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ABSTRACT

The problem of maximizing the expected utility from terminal wealth is well understood
in the context of a complete financial market. This paper studies the same problem in an
incomplete market containing a bond and a finite number of stocks, whose prices are driven by
a multidimensional Brownian motion process W. The coefficients of the bond and stock
processes are adapted to the filtration (history) of W, and incompleteness arises when the
number of stocks is strictly smaller than the dimension of W. It is shown that there is a way
to complete the market by introducing additional, "fictitious" stocks, so that the optimal
portfolio for the thus completed market coincides with the optimal portfolio for the original
incomplete market. The notion of a "least favorable" completion is introduced and is shown to
be closely related to the existence question for an optimal portfolio in the incomplete market.
This notion is expounded upon using martingale techniques; several equivalent
characterizations are provided for it, examples are studied in detail, and a fairly general

existence result for an optimal portfolio is established based on convex duality theory.



1. INTRODUCTION

This paper studies the problem of an agent who receives a deterministic initial capital,
which he must then invest in an incomplete market so as to maximize the expected utility of
his wealth at a prespecified final time. The market consists of a bond and m stocks, the latter
being driven by a d—dimensional Brownian motion. In such a model, incompleteness arises
when m is strictly smaller than d. The market coefficients, i.e., the interest rate, the rates of
stock appreciation, and the stock volatility coefficients, are random processes adapted to the
full d—dimensional Brownian motion. When m < d, it is typically not possible to construct a
portfolio consisting of the bond and the m available stocks, so as to completely hedge the risk
associated with these coefficient processes.

In Sections 2 through 5, we define the utility maximization problem faced by the agent.

In Section 6 we present the solution when the market is complete (m = d), and complete

hedging is possible. This solution prdceeds in three steps. First, on the underlying probability
space one determines a new measure which discounts the growth inherent in the market; under
this measure, the expected value of the final wealth attained by any reasonable portfolio is
equal to the initial endowment. Secondly, among all random variables whose expectation under
the new measure is equal to the initial endowment, a most desirable one is determined.
Thirdly, it is shown that a portfolio can be constructed which attains this most desirable
random variable as its terminal wealth; this portfolio is optimal. A complete market is one in
which the agent can construct a portfolio which attains as final wealth any random variable
with expectation under the new measure equal to tﬁe initial endowment. Because such a
construction is possible, it is said that the agent can hedge against the risk associated with this
market. Mathematically, the construction of a portfolio uses the fact that any martingale with
respect to a Brownian filtration can be represented as a stochastic integral with respect to the
Brownian motion; the integrand in this representation leads to the portfolio we are seeking.

However, if there are fewer than d stocks, this line of argument fails.



Ip Section 7 we introduce a convenient way of thinking about an incomplete market:
fictitions completion. When there are fewer than d stocks, then one augments the stocks with
certain fictitious ones so as to create a complete market. If the fictitious stocks have a high
appreciation rate, then under an optimal portfolio the agent will hold a long position in them,
but if they have a low (even negative) appreciation rate, then he will hold a short position.
Thus one would expect to be able to adjust the appreciation rates of the fictitious stocks so that
the agent, by optimal choice, does not invest in them at all. These judiciously chosen fictitious
stocks allow us to write down the complete market solution for the utility maximization
problem but are superfluous in the actual implementation of the optimal portfolio, which must
then also be optimal for the original incomplete market. The fictitious completion with the
above property is the least advantageous to the agent, because the portfolio which is optimal
under this completion is available to him under every other fictitious completion. We thus
have the notion of a lﬂaﬂ.fammblﬁ_ﬁmmg“mmmxm for every fictitious completion we
compute the portfolio which maximizes the expected utility of final wealth, and then we choose
the completion which makes this maximum expected utility as small as possible.

As explained in Section 7, a convenient way to parametrize fictitious completions of an
incomplete market is by a certain space of continuous local martingales, each local martingale
being the Radon—Nikodym derivative process of the new measure alluded to in the earlier
discussion of complete markets. This kind of parametrization is studied in Section 8, and
several pertinent results are established. One would also like to be able to characterize the
local martingale corresponding to the least favorable fictitious completion, and to show that it
gives rise to an optimal portfolio in the original incomplete problem; this program is carried out
in Section 9, in which various such equivalent characterizations are provided. Section 10
studies two examples in which the least favorable fictitious completion can be computed fairly
explicitly. In the first example the utility function is logarithmic, and it is discovered that the

fictitious stocks in the least favorable completion should have rates of appreciation equal to the
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interest rate of the bond. Thisis avery general result; insensitivetoTlhe nature of the
.dependence of market coefficients on the driving firownian-motion,**h*-the second example |t is
assumed that the utility function is of the power form, and that the-driving Brownian motlon
splits into two independent parts; the first part drives the $€Kdt- processes, Whose coeff|C|ents ‘
are adapted solely to the second part. . Theleast -fevorablelooal: martingale is exhibited as the
solution to a martingalerepresentation problem, and the optimal portfoBo is found to '_tl).e gi;;en _
by the formula already known to be correct for. deter ministic model- coefficients.

In Section 11 weintroduce ah auxilliary optimization problem”™ involving thefamin of
local martingales whickcharacterize fictitious completions; this problem is "dual™ to the
"primal" utility maximi'lgation question of Section 5, in the sense of convex duality. We study )

the relation between the primal and dual problems, and explain how a solution to the latter
induces one for the former. The qU%tion of existence in the dual ‘problem is-tantamounf to the |

existence of a least favorable fictitious completion; it is dealt with in section 12, by the use of

methods from convex analysis. : T R ARE -

Our mode for the financial market can betraced back to Merton [1546} and Samuelson

[19]. The modern mathematical approach to portfolio management in complete markets, built

-

~around the ideas of equi‘valent martingale measures and the cr,eaIion‘of portfolios"from
'martlngalerepreeentatlon theorems, began with Harrison & Kreps [5] and wasfurther .
.developed by Harrison & Pliska [6, 7] in the context of option pricing. Pliska [18] Cox & -

Huang [2,3] and Karatzas, Lehoczky & Shreve [12] adapted the martlngaleldeasto problems of
utility maximization. Much of this development appearsia ‘Section '5/8 of K aratzas & Shreve L
[13], from which Section 6 of the present paper is drawn; see also the review article of Karatzas
[11] for a survey of financial economics problems in complete markets. An extension of the Y
above papers to infinite horizon problemsis reported by Huang and Pages [10].

A first step toward a martingale analysis of incomplete markets was taken by Pageﬁ [17],

who considered a Brownian model in which the number of stocks was strictly less than the



dimensién of the driving Brownian motion. However, ihe coefficients of the bond and stock
prices in this model were allowed to depend on the underlying Browniaﬁ model only through
the bond and stock prices themselves. Thus, the vector of bond and stock prices formed a
Markov process. This specialization created an essentially complete market; and thus it avoided
the more interesting case.of a market with genuinely unhedgeable risk. However, Pagés did
characterize the class of equivalent martingale measures which could arise in an incomplete
model, and this laid the groundwork for further developzﬁents (e.g., Lemma 8.2 in this paper).
A more substantive step was taken by He & Pearson [8] in a discrete—time, finite probability

| space model, where the authors proposed finding the optimal intermediate consumption and
terminal wealth corresponding to each of the equivalent martingale measures, and then
searching over those policies to find a pair yielding the minimum expected total utility. Using
separating hyperplane arguments, théy were able to show that the total utility obtained by this
two—step "minimax" process is the optimal total value for the incomplete problem.

He & Pearson have also studied the incomplete problem in a continuous—time, Brownian
model. In an early version of He & Pearson [9], the authors consider Pagés’ characterization of
the family of equivalent martingale measures and search over this family for a "minimax"
equivalent martingale measure, which would lead them to the optimal consumption and
portfolio processes just as in a complete market. The martingale associated with this measure
would create the "Arrow—Debreu" state prices in the incomplete model. However, the
continuous—time model is more subtle than one might expect, and although it is now clear that
Arrow—Debreu state prices exist for the incomplete model under some assumptions, it is not
clear that they are associated with a martingale.

The present paper uses local martingales rather than martingales to address the issue of
market incompleteness in continuous—time models. This work was motivated by the
aforementioned previous version of He & Pearson [9], and by the use of local martingale

methods introduced by Xu [20] in the study of incompleteness induced by a prohibition on the



short—selling of stocks. Using the stochastic duality thoery of Bismpt [1], Xu formulated a dual
problem.whose solution could be shown to exist and could thén be used to obtain é:dstence and
characterization of the solution of the original problem. As this paper shows, such:duality
methods can also be used in the traditional incomplete Brownian market model. While we still
do not know if the minimax equivalent martingale measure sought by He & Pearson exists in
any generality, we show here that the solution tc;Bismut’s duaJl proble’m‘is a "least favorable
local martingale" which can be used to generate a sequenée of equivalent measures. The
existence of this least favorable local martingale is sufficient for the study of many models. A
notable exception is the incomplete markets model in which the agent’s endowment is a
stochastic process; we do not know how to obtain the existence and a characterization of the
optimal policy for such a model in terms of a least favorable local martingale, unless it is
actually a martingale.

