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not necessary, conditions on I'y, which guarantee empty interior for I';, were
given in Barles, Soner and Souganidis [BSS]. On the other hand, DeGiorgi
[DG] conjectured that there is a particular torus, whose evolution by mean
curvature will develop interior.

We continue by formulating the main results. As long as I'; is smooth,
(since T'o is smooth, I'y will -be smooth for small time (cf. Evans, Spruck

[ES])), it can be parametrized by
(0.3) r = h(z,1),

where the, possibly multivalued, smooth function h solves the equation

_ h, N-2
T 1+ h2 h

hy
(0.4)

h(z,0) = ho(z),
in some time dependent domains for each branch of kg, and, therefore, h. It
is, of course, immediate that as long as h # 0, (0.4) has classical solutions,
and, therefore, I'; is smooth. The only potential singularities of I'; may
therefore occur when h = 0 for the first time. To formulate our first result,

let us specify that h vanishes for the first time at (0,7) and that (0.4) holds
in

(0.5) N =(-2A,24) x (0,T),
for some A > 0. Throughout this discussion we will be assuming that
h(-,t) has only one minimum at (0,t) in (—2A4,24) x {t}
(0.6)
for t € (0, 7).

This assumption is made only for simplicity. Our arguments can be easily
modified to allow for more local minima which vary in time.



Theorem 1: Assume that (0.6) holds. Then
(0.7) lim(T — 1)~ 4h(y(T - 1)%,1) = V2(N - 2),

with the limit uniform for |y| bounded.

The following corollary is an immediate consequence.

Corollary 2: Up to a parabolic scaling, at the singularity the surface T’
converges to a cylinder.

A similar result was obtained by Huisken [H] when N = 3 under the
rather restrictive condition that I'o has positive mean curvature.

Another consequence of Theorem 1 is that I'; does not develop interior
at t = T and that it continues as a smooth surface for ¢ > T till the time
it becomes extinct. We formulate this result for the special case of a torus.
The precise statement for other types of surfaces is given in Section 3.

Consider the evolution t — I'y by mean curvature of the torus I'g, which

is given by
To{z € RN : (r — 1)+ 22 = R?} (0<R<1),
N-1
where r2 = ) "z
i=1

Proposition 3: T'; never develops interior. Moreover, there etists

Ry, € (0,1) such that for all R € (0,R,),I': shrinks to a circle and then
becomes extinct. For R € (Ro,1),I'y “focuses” at 0 at some time Tg. It then
“opens up” and, finally, shrinks to a point and becomes eztinct. Finally, for

R = Ry, T focuses at ezactly the same time it becomes a circle.

DeGiorgi’s conjecture was that there exists Ry € (0,1) and Tg, > 0 such
that I'r, has nonempty interior. Numerical evidence suggesting the above
described behavior were obtained by Paolini and Verdi [PV].

The paper is organized as follows: In Section 1 we prove a curvature
bound. Section 2 is devoted to analyzing the behavior of I’y at the focusing
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point. In Section 3 we show that I'; does not develop interior and study its
behavior after the focusing occurs. Finally, in the Appendix we state a result
about the number of zeroe’s of solutions of linear parabolic equations, which
we will be using repeatedly throughout the paper.

The results of this paper were announced in [SS). By the time this pa-
per was completed, the authors learned that Altschuler, Angenent and Giga
[AAG1,2] also studied the motion by mean curvature of bodies of rotation.
Their set up is and their results are formulated for “barbell” type shapes.
On the other hand, they do not need assumption (0.6).

Acknowledgement: The second author wishes to thank Luis Caffarelli for

several very interesting discussions about this problem.

1 A curvature bound

In this section we obtion an upper bound for the ratio of the radial and

angular components of the curvature of I'y near the singularity. This bound

plays a fundamental role in the proof of Theorem 1 and its consequences.
More precisely, let

_ _hhs,
T 14 h2

and recall that A solves in (0.4) in (—2A4,24) x (0,T).

(1.1) Y

Proposition 1.1: There ezist € > 0 and ¢o > 0 such that

(12) Wl < 5" in -5, 51X [0,7)
and
(1.3) P < (N=2)—c in [—¢,e] x [T —¢€,T).



