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§1. Introduction

In this paper we study a variational problem for real valued functions
- . 2
defined on an infinite semiaxis of the line. To wit, given x € R™ we

seek a "minimal solution”" to the problem

Minimize the functional given by

(P,) I(w(+)) = j: £(w(s).%(s).W(s))ds.

weA = {vew:(0,) : (v(0).v(0)) = x}.

Here W%;i C C1 denotes the Sobolev space of functions possessing a
locally integrable second derivative, and f = f(w,p.r) is a smooth

function satisfying

(1.1) £__ >0, £(w.p.r) 2 alw|® - blp|P + c|r|” - 4 (a.b.c.d > 0)

where a,v € (1,»), B € [1,») satisfy a > B, v 2 B,

as well as an upper growth condition to be described in §2.

It can be appreciated that the notion of minimal solution for (P ) is
a subtle one, since the infimum of I on Ax is typically either +« or
—», The formulation which is best suited to our problem will be described
and analyzed in 83. It will also be shown in &3 that the analysis given
for (Pm) applies to similar problems involving a functional identical to I

except for the fact that integration is taken along the entire real line.



Our interest in variational problems of the form (P ) stems from a
one—-dimensional model recently proposed by Bernard Coleman to describe the
equilibrium behavior of a long slender bar of polymeric material under
tension. It involves a fiber of material distributed along an infinite
interval and possessing an equilibrium specific Helmholtz free energy
function which, formally, is a higher order version of the van der Waals/
Cahn-Hilliard mean free energy for the density of a two phase fluid ([vdW],
[C & H]., see also [0GS]). This model goes beyond a model previously
analyzed by Coleman in which, starting from a dynamical framework and a
general nonlocal constitutive assumption for the stress in a slender rod of
polymer, he arrived, by the use of quasistatic- and retardation-type
approximations in the limit of zero radius, at a lower order constitutive
relation for the equilibrium stress in a stressed one-dimensional fiber
([C1], [C2]). This lower order relation includes, as an important special
case, constitutive formulas for the equilibrium stress in a finite fiber
which arise from the minimization, under a fixed length constraint, of any
one of a large class of free energies of the van der Waals/Cahn-Hilliard
type.

To describe the new, higher order, model we utilize an unstressed
reference configuration R for the material fiber, where R = [21,22] is a
long but finite interval and Z denotes the coordinate in R. The
location z in the stressed fiber of the material point at Z in R is

given in the form

z=2(Z) . ZE€ [Z,.Z,].



(time does not enter in the present equilibrium model). Then if we denote

the equilibrium stretch ratio (or "stretch"”) of the stressed fiber at the

material point at Z in R by
AZ) = z'(2),

it is stipulated that, when the material is held under a fixed tension, the
stress at the point Z will be that combination of the values of A(+) and
its derivatives at Z which is obtained by minimization of the free energy

functional

Z

2
(1.2) I (A(*)) = J‘ f(N(Z).N'(Z).,N\" (2))dZ,
Zl,22 Zl

under the constraint that the fiber have a prescribed length:

yA
2

(1.3) I ANZ)dzZ = e.
Zy

The form of free energy integrand proposed in this model is given by

(1.4) f(w.p.1) = ¥(w) - %pz + £ 2 (b.c > 0).

where ¥ is any function possessing some of the basic features of the

van der Waals/Cahn-Hilliard potential, for instance



(1.5) ¥(w) =a(w-w )2(w - W )2, w€R, with a>0, w, > w,.
1 2 2 1

Note that the function f given by (1,4), (1.5) obviously satisfies (1.1);
in fact, much of our analysis permits a,b,c themselves to vary with w
and p. We mention that the characterization of equilibrium states by
means of (1.2), (1.3) is the one appropriate to a fiber held in a "hard
device"”, one that maintains the fiber at length ¢&.

It will be shown in 82 that the functional IZ 7 in (1.2) is
1’72
bounded below. It then follows by a standard argument involving lower

semicontinuity that there exists a stretch field A(¢) minimizing IZ z
1°72
subject to (1.3). Moreover, for f as in (1.4), (1.5), A(+) is four times

continuously differentiable and satisfies the Euler-Lagrange equation:

& d 0
(1.6) ;;5 (C)\ZZ) - ﬁb?\z) +¥'(A) =T , L € (21,22).

Moreover, the tension To, which arises as a Lagrange multiplier associated
with the constraint (1.3); is uniform over the fiber.

Since we are interested in very long physical fibers we are led to
examine limiting cases in which R = [0,®) or R = (-®,®). In such cases
the fixed length requirement (1.3) is useless, and we are instead led to
postulate that the value TO of the tension is specified. This
corresponds to the replacement of f in (1.4) by

2

(1.4,) fo(w.p.) = (¥(w) - TOw) - 2p% + £ 12

(b.c > 0).



It is easily verified that fO satisfies the conditions (1.1), whatever be
the value TO € R. Thus the first limiting case gives rise to problem
(P,). the second limiting case to an analogous problem on (-®,@). For
convenience we restrict ourselves for the remainder of this section to the
integrand f in (1.4), (1.5). It will be shown in %6 that if the
parameter b is sufficiently large then the energy integral I(A(+)) in
(P,) will have the value — for some choices A(-) € Ax' Thus one cannot

minimize (P_ ) in the usual sense. One way to overcome that difficulty is

to consider the expression

(1.7) JOA(+)) = im inf %JL £(NZ). N (Z) A" (2))dZ
0

L0

and to look for a stretch field which minimizes J. In this paper we
employ a more refined criterion to specify what is meant by a minimal
solution for (P_), one which is a weakened version of that known in the

control theory literature as the overtaking optimality criterion ([B & H],

[Ca]. [A & L]). The modification which we introduce is closely connected

with the notion of minimal energy configuration employed by Aubry and le

Daeron in the analysis of an infinite discrete model for crystals which
undergo phase transitions in their ability to conduct electricity
([A & D]). This model, due to Frenkel & Kontorova, is the object of
current research by several investigators ([A & D], [G & C], [C & D],
Ma]).

The paper is organized as follows. In section 2 we specify our

notation and analyze the fixed endpoint variational problem, with f as in



(1.1), corresponding to the integral in (P ) but taken over a bounded
interval. In section 3 we describe our criterion for a solution of (P ) to
be minimal. In section 4 we demonstrate the existence of a minimal energy
solution, and in section 5 we establish our main result: there always
exists a periodic minimal solution for (P ). Then in section 6 we prove
that in the special case (1.4), (1.5) there is a threshold effect; for
fixed a,c there is a value bO > 0, such that for b € (O,bo) the
periodic minimal solution mentioned above is constant, while for b > bO
the infimum of I is - and the periodic solution whose existence was
shown in section 5 is nonconstant. Finally, in an appendix (section 7) we

establish an analytic result utilized in section 4 which may be of

independent interest.



§2. The bounded interval problem

In pursuing our goal of analyzing the infinite semi-interval problem
(P,) we begin by considering, for each T > 0 and x,y € Rz, the following

variational problem for real valued functions on [0,T]:

Minimize the functional

T
() L)) = | £ 00, e,

() €A L= {v eV IO.T)  (v(0).¥(0) = x. (W(T).¥(T)) = ¥}.
The function f = f(w,p,r) is assumed to be smooth and to satisfy

(i) f._ 20

r 2
(2.1) (ii) f(w.p.r) > alx|® - blp|P + c|r|” -4, a.b.c.d > O,
(iii) f(w.p.r) < ¢(w,p) + c'lrlq, c' >0,
vhere a,v > 1, B2 1 satisfy B<a, B<~, and ¢ 1is continuous.

If we utilize the Sobolev spaces X = LB(O,T), Y = WI'B(O,T),

Z = Wz'B(O,T), then it is an elementary consequence of the Arzela-Ascoli

theorem that these Banach spaces are compactly imbedded as follows:

Z C Y C X



Hence by a result of Lions-Magenes [L & M, v.1, p. 102] it follows that for

each 7 > 0, there exists a C(n) > O such that
B
(22) Ml 1 p Al o g + il g . v v e ¥Po.m).
It follows that
Il g <l g+ Al g + cctm + miMl .
so that for n <1
@ - AT < AT+ t2cm + PP, v v e v Pom.

Putting 7' = [2n/(1 - 1'))]Bbc_l we conclude that for each 7' > O there

exists D(n') > O satisfying

(2.3)

T T T
J blv(e) |Pae < o I c|v(t)|Pat + pm') _[ lv(t)|Pac, v v e wPo.1).
0 0 0

Now for each 6 > B and a > O there exists a K =K(n',6,a) 21

satisfying

ara + D(n')(n')—lKB 2 D(n')(n')—lrﬁ , Yr>O0.