He & Pearson [9] have incorpdrated Xu’s local martingale techniques into their original
work. He & Pearson [9]_ report the existence of an optimal portfolio for the terminal wealth
utility maximization problem when the index of relative risk aversion is everywhere greater
than or equal to one, and they report similar results for the problem with intermediate
consumption and consumption at the terminal time when the index of relative risk aversion is
everywhere less than or equal to one. Our paper deals only with the case of terminal wealth
utility maximization when the index of relative risk aversion is everywhere less than or equal to
one; the generalization to also allow for intermediate consumption is straight—forward.
Whereas He & Pearson [9] assume that some augmentation of the market model will result in
Markov prices, we allow general It6 price processes. He & Pearson [9] do not address the
difficulties which necessitated our assumption (4.8) and the introduction of the set K;(o) in

Section 9, and consequently there is still some doubt whether their conditions are sufficient to

justify the results they claim.



2. THE MARKET MODEL

We adopt a model for the financial market consisting of one bond with price Po(t) given

by
(2.1) dPo(t) = r(t)Po(t)dt, Po(0) =1,

and m stocks with prices per share Pji(t), i = 1,...,m, satisfying the equations

(2:2) dP;(t) = P4(t)[bs(t)dt + _gl o5i(t)dWj(t)], i=1,.,m.
J=

Here W = (W,,...,Wd)’k is a d—dimensional Brownian motion on a probability space (2,%,P),
and we denote by {F} the P—augmentation of the filtration generated by W. It is assumed
throughout that d > m, i.e., the number of sources of uncertainty in the model is at least as
large as the number of stocks available for investment.

The interest rate 1(t), the vector b(t) = (by(t),...,ba(t))  of stock appreciation rates,

and the yolatility matrix o{t) = {0j(t)};(;¢, 2re the coefficients of the model. They are
1Kj<d
taken to be progressively measurable with respect to {F}; it is also assumed that

(2.3) JTIIb(t)lldt <w JT [x(t)]dt < L
0 " Jo l

hold almost surely, for some given real constant L > 0. The positive constant T is the
mminal_ﬁmg‘for the problem. All processes are defined on [0,T].

We assume that the matrix o(t) has full rank for every t, so the matrix (a(t)o".‘(t))'1
and the relative risk process



(24) 08) £ o (8)(o)o (1))[b(t) — x(t)1]

are defined. Throughout this paper, we denote by 1 a vector whose every component is 1

and whose dimension is appropriate for the context. It will be assumed that
T
(2.5) j l6t)|dt <w, as. P.
0
We shall have occasion to use the so—called discount process
29 1) & pobey = exvi- | (6}
. m')' exp 0 ’
as well as the process
A t
@2.7) Wo(t) & W(t) + jo &(s)ds
and the exponential local martingale
‘ A t s 1 t 2
(28) Zu) & exp (- | 6/ @aWes) -3 [ Nos)las)

2.1 Definition: A financial market as above will be called complete if m = d, and incomplete if
m<d.



3. PORTFOLIO AND WEALTH PROCESSES

A portfolio process #(t) = (w,(t),...,ar.,(t))* is an R®—valued, {¥}—adapted process
satisfying

T
(3.1) jo o (6)x(t)|%dt < w, as. P.

We regard 7;(t) as the proportion of an agent’s wealth invested in stock i at time t; the

* m
remaining proportion 1—x (t)1 =1— ¥ =y(t) is invested in the bond. We do not constrain

1=

these proportions to take values in the interval [0,1]; in other words, we allow both
short—selling of stocks, and borrowing at the interest rate of the bond. For a given,
nonrandom, initial wealth x > 0,let X™" denote the wealth process corresponding to a
portfolio  defined by X*(0) = x'and

(3.2) ax®%(t) = r(t)X*"(t)dt + X5T(4)r (1)[(b(t) r(t)1)dt + o(t)dW(t)]

= r()XT(1)dt + XZT()x (t)o(t)dWo(t).

In other words,
X, 7 toe 1t *
(33) BOX() = xexpl] 7 ()ofe)aWols) 3 | 1o @)

=x+ J; B(s)X= ()7 (8)o(s)dWo(s), 0<t<T.

3.1 Remark: An application of It6’s rule to the product of the processes Z, and FX*T of



(2.8), (3.3) leads to

(3.4) B)Zo(t)X®T(1) = x + j; B(5)Zo(5)X%"(5) (0 (s)(s) — 6(s)) AW (s).

This shows, in particular, that the process fZoX™" is a nonnegative local martingale, hence a

supermartingale, under the original measure P.

4. UTILITY FUNCTIONS
We introduce a utility function U : (0,0) = R which is strictly increasing, strictly

concave, continuous and continuously differentiable, and satisfies

(4.1) U(0) 2 1imU'(x)=w, U'(x) 2 lim U'(x)=0.

x| 0 X-w

The (continuous, strictly decreasing) inverse of the function U’ will be denoted by

I:(0,0) - (0,0); by analogy with (4.1), it satisfies

(4.2) 10)4 1imI(y)=o, I()£ limI(y)=0.
ylo

yw

We introduce also the function
(43) U(y) & m;g[U(X) -xy]=U(I(y)) -yl(y), 0<y<o
x

which is the Legendre transform of —U(—x), with U extended to be —w on the negative real

axis. The function U is strictly decreasing, strictly convex, and satisfies
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(44) U'(y)=-1(y), 0<y<e

(4.5) U(x) = mi n[0@y) + xy] = O(U'(x)) + xU'(x), 0 <X < .
y>0

The usful inequalities
(46) U(l(y)) > U(X) +y{I(y) -x];Vx>0,y>0
(4.7) U(U' (x))<U(y)-x[U' (x)-y]; Vx>0,y>0

follow then directly from (4.3), (4.5).

The monotonicity of U and U guarantess that the limits

U(0)4 limU(x) , Ua4 limu(x)

xj 0 Yo
0(0)4 IilrSU"(y) . U(0)4 1imU(y)
Yo

exist in the extended real number system.

4.1 Lemmi: U(0) = U@@>), U(0) = U@>).

Proor: It followsfrom (4.3) that U(CD) g limU(l(y)) = U(0), aswell as

b and

J(0) ~ lim (U()—e] =U(@©)-c, Ve>0,

trrm
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whence U(w) = U(0). Similarly, it follows from (4.5) that U(w) > 1im U(U’(x)) = 0(0), as

X- o

well as
U(o) < lim [ﬁ(%) +¢=00)+¢ Ve>0,
= e
whence U(w) = U(0). D
We shall have occasion to impose the following condition on the utility function U:
(4.8) aU/(x) > U (1x); ¥V xe(0m)
for some a € (0,1), 7€ (1,0). Quite obviously, such a condition is satisfied by utility functions
like U(x) =logx or U(x) = -15 16, withd<1,64#0.

Upon replacing x by I(y) in (4.8), and then applying I to both sides of the resulting
inequality, we see that (4.8) is equivalent to the condition:

(4.8) I(ay) ¢ 71(y); V ye(0),

for some a€ (0,1), 7€ (1,0). By iterating (4.8)’, one obtains the apparently stronger

statement

(4.9) Vae (0,1),3 7€ (1,0), such that: I(ay) < 7I(y) ; Vye€ (0,0).
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5. THE UTILITY MAXIMIZATION PROBLEM
For a given utility function U and a given initial capital x > 0, the stochastic control

problem considered in this paper is the following: f0 maximize the expected utility from
terminal wealth EU(X™™(T)) < w , over the class (x) of portfolio processes 7 that satisfy

(5.1) E(U(X*M(T)))” < a.
The value function of this problem is denoted by

(5.2) V(x)4 sup EUXSTT)),
xE€f(x

and we shall assume throughout that it is finite:
(5.3) V(ix)<w, V x€ (0,0).

A portfolio process 7 € £(x) which attains the supremum in (5.2) is called optimal. In
sections 9, 11 and 12 we provide conditions that ensure the existence of optimal portfolios, as
well as various characterizations of optimality. Some examples, in which optimal portfolios can

be computed explicitly, appear in section 10.

5.1 Remark: In the case of a market model for which the relative risk process &-) of (2.4)

satisfies the condition

T
(5.4) jon A%t < C, as.

for some given real constant C > 0, a sufficient condition for (5.3) is
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(5.5) U(x) <k +kox8,V x€(0,0)
for some k; > 0,k;> 0, 6 € (0,1).

