. Let <p = V*>n € HI(&) and apply (5.2) again to
obtain

o2 f(un)un -
(59) [ 1906+ 1 W@ TR = ot
In particular
f(un)un -
(5.10) Urn jW (z )IIV N[E
On the other hand, combining (5.1) and (5.2), we have
o |
(5.11) liminf W(e )[F("’“) 2f (2"")“"] >0
| oo IVuallz

Fixing 0 < e< I min(}, | —"), apply (1.26) tofind a constant C such that

(5.12) (-/- e\ f(u)u -C< F(u)_< (; + e) Jlupu+C

1
\r
for all u € R. Now applying this estimate to (5.11), we obtain

G-3+9 fw el = [ [Py~

> o [Feire] e

l_l —f(nn)un o
z(p ; )/ W VuE oW
(5.13) = o))

where we have used (5.10) in the last step. By the choice of e, we conclude that

YA r -}-.f(uﬂ)u" _
(5.14) Kty W =0
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By putting together (5.8), (5.9), and (5.14), we obtain the contradiction; hence the Claim

must hold in case (a).

In case (b), we again combine (5.1) with (5.2) to obtain

(5.15) /ﬂ W(z) E F(un)un —F(un)] <ec- % /n Vi Vi,

Using condition (b) and (5.15) we obtain

(5.16) (% - %) /QW(a:)f(u,,)un < c+ Cllunl? - -;-/{;V;:n - Vup

We again assume for a contradiction that v, — 0. Dividing (5.16) by ||Vun||3 and passing

to the limit, we obtain

(5.17) Jim / Wi >ﬂ($"3§?;' -

However, if we use (5.2) with ¢ = u,,, we obtain a contradiction since

N F (i)t
1= MVl / W g oW

(5.18) = o(1)
Therefore, the claim must hold under the condition (b) as well. §

PROOF OF LEMMA 1.3: Suppose u solves
—Au=du=W(z)u?"! inQ
(5.19,) ulog = 0
u>0 in

with A > A; and p > 2. Replacing e; by te; if necessary (¢ > 0) we can always assume
that e; < u in . Then
I/
Q

. P e
LW(z)el = - Au o1 -\
p(p 1) 268 p 1 e’
-2 / Vel ur—? —2h /Qur—2

(5:20) -1 [ FuPE - - x) ] =L

uP—2
P
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where we have integrated by parts twice to reduce the term with Au.

Now, we calculate A(loge;) and A(logu) to produce the following two identities:

[Vey |2 = —e2A(loge;) — Ay €2

|Vul2 = =WuP~u — u? A(log u) — Au?

After substituting into (5.20), we obtain:

~(-2) [ Wyt = -HE=) “_Aloges)

(p—2) Jqur?
1 A
+(p-1) = (log u)

(p=1) [ e
(1;_2) Qu:1_2 +(A—A1)(P—2)/Qup_l_2

(p—1) el el el
> (r—2) _/Qul"2A log 3 ---4/\1_/(2“?_2

2 2
_,(p-1 el el
(5.21) =4 (Fi) [[1 \vJ up-1 - /\1 -1
On the other hand,
of
ul’}‘l ¢ spa‘n{el}

and so the right-hand side of (5.21) is strictly positive and

/ W(z)e} < 0.
Q
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