Moreover, for each ~ 2 B and c¢ > O one has
cr1+czch,Vr>O.
Hence (2.3) ensures that for some P = P(n') > O one has

(2.4)

T T
(n') ! J blv(e) |Pae < f V)T + alv(e)[Pae + P, v v e wPo.1).
0 0

(e.g.. P(') = D(n')(‘n')_lKﬁT + cT will do). By taking 7' { 1/2, say, we

deduce that for some constants R =R(n') > 0, Q =Q(n’') > O one has,
T * (1] T L ] B

(2.5) I £(v(t).v(t).V(t))dt > J Rlv(t)|Pac - 2. v vewPom.
0 0

Thus I = I'I‘ is bounded below on Ax y for each T > 0, x,y € IR2.

Remark 2.1 By utilizing the existence for each T' > T > O of a bounded
extension operator E : WZ’B(O,T) - Wz’B(O,T’) (E can be chosen uniformly
bounded for T,T' € [c,C] whenever O < c < C < ®) one readily concludes
that C(m) in (2.2) may be chosen uniformly for T varying in any compact
subinterval of (0,®). Thus the constants P,Q,R in (2.4) and (2.5) can be
chosen uniformly for T varying in any such interval.

Moreover, we have the following result.
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Theorem 2.1 The function UT : R2 X Rz-e R defined by
(2.6) UT(x,y) = inf IT(W('))
w(*)€A
X,y
satisfies
(2.7) 2im UT(x,y) = +0,
x|+ |y |-

Note: Hereafter we omit the subscript T where no confusion will arise.

Proof: Given M > O, it follows from (2.5) that
T B 1
I(v(+)) 2 M whenever J‘ [v(t)|Pdt > ﬁfM + Q].
0
Thus it will suffice to show that even for those v(+) satisfying
T B 1
(2.8) [v(t)["at < oM + Q].
0

one has I(v(+)) > M provided that |x| + |y| is sufficiently large.
Suppose first that |x1| = |v(0)| is sufficiently large so that (2.8)

implies

(2.9) lv(v)l 2s , ©

I
-t
IN
-
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where S satisfies
1 b
(2.10) s“zaT[M+dT+§(Q+M)].

Then by (2.1 ii) and (2.8)-(2.10),
T T

(2.11) I(v(*)) 2 I a|v(t)|%dt - j bl\.r(t)IBdt - dT > M.
0 0

Similarly, if |y1| = |v(T)| is sufficiently large, (2.8) again implies that
(2.9) holds and (2.11) follows.
Finally, suppose that (2.8) holds while |x1|,|y1| are sufficiently

small so that the preceding argument does not apply. Note that (2.8)

ensures that for some to € (0,T)
. 1 1/
(e < g + 17 =0
Thus if |x2| = |Q(0)| 2 S', where S' satisfies
(2.12) s' 2o+ ¢ YV M+ 2+ Q) + ar]”

then Holder’s inequality gives

' T e t o
t " U |v(t)|”dt]1"' > Io N(o)lde 28" -0 . (2+ L =1).
0 0

2|
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Hence (2.1 ii), (2.8), and (2.12) imply

(2.13) I(v()) 2 M.
A similar argument leads to (2.13) if |y2| = |;(T)| 2 S'. This

concludes the proof. 0O

Remark 2.2. A simple modification of this argument (basically by replacing

T by T/2) reveals that (putting m(w):= max{|w(t)]| + |&(t)|, t € [0,T]})

2im I (w(<)) = +».
m(w)-

That is, for each M > O there exists a rectangle

Q= {x: Ix;| <. lxy] <87

such that I.(w(-)) 2 M for any w(+) such that the corresponding

trajectory t » x(t), 0 { t { T, is not entirely contained in QM'

It is an elementary exercise to show that UT(°,-) is bounded on

bounded sets, for instance by constructing polynomials belonging to Ax ¥y’

for each x,y € Rz. We proceed to show that UT(°,°) is actually

continuous.

Theorem 2.2 For each T > O, the function



defined in (2.6) is continuous.

Proof: 1. Lower semicontinuity. Given x,y € Rz, it follows from the

convexity and growth conditions (2.1 i), (2.1 ii) [cf. (2.5)] (recall that
7 > 1) that there exists a minimizer w(+) € Ax y for the functional IT
(cf. Morrey [M, Theorem 1.91] or Giaquinta [G, Theorem 3.1]). Moreover by

(2.4) one obtains the estimate

13

(2.14)
T . e T e Y a
UT(x,y) = J; f(w(t).w(t).,w(t))dt > (1-m') J;(clw(t)l + alw(t|)dt - (1-n')P.

Given any sequence (xk,yk)'» (x,y). let us denote by wk(°) a minimizer

belonging to Axk v’ k 2 1. It follows from (2.14) and the local
7k

boundedness of UT that the functions {wk(')} form a bounded subset of

W2’7(O,T). Since 7 > 1 we can suppose, by extracting a subsequence and

re-indexing, that for some v(+) € W2'7
wk(°) - v(-) weakly in W2’7.
Thus

(2.15) w (t) > v(t), v‘:k(t) - v(t), uniformly in [0,T].

;k(°)~4 ;(°) weakly in L7.
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These relations ensure by a lower semicontinuity result of Tonelli’s (e.g.

cf. Giaquinta [G, Ch. 1, Theorem 2.3]) that
T L ] .0
(2.16) I £(v(t),v(t).v(t))dt < &im inf U_(x .y, ).
o oo TR Tk
Moreover, by (2.15)

(v(0).v(0)) = x. (v(T). ¥(T)) =y.

so that (2.16) implies

IN

UT(x,y) 2im inf UT(xk.yk)

k=0

This completes the proof of lower semicontinuity.

2. Upper semicontinuity. Let w(-<) € Ax y denote as above a minimizer

for IT’ and suppose (xk,yk) - (x,y) as k » . Put

k k
u:xk—x,v=yk‘y-

so that uk.vk 20 as k -, and define

6k(t) =a + bkt + ckt2 + dkts.
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where the coefficients are chosen so that

(2.17) (8,(0).5,(0)) = u, (5,(T).5,(T)) = v, k> 1.

(Explicitly

k 1 k k k k
u2, ck = - 1—5[3(111 - Vl) + T(V2 + 2112)]

X
ay =up. by

[
I

" ;%{2(u¥ - v?) + T(ug + vg)].)
It is easy to see that
(2.18) ak(t),ék(t),ﬁk(t) > 0 uniformly for t € [0,T], as k - ».
Ve define
zk(t)’= w(t) + 5,(t) . k21

Then zk(°) € Axk'yk by (2.17), so that (2.18) implies

Iz ()] < Iw(e)| + 1. |z ()] < Iw(e) | + 1. |z ()] < Iw(e)]| + 1

for all t € [0,T] and all sufficiently large k. Consequently since w(*)

and &(°) take values in bounded sets (2.1 iii) implies that
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I

const + c(lx(t)l + 1)7

[£(z, (£).2,(£).2, ()

IN

A+ Blw(t)]" . te€[0,T]

for some constants A, B and all sufficiently large k. It now follows

from the definition of zk(°) and the dominated convergence theorem that

T
Up(ey) = 1p(n()) = exm |

. £(z) ()., (t).Z (¢))dt,

and since
IT(zk) 2 UT(xk,Yk)
this implies that
U .(x,y) 2 &im sup U (x .y, ). a
T S i S

By a simple modification of the above proof, utilizing the extension

operators ET T from Wz‘ﬁ([O,T]) to Wz’B([O.T’]). we can easily deduce

Corollary 2.3. The mapping (T,.x,y) » UT(x,y) is continuous for T > O,

x,y € mz.




§3. The optimality criterion

We will treat problem (P ) as a minimization, in the limit as T -» =,

of the following functionals

T . (1)
L (H()=] £05).55) ().

(3.1)
w(*) € A= {veWrl i (v(0).%(0)) = x}.

(Since this is an equilibrium problem, the use of T as parameter should
cause no confusion.) However, in many cases it turns out that for every
w(*) € Ax one has IT(W(°)) 2 ® as T - o, in which case the
minimization of I_(w(<)) has no meaning. Alternatively, it may turn out
that there are functions w(+) € Ax for which IT(w(°))'+ —© as T 5o,
in which case a straightforward minimization of I_(w(+)) again has no
meaning.