Indeed, then the process Z, of (2.8)is a martingale, and W(-) is a Brownian motion
under the probability measure Po(A) = E[Z¢(T)1,] on Fq (the Girsanov theorem; c.f.
Karatzas & Shreve (1988), §3.5). For any p € (1, %] and suitable constants ¢y > 0,c2 > 0, we
have

(5.6) UR(x) < ¢y + c2 X8, V x € (0,0)

from (5.5), where U,(x) £ max{U(x),0}. Also, we have
X, | T 1-60) (T, *
OST(T))or = x80 - expltp | x(s)as ~ BGRL[ o' ()]s
| T & sip2 (T #
(7) - expltp [ x'(e)ete)awa(s) - G2 [ o’ @]

L T » 1 T * 2
< (e - exmlip [ o ()o(6)aWals) ~3 697 o ()P

from (3.3), and
T « 2 (T (T
(58) B2 %) = Blexpla [ 6'(0)aWo(e) 5 [ 1000} - exp(@G=LL [ ys)ivasy

< exp{f*(%'—12 C}
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for (2.8) with -113+ 511'= 1. Now (5.6)—(5.8), in conjunction with the Holder inequality, give
E U(X™(T)) = EoZ5(T) UX(T))]
< (Beza(T)) M YELURX*"(T))) /P
< exp{{82) €} (c1 + exe"x)P) /P <o
for every =€ (x), justifying (5.3).

6. THE COMPLETE MARKET SOLUTION

The utility maximization problem of Section 5 admits a simple solution in the case m =
d of a complete market; this solution was derived by Karatzas, Lehoczky & Shreve [12] and
independently by Cox & Huang [2,3]. We review briefly in this section the pertinent results,
both for easy reference and for later usage in the treatment of the incomplete market case.

For every portfolio process 7 € 6(x), the supermartingale SZ,X™7 of (3.4) satisfies
(6.1) E[B(T)Zo(T)X®™(T)] ¢ x.
Let us assume now that
(6.2) E[A(T)Zo(T)(yA(T)Zo(T))] <w , V y € (0,m)
holds, so we may define a function %: (0,0) - (0,0) by

(6.3) £ o(y) & E[B(T)Zo(T)(yH(T)Zo(T))).
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The function &, inherits from I the property of being a continuous, strictly decreasing
mapping of (0,0) onto itself, and so £, has a (continuous, strictly decreasing) inverse ¥,

from (0,0) onto itself. We define

(6.4) €8 £ 1(§o(x)B(T)Zo(T)).
6.1 LEmua. The random variable ¢3 satisfies

(6.5) E[H(T)Zo(T)¢F) = x,
(6.6) E(U(&)) <o,
and for every portfolio 7 € £(x), we have

(6.7) EU(X™"(T)) < EU(£3).

Proor: Equation (6.5) follows directly from the definitions of ¢§ and #,. From (4.6) we

have

U(£5) 2 U(1) + Zo(x)AT)Zo(T)[EF - 1]
2 = [U1)| = #o(x)B(T)Zo(T).
But g is nonnegative and bounded a.s., and Z, is a nonnegative local martingale, thus a

supermartingale. Therefore E[§(T)Z¢(T)] < o, and (6.6) follows. Now let x be a portfolio
satisfying (5.1). From (4.6), (6.1) and (6.5) we have



16
EU{¢%) > E{UXX(T)) + 1,(x)/2(T)Zo(T)[ft - X*>*(T)]}

> E UX*"(T)). D

From Lemma 6.1 it develops that if there exists a portfolio X such that {$ = X*""(T),
then fc isoptimal. We have so far not used the assumption of market completeness; this

assumption is used only in the condruction of the portfolio fr which finances f %, a question

that we now broach.

We begin with the martingale
(6-8) M(t) £ E[B(T)Zo(T)EF| 5.

Being adapted to the Brovmian filtration {"ﬁ_ M admits the stochastic integral

. representation

14

(6.9) M(t) = x + L V (s)dW(s)

T
for some {".—adapted process * satisfying J; I (s)|[’ds < a> a.s. According to It0's lenma
0
*
AL (MO + MR AW,
0

and thus;

=MT) - 35 (V) + MEO<I0) dWol).
AT)ES 7.0 +JOZOI(t)(V)+ (t)<J(t))*dWo(t)
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We define

cy A L ey [f 2 *aWo(s)],
(6.10) X(t) ﬂ(t)[ +j0 e (¥(s) + M(5)0(5)) AW (s)]
6.11 s —1 (5 ) Uw) + M) AR)),
(6.11) %(t) ﬂ(t)Zo(t)X(t)( (£))73(¥(t) + M(t)

- - - N *
and verify that X(0) = x, X(T) = £ as well as d(B(t)X(t)) = A(t)X(t)7 (t)o(t)dWo(t) hold.
A comparison with (3.3) shows that X(-) is the wealth process corresponding to the portfolio
T X(:) = X°7().

We have proved the following result:
6.2 TEEOREM. Let an initial wealth x > 0 be given. In a complete market (d = m) under the
assumption (6.2), the portfolio # given by (6.11) is optimal. The resulting optimal terminal

wealth is given by (6.4).

6.3 Example. (Logarithmic utility function).
Suppose U(x) =1logx. Then q(x) =% and

T 1 T «
(612) = xem]_ G +Ia0r+ [ owaw).
Let 7 be given by

(6.13) 3(t) £ (o(8)o (1))"b(t) — (1) 1)
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From (3.4) we have: Xx’*(T) =—>X = ¢§,80 7 is optimal and
' B(T)Z((T)
X, T 1
(6.14) V(x) = E[log X®*7(T)] = log x + E Jo (x(t) + 5 6(8)1)at,

provided that this last expectation is finite (cf. Karatzas [11], §9.3 and §9.6).

6.4 Example. (Power utility function and deterministic model coefficients).
Suppose that U(x) = %xS, where 6 < 1, §# 0, and suppose that the processes r and ¢

t t
are deterministic. Then exp{I%J 0*(s)dW(s) - #J [16(s)||?ds} is a martingale with
0 2(1- 0

expectation equal to one (Karatzas & Shreve [13], p. 199, Corollary 5.13), and from (6.3):

1 T T &
Eoy) =y exp{rZ; | () + 3 106)ds - B ecp{rfzjo 0'(s)aW(s)}

1 T
=y ! ﬁp{rf‘g‘[o m(s)ds},

where
(6.15) m(t) £ £(t) + grrgy AW

It follows that Jo(x) = x5! exp{é J: m(s)ds}, and

(6.16) es=xexp{JT (+(8) + gy BN + o jT 0" (1)aW (1)},
0 - =5 0
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Taking
(6.17) () & s (o) (1)) olt) — () 1]

in (3.4), we obtain

X7 g2 [t 2 § [t *
AL = xexpl - [ hoelas + y55 ]| 0w,

from which follows X™7(T) = ¢§ and thereby the optimality of .

7. FICTITIOUS COMPLETIONS OF AN INCOMPLETE MARKET

The utility maximization problem of section 5 for an incomplete market (d > m) will be
studied by the method of "fictitious completion". We shall perform, in other words, the
thought—experiment of introducing d—m additional stocks driven by the d—dimensional
Brownian motion W, thus creating a fictitious complete market in which the utility
maximization problem can be solved as in section 6. We will then try to determine
appreciation rates for these additional stocks, so that the optimal portfolio in the resulting
complete market does not invest in the additional stocks at all.

We expect that appreciation rates with this, rather special, property will exist, based on
the following heuristic grounds. If the additional stocks in the fictitious completion have
appreciation rates that are too high, then the resulting optimal portfolio will hold a long
position in them; if they have appreciation rates that are too low, the optimal portfolio will
hold a short position in them. Somewhere in between these two extremes, one expects that
there should be a choice of appreciation rates for which the optimal portfolio does not invest in

the additional stocks at all. In the remainder of the paper we shall try to place this intuition
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on firm mathematical ground.

Following the above program, we introduce an {¥ t}—progressively measurable,
uniformly bounded, (d—m) x d maxtrix—valued process p(t) whose rows, thought of as vectors
in Rd, are orthonormal and in the kernel of o(t), i.e., a(t)p*(t) = 0. We also introduce an

{F t}—progressively measurable, (d—m)—dimensional vector process a satisfying
T
(7.1) J la(t)lldt <, a.s.
0
We create fictitious stocks with prices Sj(t) governed by
d
(7.2) dSi(t) = Si(t)[a;s(t)dt + _Elpij(t)de(t)], i=1,..,d-m.