The meaning of (1.3) is that near the singularity at (0,T), the radial
component of the curvature is strictly dominated by the angular one. As a
matter of fact, the ratio between the radial and angular components of the
curvature is strictly below of the same ratio of the curvature of the catenoid,
the stationary solution of (0.4). This, in turn, yields (as we will see in Section
2.4) that 0 ¢ int I'r.

The proof of Proposition 1.1 is based on the existence of an one-parameter

family of barriers (g)), with A € [Ag, ;] for some 0 < Ao < A;, which are
defined on

f'll = [—B/2a B/2] X [OvT)’
with 0 < B < A.

In the sequel we will need the following notation. For A € [\, A1),
t € [0,T) and |0] < B we define:

0, =(-B/2,B/2) x (0,T),Q = (-2B,2B) x [0,T),
I(t,2,6) = {lzl < B/2 : qx(2,t) < h(z—6,1)},

n(t, A, 0) = #{|2| < B/2 : qx(z,t) = h(z - 6,1)}.

Next we state two lemmas which assert the existence of the barriers with the
necessary properties.

Lemma 1.3: There ezist B> 0,0 < Ag < A, an one-pammetér family
qxr: Ql - (0700) ’ (A € [AOa)‘l])a

and constants ¢,§ > 0 such that for every 0] < B andte|0,T):

(1.4) n(t, Ao, 8) = 2,
(1.5) I(t, )\, 0) = ¢,
(16) n(t’ ’\a 9) S 2’ V/\ € [/\Oa’\I],
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d

L.7) (A*,<) -4 (Q\(zt),58x(zt)) is continuous on [ApAi] XQ"
(1.8) zgx*{z,t). > 0, and gy«(zt) = g«{-z1),
(1.9 9A (%|,<)= wup fc(z,t),

o N \2<2B
and
(1.10) tI>\<(N-2)- ¢, tVieneuer 2, < 5,
where

- grQ) z2
va= 1+ (qh.z)z.

Lemmal.4: For every (zo,to) G fli, there exists (A*,0%) G [A,, AXf—JIB/2—
Zo,5/2 — zy] such that

We continue with the proof of Proposition 1.1 and then return to Lemmas
13and 14.
Proof of Proposition 1.1: Let (A*,0*) be asin Lemma 14. We claim that

x%zz{zo + 6", to) > hzz(z, 10).

Indeed, if not, then by (1.9) and (1.11), the difference 9A*(-<0) - h('-6\tp)
would have more than two zeroes, which contradicts (1.6).
Therefore

VA0,*0)<XM>A-(*O + 0V O).
Suppose now that h(z, to)) <_$<> where 6 is the constant appearing in (1.10).
Since h(z,t) = 0* (20 + 0*,t,), (1.10) yidds

¥relz0+ 0%, 80) S (N —2) —c.
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Using (0.4) we conclude that
hi(20,t0) < 0 and (z0,20) < (N —2) —c.
A simple iteration of the above argument then yields that, for all t € [to, T'),
h(z0,t) < 6,hi(20,t) <0 and ¥(z0,t) < (N —2) —c.
Since h(0,t) — 0 as t — T and A(-,t) is continuous for every t € {0,T), there
exist 7 > 0 and ¢, < T such that
h('stO) < ) in [_7,7]
and
d’ S (N - 2) —cin [_737] X [tO’T)'
Hence (1.3) holds with € = min(y, T — t,).

To prove (1.2), we first observe that a simple but tedious calculation
yields that 1 satisfies the equation

(1.12) o= T4rw? h(1+w2)¢z+m(¢ (N=2))(%+1)

where to simplify the notation we write
(1.13) w = 1,.

Since (0.4) holds in (—2A4,2A) x (0,T) and inf h(:}:A t) > 0, interior
elliptic regularity yields that sup [¥](£A,1) < oo Fmally, applying the
te[0,7)

maximum prmcxple to (1.12), we see that ¢ cannot have an interior minimum

smaller than —1. Combining all the above yields
¥ 2 min | inf, ¥(=,0), jnf $(A4,1),1].

Arguing in a similar way and also using (1.3), we obtain an upper bound
for .



]
We continue with several preliminaries leading to the proof of Lemma
1.3. The construction of the ¢,’s is based on catenoids, which are stationary
solutions of (0.4), i.e. functions z — Ag(z/)), where
99:z:
1+q2

An elementary calculation gives

=N -2 and ¢(0)=1.