As pointed out in the introduction, one way to reduce this difficulty
is to minimize the ’average energy over large intervals’, that is to

minimize the functional J defined by
(3.2) J(w(+)) = &im infl I (w(-)). w(-) € A_.
T x

The infimum of the values assumed by J, namely

(3.3) p = inf J(w(-)) . w(-) € Ax’

is then called the minimal growth rate of the energy (it is easily seen

17
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that p is independent of the initial vector x). Unfortunately, this
approach also suffers from a serious drawback, which we describe for the
case in which the infimum in (3.3) is actually attained. Given an interval
[O.TO]. where TO may be arbitrarily large, let w0(°) be any given

element of Ax subject only to the condition

(W(T) . W(Ty)) = x.

Now define wo(°) on the half axis [To,w) in such a way that

s P wo(s + TO) is in Ax, with

T
. 1 I . .o
2im inf —— f(w.(s).w.(s).w,(s))ds = pn.
T T TO To 0 0 0

Clearly the extension of wo(') to [0,») obtained in this way satisfies
Jg()) =1 . wo(e) € A

This is an unsatisfactory situation since for us the infinite horizon
problem (Pm) is merely a mathematical idealization for modelling problems
on large intervals, while the above function wo(°) is a very poor
approximation on an interval of length TO' where TO may be very large.
This arbitrariness in the definition of w(+) on an initial interval can be
removed by imposing some condition of stationarity. However, most

conditions of this sort, such as periodicity say, are rather artificial.
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Another type of optimality criterion for infinite horizon problems was
introduced in the economics literature by Gale [Ga] and von Weizsacker [vW]
and has been used in control theory by e.g. Brock and Haurie [B & H],
Carlson [Ca] and Artstein and Leizarowitz [A & L]. It is referred to as

the "overtaking optimality criterion”.

Definition 3.1. A function w*(°) € Ax will be called overtaking minimal

relative to x if

o L(W'(+)) - L(w(-))] < 0. for all w(-) € A_.
1¥q:up[ T(W (+)) T(W( NI < or a w(-) x

Thus if w*(-) is overtaking minimal then for each € > O and
w(e) € W%;i with x(0) = x#(O), there is a T0 such that
IT(W*(')) < IT(W(’)) + e, for every T > To. This implies, in particular,
that w*(°) is a minimizer of J in (3.2).

Just as the minimal growth rate criterion of minimizing J(¢) is too
loose, since there are infinitely many functions with a minimal ‘average
energy over large intervals’, the overtaking optimality condition is too
strict, and in general there will be no overtaking minimal functions.
However, a closely related notion was considered by Aubry and le Daeron
[A & D] in their study of the discrete Frankel-Kontorova model describing

one-dimensional crystals with phase transitions (cf [N]). There they

minimized an energy expression of the form



20

M

kEzN u(xk,xk+1) , with -o < ... < Xy < X141 < ... (o

as N,M - @ using the following criterion. A sequence {X;}z——m is called

a minimal energy configuration if for each M,N > O the inequality

M M

» I
k=z—N u(x. %) < k___z_N u(x %)

holds for every increasing sequence {xk}g__N satisfying

_ el _ %
XNTXN "M T %

An analogous criterion can be adapted to our framework, as follows.

Definition 3.2. A function w* € W%;i is called a locally-minimal energy

configuration if

To

2
I F(w (s).w (s).W (s))ds < J £(w(s).w(s).w(s))ds
T T

| 1
for each T .T, such that O < T, < T, and each w € W ([T,.T,])

satisfying:

(W(T).W(T))) = (W (T W (T). (W(Ty).W(T,)) = (W (Ty).w (T5)).
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If in addition to the above property w*(') also provides the minimal

2
growth rate of energy, then w (°*) is called a minimal energy

configuration.

It is clear that if w*(°) is overtaking minimal then it is also a
minimal energy configuration. In the next section we will construct for
each x € R2 a w*(°) € Ax which is a minimal energy configuration. The
analysis given there will involve a reformulation of (Pm) in discrete
terms, but as will be seen, the reformulation is not an approximation to
(P,)-

The discrete problem to be analyzed in 84, is of the following type.

Consider expressions of the form

N-1 _
(3.4) (X) = k>=:o vix.x, 1)

for a given x € R2. vhere X = {xk}:_o is a sequence in Rz such that

Xy = X and v : Rz X Rz-a R 1is a continuous function satisfying

(3.5) v(x,y) > = as |[x| + |y| » .

Remark: It will be seen that if x(+) = [3%:%] is (globally) bounded for

the locally-minimal energy configuration w(<) then w(+) is automatically

a minimal energy configuration.

It is desired to minimize CN(X) as N - @, either in the overtaking sense



22

or in the weaker sense of minimal energy configuration. A study of this
problem was presented in [L]. There it was shown that when (3.5) holds one
can restrict attention, insofar as optimality considerations are concerned,

to sequences X lying inside some fixed ball:

where L > O is a constant which does not depend on X (see [L], Theorem

8.1). Moreover the following result was proved ([L], Theorem 3.1).

Theorem 3.3. Let v : Rz x R2 - R be a continuous function satisfying

(3.5). Given an x € Rz consider the expressions CN(X) where X5 = X

Then there exist constants p and M such that

1. For every X = {xk}:_o the inequality

N
kio[\f(xk-xkﬂ) -u]l2-M

holds for all N 2 1,

2. There is a sequence X# satisfying

> X% | <M VN1
|k>=30 v(x.x,q) -1 <K > 1.
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The scalar p describes the minimal growth rate for average energy of
the energy expressions CN(X) in (3.4). By Theorem 3.3 every such
expression is bounded below by a linear function of N whose slope is pu,
while there is a sequence X' for which CN(X?) is bounded both from above

and below by such functions.

Definition 3.4. A bounded sequence X? will be referred to as a minimal

energy sequence if for each N2 > N1 > 0 the inequality

Nl—l N2—1

b “x, )< 2 ,
Jox, V0 Xer) fox, V09 M)

N
holds for every sequence {xk}k%N satisfying
: 1

Now it has also been shown [L, Prop. 5.1] that Theorem 3.3 is

equivalent to the following result.

Theorem 3.5. Let v : R2 x R2 -2 R be continuous and satisfy (3.5). Then

v(*,*) can be decomposed in the form

(3.6) v(x,y) = p + w(x) - n(y) + 6(x.y).



. 2 . .
where p is a constant, 7 : R” -2 R 1is continuous, and 6 :

is a continuous function satisfying

(3.7) min O6(x,y) =0 , for every x € IR2
2
y€R

R> x R - R

24
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§4. Existence of a minimal energy configuration

In this section we will prove the existence, for each x € R2, of a
minimal energy configuration in Ax' The construction will be given in two
stages. First we consider a discrete reformulation of our problem and

_ 00
construct a minimal energy sequence X - {xk} for it (recall
k=0
Definition 3.4). This sequence will determine the values of (wx(°),%*('))
at the points {kT}:_O, for some fixed T > O, of a minimal energy
configuration w*(°) via,
% 3¢ %
(w (kT).w (kT)) = x » k20.

Then w*(°) will be determined in each interval [kT,(k + 1)T] as a

minimizer over W2’1([kT,(k + 1)T]) for
k+1)T . .
J{ f(w(s).w(s).w(s))ds, subject to
kT

(wW(KT).W(KT)) = x. (w((k + DT).w((k + 1)T)) = x, ..

2 2

For a fixed T > O consider the function UT :R” xR” 5 R defined in
(2.6). Examine the energy expressions associated with UT, namely the

quantities CN(X) defined for each sequence X = {xk}:_o C R2 by

N-1
(4.1) N = =2 U %)
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The following result will be proved.

Theorem 4.1. For each fixed initial value Xy = X € IR2 there is a bounded

minimal energy sequence X*

Proof: By Theorem 2.1 the function UT(',~) satisfies

Up(x.y) > = as x| + [y| » .

Then by Theorem 3.5 one can decompose UT in the form

(4.2) Up(x.¥) = Tup + 7(x) - mp(3) + Bp(x.¥).

2

with Hr a scalar, Lo\ : |R2 -2 R continuous, and 6, : R~ x IR2 >R a

T

continuous function which satisfies,

(4.3) min GT(x,y) =0 , for each x € IR2.