The matrix—valued process p will be held fixed throughout the remainder of the paper, but
the process a will be considered as a parameter.
For the augmented stock appreciation rate vector b £ [2] and the augmented volatility

matrix o2& [;] we can define an augmented relative risk process

(7.3) B(t) 2 5 (8)(5(t)5 (£))[B(t) — x(t) 1] = &(t) + nAt)
by analogy with (2.4), where
(7.4) 1) 2 p (Bla(t) - x(t) 1]

Notice that 8 (£)t) = 0, and thus [|B(t)[|2 = [|(t)]|2 + [[At)]]%. It will be assumed that
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T
(15 J Ioneat <o

holds almost surely, so that (by analogy with (2.8) and (6.3)) we may define the exponential

local martingale
1 * t
19 zmEen=] (76 +VENWE -5 NI+ IMIN)

t *
= 1= | 2605 + s) aWs)
and the function

(7.7) 5,(y) & E[B(T)2,(DIFAT)Z,T), O0<y<w.

If the condition
(7.8) F,(y) <o, V ye(0,0)

prevails, we may define ¥, to be the inverse of %, and set
(7.9) 2 1(%,(x)B(T)Z,(T))
by analogy with (6.4).

7.1 Remark: If the fictitious stocks introduced in this section were really available, then
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EU(¢;) would be the maximal expected utility of final wealth (Theorem 6.2). Since these
stocks are not available, we have

(7.10) V(x)& sup EUXS(T)) < EU(ED),
xEA (x)

and equality holds if there exists a portfolio process x such that

(7.11) X5™MT) = &, as,

i.e., if the terminal wealth ¢ can be financed without investment in the fictitious stocks. In
light of (7.10), such a = would be optimal for the problem of utility maximization in the
incomplete market. In Section 9 we shall discuss properties which # and v must havein

order to be related by (7.11).

8. A FAMILY OF EXPONENTIAL LOCAL MARTINGALES
Let us denote by L?[0,T] the class of {F t}—adapted, Rd—valued processes ¢ satisfying

T
(8.1) J, Iwoias <e
almost surely, and decompose L?[0,T] into the orthogonal subspaces
(8.2) K(o) & {v € LY0,T}; o(t)ft)=0, Yte[0,T], as},

(8.3) K*(0) & {0 € L0, T]; @) € Range(o (1)), ¥t € [0,T], as.}.
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8.1 Remark: Theprocess 0 of (2.4) belongsto K”(a), whereas the process v of (7.4) belongs
to K(<r). On the other hand, if v€ K{a) is given, then (7.4) can be solved for the appreciation

rate vector a of the fictitious stocks, by taking this vector equal to

(8.4) aw(t) 4,(tMt) +r(t) 1.

Thus, the class K(a) provides a parameter space for fictitious completions of the incomplete

market.

We shall denote by ffl, the fictitious completion of the financial market by the

additional stocks of (7.2), with /?(e) fixed and a(-) = a,(-), ve K(a).
D

The associated family of exponential local martingales KAy YXaV 6*'e" Ay (7-6), will
play a fundamental role in what follows.
8.2 LEMMA: Condder the discounted stock price processes

Qi(t) ~ 1?2(D)Pi(t); i=1,..m.

Then for every v€ K(a), the processes Z,Qi arelocal martingales under P.
PIOOF: It isseen from (2.2), (2.6) that

dQi(t) = Qi(t)[(bi(t) -r(t))dt + (Ti(t)dW(t)]

where ai(t) isthei'" row vector of the matrix o(t). It followsfrom this, (7.6), Itd's rule, and

afi)u{t) = 0, that
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d(Z,()Qu(L)) = Z,(t)Qi()[ox(t) — (&L) + A1) AW (2).

8.3 PropostTioxn: For any given x € J6(x), fZ,X™7 is a local martingale under P for every
v € K(0); in particular,

(8.5) E[H(T)Z,(T)X™*™(T)] < x, Vv € K(0).

Proor: From (3.3), (2.7) and (7.6) follows the analogue

t * x
(8.6) B)Z,()X(t) = x + Ioﬂ(s)zu(s)X(s)[a (s)x(s) — (&(s) + 1(s))] dW(s)

of (3.4) for the process X = X™". This representation shows that ﬁZva” is a positive local

martingale, hence a supermartingale, and (8.5) follows.

8.4 Remark: Suppose that = is a portfolio process, and that X is a continuous,

{F t}—adapted process which satisfies (8.6) almost surely, for some v € K(o). Then X is the
wealth process corresponding to the initial endowment x and the portfolio process =,i.e., X =
X*7™. Indeed, apply It6’s rule to the product of the processes SZ X and A,, where A, = Z;!
is easily seen from (7.6) to satisfy

dA(t) = A,)[(AL) + K1) AW() + (18012 + Ie)]Da),

and obtain (3.3).

The following result provides a kind of "converse" to Proposition 8.3.
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8.5 ProrosrTioN: Consider a positive, & T—measurable random variable B, for which there

exists a process A € K(o) with

(8.7) E[B(T)Z,(T)B] ¢ x = E[H(T)Z,(T)B]; VveK(o)
Then there exists a portfolio 7 € 6(x), such that X**(T) = B, a.s.

Proor: Define a positive, { ¥ }—adapted process X via

(8.8) Bt)Zy(1)X(t) = M(t) £ E[f(T)Z\(T)B | F,]; 0<¢t<T.

Certainly X(0) = x, X(T) = B a.s., and the positive martingale M in (8.8) has M(0) = x.
From the martingale representation theorem (Karatzas & Shreve [13], Problem 3.4.16, p. 184),

t T
M(t)=x +J p(s)dW(s) for some {F(t)}—adapted process ¢ satisfying J le(t)?dt < ®
0 0

almost surely. Since M is continuous and M(t) > 0 for all t € [0,T], we may define
YeLY0,T] by Wt) = -ﬁ{% Then

t » 1 t
(89) M) = xepl=[ ¥ (W -} [ Il

=x -j; M(s) ¢ (s)AW(s); O0<t<T.

Decomposing ¢ as ¢ = ¢; + ¥2 with ¥, € K*(0), ¥2 € K(0) and comparing (8.8),
(8.9) with (8.6), it transpires that proving the Proposition amounts to finding a portfolio =
such that
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(8.10) . “M)((E) + ¥a(1) = BOZ (X0 (1)x(t) — (&) + AR
This will certainly be possible, provided that

(8.11) ¥o(t) = At)

holds dt @ dP —a.e. on [0,T] x Q, because we can take then «x to satisfy

cr*w = 60— ¢, € K*(0). Consequently, we have to show that (8.7) implies (8.11).

To this end, consider an arbitrary but fixed v € K(o) and introduce the sequence of

stopping times {'rn}m . given by
ns=

t
(812) 7o 2 TAinf{t € [0,T]; M(t) 2 n, or L)(Ihbx(S)ll2 + l92(s)lI + lIA(s)lI%)ds 2 m,

1 ) t »
or jo l[4s)l1%ds > m , or |j0u (6)AW(s)| 2 n}

for every n > 1. Obviously, lim 7o = T almost surely, and we denote va(t) £ u(t)l[o, 'rn](t)'

-

Clearly A + evy € K(0) and

tATh = 62 tATq 2
(613) Ty, () =T exple [ 5 ()AW() + Xedes) = [ 7 It}
for every € € (—1,1), n > 1. On the other hand, the definition of 7, in (8.12) gives

(8.14) dnlel (B (D el
STo(T)

-l1<e<l.
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1t follows then quite easily (from (8.12) — (8.14) and the Dominated Convergence
Theoreni) that (8.7) implies:

(8.15) 0 = 5% EB(T)Z 0, (T)B]| = EIAT) - % Zave(T)] . " Bl

=~ EATIZA(DB |4 (6)aW(e) + X6)as),
or equivalently, in the notation of (8.8):
(8.16) E[M(a) j;” v (s)(dW(s) + A(s)ds)] =0, Vn2 L

Now It6’s rule, in conjunction with (8.9), gives

Tn

M(7a) jo V' (s)(dW(s) + A(s)ds) = j;“ M(t)r (£)(A(t) — pa(t))dt + JO M(t)y (t)dW (1)

Tn t % *
(817) = [ MV E)aWE) + AEH ) + ) W)

From the definition of 7, in (8.12) we see that the expectation of the two stochastic integrals
in (8.17) are equal to zero. Substituting back into (8.16), we obtain

(8.18) E J;” M(t)r (£)(A(t) — ¥o(t))dt =0, V n2 1.



28

The arbitrariness of v € K(o) in (8.18) leads to (8.11).