(1.14) 4:(2) = (¢(2)"™?) = 1)} and G(qg(2)) = ,
with the function ' ]

6(r) = [ (M —1)Hdp

defined for r < ry with r3 = +00 and ry < 400 for N > 4. Let
(1.15) L = max{2T,2\/(N - 2)T,2||hll ooy + 2(N = 2) + 1}
and choose 0 < A\* and B = min{ry, A} such that

((a) X*q(£2) > L for every p € [1,1] and X € (0,)7],

i) | @ X <IEEsup{lha(z 0l lo] < A7

e _3(N=2) 1 1
@ O s T e
The existence of such a A* and B follows from the facts that the function
A— /\q(%%) is increasing and ¢(ry) = ¢,(rn) = +o0.
Next we consider an one-parameter family of solutions p(-,-; ) (¢ € [3,1])

of De N—2

1+ (p.)? -

((a) p= on (—B/2,B/2) x (0,T,),

A

(5) p(2,0i) = Xq(E2) for || < B/2,

() p(£B,t;pn) = /\'q("B

\ £2) ~ alu)t for t € 0,T(w),
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where

_ 3 _ Dzz _ N - 2] . } >0
o) = Izllsnlglz{ 1+ (p.)? P (2,0;4)p =

and T, < oo is the “focusing” time of p(-,-,-n), i.e., the first time such that
p(0,¢; 1) = 0. A simple calculation yields that there exists ¢g > 0 such that

a(p) 2 co(l — p)-

It is also immediate that the p(-,-;p¢)’s and, therefore, the focusing times
T,’s, depend smoothly on g and that T; = +o0;p(-,-,1) being a stationary
solution of (0.4). Moreover, the maximum principle yields

pi(z,t 1) < —a(p) < —co(1 — p).

Hence T, < oo for every p < 1. In view of (1.16)(c), there exists u* € (3,1)
such that

T,. = 2T.
Set
. _ - 1B
1.17 L* =)\ >
(1.17) q( 7 )= L

and define, for A € (0, \*], the functions

B B —
gy - [_°2_, '—2—] X [Ov T,\] - [09 OO)
so that
o _

(a) g solves (0.4) on [—g,g] x [0,T),

(118) ! (b) qA(z’ 0) = min{[’.’ ’\Q(”/\z)} on [_g, gl’
B —
(C) q)\(:*:—z—’ t) =L*—at on [Oa TA)?



where T, is the focusing time and

Q= min {2];:7 ,é?{' { - [1 +q2'zz )2 - N - 2] (zjo)}},
i<z () D) D

z*(A) being the solution of /\q(‘i;—’) = L* in [0, B). An explicit computation
based on (1.14) and the fact that gx(z,0) < L* for |z| < z*()) gives a > 0.
On the other hand, the maximum principle yields

(1.19) gt < —a in [-B/2,B/2] x [0,T>),
and, in particular,
0 < ¢(0,t) < ¢1(0,0) —at < A —at;

hence T, < Ma,ie Ty —0as)—0.
Recall that u* is chosen so that T,,. = 2T. Moreover, a < a(u*) and by
the maximum principle, gx(z,t) > p(z,t,4*) and Ty. > T,. = 2T. Define

do = inf{A < A" such that Ty > T for all A€ [A,A‘]}.

It is clear that T, = T; hence all the ¢,’s are defined on ; for X € [Xo, A*].
Finally set A; = A* + 1 and define gy, for A € [A*, A;], to be the solution
of (1.18)(a),(c) with initial datum

(120 @(0)= (A= AL+ O = Nwe(2,0), in [~ 2]

Since
q,\(Z,O) Z QA‘(taO) for A€ [’\‘v’\lla
the maximum principle again yields that

@ > g in .