2
y€R
Now define {x:}:_o recursively as a sequence which satisfies

(4.4) x.’j =%, . eT(x:,:{ﬂ) =0 , k=0,1,2,...
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This scheme is applicable for each x, € Rz by (4.3), and it results in a
bounded sequence as follows easily from Theorem 3.3(1) and the fact that
m(y) =« as |y| 2 ». We claim that X = {xk)k—o is a minimal energy

sequence. For suppose that 1 { M { N and that X is any sequence in Rz

satisfying
(4.5) Xy =Xy . Xy =X
Then (4.2) implies that
N-1 N-1

(4.6) 2 Ur0eXay) = (V= Mgl + (o)) - mplagy) + 2 6p(%44)-

while by (4.4) one has

N-1
(4.7) kz U %) = (N - M) T + 708 - (X))

Comparing (4.6), (4.7) in the light of condition (4.5) and the

nonnegativity of BT(‘.°) yields

N-1 N-1
kE“&mﬂZZ(ﬁmﬂ

which concludes the proof. o
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We will now use the minimal energy sequence X to define a minimal
%
energy configuration w (°).
Consider, for each integer k > O, problem (PT) posed in the beginning
of section 2, with (x.,y) = (x;,x;+1). As indicated in the proof of lower
semicontinuity in Theorem 2.2, there exists a minimizer wk(°) for this

problem. Now define W (0,») » R as follows

(4.8) wi(t) =w(t -k ., te[kl.(k+1)T) , k0.

thus w I[kT,(k+1)T] minimizes the expression

k+1)T . . 1
J( f(w(s).w(s).w(s))ds , w(-) € W2’ ([kT,(k + 1)T]),.
kT

subject to the conditions x(kT) = x;. x((k + 1)T) = x:+1. where we denote
x(s) = [3%:%] (thus by the proof of Theorem 2.1 x(+) is a bounded function

from (0,») to Rz). We proceed to demonstrate that this construction does

provide a minimal energy configuration.

Theorem 4.2. The function w*(°) defined in (4.8) is a minimal energy

configuration for problem (P ).

In order to prove Theorem 4.2 we will need to compare, for each

w(-) € Ax’ the quantities
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T T2

2
J f(w(s).w(s).w(s))ds and J F(w (s).w (s).W (s))ds
T1 T1

for every pair T2 > T1 > 0, not just integer multiples of some fixed

T > 0. This will require the use of two results given below.

Lemma 4.3. Let {ak}:_1 be an increasing sequence of positive numbers
such that a, - as k - ® Consider numbers T > O with the property

that for every m > 1,

(4.9) inf{a, - nT : k2m, n 20, 2 nT} = 0.
kn k %k

Then there is a set D C [0,%) with m(Dc) = 0 such that every T € D
satisfies (4.9). (Here m(ds) is Lebesgue measure and D° denotes the
complement of D in [0,®)).

The proof of this lemma will be given in section 7.

Now set Sx:= {X = {Xk}:=0 C Rz Pxy = x}, let §x denote the set of
periodic sequences in Sx‘ and consider the scalar Mt and the function
wT(°) appearing in the decomposition (4.2) for UT(','). It has been shown
(cf. [L] 33, Prop. 5.1) that the following formulas define a My and a

WT(’) for which (4.2) holds:

. 1 1
4.10 = inf[€im inf = Cy(X)] = inf[2im 5= Cy(X)].
(4.10) K m[l;_;n &t (X1 in [N;n;NTCN( )]

Sx S
X
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(4.11) Lo inf [Bim inf[CN(X) - NTpT]]

S N—xo
X

Remark 4.3a. Here the lack of dependence of pp on x follows
immediately from the form of (4.10), while its lack of dependence on T

follows readily from Lemma 4.3, so that we obtain a u € R such that
(4.12) T for all T > O.

Moreover the function 1rT(') is (almost) independent of T > 0. In fact by

using Lemma 4.3 we are able to prove ‘the following.

Proposition 4.4. There exists a continuous function w(+) : lR2 - R and a

set D C [0,»), with m(D®) = O, such that
(4.13) 1rT(x) = w(x) for every x € IR2 and T € D.
Moreover, the decomposition (4.2) for UT(-,-) can be replaced by

(4.14) UT(x,y) =Tp + w(x) - n(y) + B,i‘(x.y), V x,y € IR2 and T > O,

vhere G,i, is a continuous function which satisfies the condition
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2

(4.15) min Gf(x;y) =0 , for each x € R".
2 ,
Y€R

Proof: By the proof of Theorem 2.1 it can be seen that the set
Si = Si(T) of all sequences (X} € Sx for which the ¢£&im inf in (4.11)

does not exceed wT(xb) + 1 has the feature that

(4.16) Xe siO:X= {x )5 CK,.

where KO is a compact subset of R2 which depends on the choice of X,
and T > 0. Moreover by Remark 2.1 it follows that for each interval
0Ca TP <o the compact set KO can be chosen sufficiently large so

that (4.16) is valid for all S;b(T), a { T { B. Furthermore, the proof of

Theorem 2.1 together with Remark 2.1 also implies that there is a compact
set K1 . KO with the following property. Given any X C KO and

T € [a,B]. let w(+) : [0,2) >R be defined as in (4.8):

(4.17) w(t) = w (t - kT), t € [KT,(k + 1)T) , k = 0,1,2,...,

with wk(°) € W1'2([0.T]) a minimizer for problem (PT) corresponding to
(x.y) = (xk,xk+1). Then the associated function x : (0,») e»R2 defined

by

o [ o
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satisfies
(4.18) x(t) € K1 , all t > 0.

Fix T € [a.B]. Givenany e > 0 let X = X(e) € S}lc be such that
for this sequence the <£im inf on the right of (4.11) is within e of
1rT(x); let we(°) € Ax be the function associated with X(e) as in (4.17);
and let xe(°) be the corresponding le—valued function. Thus xe(t) € Kl’

for all t 2 0. Next let Nj - ® be a sequence of integers satisfying
(4.19) &im inf[CN(X(e)) - NTu) = 8im[CN (X(e)) - N_Tu].
N j® ] J

Set a.:'{ = NkT. k 2 0. Then by Lemma 4.3 there is a set
D= D({aﬁ}:=0) C (0,) of full measure for which the condition (4.9) holds.

Given any T' € D let the sequence Y = (yj};’_o be defined as
€. .
y; =x(@T) . j20,

with xe(-) as above. Clearly it follows that

J+1)T!

(4.20) Up, (v5.5,4) sj(_ f(w (s).w (s). W (s))ds . §20.

T!

Now by (4.9) there exists a sequence Me o £ > 1, such that
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dist(M,T'.{a,}) = 0.

If we denote by ay that element of (ak} satisfying
£

<MT' < , 2>1
ake—l {) a’ke

then we obtain by use of (4.16)

Y) - T' - X) - T
Gy, (1) = iM,T = (Gy (X)) - Y T)

)
Ky
(4.21) < - L " f(we(s)v.re(s),;;e(s))ds - p,(ake - M,T')
e
2k
<—fe @alv ()1 - blw_(s) [P - a)ds - u(a, - M,T7)
- MeT' € € ake L

where we have used (2.1 ii) to obtain the last inequality. Now xF(t) € K1

for all t 2 0, so the integrand in the last integral in (4.21) is bounded

uniformly, while by (4.9) &im inf{
£-x0

3y - MeT'} = 0. Hence (4.21) implies
2
that

(4.22) Th(x) ST(x) ve . VT € D({ak}:=o).
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By taking a sequence €= 0, we deduce that the set

D = : D({ e'“}"" )
0 3 Jk=0

has full measure. Moreover it follows by (4.22) that
3
(4.22') TI'T,(XO) < vT(xo) ., for all T' €D.

Now set

(4.23) 1r(xo) = inf{er(xo);T > 0}.

It will be seen below that 1r(x0) # . Given 6 > O, select T:= T6 >0

such that

WT(xo) < w(xo) + 6.

Thus we obtain from (4.22') the existence of a set D" = D*(G) such that

M((D*)®) =0 and

vT,(xo) € [w(xo),'lr(xo) + 6] ., for all T' € D*(b).

0

By taking a sequence 68 - 0 and setting D**(xo) = N D*(Ge) we deduce
£=0
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that
(4.24) nT,(xb) = w(xb) for all T' € D**(xb).

Note that if in (4.23) w(xb) = -, the same basic reasoning would show that
wT,(xb) = - for all T’ in a full set D**, contradicting the fact that
NT,(xb) € R.

The continuity of the function w(+) defined as in (4.23) now follows

from the observation that for any sequence Yon = X, there are values

[+
T' € QO D**(yo n). Hence by the continuity of WT,(’),
n= s

W(Yo’n) = "T'(yo,n) > ‘”Tr(xo) = 1r(x0)'

To demonstrate (4.13), it suffices to examine a countable dense set

(o]
(zi} C R2. Then setting D = N D**(zi) we conclude that whenever T' € D
i=0

wT,(zi) = w(zi) , i20.

