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Abstract
Let Gr denote a random r-regular graph with vertex set {1,2,...,n} and

let a(Gr) denote its independence number. We show that with probability

going to 1 as n-o®

Ia(Gr) - f_n_ (logr - loglogr + 1 - log2)| < ?l

1/5-6

provided r = O(n ). 0<e <1 is constant, r 2 T, vwhere T, depends

onlyon €6 and 0 < 8 ¢ 1/5 1is constant.



This note is concerned with the independence number of random regular
graphs. Thus let REG(n,r) denote the set of r-regular graphs with vertex set
[n] = {1.2,...,n}. Let Gr denote a random graph sampled uniformly from
REG(n,r).

The independence number a(G) of a graph G is the size of the largest
set of vertices not containing any edge. This has been studied by, inter
alia, Matula [7], Grimmett and McDiarmid [6], Bollobas and Erdos [3] and
Frieze [4]. The aim of this note is to apply the approach of [4] to Gr and

prove

Theorem
Let 0 < e <1 be fixed. There exists a constant re such that if

1/5-6

r 2 r, r= O(n ) for some constant O < 6 { 1/5 then

|a(Gr) - %2 (logr - loglogr + 1 - log2)| ¢ %2
with probability going to 1 as n - o,
(All logarithms are natural.)

The upper bound of the theorem is already known (at least for r
constant) and straightforward to prove by the first moment method (see

Bollobas [1], Theorem XI.27). The lower bound is close to what one might

expect given the results of [4]. We can extend the theorem to r = O(nlls_6

)

because of the results of Frieze [5]).



Proof of the theorem

We shall use the model of Bollobas [2] to study Gr' We let W = [rn]
and Wi = {(i-1)r+1,...,ir}, i = 1,2,...,n be a partition of W into n
sets of size r. For w € W we define y(w) = [w/r] so that w € W¢(w)
holds.

A configuration is a partition of W into m = %-rn pairs. ¢ denotes
the set of configurations. For F € ¢ we let pu(F) be the multigraph with
vertex set [n] and m edges {{y(x).¥(y))}: {x.y} € F}.

We consider ¢ as a probability space in which each F € ¢ is equally
likely. Let Q be a property of the graphs in REG(n,r) and let Q* be a
property of the configurations in ¢. Suppose these properties are such that

for G_€REG(n,r) and F € ¢ (G ). G has Q if and only if F has Q.

All we shall need from [2] and [5] is

2
(0) P(G_€Q) < ef P(Fe QY.

In the analysis we only claim that inequalities hold for r and n
sufficiently large and e sufficiently small.

Now for 0 < e <1 let ae(F) denote the size of the largest independent
set in p(F) which is (i) contained in [ne]. n_= [(1-e)n]. (ii) of size at
most 2—11_051 n

For a positive integer s let ZS be a random variable which counts the
number of independent sets of p(F) which are of size s and are contained in
[ne].

For F € ¢ let Xi = Xi(F) = {pi,qi}. Py < q;. 1 = 1,2,...,m denote the
pairs of F sorted into lexicographically increasing order and let

)_((1) = XI'XZ’ ... .Xi.



2
Let m_=m - F% and N_={ve€[n]: vNy(X) =¢ for id>m}.

Let aé(F) denote the size of the largest indpendent set in p(F) which is (i)
contained in Ne and (ii) of size at most 2—l%5£-n.

The theorem follows from the following

Lemma

2
(a) P(a (F) > a/(F)) < e° 7
for some absolute constant ~« > O.

(b)

-,
Let al = E(aé(F)). Then

= t2re4
P(le)(F) - | 2 t) < exp{- ————}.
800(logr)™n

for ogcgl%-r-n.

(c)

Let k = [%2 (logr - loglogr + 1 - log2 - %)]. Then

P(Z, > 0) 2 exp(- SUZELL 1
r

(d) P(a(F) 2 %? (logr loglogr + 1 - log2 + €)) < exp{- £ iogr n}.



Proof of the Theorem

ENn

Let to = Ir

Then Eé 2k - t, for otherwise

P(Z, > 0) < P(a (F) > a/(F)) + P(a!(F) - a’ > 5=

2r
e 6
Ce " 4 expi- en 5
12800(logr)“r
which contradicts (c).
But then if a' > k - t,,
€ 0
= eGn
P(a(F) < k - 2t0) < P(aé(F) < al - to) < exp{-

12800 r(logr)>

Using this, (d) and inequality (O0) with
Q= {|a(F) - —2;- (logr - loglogr + 1 - log2)| 2 E:—‘-}
establishes the theorem.