In particular the focusing time Ty for gy is larger than T, and, hence, g, is
defined on §);. Moreover,

(1.21) § = inf{qx(z,1) : A € A", A1), (2,8) € 4} > 0.
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Proof of Lemma 1.3: It is immediate from the construction described
above, that (1.7) and (1.8) hold. Also (1.9) follows.from (1.15), (1.17), (1.20),
(1.21) and the observation that, for all A € [Ao, Ai],

CIX(iNZ,t):r -at>L*-£>1-1 >“h\\LOO(6)-
To prove (1.10), observe that, for A 6 [A,, A*],
VA =N -2 + g\

Hence, by (1.19), thereexists a CQ > 0 such that

max('iba\(zso)s\bl(:t |_, O) <N-2-m

for every A G [ApA*],z G [-f,f] and * € (0,T). Applying the maximum
principle to the equation satisfied by the TFA'S which smilar to (1.12), we
conclude that, for all A £ [Ao, A*],

Wa(z,t) S N_2_.co in T

The definition of 6 in (1.21) completes the proof of (1.10).
Next observe that ~ (2,0) =L*. We will prove (1.5) by constructing an
appropriate subsolution to (0.4). To this end define

v(z,t) = L* - ?_LA_}E_?.}:, ((z, t) e ﬁl).

Then, by (1.15), (1.17),
(L')2 > 4(N - 2)T.

Therefore, for all (zt) € Cly
ztbl_ - —r— T-L -y —— 12> .
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The above inequality implies that v is a subsolution of (0.4). Also the choice
of a yields

v(£B,t) < g (£B,t) for t € [0,T).
Using again the maximum principle and (1.15), (1.17) we obtain
QA“_>_ v Z "h”Loo(ﬁ) + 1;

(1.5) follows from the above inequality.
To verify (1.4) and (1.6), we fix |0] < B and define

Wi(z,1) = ax(2,1) — h(z — 6,1), ((z,t) € le).

We now claim that z +— W)(z,t) has at most two zeroes for each t and exactly
two, when A = Ao.

Indeed, if A > A* + 1, then (1.20), (1.15) and (1.17 ) yield

L
Wi(z,0) 2 > " 2]l oo g2y > 0.

If A € [A*, A" + 1], then

WA,zz(Z’ O) = (Al - ’\) (#')2sz(ﬁz) - hzz(za 0)

= Al
Since p* > § and ¢, = (N = 2)(1+ ¢})g™" = (N = 2)¢*V=° > (N - 2),
WA,zz(zs 0) 2 (]VS; 2) - hzz(z - 0, O)a

and, in view of (1.16)(b), Wy ..(z,0) > 0. But W)(£B,0) > 0. Therefore
Wy (z,0) has at most two zeroes.
When X € [Ao, X*], (1.18)(b) yields either ¢»(z,0) = L* or
*\2 -
Waee(,0) = EL g (E2) — hus(e - 0,00 2 B2
if ¢A(z,0) < L*. On the other hand, W,(2,0) > 0, whenever ¢x(z,0) = L*
(by the choice of L*). Hence W)(z,0) has at most two zeroes. Finally,

—h.,(z-6,0) >0,
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Wy, (2,0) has exactly two zeroes, if there is a z such that Wy,(z,0) < 0.
Suppose Wy,(2,0) > 0 for all |2| < B/2. Since Wy,(£2,t) > 0 for all
t € [0,T), the strong maximum principle implies that Wy,(z,t) > 0 for all
|z| £ B/2,t € (0,T]. Recall, however, that Ao is chosen so that Ty, = T.
Hence ‘li_‘n}W,\o(O,t) = 0. Consequently W),(z,0) must be strictly negative
for some |z| < B/2.

Finally, since W,(+B,t) > 0, the maximum principle yields that the
number of zeroes of W, is a nondecreasing function of time and therefore
less or equal to two, i.e. (1.8). Arguing as above we conclude that for every
t < T,W),(z,t) must be strictly negative for some |z| < B/2.

O

We conclude this section with the proof of Lemma 1.4, which is similar
to an argument used by Angenent in [A2, pg 192].

Proof of Lemma 1.4. For fixed (2o,%0) € §; set

B B
A(zo) = [—5 - 20, E + 2o

and define w : [Ag, A;] X A(20) — R? by

w(A, 0) = (gr(z0 + 8),t0) — h(z0,%0),9r,2(20 + 8, t0) — h.(20,10)).

We will prove the lemma by showing that the winding number of w is one.
To this end, let w,(A, 8),w2(),0) denote the first and second components of
w respectively.