It now follows by the continuity of WT,(') and w(+) that (4.13) is valid.
It remains to prove that (4.14), (4.15) hold. Examine for each T > O

the function Gf(°,-) defined by

(4.24) Bf(x,y):= UT(x.y) -Tp+w(y) - m(x) , x,y€ Rz.
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Since (T.x,y) » UT(x,y) is continuous (see Corollary 2.3) it follows that

the function

(T.x,y) » 65(x.y)
is continuous, and we know by (4.13) that
(4.25) 6r(¢.*) = 64(+.*) . for all Te€D.

It follows from (4.24) that B,i.(x,y) »® as |y| » ©, uniformly on compact

sets of the form

(T.x) € [a.B] x S.

Thus there is a bounded set S, such that G.i‘(x.y) =0 with

(T.x) € [a,.f] xS 2>y € Sl' This together with the fact that for all
Te€eD

(4.26) min B,i,(x,y) =0 for x €8S,
yeR®

implies the validity of (4.26) for all T > 0. 0O (Prop. 4.4.)

Proof of Theorem 4.2: Given T2 > T1 > 0, let w(-) € W%(’)i satisfy




x(T,) = x?(Tl), x(T,) = X (ty)

¥
) e Y (+)
) o)

with w*(°) defined as in (4.8). We shall suppose that neither T1 nor

where x(°) = [&%

T2 is a multiple of the fixed T relative to which w*(°) was defined

(the other cases are simpler). Denote by M,N the nonnegative integers

determined by

T, € (M - 1)T.MI) . T, € (NT.(N + 1)T).

Then we can estimate

T
2 . i N-1
J;1 f(w(s),w(s).w(s))ds 2 UMT—Tl(x(Tl)'x(MT)) + kEM UT(x(kT),x(k + 1)T))

+ UTZ_NT(X(NT).X(Tz))

2 (Ty = T + (x(T))) - 7(x(Ty)).

where we have utilized (4.13).

We proceed to show that w*(°) yields equality:

37
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2 L ] L[]

(4.28) J; F(w (s).w (s).W (s))ds = (Ty - T + w(x(T,)) - w(x(T,)).
1

For this we examine the integral over [(M - 1)T, (N + 1)T]. By the

definition of w*(°) we have

N+1)T
J( ) F(w (s).w (s).W (s))ds = (N-M+2)Tp + w(x ((M-1)T))-m(x ((N+1)T)).
(M-1)T

On the other hand, using the decomposition into integrals over the

intervals [(N—I)T.Tl], [TI’T2] and [T2,N+1)T] we obtain by (4.14)
N+1)T > * oo} k3 E 3
Jin-m F(().9(3) W (0))dr 2 Up gy (1)) 2(T;)
+ uTz_Tl(xf(Tl),xf(Tz)) + U(N+1)T_T2(x?(T2),xf((u+1)r))
> (N-M2)Tu + w(x ((M-1)T)) - w(x ((W1)T))
+ efl(M_I)T(xf((M-1)T),xf(Tl)) + efz_Tl(x?(Tl),xf(Tg))

* eiN+1)T—T2(xr(T2)'X¥((N+1)T))

By comparing these two decompositions we conclude that each of the 6'

38



terms is O. In particular

whence (4.28) follows.

6. *(T,).x(T.)) = O,
o1 T L)

39
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§5. Periodic minimal energy configurations.

In this section we will demonstrate the existence of periodic minimal
energy configurations. In order to state our result concisely we introduce
the following notation for use with any integrand f of the sort described

in (2.1):

(5.1) mgi= inf{f(w,0.s) : (w.s) € K},

We will prove the following assertion.
Theorem 5.1. Suppose that the integrand f in (P ) is such that
(5.2) p < me.

where p is the minimal growth rate for (P ). Then there exists a
3
nonconstant periodic minimal energy configuration w (°) for (P ).

If f has the further property

(5.1") inf{f(w,0,0) : w € R} = me,

then whenever (5.2) fails there exists a constant minimal energy

configuration

w*(s) =w, Vs2O0,



where w € R is any value for which

m, = £(#,0,0).

Remark: It will be shown in $6 that (5.2) and (5.1') hold for a large and

interesting class of problems.

The following result, which characterizes those periodic

configurations which are minimal energy configurations, will be needed.

Lemma 5.2. Let w(+) be a periodic configuration of period T > O:

w(t +T) =w(t) , Vt2O0.

Then w(+) is a minimal energy configuration if and only if

1 (¥ . oo
(5.3) T-J; f(w(s), w(s).w(s))ds = p.

Proof: By the definition of p [cf. (3.3)] one deduces the inequality

p < 2im inf ! f(w(t).w(t).w(t))dt = lIT F(w(t).w(t).w(t))dt
Tk KT g B T Jo B '

Moreover if the inequality is strict then it is easily seen (using the

periodicity) that w(+) cannot be a minimal energy configuration. Hence
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(5.3) is certainly necessary for w(*) to be a minimal energy
configuration.

Now suppose (5.3) holds. Let v(°+) be any configuration and let
TI’T2 be a given pair of points in [0,®), with O ¢ T1 < T2. We proceed
to show that if v(Tl) = w(Tl),v(Tl) = w(Tl),v(Tz) w(Tz),v(T2) = W(T2)

then

T, T2

2
(5.4) I F(w(t).w(t).w(t))dt < J £(v(t),v(t).v(t))dt.
T T

Let the integers m,n be determined by

(m-1)TST, <mT |, nT$T2<(n+1)T.

1

We now compute the integral I over [(m - 1)T,(n + 1)T] in two ways, as

follows. By (5.3) and the periodicity of w(-)

n k+1)T . . n
(6.5) 1= 2 I( f(w(t),w(t)),w(t))dt = 2 uT =(n-m+ 1)uT.
k=m—-1 kT k=m-1

On the other hand, putting x(t) = [3%8] we obtain

L2 Up (gD x(T))*0p g ((Ty) (T g (<(Tp) X (2 1)T)).

Using the decomposition (4.15) for U(-,+) we obtain
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I2 (Tl—(m—l)T)u+BT1_(m_1)T(x(m-1)T),x(Tl))+(T2—T1)u+9T2_T1(x(T1),x(Tz)) +
+ ((n+})T—T2)p + 9(n+1)T_T2(x(T2)’x(n+1)T))'
Thus by the nonnegativity of the functions 6(-,*),
(5.6) I>2(n-m+ 2)Tp + BT T (x(Tl),x(Tz)).
21

A comparison with (5.5) shows that equality holds in (5.5) and
6T2_Tl(x(T1),x(t2)) = 0.

Hence

T

2
(5.7) L f(w(t),w(t).w(t))dt = R(T, = T;) + w(x(T))) - 7(x(T,))-
1

On the other hand, since v(+) has the same end data as w(*),

T

2
L FO().v(0).¥(0))de 2 Up g ((T)).x(Tg)) 2 w(TyTo) + w(x(T;))(x(Tp)
1

Comparing this with (5.7) we conclude that (5.3) suffices for w(+) to be a

minimal energy configuration. 0O
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Proof of Theorem 5.1. Given Xy = X € Rz we consider the function w*(°)

defined in (4.8). By theorem 4.2 this function is a minimal energy

configuration. We will examine the phase-plane orbit

3

(t)

t P *t =[w ]
x () v (t)

Recall that w*(') was constructed by using the minimal energy
sequence (4.4). Such sequences are uniformly bounded if X belongs to a

bounded set in Rz, as follows from Theorem 2.1 and Theorem 8.1 in [L]. It

then follows that the orbits
tr x#(t).

with w*(~) as above and % in a bounded set are uniformly bounded.

Suppose, for the sake of definiteness, that %5 lies in the first
quadrant of Rz. Then t» x:(t), where x?(°) = w(+) is the first
coordinate of x?(°). is an increasing function so long as x¥(°) remains
in the first quadrant. Moreover by (2.7), XT(‘) is bounded. Consequently
x¥(°) either crosses the xl—axis and enters the fourth quadrant in finite
"time"” or else x#(t) converges (essentially) to the point (ml,O) as

t -» ©, where Ml = &im xT(t) = sup{x?(t) : t 2 0}. In the latter case, the
t—oo

finiteness of Ml implies that for each e > O, the fraction of the time
interval [0,T] during which x;(t) € (0,e) and xT(t) € (Ml—e,Ml)

approaches 1 as T - . Hence when (5.2) holds this second possible



45

behavior of x#(') contradicts the fact that w*(°) is a minimal energy
configuration in light of (5.2) and the growth condition (2.1 ii) for f
as a function of r. On the other hand, when (5.2) is false and (5.1')
holds, then the constant function w*(s) =w, s » 0, is obviously a minimal
energy configuration (so that (5.2) is replaced by p = mf).