9. EQUIVALENT OPTIMALITY CONDITIONS IN AN INCOMPLETE MARKET
The conclusions of section 7 were predicated on the assumption (7.8), but this condition
will often not hold for all » € K(0); cf. section 13 (Appendix). Accordingly, we restrict

ourselves to the class

(9.1) Ki(o) & {ve K(0); v satisfies (7.8)}

in what follows.

9.1 Remark: If (4.8) holds, and v € K(o) satisfies % (y) < o for some y € (0,0), then
v € Ky(0). This can be verified easily, using (4.9).

For a fixed initial capital x > 0, let ¥ € .6(x) be given, and consider the statement

that 7 is optimal for the incomplete market maximization problem of section 5:

(A) OPTIMALITY OF : EUX®™(T)) ¢ EUXS(T)), V x € 4(x).

We shall characterize condition (A) with the help of the following conditions (B)—~(E).
For a given A € Ky(0) recall the notation of (4.3), (7.9) and consider the following statements.

(B) FINANCIBILITY OF £§: There exists a portfolio ¥ € £(x) such that

X""%(T) = £, as.
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(C) LEAST-FAVORABILITY OF X: EU(£&) < EU(£Y), V v e Ky(o).

(D) DUAL OPTIMALITY OF X: For all v € K(0),

ET(#,()AT)Z,(T)) < ET(#,(x)KT)Z,(T))
(E) PARSIMONY OF X: E[A(T)Z(T)¢) ¢x, V veKy(o).

Our principal result of this section, Theorem 9.4, states that conditions (A)—(E) are
equivalent, provided that (4.8) and U(0) > —o hold. This latter restriction is rather severe,
for it excludes the important special case of the logarithmic utility function U(x) = log x. For
this reason we develop also a somewhat more modest result, Theorem 9.3, which suffices for a
complete treatment of the logarithmic case (Example 10.1).

But first, let us try to motivate the developments that follow by discussing the
significance of conditions (B)—E). While we do not present any proofs for the claimed
equivalences in the discussion that follows, we offer some plausible arguments to the effect that

conditions (A)—(E) are connected to one another.

9.2 Discussion: For any given A € Ky(0), & is the optimal level of terminal wealth in the
fictitiously completed market 201,. When will it also be optimal in the original, incomplete

market? Presumably, only when there exists a portfolio # € £(x) which invests in the original

m_stocks only, such that xx,ir = £X. In other words, condition (B) has then to hold, and
condition (E) follows directly from (8.5). In particular, (E) says that the value of the
contingent claim £3 is at least as large in the fictitiously completed market 21, asin any

other market 2, v € K((0). Note in this connection that, according to the definitions,

E[A(T)Z,(T)€Z] = x, V A € Ky(0).



Furthermore, the terminal wealth ft can befinanced by investing in the stocks of any
other market ST” (since, in fact, it can be financed by investing in the original m stocks).
Thus we obtain the condition (C), which captures the " least favorable' character of A.

Let us derive finally the condition (D), at least in the case U(0) > -w (in which U is
bounded from below, thanks to Lemma 4.1, and thus the expectationsin (D) are well-defined).
Indeed, by writing (4.7) with x replaced by ft and y replaced by ~,(x)0(T)Z,(T) and

taking expectations, we obtain
EU(#\(x)B(T)Z,(T)) 2 EUC()/2(T)Z(T)) + Fp{x) -
{E(T)Z\(T)&) - EXT)Z,(T)EH}
> EU(()/2AT)Z,(T))
from condition (E).

9.3 TIEOIXM: Conditions (B) and (E) are equivalent, and imply both (C) and (A) with the

same T asin (B).
PEOOF: (B)=* (E): Followsfrom Proposition 8.3.

(E) =* (B): Follows by letting B = ft in Proposition 8.5.. Notice that this Proposition
remai.ns valid ifin it K(a) isreplaced by Ki(<r). In order to seethis, it suffices to observe that
the processes A + ei/, (appearingin (8.13)) belongsto Ki(a) for every c € (—1,1), a >_1>
because from (8.14) and thefact that A € Ki(a):
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Fyeer (V) £ el el Z,\(y 3ol ‘l) <o, Vye (0.
(B) = (A): Has already been shown in Remark 7.1.

(B)= (C): From the previous implication and (7.10)
EU(&) = V(x) SEU(£), Vv € Ky(0)

9.4 TxeoreM: Assume that U(0) > —w holds. Then

(i)  the conditions (B)—<(E) are equivalent, and imply (A) with the same portfolio # asin
condition (B); and

(ii)  conversely, if 7 € /£(x) satisfies (A), then there exists a A € K,(o) for which (B)—~(E)
hold, provided that the condition (4.8) is also in force.

ProoF: In view of Theorem 9.2, we need discuss only the implications (C) = (D) == (B) and

(A) = (B), under the appropriate conditions.
(C) = (D): For any given y > 0 and v € K(0), the convexity of U yields

(9:2) _I%T | O((y+e)A(T)Z,(T)) - DFAT)Z(T))| < ATIZ,(T) 1(§ AT)Z,(T))

in conjunction with (4.4), for € > —y/2, ¢ # 0. From the assumption » € K,(0), the random
variable on the right—hand side of (9.2) has expectation equal to % ,(y/2) < o, and the

Dominated Convergence Theorem shows that

(9:3) & EOGATIZ,(T)) = - EATIZTIFATIZT] = - 5,0)
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Therefore, for any given x > 0, v € K(0), the convex function
(0.4) () £ EOGATIZ(T) +xy; 0<y<a,

attains its minimum at J,(x), since f/(y) = x — % ,(y). But thanks to (C) and (4.3), we now
have for any y > 0 that

(9:5) L(y) 2 L,(#.(x)) = E[U(#,(x)A(T)Z,(T)) + #,(x)B(T)Z,(T)- 1(#,(x)B(T)Z,(T))]
= EU(I(#,(x)B(T)Z,(T))) = EU(&) 2 EU(E) =
=h(AHK), YveK(o)

‘and thus,
EU(#\(x)B(T)Z\(T)) = E[U(&) — AX)B(T)Z\(T)E3]
= f(#\x)) = x (%) < L(#(x)) = x (%) = EO(#\(x)B(T)Z,(T)).

(D)= (B): Repeat the proof of Proposition 8.5 up to (8.14), with K(o) replaced by

K,(0), (8.7) by (D), and B by ¢X. Everything then boils down to showing that the analogue -

(9) BIATIZTIE [ ¥ (6)@W (o) + Ae)as)] = 0

of (8.15) can be obtained from the consequence of D



33

(0.7) e EDUA®AT) Z e (TN, =0,

since A + evn € Ky(0) for every € € (—1,1), n > 1 (recall argument in the proof of implication
(E) = (B) in Theorem 9.3). Indeed, (9.6) follows formally from (9.7) by differentiating inside
the expectation sign, and using (4.4), (7.9), (8.13).

For a rigorous justification, recall (8.12) and use the convexity of U to obtain, for any
given y > 0:

(9-8) |O(YB(T) 2y sey_(T)) = U(yA(T)Z(T))]

< YBT) IGAT) min{Zy () s ()12 s (T) = Z(T)
<yBTYER! € 1) 2,(T) 1A(T) P2, (1)

< Kal€| - yB(T)Z\(T) I(yA(T) € >22,(T)),

3
where Kné sup £

n€e
__e—_—'l" The expectation of the right—hand side of (9.8) is equal to
0<e<1
¥Ka|¢| times E[f(T)Zy(T)i(ye "A(T)Z,(T)] = Fx(re "), a finite quantity by the
assumption A € Ky(0).

On the other hand, the Mean—Value Theorem implies that for each ¢ € (—1,1)\{0} there
is a random variable 7, with values in [0,1], such that

) i Zy v (T) — Zy(T
LOGATI2 s (1)) — DrATIZ (] = o) 222~ BT
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+ (D GATHZAT) + 2B (T) (D))
= ~ HGATHZAT) + (s, (T) = (D)) - FATIZ(T)
Hexpi- e [ 4 6 aW(s) + X)) 5 [ Ifo)las} -1
¢ 0 Z )y

From this and (9.7), the conclusion (9.6) follows, thanks to the Dominated Convergence
Theorem, by letting ¢ | 0.

(A) = (B). Step (i): Let X be the wealth process corresponding to the optimal
portfolio #. We have from (3.3):

. t A * *
(9.9) AOX(t)=x+ Jo B(s)X(s)(o (s)#(s)) dW(s)

t ox 1t %
= x exp{ ] 5 (5)o16) aWils) =3 | e’ 0)x(o)I 7).