First, observe that by the definitions of I(t,,6) and w,(}, ),
| wi(X,0) <0 iff 20+ 0 € I(to, A, 0).
Hence (1.5) yields

(1.22) w1(1\1,0) >0 for all 8 € A(Zo).
Also B B
wl(/\, :*2'2— - Zo) = q,\(:t—z‘, to) - h(Zo,to),

13



and, by (1.9),

(1.23) wl()\, ig, "Zo) > 0, (V/\ € [Ao, Al])‘

On the other hand, since n(tg, Ao, 8) = 2 for all |§] < B, the equation

f(z,0) = qz\o(zato) - h(z —0,t) =0

has exactly two solutions in [—£, 8] for all |§] < B, which we denote by u(6)
and z(0), with u(8) < z(6). It is immediate that x and z depend continuously
on 6 € [-B, B]. Moreover, since

2(B)-B < -——?‘Bi and 2(-B)+ B > g,
there exists 8, € [—B, B] such that

2(60,) — 6, = zo;
in other words

(1.24) wl(Ao,ol) =0 and 01 € A(Zo).

Similarly there exists 8; € A(z) such that p(82) — 6, = 2.

Now suppose that there exists § € A(zo) such that w;(Xo,d) = 0. Then
either z(§) — 0 = zo or p(f) — 6 = 2. Since (1.9) yields f(£B/2,6) > 0 and
f(z(6),6) = f(u(8),8) = 0, we have

fo(2(6),0) > 0> £.(u(8),96).

We have proved the following: if w,(z\o,é) =0 for some 8 € A(z), then

(a) wg(Ao,é) >0 if b + Zp = z(é),
(1.25) {

(6) wa(ho,8) <O if 0+ 20 = p(6).
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Suppose now that u>i(A.,0) = O for some O G AzQ). Then

D00 + 0, *0) = 9,0 + 0, to) = h{z0, to).
Using (1.8), we conclude that

20+ 0 = £(2z +9).
In summary we find that there are at most two O's such that u>i(Ao0) = 0.
But we aso know that there are 0i,0, € A(zo) such that
2o = #(0) = b = z(6;) — 6,.

Hence Ox < 0, and consequently w has the following properties,

I' <) k>i(A0,0>0, for 0 £ (0y0,),

ao£\ )y M ..t fi A _n [«™\  [j \.I'n

l (c) cl(Aotfy) =0, U>2(Ao,02) 2 0.
Using (1.22), (1.23) and (1.26), we conclude that the winding number of w
is one.
D

2 Behavior of T; at the focusing point.

In this section we prove Theorem 1 and discuss some of its immediate con-
sequences. As mentioned in the Introduction, a result similar to (0.7) was
proved, for iV = 3, by Huisken [H], under several assumptions, the most
important one being a bound on the blow-up rate of the curvature, which
was verified in [H] only for barbell-type surfaces, which have strictly positive
mean curvature. A similar result was also obtained by Dziuk and Kawohl
[DK].

We will organize this section in several subsections where we will explain
the basic steps of the proof of Theorem 1.

15



2.1 Scaling and preliminary estimates.

One of the main estimates in our analysis is
(2.1) liminf(T — ¢)~¥A(0,t) > 0.

which is essentially equivalent to the assumption in [H,(2) page 286].
To obtain (2.1) we rewrite (0.4) as

(2:2) (h*)e =2[ — (N - 2)]
and observe that (0.6) yields
¥(0,t) > 0 for all t € [0,T).

Combining this with h(0,T) = 0 we obtain an easy upper bound

(2.3) h(0,t) < \/2(N - 2)(T - 1), (t € [0,T)).

The lower bound follows from the nontrivial curvature estimate (1.3), which
yields

(2.4) h(0,8) > \2co(T—t)  (t€[T —¢,T)).

Actually (1.3) yields a more general result than (2.4). Indeed, for 0 <
|z2| £ € and t € [T —¢,T) we have

25)  pelogll+ (ha(s,)7) = (e, )22 < 4 Z L log(h(a, ),
where
(2.6) y=(N=2)—co.

and, therefore,

h(z,1)
h(0,¢

(2.7) k. (2,)] < (( ) —1)% in [—¢,€] x T -e&.7).

—
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Next we follow some of the ideas in [H] and the techniques developed by
Giga and Kohn [GK] to study the blow-up of the solution of semilinear heat
equation.