Hereafter we will suppose that (5.2) holds so that xr(°) crosses the
x,-axis at some time t1,> 0, and we have x;(tl) = 0, x;(t) <0 for
t > t1 sufficiently small. The same reasoning as above when applied to

the decreasing function t e»xt(t) implies that there is a t, > t, at

1
%

which another insection of x (°+) with the xl—axis occurs. In this manner

one obtains a sequence {tk}k>1 of successive times at which the orbit

%
x () crosses the xl—axis. We distinguish between two different cases.

(5.8) First case: The orbit x$(°) intersects itself, so that for

some O ¢ T1 <T

5 X (Ty) =X (T)).

(5.9) Second case: The orbit x§(°) does not self-intersect.

Proposition 5.3. Assume that (5.8) holds. then there exists a periodic

minimal energy configuration.

Proof: Let 0 < T, <T, beas in (5.8), set T = T, - T, and define for

each t

w(t) = W*(T),
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where T 1is the unique point satisfying
T1 <1K< T2 , t =T =nT for some integer n.

Then the orbit t » tg%:g] associated with this function is obviously
periodic of period T. In order to prove that w(+) is a minimal energy
configuration it is enough by Lemma 5.2 to show that (5.3) holds, or

equivalently, that

- T,
2
(5.10) JT £(w (s).W (s).W (s))ds = (Ty - T, )u.
1

But arguing as in the proof of Lemma 5.1 we conclude that
T

2
J £(W(s).W(s).W (s))ds = Uy o (x(T)).x"(T,))
T, 271

= (Ty T + 7 (1)) = *((Ty) + O g (< (T}).x (Ty)

and that the 6 (¢,*) term must vanish. Since xf(T ) = x#(T ). the
T2—T1 2 1

above equality reduces to (5.10), which completes the proof. 0O

Proposition 5.4. Assume that (5.9) holds. Then there exists a periodic

minimal energy configuration.
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Proof: Recall the increasing sequences {tk}k>1 of successive times where

%*
the orbit t » x (t) intersects the x,-axis. For every odd integer k we

1

define

(5.11) y, () = x(t+ 6) . 0ty -t k = 1,3,5,...

k »

We proceed to show that there is an interval [O,Tl] such that
tki+1 __tk‘<9 T >0 as i -« for some subsequence of odd numbers

kile ©, and there is an orbit y(°¢) of the form y(t) = [Y t

vgt%] such that

(5.12) max ka (t) - y(t)| 20 as i - =,
Ogthl i

In (5.12), when tki+1 - tki < T, Wve extend yki(°) to all of [O,Tl] by

setting
yk_(t) = ¥ (tk.+1 - tk.) , for t € [tk.+1 - tk.’TIJ‘
i i i i i i

For yk(') in (5.11) we denote o = tk+1 - tk' Thus yk(O) and yk(ak)

both belong to the x,-axis and (yk)2(t) <0 for 0< tX( Q.- Moreover

2
since the orbit yk(°) is part of the minimal energy configuration x (°),

there is a bound

(5.13) Iy ()] <ML 0<t <oy
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which is uniform for all k’s. We show next that there is a bound of the

form
(5.14) o < To for all k =1,3,5,...
To prove (5.14) let € > O be small and consider the strip
S = {x€R : - < x, < 0}
€ X ’

Observe that the boundedness of the first componenet of yk(°) ensures that
!

the total time spent outside € cannot exceed Te = 2%_, where M' 1is a

bound for |y1(°)|. But if o, Were very large compared to Te then the

fraction of time spent by the orbit in S6 would be arbitrarily close to

one. For e sufficiently small we would have by (5.2) that

(5.15) Inf  f(x.p.s) > .
(x.p)es,

s>0

Thus by (5.15) we would have for some &6 > O

1 [k c
(5.16) E;'J; f(wk(t),wk(t),wk(t))dt >u+ o,

(where wk(°) is the first component of yk(°)). provided that o is

large enough. On the other hand since yk(°) corresponds to a minimal



energy configuration,

al{ .
5112[0 g (0.7 (0) F (e = FHags + 137 (0)) - 1@ )],

which is below p + &6 for o sufficiently large. This contradiction
implies the validity of (5.14).

We claim that there isa C > 0O such that
(5.17) % (0) -y ()] 2C . k=1.35,...

For by the construction of the {yk(~)} there are points x, z on the

x,-axis, such that monotonically (this uses (5.9))

(0 »x . y(q)->z as koo

Now x # z, since otherwise x (°+) would converge to a point on the

x,-axis in contradiction to (5.2), so (5.17) holds. Now (5.17) ensures

that for some to > O one has

(5.18) o >ty k=13.5,...

Otherwise the quantities Qk(t) would be unbounded. It thus follows from

(5.14) and (5.18) that there is a subsequence {ki}iZI of the odd integers

with
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2717, >0 as i > o,
X 1
i

Since {yk ()) correspond to a minimal energy configuration it follows that
i

the quantitives

";k )l are uniformly bounded.
¥
i L'(0.¢)

Hence we may also suppose that
{wki(.)}izl , {Wki(.)}izl

both converge uniformly on [0,T1] to limits 61(°) and v1(°).

respectively. Since each Yy (+) satisfies
i

%,
1
(5.19) f £0n (€).w ()W (£))dt = @ p + (¥, (0)) - 7(y, (o )
0 i i i i i i i

it follows, by letting i - © and using the lower semicontinuity, that

T

1 e
(5.20) fo F(v, (6.7, (8).%,(£)dt < Ty + 7(3(0)) - (x(r;)).

[VI(.)]
where y(°) = |, .
v,(*)



Now consider the functions yk(°) defined for every even integer k

by

yk(t) = x*(t + tk) , 0<tg t k =2,4,6,...

“ee1 T W
It follows by the same argument as above that there is an interval

[0,72],12 > 0 and a subsequence {ki}i)l of the even integers such that

: vo(t)
e+l " % 2 To and an orbit z(t) = |, such that
i i v2(t)
max |yk (t) -z(t)] 20 as i -»w,
o<tsr i
k
Then we have

T

2
(5.21) J; f(vz(t),v2(t),32(t))dt < ury + W(2(0)) - w(=(7y)).
Clearly

(5.22) Y(Tz) = z(0) . y(0) = Z(Tl)'
Now define a periodic configuration v(+) as follows

vl(t) 0<tg T

V(t) =

v2(t —'Tl) T <t g-rl + T,

51
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while for t > Tt T, v(t) is defined by v(t) = v(t'), where
t' € (O,'r1 + T2)] is the unique point such that t - t' = n('r1 + 72) for
some integer n. In order to show that this is a minimal energy
configuration is suffices by Leimma 5.1 to prove that

T 1+T2

(5.23) J; f(v(t),v(t).v(t))dt = (1, + T

But (5.20), (5.21) and (5.22) imply that

T,+T

1772
J; £(v(t).v(t).v(t))dt (ty + To)u,

whence (5.23) holds, which completes the proof. 0O
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36. A class of examples; single— and double-well potentials.

In this section we study (P, ) for integrands of the form
(6.1) f(w.p,r) = ¥(w) - bp2 + cr2 , b,c >0,
where (<) is a smooth function satisfying
(6.2) y(w) 2 alwla -d , weR , for some a > 2, a,d > 0.

Thus f satisfies conditions (2.1). Furthermore, condition (5.1)' clearly

holds:

(6.3) mg = inf(f(w,0.r) : (w.r) € B%} = inf(f(v.0,0) : w € R} = min ¥(-).
We have the following result.

Theorem 6.1. Suppose that there are at most two absolute minimizers of
v(+): ¥(w) = m. < w €M, vhere M= {wl} or M= {wl, 2}. Furthermore
suppose that

(6.4) ¥'" (W) >0 Vwe€M.

Then for each fixed c,y¥(+) as in (6.1) and (6.2) there is a scalar
bO = O(c;\ll(')) > 0 such that the minimal energy growth rate for f,

p = p(b,c;¥(+)), satisfies
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p < m. o, for b € (bo,w)
(6.5)
p=m for b € [O,bo].