Now take a bounded, {¥ }-progressively measurable portfolio process # with values in R,

and perform a small random perturbation of ¥ according to

(9.10) 7(t) & #(1) + ent)lg e,y

where —1<€<1,€¢#0, and

a = T Ainf{t € [0,T]; lj:;r)(s)a(s)dwo(s)l >, or j;u o (8)#(s)]|%ds 3 m, o



(9.11) J ;u o (8)n(s)]|%ds 2 m, or j;n &(s)||%ds > , or N(t)2 n, or

t
1A 23, or [ I¥o)ds 2}
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(see (9.19), (9.20) below for the definitions of the processes N, A and ¢). We define also the

process X () via
A t x 1 t x
B, (1) & x exp{[ 7 (E)oE)aWels) = [ 10" @)r)Ies)
(6.12) =x+ [ ARG AW
and notice that X,(-) = X**"¢(.). Consequently, (A) gives
(9.13) %EU(XG(T))IN =0.
A comparison of (9.9), (9.12) yields

. tATn « . 2 (AT«
©1)  XW=XOelc[ 7 @aRE -5 [ "l Onela)

where

. A t . t .
(9.15) W(t) & W(t) —joa (s)#(s)ds = W(t) + jo( os) — o (8)(s))ds.
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Then, at least formally, (9.13) and (9.14) lead to
(9.16) E[U* (X(T))X(T) j;" 7 (6)o(s)AW(s)] =0, Vo1

Step (ii): In order to justify (9.16) rigorously, observe from (9.14) and (9.11) that

X (T)
eonlel < X—EE—S eSnlel , 8.5., and from the concavity of U:

X(T) = X(T)
€

Ilel |U(X(T)) - UX(T))| ¢ U’ (min{X (T),X(T)})

. . 3n| €|
U (el elg(my)k(T) =1 = 1
. €

(9.17) < [u(e3lel x(1)) - U(0))er ks
< €K - [U(X(T)) - U(0)],

with K, asin (9.8). The right—hand side of (9.17) has finite expectation, namely
e’nKn(V(x) —U(0)). On the other hand, the Mean—Value Theorem implies the existence of a

random variable 7, with values in [0,1], such that

L U(X(T)) = BE(T)] = LX(T) - X(T)) - U/ (X(T) + 1{X{T) - X(T)})

= V(D) + 7 0X(T) - KDY KD dexple 7 ()ote)av(s)

-5 [71e @neres) -1
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It is dear now that (9.16) follows from this expansion, (9.13), and the Dominated Convergence
Theorerﬁ, by letting e[ O.

Step (iii): Now proving (B) amounts to finding A 6 Ki(a) such that
X(T) = (" (X)/T)Zx(T)), or equivalent”

(9.18) U’ (X(T)) = A X)KT)Z\(T).

We shall show that (9.16) leads to a "natural” candidate process A € K(a) (Step (iv)), whichis
actudly in Kj(a) and for which (9.18) is then shown to hold (Step (v)).

Step_(iv): Consider the process

919) A()4 1 74(FOW() = P(S0(SAW + I {HAsN0LS) ~ ofe)(ols,

Jo JO

as wdl as the positive martingale

(9:20) N(t) 4 E[U'(X(T)X(T)|] = yo + ft N(s)/(s)dW(s),
* ‘]0

where yo = EN(T) and " is some processin L*[O,TJ constructed by the argument preceding
(8.9). Obvioudy (9.16) amountsto E[N(r,)A(r,)] = 0; on the other hand, we have from
(9.19) and (9.20):
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NrA(r) = [ NOT A0 + K0 - o W] a

+ I;nN(t)[a*(t)ﬂ(t) + A()HL)] AW (L),

From the definition of 74, in (9.11), the stochastic integral has zero expectation, and thus
E[N(7n)A(mn)] = 0 leads to

7 * *
(9.21) E jo”N(t)n (®o()¥(t) + At) — o (1)*{t))dt =0, Vn21
for arbitrary 5 as described above. Because 7, / T almost surely as n - w, we obtain that
*ﬂ

(9.22) Ao r—(v+06)

belongs to K(o). For this choice of A, the exponential local martingale Z, of (7.6) becomes:
t * 1 t )
Z3(1) = expl- [ (06) + X6)"aW(s) — | 10s) + Mol 2s)

t * * t *
O2) = eml] (We) - @) aWE) - § [ o) - S @rtaPas)

Step (v): Finally, we justify A € Ky(o) and (9.18). From (9.20) and (9.9) and oA =0, it
follows that



(924) U'(X(T))=ﬁ(T)E’(i

GXP{IT 1

= in ﬁ(T)ZX(T)t

thanks to (9.23) and (9.22). It rer
see this, apply I(-) to both sides

£,(L2) = E[A(T.

=X
= X E[t

From Remark 9.1 we have A € K

10. EXAMPLES IN AN INCOM

In the examples of this sec
and the process A € K(0) satisf;
satisfies (D).

10.1 Example. (Logarithmic uiil
Suppose U(x) =log x. 1

. The process /?

G=—
A(T)Z,(T)

39

T)X(T)

e o 1T
£ EWE) - 3 | IWs)I"ds)

JETIPAN, 1[5y * s
(o (s) %(5)) dWo(s) -3 jollﬂ (s)7(s)l|%ds}

ﬁams to show that A € Ky(0) and yo = x %, (x). In orderf
of (9.24), take expectations, and use (9.24) again to obtain
‘l

2y (I ATYZA(TY)] = BATYZA(TK(T)]
3 (X(?rj))‘c(T)] = ZEN(T)=x<a.

i(0), and yo=x #\(x) follows. o
[PLETE MARKET

‘tion, we assume m < d and produce the optimal portfolio
7ing conditions (B), (C) and (E). In Example 10.2, A also

ity function).
‘hen &,(y) = % , #0) =1V ve (o), and
\ = 0 satisfies (E), because
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T » 1 T
E[A(T)2,(T)&] = x E[exp{—jo v (5)AW(s) —;joua«s)n’ds}] <x, VveK(o).

1 t

The last inequality follows from the fact that exp{—J v*(s)dW(s) - %J [lAs)]|%ds}, being a
0 0

nonnegative local martingale, must be a supermartingale. According to Theorem 9.3, the

optimal portfolio process # must satisfy Xx’*(T) = £%, and this ¥ was determined in (6.13)
of Example 6.3. The value function V(x) is given by the expression (6.14) and it is finite for

T
every x € (0,0) if E J X074t < o (recall condition (5.3)). From (7.4) we see that X0

corresponds to completion of the market by stocks whose appreciation rates are equal to the

interest rate. With a logarithmic utility function, the agent will not use such stocks even for
hedging purposes.

10.2 Example (Power utility function and totally unhedgeable market coefficients).
Suppose U(x) = -15x5, where §< 1, §# 0. Suppose that the volatility matrix o(t) has
the form o(t) = [5(t),0], where &(t)is an m x m, nonsingular matrix for all t € [0,T], almost

- *
surely. Decompose W into W(t) = (Wl(t),...,W.(t))f and V%I(t) = (Wg.,i(t),....Wa(t)) , and
let {F ¢} and {‘;' 1} be the augmentations under P of the (independent) filtrations generated

- 0
by W and V%’, respectively. Assume that the processes r,b and ¢ are adapted to {5’t}, a

situation we refer to as totally unhedgeable market coefficients because the stock prices are
driven solely by W:

dP;(t) = P;(t)[bs(t)dt + 'Igl&ij(t)dw_i(t)], i=1,.m
J=

We show that under these conditions, the portfolio process given by (6.17) is optimal. In the
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3] e o g .
present context, this process is random and {& t}—adapted, rather than deterministic as in
Example 6.4.

* oK
To verify the above assertion, we note first that 8 (t) = [6 (t),0], where

i) 2 5 (4)(5()7 (4))"1[b(E) — (1))

* O% 0
We note also that the processes ) € K(o) are of the form A (t) = [0, (t)], where A(t) is
(d—m)—dimensional. With m(-) given by (6.15), we define

ALEexp {szm(t)dt}.

T 0
The differential of the positive {.; ¢ }—martingale N(t) £ E[exp{é I m(s)ds}| 5 t} has a
0

0
representation as dN(t) = — N(t) K*(t)dVOV(t), where A = [f\] € K(o) (see the argument
leading to (8.9) for a justification). Therefore

T T 0% 0 1 T [+]
(10.1) exp{ajom(t)dt} =N(T)=A exp{-jo X (6)dw(t) -gjoux(t)u?dt}.