To this end, we define

v(y,s) = (T — t)"2h(yVT — t,) with s = —log(T — t).

Observe that v(y, s) is defined for (ye%,T —e™*) in (—2A4,24) x (0,T) C Q,
i.e. v is defined on

K(A) = {(y,s) : s> —logT,y| < 24e*?}.

We now write .
v(y,s) = efh(ye™5, T —e™)

and calculate
1
0u(%:8) = 50(3,9) = yha(ye $, T — e™) — e Hhy(ye™d, T — ™),

vy(y,8) = ho(ye™/%, T — ™),
vW(y’ S) = 6—3/2’1::(3/3-’/2, T - e—a).
Using (2.4) and (2.7) we get

(2.8) o(0,5) > V2o,
and |
(2.9) oy, )] < (Bdyzr _ s,

Ve

To obtain more pointwise estimates for v, vy, vy, and v, we use the equa-
tion which is satisfied by v, namely

vy _. N-=-2
(2.10) V=17 (v))?

1
+ §(yv, —v) in K(A),
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and recall that (1.10) holds in [—¢,€] x [T — ¢, T). Finally, denote
K(e) = {(y,s) € K(A) such that |y| < ce*/? and s > —loge}.

Proposition 2.1: There ezists ¢; > 0 (i = 1,2,3) such that for all
(y,s) € K(e),

(@) V2 < v(y,s) < ailyl+1),
(2.11) (0) |vy(y,9)l < elyl** + 1),

(©) fvs(y, 8)l < esly* +1).

Proof: For ¢ > 0 set
v'(y,8) = c(ly[ +1)

and observe that
%1

; m - E(yv; —v") 20 in K(A)\{0} x (—logT,o0).

On the other hand, (2.3) and the definition of v yield

v(0,s) < /2(N -2),

hence,
v(0,s) < v*(0,s) in (logT,+c0)

provided ¢ > /2(N —2). Also

v(+24¢°%,s) < e?hlloo < v (+246%%,5)

if ¢ > ||h||o/2A. Applying the maximum principle we get v < v* in K(A),
and, therefore, (2.11)(a).
For the second derivative estimate we have

1 2 6—3/2 —e* 1 v(yas) =
ey (RN T =) < s (T85)

loyy (¥, )| =

18



with the inequality following from (1.2) and (2.7).
Hence, by (2.11)(a),

1 2
lvg (3, 8)| < m)—,;(clﬂﬂ + 1))‘ S eyl +1),

for some C2 > 0.
Finaly,

t})(ye""\,T —Ae") —(N-2)

) . )
We now obtain (2.11)(c) usng v(y,s) > r(0,s), (1.2), (2.7) and (2.11)(a),
(b).

v (—ywly,s)—

00 | bt

2,2 A monotonicity formula.

Aswewill explain in the next subsection, Proposition 2.1 yields the local uni-
form compactness of v as s —> 00. To show that the whole family converges,
it is sufficient (cf. [GK]) to come up with an "energy-type" functional, which
will play the role of a Lyaponov function as e —* 00. To this end, following
[H] we define

(o) =, " oy, s)oly:s)(1 + (v (s, 5))hdy,

where
p(y, ) = exp(-*(vV*(y,s) + ¥?)) and R(s) = ee"?

Proposition 2.2:

* - — ply, s)vly,s)
(2]2 IW ))) 1 R(s)[l + (v,(, 3))2]19 2(v, s)ds + e(s),
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and

(2.13) lim e(s) = 0.

We will prove (2.12) by an elementary computation using (2.10). The
error e(s) is due to the boundary |y| = £e*/? we are imposing in the formula
for E. Finally, we refer the reader to [H,Section 3] for a more elegant proof
(using differential geometric arguments).