Proof: Consider for all T > O and all w(-) € W2’1 the Rayleigh

Loc
quotient Rp(w(-)) = RT(W(');¢0(°)) defined by

ST Lap(n(0)) + W) Jae

T W2ty

. i S W(t)de > 0

(6.6) 1 (0]

+0 , otherwise .
where w0(°) is defined by
(6.7) ¢b(w) = y(w) - me 20 , VweR;

thus wb(w) =0 & weEM

We will prove that b, > O, where b, is defined by

0 0
_ . . w(-)
(6.8) byi= ;r;g Rp(w(+)) . with x(-) = i)
x(0)=x(T)

Relation (6.5a) is a direct consequence of the positivity of bo; for each

b > bo there exists by (6.8) a periodic function w(+) of period To >0

satisfying
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T
0
%JO [¥o(w(£) = bw2(t) + cw (t)]de < 0.

Thus (6.5a) follows from the definitions (3.3), (6.7) of p and ¢0(°).

Similarly, (6.5b) follows from Lemma 5.2 and the observation that when

b 2 b0 then for all periodic w(°*) of period To >0

T

0
1 2 0
—_— ) t - b t) + t)]dt 2 O,
Tojo [ (W) - bi2(t) + ow2(e)]

whereas for the functions w(<) = W, W, € M, equality holds.
In the case where M = {wl} is a singleton, we note that by (6.2),

(6.4) there is a constant e such that
1., 2
0<e( 5V (wl) and yY(w) 2 e(w - wl) Vwe€R.

Hence it follows from (6.8) that

(6.9) b, > inf Sw(+) - = inf Sw(-)) =b,,
0 0 Fr(v() =) 0 fplr()) =by
x(0)=x(T) x(0)=x(T)
where

fg [ew>(t) + cw2(t)]dt

e
(w(-)) =
Tl fg &z(t)dt
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It will be seen later that b1 > 0, whence b0 > 0 as claimed.

To establish the positivity of b0 when M = {wl,wz} is a doubleton

we begin by noting that (6.8) leads to an alternative recipe. We claim

y
that for each fixed y = [ 1

] € Rz we have
Yo

(6.8") by = r}r;(f) R(w(+)).

x(0)=x(T)=y

This follows from the observation that a function w(°+) of period T is
also of period kT for all positive integers k. Now for large k we can
join the end values assumed by x(°) on an interval of length kT to the
prescribed end values y (by extending w(°+) onto the concentric interval
of length kT + 2, say) without making much change in the ratio (6.6).

Thus (6.8') holds.

\/
%
Now take y = [0] where W, 1is any interior point of the interval

w.,w,]. Observe that shifting each w(¢) € W2’1 by an additive constant
1’72 Loc

k corresponds to translating the function ¢O(°) by amount k. Thus we

obtain the formula

(6.10) o=  nf Ry(w()) = inf RR(()).
x(0)=x(T)=y x(0)=x(T)=0

where R,’l‘.(w( ))

translate @6(0) = ¢0(° - w,) are

RT(W(’) : wb(°—w*)). Note that the zeros of this
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Next, for functions w(+) satisfying x(0) = x(T) = O we shall
examine the values assumed by the ratio in R; over subintervals of [0,T]
where w(+) has constant sign. Given any such w(*) we decompose [0,T]

into three disjoint sets
A={t :w(t) >0}, B={t: w(t) <0}, C={t : w(t) = 0}.

As is well known, %(t) =0 a.e. on C, whence w(t) =0 a.e. on C as

well. Hence

5 L9 (n(£))+eW™ () JAe [T, (w( £) e (£) Jt+S P, (0)de

t 3
Fp(v()) = I, W(t)de + Iz w2(t)dt
(6.11)
s AR e Sy (n e ek () Jae |

N w2(t)de Iy w2(t)dt

Now denote by ¢L(°) any smooth nonnegative extension of $6(°) from [0,»)
to R which possesses no zeros other than ;é and which satisfies the
growth condition (6.2) on R. Likewise denote by wR(') any smooth
nonnegative extension of $6(~) from (—»,0] to R which possesses no zeros
other than ;i and which satisfies the growth condition (6.2). It then

follows from (6.11), using the fact that the open sets A,B are disjoint

unions of intervals, that
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(6.12)

RI(()) 2 minf nf Ry (r():9°()). Lt R.l.o(w(°);\pR(°)) :
(0) ’ 0] ’
w(0)=w(T)=0 w(0)=w(T)=0

Thus (6.10) implies
(6.13) by 2 min inf RT(w(-);wL(-)), %?é RT(w(°);wR(’)) .

T>0
w(0)=w(T)=0 w(0)=w(T)=0

We will proceed to show that both infima in (6.13) are positive. For the

sake of brevity, we focus attention in what follows on the quantity

L. L
bgi= %23 Rp(w(+) : v7(+)).
w(0)=w(T)=0

but the treatment of the quantity

R. R
boi= %ﬁg Rp(w(+) 5 ¥ ().
w(0)=w(T)=0

is carried out in an identical fashion.

Now by (6.4) and the construction of WL(°) there is a constant

'

e' = e(wL(°)), 0<Ce( %-w"(wz). such that
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(6.14) v 2ew-w)® . vwer

Again shifting each w(-) € W%;i by an additive constant so as to

translate wL(-) we obtain

L e'! — e!
6.15) b, 2 inf ) - = inf (w(+)) =:b!
(6.15) By if o Rp () = wy) B0 T 1
w(0)=w(T)=0 w(O):w(T):—w2

’

where R% denote the Rayleigh quotient associated with y(w) = e’w2, i.e.

53 [e'w?(t) + cw’(t)]dt

J'g v.lz(t)dt

RS (w(+)) =

Next we show that the infimum giving bi is not attained for small values

of T. Since the end conditions in (6.15) imply

T
J w(t)dt = 0
0

it follows that for some ty € [0,T]. &(to) = 0. Hence by Schwarz’s

inequality

T T ¢ T
J W2(t)de < J I(t - t) _[ w2(s)ds|dt < T2/2 J w2(t)de,
0 0 to 0



60

so that for each w(°*) entering (6.15) one has
e' 2c
(w(+)) 2 =-
Ry 2

Consequently for &6 > O sufficiently small we can give the following

alternate formula for the right hand side of (6.15):

(6.15") bl = inf RS (w(+))-
w(O):wET):—w2

We now relax the conditions on w(+) under which the infimum in (6.15') is

taken; it will only be required that on [0,T] w(+) # 0. Clearly

(6.16) b! > inf RS (w(+)):= be.
1205 Rp (w(+)):= by

.

wZz0

Fur thermore we observe that bé is also given by the formula

(6.16") by = Te[;néé) RS (w(+)).

w20
This version of (6.16) holds because for each T > 6 the interval [0,T]

can be decomposed into finitely many disjoint subintervals

Ij = [tj,tj + To) of common length T0 € [56,26); hence
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25 [e'w’(t) + aw(1)dt Fp [e'w?(t) + ew(1)]de

e' . - J > min J

fr ) zJ; w2(t)de j I W2(t)de
J J

Finally, we use (6.16') to demonstrate the positivity of bé
(positivity of the analogous quantity associated with WR(') is proved in
the same way), so that the positivity of bO will follow from
(6.13)-(6.16). Let {(wn('),Tn)}n>1 denote a minimizing sequence for

(6.16'); i.e.

(6.17) R‘f.r'l(wn(o)) > by, with T_€[6.25).w 20 on [0.T_].
VWithout loss of generality we can suppose that

(6.18) Tn e‘TO € [6.26].

!
Moreover by the homogeneity of R% we can suppose that

n .9
(6.19) J wo(t)dt =1, Vn) 1.
0 n

For those values of n with Tn < TO we extend wn(°) from [O,Tn] onto
[Tn,To] as that (linear) function corresponding to the identically zero
extension of ;n(.) onto [Tn,To]. Denote the resulting function in

W2'1(O,TO) by ;n(.)' On the other hand, for values of n such that
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T 2 T0 let wn(°) denote the restriction of wn(') to [O,TO]. In general

TO I
IO wn(t)dt #1,

but it is easy to see that (6.17)-(6.19) imply

0 ;2

(6.20) I w_(t)dt - 1,
o ™

as well as

T T
0 ~2 0 2o

(6.21) J w_(t)dt < M, I w_ (t)dt < M, Vn2l, for some M < o,
o " o "

Hence without loss of generality we can suppose, by extracting a
subsequence, that there is an element ;;(°) € L2(O,TO) and continuous

functions v(+),v(*) for which

W (+) = V() weakly in L%(0.T,),
(6.22)

w (+) »v(+). w (-) = v(-) uniformly in C[0.T,].