Proof of the Lemma

(a)

]
Now ae(F) 2 ae(F) whenever Ne 3 [ne] and Ne ) [n&] whenever u(F)

contains at least % edges with both vertices in [n]—[ne].
Consider constructing F by first pairing off elements of W' =

w[n]-[n 1 The first s% times we take an element of W' and find its
€

partner, we have a probability of at least -62- of choosing its partner in W'.



Thus the number of pairs contained in W' is dominated by B([S%gd, %) and

the result follows from the Chernoff bound for the tails of the binomial

distribution.
(v)

We follow the proof of a simple martingale tail inequality and tighten it

for our special case. Let

al = arx)) = E(aé(F)lg(i)). 1¢i<m.

- (m_)
Thus aé = é and a& = aé. Since X €", determines the edges of p(F)
contained in Ne we see in fact that ai = aé for i m_.
m
_ €
r | - r - 1
Now o —al = ifl(ai ai—l) and so

P(Iaé - aé| 2 t) = P(a) - &é 2 t) + P(a) - aé <-t)
€ €
me me
=Plexp{A( 3 (a'y ~aj ;) - t)} 21) + Plexp{A( 3 (af -] ;) +t) 21)
i=1 i=1 1 i-1
for all A > O, so from the Markov inequality
- At me me
(1) P(lal -all2t)<e (E( T expiA(aj=ai 1)}) + E( T exp{-Maj-a]_;)}).
= 1=

Now for a given i > 1



i
(2) E () (exp(A 2 (apa’ D)) =

i-1 .
Ex(i-1)(exp{7\tzl(a£—a£_l))Exi(exp{;\(ai_ai_l)} x(i-1);)

since aé,ai,...,a' are determined by g(i_l).

i-1
2

Now e (x +e° forall x and so

(35 (exp{Naja; ;) x(71)) ¢ TR l>_<“‘”)+Exi(exp<x2(a;-a;_1)2} xU1).
= By (i (ajo; )% K071,

Here we use the fact that a'o,ai,....aé form a martingale to imply that

(4) E(Z) =0 where Z

' (i_l)
CHERTIN S
We will show that Z satisfies

(5) -1<Z<6= 29_%251
er

which combined with (4) yields

R 2 2
(6) Exi(exp{xz(a;—a;_l)z} X1y ¢ 2o v Lo A

22
(Knowing (4) and (5) we use the fact that the function f(x) = ek X s



A%z

ey é
convex and maximise E(e ) by putting Z = -1 with probability 135 and

Z = 6 with probability 1-1+_6)

Proof of (5)

Fix X =X = XI'XZ""'Xi—l and let
~ : Y i—lz\ ~
¢ ={F€od: )_((1—1)(1?) = )_((1 1)}. Let Y=W- U Xj and x = min Y, so that
j=1

(x.y} for some y €Y - {x}.

if F € & then Xi(F)

For y €Y let @y ={Feo: Xi(F) = {x,y}}. If y.y € Y - {x} define

f, o, ->d as follows:

Y.y y

Suppose F € &, and {x,y} € F, then
y

o (F) = (FU {{x.y}. 31D - {xy). k3 € 2
y.y

Observe that f _o f, is the identity on ¢,. Suppose now that we fix
Y.y Y.y y

Xi = {x,y} and then

o, x) ~a_ Uyl sarm-L s 1o s o
- 1271 Feo. Y] yer |o | Fee
y
Yy
1 1 . ,
(7) = > S (a'(F) —a'(fA (F))).
Y| yeY |on| Fesn Y.y
y Yy

Fix F € ¢, and an independent set S C Ne of size a’'(F). Now
y



® la' (£, () - a'(F)] < 1
Y.y

since (i) by deleting at most one member of S N Y({x,y,x,y}) we obtain an

independent set in ¢(f. (F)), (ii) we can, symmetrically, compare a'(F),

Y.y
a'(f .(F)) for Fe€ o .
Y.y y
(9) a'(fn (F)) 2 ' (F) if SN y({x.y}) = 0
Y.y

since in this case the added edges cannot join two vertices in S.

Hence (7), (8) and (9) imply

-1 ¢ a,x) - o, xUD)) ¢ —hlr_l 1y € Y- W(ix(x). ¥ N S = B

(wvhere x(y) is defined by ({x(y).y} € ?)

