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ON CHAINS OF RELATIVELY SATURATED SUBMODELS OF A STABLE
MODEL

Rami Grossberg*
Department of mathematics
Carnegie Mellon University

Pittsburgh, PA 15213

Abstract Let M be a given model, we call N<M relatively
saturated iff for every B&EN of cardinality less than INI every type
over B which is realized in M is realized in N. We discuss the
existence of such submodels.

The following are corollaries of the existence theorems.

(1) If M s of cardinality at least :wf and fails to have the w order
property then there exists N<M which is relatively saturated in M of
cardinality 30)1.

(2) Let T be a countable L theory. If there exists an uncountable

w1,
cardinal X such that l()(,T)<2X then every model MKET of cardinality
greater or equal to 2 has a relatively saturated submodel of

Wy
cardinality le.

*Partiallg supported by the NSF. 1 would like to thank Michael Albert for
listening to a proof, and correcting many errors.
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Here we continue the study of stability inside a model (as started
in [Sh2] and [Gr]) rather than of stability inside an arbitrarily large
saturated model © as in [Shi1]. In general a union of a chain of
saturated models need not be saturated (see [AIGr]). However from
Theorem 111 3.11 of [Sh1] it follows that when a first order theory T

is stable then a union of a chain of cofinality greater or equal than |T|+
of saturated models is saturated. Our goal here is to generalize this
result, this is done in Theorem 2(2). This seems to be of greater interest
than just a simple generalization of [Sh1] to this context. We hope that
this may serve as a beginning of a classification theory for some non
elementary classes.

A word on notation: Since our work will be carried out inside a
given model M, when AGM we use S(A) to denote the set of types with
parameters from A realized in M. We follow the notation of [Gr]. M has
the p- order property iff there exists a formula ¢P(x:y)eL(M) and a
subset of finite sequences of M {ao<:o<<p} satisfying:

for every o,8<p x<f < r’ll=kp[ao<;aB].

Definition 1 We call N<M _x relatively saturated iff for every
B&N of cardinality less than x every type over B which is realized in

M is realized in N. We denote this by N<_, M. when N is INI-

relatively saturated we say that N is a relatively saturated

substructure of M. When N is relatively x* saturated we denote this
by N<KM.

Our aim here is to find conditions on M, INIl, and x which will imply
the existence of arelatively saturated submodel N of the structure M.

Main Theorem 2 Let M be a structure whose similarity type is of
cardinality x.
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(1) Suppose M does not have the oa order property.
(l.La) If X, and ji satisfy X"=X (and JJ>X) then M has a

submodel N of cardinality X which is p* relatively saturated.

(I.b) If x<cfX, X=2 X: , and for every i<cfX
i<cfX '
Xj*=Xj, then for every {MY<rl = i<cfX} increasing chain of relatively
saturated submodels such that IT I=X: the model M*U IT: is
P i<cfX '

relatively saturated in M.

(2) Suppose M fail to have the a>- order property. Let X be a
cardinal such that X"=X. if-{Mj<rl = i<cx} is an increasing chain of X-
relatively saturated submodels, and cf<x>x ther— U T is a X-

i<cx !
relatively saturatTe_d submodel of M'd
(38) Let Mo | C&((™ and  x=Xo. -Suppose there exists an

h, <2
uncountable cardinal X such that I(X,T)<2* . If X satisfy X=X 1

then every model NI=T of cardinality at least X has a relatively
saturated submodel of cardinality X.

It is not hard to derive the following corollary from parts
(l.a).(I.b) and (3) of Theorem 2-

Corollary 3 Suppose that M has a countable similarity type, and is of
cardinality at least "1

(1) If M does not have the G) order property then M always has a
relatively saturated substructure of cardinality » .

(2) If 3X0 such that KXJh~ a(M)<2" then M always has a

relatively saturated substructure of cardinality Sw,' 03
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Remarks (1) There is a natural example showing that :l(1L>1 in

Corollary 3 can not be replaced by 2 namely the assumption in the

w
Main Theorem that cfA>|L(M) (=x) is essential. For this see Theorem 2
of [AIGr] when Th(M) is stable but not superstable.

(2) Corollary 3 can easily be generalized to uncountable
similaritg types.

(3) Let yelL have countable similarity type. If ¥ has a model

w1,

of cardinality 2 and there exists an uncountable X such that

+

IX.Thy, »™MN<2X then by Theorem 1.6(1) of [Grshl there is no

P(x;y)eL which has the 38 order property for some s<\’. This
AW

can be used to repeat the relevant parts of [Gr] which are needed here,

and by proving a version of the main Theorem we can get submodels

which are strongly - relatively saturated submodels l.e. the types can

include also formulas from some countable fragment of L

2w
(4) The last remark can be generalized to uncountable similarity
types. Suppose VYeL when L is of cardinality <x. In this case in

X W
order to apply Theorem 4.2 of [GrSh] we should start with a model of
cardinality :8(9\ ) (for definition of &(\,x) see Definition 4.1(1) of
K

[Grshl), and the fragment of L , can be of cardinality x.