That is, wn(°) - v(+) weakly in W2’2(0.T0). It follows from (6.22) and

R : s 2
the sequential weak lower semicontinuity of the L™ -norm that
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T
T ' 0 o
(6.23) JO P(t)de = 1, Rf;o(v(o)) = ‘[O (ev?(1) + cv2(t)]dt = by.

This obviously implies the asserted positivity of b/, hence the positivity

of bi in (6.15) (as well as the positivity of b1 defined in (6.9)). 0O

Corollary 6.2. Suppose that V(+) as in Theorem 6.1 has a single absolute

minimizer (i,e., M = {wl}) and in addition that (+) satisfies
(6.24) v(w) 2 e(w - wl)2 ., WER, where e = %-W"(wl).
In this case the threshold value b0 = 0(c ; ¥(*)) is given by
(6.25) b. = /W

0

Proof: According to (6.9)

(6.26) bo 2 b= dnf  Rp(w(-)).
x(0)=x(T)

We proceed to appraise b1 by making use of the arithmetic-geometric mean

inequality, followed by integration by parts, for functions w(*) in

(6.26):
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T 2 (] T .o
J [ew™(t) + cw(t)] 2 J‘ [-2/ec w(t)w(t)]dt
0 0
(6.27)

= 2/ec {JZ w2(t)dt - w(t)w(t) ]:} = 2/ec f; W2(t)dt.

This yields the inequality
(6.28) b, > 2/ec.
Moreover equality holds in (6.27) if and only if

Ve w(t) + Jc w(t) =0 a.e. t € [0,T].
It follows that

Rp(w(+)) = 2/ec

whenever T 1is a multiple of T = (c/e)1/4w and w(°+) has the form
(6.29) w(t) =C cos((e/c)1/4t - 68), C,0 constants.

Hence (6.28) is actually an equality.

In order to verify (6.25) we now write (6.8) in the form
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(6.8") by = %?g RT(W(’) + Wy v(+)).
x(0)=x(T)

Now when w(+) in (6.8') is replaced by Aw(*), A € (0,1) then (6.24)

implies that RT(AW(') + wl) satisfies

5o w() + w)) + ABE(0))de  J) (ew (t) + ew (t))dt

> - = R7(w(+)).
fg A2&2(t)dt fg wz(t)dt Frl

On the other hand by the formula e = %-¢"(w1) and the smoothness of ()

we know that for each € > O there isa &6 > 0 such that
ev2 < Y(v + wl) < (1 + e)ev2 . |v] < 8.

Consequently for each fixed w(+) as in (6.8') there exists 0 < A <K'1

such that

(6.30)

Jg [+ e)ewz(t) + 0;2(t)]dt (1+e)e

- %

RE(w(+)) < Rp(Aw(+) + w)) < ().

T 2
IO wo(t)dt
It follows from (6.8') and (6.30) that for each € > O

inf e .. <b. < inf (1+e)e, .
Bo D SR < ph B
x(0)=x(T) x(0)=x(T)



By (6.28) this is equivalent to
2/ec ¢ bO < 2/(1 + €)ec,

so that (6.25) follows. DO
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87. Proof of Lemma 4.3.

We first prove the assertion of the Lemma for values of T in the
interval (0,1). Then for any T0 > 1 the assertion follows for all T in
. . . . -
the interval (O.To) by considering the sequence ay = ak/T0 and applying

the result for T in (0,1) to the sequence {ai}. Thus the assertion
follows for all T in (0,%).
Let € > O be fixed and let Ik = (ak - e,ak). For a fixed k we

define

where for an interval I and a scalar c # O

(ol Lo

I ={x:cx €I}

Then Ak is the set of all points in (0,1) such that

a ~ € <{nx < ay for some integer n.

o0

Thus U Ak is the set of all points x in (0,1) such that the relation
k=m

a — € <nx < a, holds for some k > m, n > 1, and
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00 00
B =N U
€ m=1k=mAk

is the set of all x € (0,1) such that a —e<mx< a, holds for

infinitely many pairs of integers (k,n). Our goal is to prove that

(7.1) m(Be) =1 for each e > O.
©
We then define B = N Bl/n’ and (7.1) implies that m(B) = 1, so that the
n=2
0 ©
relation (4.9) holds for every T € B. Since B = N U Ak it
3
m=1 k=m
suffices, in order to establish (7.1), to show that
[+
(7.2) lnL:J Ak] =1 for each m 2 1.
=m

This will conclude the proof of the Lemma, and the argument is given below.
We first examine the structure of the set Ak. It is a union of

. 1
intervals a Ik for n a - Put

(7.3) n, = FE%,
(where [x] is the largest integer not exceeding x), and consider any

n < no. Then
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i SN
+

so that the intervals %I and E—%—TI are nonoverlapping. That is, the

overlapping portions of Ak are composed of

U L I
n

n2nO k

(if 2? is not an integer, which can be assumed without loss of generality

%k

by suitable choice of €), and thus lie in the interval (0,;—). This
0

contains the interval (0,e) and is as close to it as we please for
large k.
The measure of the nonoverlapping parts of Ak is eX %— and
a, £J<ny J

n
this can be approximated by e £og —9; which in turn can be approximated by

the quantity
6:= e Log 1/e.

The approximation is valid in the sense that the measure of the
nonover lapping parts of Ak lies between (1 - 8)6 and (1 + 6)6 for any
prescribed small 6 > O, provided that k is sufficiently large.

Now we take an interval (a,b) which is contained in (e,1) and we

estimate the measure of (a,b) N Ak. Since (a,b) C (e,1), for large enough
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k only intervals in the nonoverlapping part of Ak will intersect (a,b),

SO

m{ (a,b) N Ak] =€ %u

b
jes

S being the set of integers {j : [ak/b] <j¢« [ak/a]}, vwhich implies that

1 b e a €
m{ (a,b) N Ak] 2 e 5 bog 3= §{—Bog S) 2 5{1 - as/b)
if k 1is large enough. Thus
€
(7.4) m[ (a,b) N Ak] 2 §(b - a),

provided that k is sufficiently large.

We will now select a sequence of integers {ki}oio_1 increasing to

infinity, and we will show that m[ 0

[+ ]
U Ak ] =1 for each i,. Suppose
i=i0 i

1 14

union of intervals and so is its complement in (0,1), which we denote by

2
Ak veees Ak to have been already chosen. Then U Ak is a finite
i=1 i

Ae. We know that Ae C (e.1) and we write it as a finite union of

m
intervals A, = U J . For each ]J we select a closed interval K
& 1P P P
p..
satisfying
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p p

1
(7.6) m(Kp) > §-m(Jp).

It follows from (7.5) that if k is sufficiently large then no interval in
8

Ak will intersect both Kp and and U Ak . It also follows from (7.4)
i=1 i

and (7.6) that if k is sufficiently large then

(7.7) m(K, N AT > 5e -;-m(Jp) = ().

Since we have only a finite number of intervals Kp we can find an
integer k large enough so that (7.7) holds for every p, 1 { p { m, and

we choose k8+1 to be such an integer k. In fact by the same argument,

k,‘,’,+1 can be chosen large enough so that (7.7) holds for every Kp which

m
satisfies (7.5) and (7.6) where now U Jp denotes the complement of
p=1

0 < L.

4
.l{ Ak. for some io, 1<1i
1=1 1
0
L
Now let iO 2 1 be given and denote the measure of U Ak by Hp-
i=i i
0

We have the following relation
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Hopp =Hg * ”{[(0'1)\i=§0 Aki] f Ake+1}

" +m{[(e,1)\6 Ak]ﬂAk }zu ¢ 3 Eml).
¢ =i, 2+1 € =1t P

m

vhere the last inequality follows from (7.7) and, as above U J_ denotes
p=1

e
the complement of U Ak . We thus deduce
i=i i
0]
e M
(7'8) ue+1 2 ue + Z Z m(Jp)'

P=

m
We know, however, that Hp + z m(Jp) = 1 (by definition) so that (7.8)
1

implies

€
(7'9) ue+1 2 ue + Z(l - p'e)'

The sequence {”e}:—i is nondecreasing and bounded by 1, so it tends to a
0

limit p. Since for p < 1 (7.9) implies that My - o jt follows that

[+
n = 1, so the measure of U Ak is equal to 1 for each io 2 1. o
i=i0 i
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