Proof: We directly calculate

LE(u(-15)) = A(s) + B(s) + C(s) + e(s),

where o)
Ay = [ el + )by,
(s)
Bls)= [ pui+v)idy,
s)
C(s) = [, PPAL+ ) oudy,
and

e1(s) = Ae’*{(pv(1 + vz)%)(2Ae’/2,s) - (pv(1 + v:)%)(—QAe’/z,s)}.
Since p(+ee’/?,s) < exp(—%:-s), (2.11) yields
(2.14) Jim ei(s) =0.
Next we will show that
R(s) pv

(2.15) A(s) + B(s) + C(s) = — /_ ) mvf + ea(s)

with e;(s) — 0 as s — oco. This will conclude that proof with e = e; + e,.
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To obtain (2.15) we calculate

pvY v, + es(s
C(s) =L aaro = /((1+ Pyvs + eals)
- _ pY ess
1 1 v,
== J{(pv)yw + pvv, + — + 5 (yw - v)]}m + e(s),
with ,
ex(s) = pULYs T)(2A —v—u-)—tﬁ—l 2Ae’/2 .
(s) = (( o)k ) %,8) - ((1+ 21 )(= s)

where all the integrals are over the interval [—-R(s), R(s)],w = v, and we
used that

1 1
py = —5(vw +y)p, ps = —gvwp.
Now a straightforward computation gives (2.15). The fact that e, — 0 as

€ — 00, follows again from (2.11) -and the form of p.
0O

2.3 Blow-up

In view of (2.7) and (2.11), there exists s; — oo with s;4; —s; 2 2 such that
v;(y,$) = v(y, 8 + 5j) = voo(y,5) as j — o0,

with the limit uniform on compact subsets of IR? and

. 1 w —
Vjy — Vooy in L w*.

By passing to a further subsequence, which we again denote by s;, we also
~have that

Vjy — Voo for almost every (y,s).
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If for some s,v;,(y,s) — vo(y,s) for almost every y, then (2.11)(b) yields
that this convergence is uniform for bounded y’s. Hence for every integer k,
there is a ni € [k, k + 1) such that

V55(¥, k) = Voo (¥, 1)

uniformly for bounded y for each ny.
Applying the dominated convergence theorem and using the exponential
decay of p we get, that, for each n;,

(2.16) Jim E(v;(-,n¢)) = E(veo(-, 1)),

On the other hand, v;(-,nx) = v(:, s; + ni). Therefore,

ng+3;41-3;
B(vi () = E(osom)) = = [ (UG, 9) + els + 55))ds,

where

R(s+s;) pv;
0j,s) = — 2 d
629 = [ v T (o 51

Finally, in view of (2.7) and (2.11)(a),
lvisl(y,s) < gy, ) = e(lyl*” +1)

for some ¢ > 0. Since v; > 0, this yields

R(s+s;)  pu;
(4 >/ 2 _(v:,)%dy.
(:8) 2 ~R(s+s;) 1 +g"’( i) dy

Using the exponential decay of p, the uniform convergence of v; (2.11) and

the fact that by construction sj4; — s; > 2, we get, for each ny,

.. nit i +2 PV 2
s [ 0602 [ [ st

and N
lim / T e(s+s;)ds =0.

J—oo k
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Hence

B2 [T PV 24y = 0
/:: o 1+92(voo.:) Y .

But, in view of (2.11)(a),
Voo 2 V 2¢0;

therefore, for almost every y,-
Voos(¥, ) = 0 for almost every s,
which, by (2.11)(c), yields
Voo (¥, 8) = veo(y) for all y € RR.

Passing to the limit in (2.10) we get that vy, solves

Vooyy N-—2
142, Voo

(2.17) + %(yvm,y — V) =0 in R.

As a matter of fact, the estimates of Proposition 2.1 yield that v, is a classical
solution of (2.17) and, moreover,

(2.18) V2c0 S veo(y) < a1(lyl +1) and |veoy (¥)] < e2(lyl*” +1).

A direct calculation also shows that if

¥ = vmvw'yy(l + vﬁo‘y)'l,

then
(W), _21+7) ) 4(veo,y)? o
T (oo T (g0 W i1+ () L~V =2 4D)

1 ooy 2(h)°
2y(ql )y = 1 4+ (Vooy)?
In view of (1.3), if ¥2 has an interior maximum at yo, then

-1 < Y(y) <0.
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We now claim that $ < 0in JR. Indeed suppose that there exists y* G JR
such that \P(j/*) > 0. Without any loss of generality we may assume that
tyy(y*) > 0, since, else we consider the point —y*~ But then

«(y) 2 *(y*) >0 in (y*,00),

since, in view of the discussion above, \t cannot have a positive interior
maximum. This, however, contradicts (2.18). Hence V? < 0 in JR. Hence Vo
Is concave and, in view of (2.18), constant. Using (2.17) we see that the only
constant solution is Y2(N — 2). Since any limit of r(y,s + §) is equal to
\‘lﬁ(N — 2), we have concluded the proof of Theorem 1.