We may assume without loss of generality that W is the coordinate mapping process
W(t,&) = it) defined on € £ C([0,T], R™), the space of continuous functions from [0,T] to R®,

and W is the coordinate mapping process on I C([0,T), R¢*®). Then Q= x 5, and P
is the product of m—dimensional Wiener measure P on ) and (d—m)-dimensional Wiener

0 [ -
measure P on 1. Abusing notation slightly, we regard the {;’ t]-—ii;da.pt.ed process 6 asa
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0 0 o T ok
process cn . For P —almost every & € (2, we have J 18 (5,2)]|%ds < w, and thus the
0

process

. § Yo o 8 e Op
o emtrl [ e.Biawiesn - O [ iodiras)

is an {¥ t}—martingale on ) under P, with expectation equal to one (Karatzas & Shreve [13],
p. 199, Corollary 5.13). Consequently,

§ (T o* s o s 0
(10.2) E{exp{mjo 0 (6)AW(5)}| Fpl(@2)
- 6 T » O\ 3xir/. ~ .
=| (iG] ¥.0aWG6)P0)
1Y) 0
— e (gl | s Blas)
), N9,
From (10.2) and (10.1) we have

1 T o Tos o
5\5) = ¥ T Blexp{ 15 | (x(6) + Z 10O + HA@NYas + lé;jo X (5)aW(s)}
0

6 T ¥ - 1)
- Blexp { 5| T @aW() | Sl
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1 T 0 T ox o
= 7 Blexp{ 15 [  (m(s)ds + LRz + Tfﬂo X (5)AW(s)}]

§ 1 T é{
= AP T Blexp(s | mis)est] = ()"

It follows that A € Ky(o), #,(x) = Ax8-1, and using (10.1) we obtain

1 T T,
& = (AEADZINTT = x exp| (1(0) + 2 1001 + g5 | F (DaW(w)

Just as in Example 6.4, we conclude from (3.4) that X*"(T) = ¢§, where 7 is given by
(6.17). |

10.3 Remark. An important unresolved question is whether there are simple, widely applicable
conditions which guarantee that for the process A satisfying conditions (B)—(E) of Section 9,
the nonnegative local martingale Z, is actually a martingale. In Example 10.1 we have

t « 1 t
B(1) = 2u(9) = expl= [ 0 ()aW(s) -3 | Now)iPas),

80 we must assume at least that Z, is a martingale in order to conclude that Z, is. In

Example 10.2 a computation similar to (10.2) reveals that



E Z(T) = E[exp{- f “Adw() -\ (1 0®IP + 1A©IPd
T . o
- E[exp{-{  &*Q)W(D} | Sl

T o _ © T 0
~Elepl~ | XaW() -3 wiora)
Taking expectationsin (10.1) and recalling the definition of A, we seethat E Zy(T) = 1. This
is enough to ensurethat Z, isamartingale (Karatzas & Shreve [13], p. 198). We have so far

been unable to produce an example in which Z, is amartingale but Z, is not.

11. DUALITY

Let us assume from now on that
(11.1) U(0)>-».

In addition to theoriginal, or " primal", optimization problem

(11.2) V(x) = B 3(x,5); ax.T) 4 EUXE*(T))

of section 5, we shall consder in what follows the dual fiptimigating problem for y € (0a>),
namely

(11.3) V(y)= inf o %,%): %,«) 4EUY/2AT)Z,(T)).

vEK (o)
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This problem will have a convex value function V : (0,0) -+ R under the assumption which we

now make, that
(11.4) Vy € (0,0), 3 ve K(o) such that J(y,v) < w.

See Remark 11.7 in connection with (11.4).
For arbitrary x > 0,y > 0, 7 € #(x) and v € K(0) it follows from (4.3):

(11.5) UX®N(T)) < TFAT)Z,(T)) + yAT)Z,(T)XON(T),
with equality if and only if
(11.6) X(T) = I(yA(T)Z,(T)).

By taking expectations in (11.5) and recalling Proposition 8.3, we obtain

(11..7) I(x,x) < Iy + xy,

with equality prevailing if and only if (11.6) and x = %, (y) hold. In particular, it follows
from (11.7) that

(11.8) V(x)<V(y)+xy; Vx>0, y>O0.

11.1 Remark: Suppose that for some given x > 0 and y > 0, there exist % € 6(x) and Ay €
K(o) such that
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(119) . I(x;7x) = I(y:dy) + x.
Then #x achieves the supremum in (11.2), and )y achieves the infimum in (11.3).
11.2 ProposrTioN: Assume (11.1), (11.4) hold and suppose that, for a given y > 0, there is an

optimal process Ay € Ky(o) for the dual problem of (11.3). Then there exists an optimal
portfolio 7y € £(x) for the primal problem of (11.2) with x = & ,‘,(y), and we have

(11.10) V(y) = sup [V(¢) - y¢].
>0
Proor: The optimality of Ay gives

E0(#5, (IAT)Z, ()] ¢ ELO(#5 @ADZT)], ¥ veK(o)
for this particular x = & xy(Y)- Then the implications (D) = (B) = (A) in Theorem 9.4(i)

show the existence of a portfolio #x € L£(x), which is optimal for the primal problem and

satisfies

X5F(T) = yBT)Z, (T).

We conclude that (11.9) prevails (i.e., (11.7) holds as an equality with x = #x, ¥ = Ay), and
thus

V() = I(¥:dy) = I(x;#x) —xy = V(x) - xy < sup _[V(§) —5¢]-
>0
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The inequality in the opposite direction follows directly from (11.8), and the duality
relations;hip (11.10) is established.

11.3 Assumption: Suppose that the dual problem of (11.3) admits an optimal process
Ay€Ky(o), forevery y > 0.

A sufficient condition (Theorem 12.1) for (11.3) will be given in the next section. Under
the Assumption 11.3, (11.10) holds for all y > 0, and the following question arises: Under
what conditions can we guarantee that, for every given x > 0, there exists an optimal portfolio
7y for (11.2)7

According to Proposition 11.2, this will happen if for every x > 0 we can find a real
number y(x) > 0 such that

11.11 x=49 x)).
(11.11) WG

11.4 Proposition: Suppose that the conditions of Proposition 11.2 hold, as well as Assumption
11.3, (4.8) and U(») = o. Then for every x > 0, there exists a real number y(x) > 0 that

achieves inf[V(y) + xy]; this number satisfies (11.11) as well.
y>0

Pr00oF: From (11.3), Jensen’s inequality, the supermartingale property of Z , and the decrease

of U, we have

(1112)  J(rw) 2 Uy EIAT)Z,(T)) 2 D(ye"EZ,(T)) > T(yeY), ¥ ve K(o)

for the constant L > 0 of (2.3). Therefore, V(y) > U(ye") holds for every y € (0,n), and V(0)
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4 1113 V(y) > 0(0) = U(s) = o (Lemma 4.1).
y

Consequently, for any given x > 0, the convex function fx(y) = V(y) + xy,0 < y<o
satisfies fz(0+) = fx(w) = o, and thus attains its infimum on (0,») at some point y(x) > 0.
Now by the Assumption 11.3, there exists a process '\y(x) € Ky(o) such that

V(Y(x)) =] (y(x); Ay(x))’ and we have

iaf [+ 3 () Ay = 108 oy + Jidy )

> inf [xy + V()] = xy(x) + V(y(x)).
y>0

In other words, with the notation

(11.13) Gy(u) & J(uy;Ay) = Eﬁ(uyﬁ(T)ny(T)) , 0<u<u,
the function

(11.14) Dx(u) £ uxy(x) + Gy(x)®), 0<u<eo

achieves its infimum at u = 1.

From these considerations and Lemma 11.5 below, it transpires that
D;(1) = xy(x) + Gy(y)(1) = xy(x) - y(x)-F Ay (x)(Y(X))

is equal to zero, and thus (11.11) holds.
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11.5 Lemua: Under the conditions of Proposition 11.4, the function Gy(-) of (11.13) is

well—defined and finite on (0,») for any given 0 < y < w, and satisfies
11.15 G(1l)=-y% .
(11.15) {OEESENG
Proor: Since U(w) = U(0) > —o by assumption and by Lemma 4.1, we have from (4.4):
0(5) - 0(e) = - [ (6)a¢ = [ 1903, 0<y <
y y

Thus, for any given a € (0,1), it follows with the help of (4.9):
B(ay) -~ 0w) = | 1(6)a¢ = o[ Wandn
ay y

<a j‘;r(n)dn = ar[0(y) - O(&)}, 0<y<o

for a suitable constant 4 € (1,0). Consequently, for any given y € (0,0),
EU(ayA(T)Z, (T)) £ o7 Eﬁ(yﬁ(T)ny(T)) + (1 - a7)0(x)
= a73(y;Ay) + (1 - e7)U(0) < w.
Since a € (0,1) is arbitrary,

(11.16) Eﬁ(uyﬁ(T)ny(T)) <o
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holds for every u € (0,1]. But the function U(-) is decreasing, so (11.16) holds also for every
u>1

Now use the convexity of U, the Dominated Convergence Theorem, (4.4) and the fact

that Ay € Ky(0), to justify the computations
G/(1) = y EIA(T)2, (T)0' GATIZ, (1))

= =y E[{(T)Z, (TH(AT)Z, (T))] = -7 55 (¥),

which leads to (11.15). D

It just remains now to put Propositions 11.2 and 11.4 together, in order to obtain the

following existence result for the primal problem (11.2).