4(logr)n

rm-2i+1

IN

= = e
and we have proved (5).
Using (3) and (6) inductively in (2) yields
m
€ 2 2)2 m
& N 1 6 €
(10) E(exp()\.E (a'i—a'i_l)}) < ('1—_;3 e + 'i-_ra— e )

i=1

and a similar argument yields



m

3 2 2R2 m
6 N 1 6 €
() Blexpt= )\i§1(a'i’“'i—1)}) $@se *wse ) o
It follows from (1), (7) and (8) that
2 2R2 m
- -At, 6§ XN 1 6 e
P(Ia'—a'th)g2e (i—+—6-e +-1+—5e )
—kt+me62R2
{ 2e
provided A, 26R2 < 1.
a x2a a x2a
(Consider f(x) =xe” - e “. f(1) =0 and f'(x) = e - 2axe 2 0 if
x, 2ax { 1).
4

t rte 1 logr

Now take A = < < for t ¢ ——5—-n,
om 62  300(logr)?n 00 loer r

()

so that
a - &| e
P(la, —a_ | 2 t) <2 exp{- }
€ € 4m 62

and (b) follows.

(c)

We prove this using the inequality

E(Z,)”

(12) P(Z,, > 0) 2
“ E(Zp)

Now



(13)

Now,

(where

4

S

E [ne rk;l rk-i
(Zk) =k ] i=1(1 - rn—2i+1)
e rk-1 i
= [: ] iul(l " r(o-2k)+2ieD)
rk-1
€ i
> ] iy @)
. rk-1 ;2
= [;] exp{- f (r(n—2k) 2r2(n-2k) 2 *e-
2 3
€ _ _rk _ rk
2 E] exP{~ 5m2%) PORY
. 2
> (] et B 1+ By
E(Z)) = 3 3 P(egh)
SC[n. ] TC[n ]
Is|=k |T|=k
is the event "S is independent in r(F)")
= [ne] 3 P(Eg &) where S, = {1.2,...,
k TC[n_] 0

)}

11
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k
(3 k
(14) = rl] 3 [ ] 3 P(&. &.) where T, = {1,2,...,8}.
kJ oo rerny %ot ¢
|T|=k
TnSO=T£
Now

P(sSOaT) = xﬁn P(8T|X)P(X)

where Q = {X: X 1is a choice of pairings of elements of Ws = U Wi with
0 ie€s
0
elements of W for which GS occurs}. For X € 2 suppose that when

o

k+t1 {1 { n, X has d! {u,v}, u € WT , Vv € Wi and d!

i,X pairs ° i,X pairs {u,v}

with u € WS -T

, V € Wi. Thus
0O ¢

P(sTIX) #0iff X€qQ = {Xea: q

ix= O for i€ T—Te}.

If X € QT then, for df = > d{'x , we have

i€T—Te

r(k-2)-d' o r(k-2) - dff ¢ - i
izl a- r(n-2k) - 2i + 1 )

P(&;IX)

r(k-2)-d" , r(k-2)-d" ,~i
¢ expt 51 ar x r(n_z':g.x}

(r(k-e) - azr \)°

€ 2 exp{- 2r (n-2k) }-
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Hence
n 2
S P(Eg) <2 3 > { (r(®) - o) }P(X)
expi— —
T,CIC[n_] ST TgETE[ne] Xeq, 2r(n-2k)
IT]=k IT|=
MSp=T, MSy=T,

=2 3 PXen.lXxen (rtle®) - d"r"x)z
= 2 et ] (X € ap P(X € MEy(exp{~ —5rrmory — X € 9p)
ITl:k

TT¥%3= P

2
- (r(k-¢) - d{ )
ky reé X
=2 [nkfe ](i’jl (1- ?%%%))P(x € ME(ep{- —5rman —Ix e ap)

(r(k-8) - 4 )?

(1) <2 [ ornt- LR € B (e (- —grrmmy—— K € )

where Ty = {1.2,....8, k+l, ke2, ..., 2k-8}.

Let now

r(k-¢ 2

we By gl € np) = BEE-

(r(k-8) pairings in which the expected individual contribution is Egigi.)

and observe that
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2
(16) HH%XWIdee%Js2e@F;ﬁFﬂ%

We can prove (16) using the "martingale” approach used to prove part (a).