AW
We will make use of the following

Lemma 4 Suppose B is a set of cardinality x. Let N=2B satisfy
N<KM, and let C&M contain N. If p,,p,€S(C) both do not split over B, -
and pyN=pJN then p;=p,.

Proof of 4 Follows easily from Exercise 1.2.3 of [Sh1]. 0,4
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Proof of the main Theorem (1.a) Since AM=X\ by Lemma 6(1) of [Gr]

M is stable in A. Define by induction on i<p+ M; increasing and

continuous chain of submodels of M of cardinality A, such that Misy

contains realizations to every type from S(M;). Clearly (by regularity
of p") N=U M, is as required.
i<x

(1.b) Let Ay, My, and M Dbe as in the assumbtion. We will

i
prove that M’ is arelatively saturated submodel of M. Let ASM' be a
given set such that |A|<IM'l, and suppose peS(A), we will find below a

finite sequence (in M) realizing this type (in fact >\+_ many elements).
i

Let a€eM be an element such that p=tp(a,A). Define p':=tp(a,M’), since
cfA>x and M’ is a union of relatively saturated models we have that
M'<, M. By Lemma 7(1) of [Gr] there exists BEM' of cardinality at

most x such that p’ does not split over B.
Since cfA>x there exists i<cfA such that BQM'i. Let )\:=>\i.

N*:=M"., ;. Define {N;<N*: i<A"} increasing and continuous, and
(ajeN;,, + i<A"}  such that

(i) Ng=B,

(i) I!Nill=?\.

(iii) Ni+l<)<N* .
(iv) tp(ajN;D=tp(a,N;D, and

The construction, can be carried out since >\K=>\, the relative saturation

of N*, and Lemma 6(1) in[Gr]. Let N:=U >\+Ni . (It is easy to check
i<

that l:={ai : <A’} is an indiscernible sequence over Ny.)
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Notation 5 Let CQM, and k=M be a set of finite sequences (all of the
same length).
Av(1.C):= (<P(xc) : ceC, there exists JCI of cardinality less than
the cardinality of | satisfying: |l there exists a sequence
ael-J such that rll=<p[a;c] then for every ael-J =* Mt=<p[a;c]}.

Claim 6 For | as above, and every C of cardinality <X, Av(l,C) is a

complete type, realized by an element of I.

Proof Let ceC be given, consider q;=tp(c,N). By Lemma 7(1) of [Gr]

there exists B'QN -of cardinality at most x, such that g does not split

over B'. There exists i<X" such that B'QNj . Let Jc.:=inNj , we will
show that if there exists a sequence a®l"J. such that Mt=<p[a;c] then
for every ael-J .=> Mt=<p[a;c] for every <p . Let <P(x;c) be formula
over C. such that Mt=<pla;c] for some ael-J.. Let bel-J. be an

arbitrary sequence. We have that

Mt=<pfb;c] <=<plby)<Eq (1)
By the choice of |, and Lemma 4 we have
tp(a,Np)=tp(b.N;). (2)

However since q does not split over Nj certainly also tp(c.l) does not
split over Nj (remember IQN). This together with (2) implies
<P(b}y)ea<=><p(a;y)eq (3)
Now (1) and (3) together imply what we wanted , namely:
Mt=<p[b;c] «<p(b;y)eq <=><p(ayy)eqc*Mt=<p[a;c] (4)

Since |I|:X+ is a regular cardinal and greater than |C, J=U JCr IS
Cec

as required, and Av(l.C) is realized by any element of [-J.
D
6
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Apply Lemma 6 to C:=A. Let §<\® be such that J from Lemma 6
is included in Ng. We may assume that Ng also contains B (the set

from the beginning of the proof). Apply Lemma 6 again to C==A’UN8.

Let £<\" be such that the corresponding J is included in Ngﬂ and
N8§N£+] .
Claim 7 Av(I,N£+]UA)=p'|(N&+]UA).
Proof By Lemma 6 q==Av(I,N£+1UA) is a complete consistent
(=realized in M) type over C==N£+‘UA. Since p’|C does not split over
B, and the choice of 1 (remember they all realize p‘lN&”), by Lemma
4 it is enough to show that q does not split over B.

Suppose Cy:=np"a, (2=1,2) are such that tp(c,,B)=tp(c,,B),
and  P(xicIA-P(x:Cr)eq:  when ngeNy,, ., and a, €A By the x'-
relative saturation of N£+l there are a’y eN(;_:\L1 such that
tp(a’'y .BUN;Uny)=tp(a,,BUn,;Uny,). Hence there are
c’£==n‘Q“a‘QeN£H realizing the same type over B such that
ﬁP(x;c'l)/\ﬂP(x;c'z)eq]Nb], a contradiction to the fact that q|N£+ {
does not split over B. D7

This completes the proof of (1.b).
(2) Similar to (1.b).

(3) By [Sh3] (see also [Grshl) If 3X>X, such that I(X,T)<2X
then there exists a limit ordinal &8<w,; such that If MET then M fail
to have the :8 - order property. By our assumption on A we have that

2 |
A=A ., we can now use Lemma 7(2) of [Gr] and repeat the
argument of (1.b). o,
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