11.6 TxeoxEM: Suppose that the Assumption 11.3 holds, as well as (11.1), (11.4), (4.8) and
U(») = o. Then for any given level x > 0 of initial capital, there exists an optimal portfolio
#x € (x) for the utility maximization problem of section 5.
o
In other words, under appropriate conditions, in order to obtain the existence of an
optimal portfolio it is sufficient to deal with the existence of a solution Ay € K(0) for the dual
problem (11.3). We shall do that in the next section.

11.7 Remark: The condition (11.4) is satisfied if (5.4) and (5.5) hold. Indeed, it is not hard to
check that condition (5.4) and definition (4.3) lead to

(11.17) ) ski+ky &, VO<y<o
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1
- - 5
with a= " ks = (1—S)(ki6 )1:5, and thus

(11.18) 10" ) A ki +ksr V * *E Z:°(T)

where L isthe congtant of (2.3). But now
-a T * a3 [T 2
2,%(T) = exp{ajo(o(t) + 1) aw(t) —Tjo(no(t)u + KD}

T
cexplgH (ol + Ks)I o)

and if we take v € K(a) to satisfy

T |
[ K9)|Fds<C, M.

(by analogy with (5.4)) weobtain E z;?(T) <.*(**?')©. Back into (11.18), this estimate
shows that (11.4) is satisfied.

12. EXISTENCEIN THE DUAL PROBLEM
We shall establish herethefollowing existence result for the dual optimization problem -~

of (11.3).

12.1TIEOIEM: Supposethat the conditions(4.8), (11.1), (114),
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T
(121) | E| e <o,
and
(12.2) x» xU’(x) is nondecreasing on (0,»)

hold. Then for every y € (0,0), there exists a process Ay € K;(o) which achieves the infimum
in (11.3).

12.2 Remarx: The condition (12.2) is equivalent to
(12.2)/ y » yI(y) is nonincreasing on (0,»).

I U is of class C%(0,0), (12.2) amounts to the statement that the Arrow—Pratt measure of

relative risk aversion does not exceed one:

(12.2)" XU (%) o3, vxe(0,)
U(x) S

On the other hand, it follows from (12.2) that U‘(x) > -U—'sgl , Vx> 1, whence U(x)2
U(1) + U’(1) log x. Consequently,

(123) U(s) = o.

From this Remark and Theorems 12.1, 11.6 we deduce then the fundamental result of
sections 11 & 12:

12.3 TxeoreM: Under the assumptions of Theorem 12.1, corresponding to every x > 0, there
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exists an optimal portfolio #x € £(x) for the utility maximization problem of section 5.

We carry out the proof of Theorem 12.1 in a series of Lemmas, that take up much of the

remainder of the section. Let us start with a rather simple observation.
12.4 Lemwa: Under (11.1) and (12.2), we have U(0) = o, U(s) > —» and
(12.4) zw U(e?) is convex on R.

Proor: The first two claims follow directly from Lemma 4.1 and (12.3). As for (12.4), observe
from (4.4) and (12.2)’ that ad; U(e?) = — eI(e?) is a nondecreasing function of z. o

Introduce now the Hilbert space

T
(12.5) Ky(0) 2 {veK(o); E joup(s)u?ds < o}

T «
with inner product <p,v> & EJ p (s)(s)ds and norm L1 & [<vv>. Forafixed y > 0,
0

we consider the functional Jy: Ky(0) # R U {+ o} given by (11.3), namely
(12.6) 3,(v) & EG(aT)e D)

with the notation

A t * 1 1
(127 G2 [ () + )W) + 3 [ (17 + eI 5 v € K(o)
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12.5 Lemma: Under (11.1), (12.1) and (12.2), Jy(+) is a convex functional on K3(0), which

satisfies

(12.8) lim Jy(v) =w,
V] -0

for every y € (0,0).

ProoF: From the convexity of the Euclidean norm in RY, the decrease of U and (12.4), we

have
- - T
(12.9) Jy(Aw: + Aavs) < EO(expllog y — Jor(s)ds = M6, (T) = hat, (TI])

- T T
= EO(exp{log y [ x(s)ds ¢, (T)] + Mahog y ~ [ e)ds — ¢, (T

< A Jy(vy) + A2 Jy(va)

for any vy,v; in Kz(o)and X; >0, A2 >0 with A;+ A2=1. On the other hand, with L as
in (2.3), we obtain from (12.4) and Jensen’s inequality

(12.10) Jy(v) 2 EU(expllog y + L — (,(T)))
2 U(explogy + L —E(,(T)))
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12.6 Lemua: Under (11.1), (12.1) and (12.2) we have Jy(v) = o, for every v € K(0)\K2(0) and
yE€ (01“’)'

ProoF: Fix y € (0,0), v € K(0)\K2(0) and define stopping times
A t
72 & T Ainf{t € [0,T]; jouu(s)uzds = 1)

and processes vy € K(0) with 1im[v,] = o by
Do

Va(t) = V(t)l{tSTn} ; 0<t<T,

for n=1,2,... With L asin (2.3) it follows from Jensen’s inequality, the supermartingale
property of Z,, and the decrease of U, that

I(v) = EO(YA(T)Z,(T)) = E[E{0(AT)Z/(T)) | &, }]
> E[0(se"E(Z,(T)|%, })] 2 BOGE"2,(ra))2 Iy (vs) ,
with yo = ye*, for every n > 1. The conclusion follows from (12.8) by letting n ~ a.
P200r oF TxeorEM 12.1: Fix y € (0,0). The convex functional Jy(-) of (12.6) is
lower—semicontinuous in the strong topology of K2(o), by Fatou’s Lemma. Therefore, it is

also lower—semicontinuous in the weak topology (Ekeland & Temam [4], Chapter 1, Corollary
2.2). Thanks to the coercivity property (12.8) of Lemma 12.5, Jy(+) attains its infimum over
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K3(o) at some Ay € Ky(o) (ibid., Chapter 2, Proposition 1.2). In light of Lemma 12.6 and
condition (11.4),

(12.11) e Ix{ l(lg) Iy(v) = Iy()y) < o

It remains to show that Ay € Ky(0). From the decrease of U and I, (4.4) and (4.8)’

we obtain
T
(12.12) 0(&) - 0(e) 2 (&) - 0(3) = | 6/ Ky 3 6L - 116

222061, Vee (o)

Replacing ¢ by yﬂ(T)ny(T) in (12.12) and taking expectations, we obtain
%3, (7) = BAT)Zy, (TAT)Zy (T))] < —HIHET(FAT)Z, (T))-T(e)] < =,
y(1-a) Y

thanks to (12.11), and thus Ay € Ky(o) by Remark 9.1.

13. APPENDIX

We provide in this section a counterexample, which shows that we cannot have
£,(¥) <o, Vye (0,0),V ve K(o), even for a well-behaved utility function U. This fact
necessitates the introduction of the set K;(o) in section 9.

In the setting of section 2, take m =1,d =2, o(t) =(0,1),r(t) =0, b(t) =0, T =1,
B = W, and define the stopping time 7 £ inf{t € [0,1]; t + B2(t) = 1} and the process
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(13.1) ' o(t) &

2B(t .
~ T Ypeny s 0 € 1<
0 .

s t=1

ut) & ((t),0)". For the utility function U(x) = 2{/X we have I(y) = y%, and (7.6), (7.7)
give

1 1 1
(132) 2,(0) = expl- | )aB() -3 | i0)e)

1 1 1
(13.3) £,3) =77 E[exp{joso(s)dB(s) +1 jo #(5)ds}].

It is shown in Liptser & Shiryaev [14], p. 224 (or Karatzas & Shreve [13]), p. 201) that the
process Z,, of (13.2) is not a martingale; in fact, the construction (13.1) is made with this
property in mind. This implies, in particular, that

1 1
(13.4) Elexp{} jo P(s)ds] = o ;

for otherwise Z, would be a martingale, by Novikov’s theorem (Karatzas & Shreve [13]), p.
199). According to Liptser & Shiryaev [14]), p. 225:

jl.p(s)dn(s) _1 J lcp’(s)ds =—1-2 JT[(I—-t)" — (1-4)T[BY(t)dt
0 2]y 0 ’

whence



5,(5) = g2 Elexp{2 j;{(l—t)"“ +(1-0)-"1B*(Ddt}].

If thislast expectation were finite, then so would be

1 T
Elexpl} | 46)ds)) = Elexp2 Mo B e
Jo

contradicting (13.4).
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