Assume some fixed choice of pairings of elements in Te with elements in

W . Let W' denote Wz with these latter elements removed. Then let
SoVTo So

X, 1 <i< p=r(k-2) denote the (random) choice of "partner” in W - [rk]

of the element i+rl (in WS T ). VWe replace the random variable a' by
02

A= df’X and define Ai = E(Alz(i)). It is straightforward to show that
IAi - Ai—ll < 1 by an argument similar to that in part (a). Indeed consider
a fixed XU and 1et o = (x(P) : x(i-1) = XU ana x, = x) for
x €W - {Xl,Xz....,Xi_l}. To prove IAi - Ai—l' ¢ 1 we need only construct
bijections g ,26,_->06_,, for all x,x’', so that
X,X X X

IA(g(p)) - Mg, x,()_((”)))I <1 for g(p) €6,  and x' # x. This is easily
done. If K(p) €6 _ and x' = Xj for some j > i let gx,x,(z(p)) be §(p)
with Xi’xj interchanged. Otherwise just replace Xi by x'. This yields
IAi - Ai—ll € 1 after arguing as in part (a). Inequality (15) now follows.

So

(rk-e) - af *
Ex(exp{— 2r(n-2k) Hx e QTo)

r(k-2) 2
_ (I’(k—E)ji—id” = )) " —Aaqn
a0 =P ) = }P(dTO.x =d")

r(k-¢) 2 2
_ (r(e-g)p-(d” u))® _ (4" -
2 d’?=0 exp( . 2r(n-gk) E - gr(k—zg }

IN
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r(k-2) 2

r(k-8)-u d'" -1 d'" r(k-8)-u

an =2 2 ‘ewl- srnsig - @ MW GrEn * By T resk )
Now let 3 = 1£k—el£££k—e)—u) < 6u
a—u _r(k-8)-u

so that T3y = T(n-2k)

Thus the sum in (17) is bounded above by

ang k-8)-1) d (r(-2))? |, Su(r(k-2)-u)
2d" za exp{- 2:(n—2k) } + 2 d"z=0exp{— 2;(11_21{)“ r(;—2k) = }
r(k-£) ke2))2 10
<2 duz=0 exp{- gr(n—2k) (- I’(k—E)—p)}
2
< 2rk exp{logszgggﬁg_”)} exp{- é¥%§:§%321_}

3 2
= 2rk exp{§£§—} exp{- r(k-¢) (n—2k)}

n 2(n—k—-£)2

3

(18) < 2rk exp{zzg—}eXP{ %%%:é%—
n

Hence, by (14), (15) and (18)

Trk> re(k-2) r(k—e)z)}

KB z( )[k oxp(- (24et) , 2llet)

E(Z) < 4rk op(TE

Applying (12) and (13) to the above inequality and simplifying yields



hley
17rk k (

(19) P(Z, > 0)7" < 4rk e

T

Let u —-———exp{i-n—}.

Observe that (A/B)e is maximised at & = A/e and so

(20) (ae) ¢ Me
and
(21) u, ¢ (32 - K =)
k . 6 logr ed, .8
< (G =25 - exp{z )"

Case 1: 0 < 2 { k/2
Here exp{%} < Ir and so, by (21)

, < (8 k logr,e

e r

(22) < exP{ 3/2 n}'
r

{2n }-



Case 2: k/2 < & ¢ %E (logr - loglogr - 3)

By (20),
12 logr 4 4
u, < (%55 exp{5})
< (12 iogr . 3r )e
e logr
(23) <1
. 2n
Case 3: — (logr - loglogr - 3) < & < k.
Now
s (B 2+ 8+ 1) oxp(~ 22+1)r,
Yo+ (k-2)2 2n
< kn ealogr
= 2 2 :
(k-¢)~ r
Hence
1 Kkne>(logr)Z k-2
up < 5 53 )Y
((k-2)!) r k

knesglogrlz k-2
S( 2 9 ) uk'
(k-2)°r

Now observe that (A/ez)e is maximised at & = (A/e)l/2 and so

17
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4 2
kne (logr)™.1/2
u, < exp{( = 2 )" Ty

372
11 (1
(24) < exp{ (33§r) n}uk .
r

Now

-1 € (- K2r
Yk k | &PV o

ne
(= ep(- (o + (597 exp(-
€ €

kr

k
>a))

(25)

[\

ek/5
e .

[\

Part (c) follows from (19), (22), (23), (24). (25).
(d)
2n €
Let now ¢ = [?7 (logr - loglogr + 1 - log2 + Eﬂ] and Y be the random
variable which counts the number of independent sets of pu(F) of size £.

Then

P(a(F) 2 ) < E(Y)

- (n) rg_l(l - __Igli_o
T e i=1 rn-2i+1

28-1

n ré-i
< (e) izl (1 - ™n )



and (d) follows.

n re2
< 2(e)exP{— '2T

< 2(% exp{- ;n-—e})e

19
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