Corollary 2.3: For any e > 0 there exists 6 > 0 satisfying
(2.19) Jimfc(M) < e for 2 € [-£<9].

Note that in view of (1.3) the above limit exists for sufficiently small \2\.

Proof: Suppose that for a given e thereis a sequence z, —* 0 such that

(2.20) ]J Tmh(zn,t) > e\z).
If
_ 2(N -2)
Sp = 210g(—-—————£lz“| )y
then

v(—————-z(N — 2)2“, s,,) =e7 h(——2(N = 2)zn e T, T —e™)
€| zn] €|za}
_ 2(N - 2)
B €|za|
Since z,—* 0,s, —» 00 and, by (2.20),

—9
liminf U(M,* n)

o0 e\* * \

B(zn, T — ™).

> 2(N-2) > yi2N - 2),
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which contradicts Theorem 1.
(]

Corollary 2.4: Ast — T,h(-,t) converges, uniformly in [—2A,24], to
h(-,T), which is smooth for z # 0 and differentiable at z = 0 and h(-,T) > 0
for ally #0.

Proof. In view of (1.3),
hi(z,t) <0 for |z]<eand T -t <e.

Hence h(z,t) converges to a limit which we call h(z,T) for |z| < e. On the
other hand, (0.6) implies that k(-,T) is nondecreasing on [0,€) and nonin-
creasing on (—¢,0].
Suppose now that h(22,T) = 0 for some 229 € (0,¢). Then h(z,T)=0
for z € [0,220) and by Dini’s Theorem h(z,t) — 0 uniformly on [0,2z).
Set
®(z,t) = h(z + 2z0,t) — h(z,t) , (2,t) €O,

where

O =(0,2) x (T —¢,T).
It is immediate that ® satisfies

(2.21) ®, =ad,,4+bP,+cd in O,

where

a(z,t) =(1+ (hZ(z’_t))Q)—lv
c(z,t) = (h(z + zo,t)h(2,1))71,

b(z,t) = h.,(z + 20, t)[ho(2 + 20, t) R, (2, t)]a(2z + 20,t)a(z,t).
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But 0 < a < 1and [b(z,)] < [hus(s-+20,8)] € K~z 20, )[l(2+ 20, ) (h(z-+
29,t)h=1(0,¢))*. Using (1.3), we conclude that, for (2,t) € O,

{ (@) [b(z,t)| < (T —t)%
(8) le(z,t)] < e(T = 1)~

(2.22)

Moreover, again using (1.3), we see that, for some appropriate constant K,
(2co(T = 1)) < —hy < (K(T —1))"% in [—e,€] x [T — ¢, 1).

Integrating we obtain

(2.23) 0< ®(2,t) < KVT—1t, in0

For yu > 0 consider the auxiliary function

P 7 7 2
®(2,t) = O(2,t) + T 7 + 5 (z — 20)°.
A direct calculation yield

1

6t_aéw—béy=c®+#{(T._t)2 —_

a—b(z— z)}.

Using (2.22) and (2.23), we conclude that, there is t, < T such that for all
#20,
&, —ad,, — bd, > 0,(z,t) € (0,20) X (£, T).

Moreover, for all sufficiently small g there is £ < T such that

tei[rtl_,fn&)(éo,t) < inf{é(z,t) : (2,1) € {0,220} x [{, T) U [0,220] x {t‘}}.

Hence ® has an interior minimum, which contradicts with the fact that d is
a supersolution to a linear equation.

In summary we have shown that
h(z,T) > 0 in (0,¢).
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Similarly we show that
h(z,T) > 0, in [-¢,0).

Using (0.6), we
inf{h(z,t) : |z| > ¢t €[0,T)} > 0.

Finally, equation (0.4) for |z| > €, we can easily show that k(2,t) has a limit
ast— T.
O

2.4 No interior at the focusing point

We conclude this long section with a brief discussion, without any proofs, of
why the focusing point 0 cannot be in the interior of I'r, for p > 0 and very
small. This will be a consequence of (1.3).

To this end, we consider the solution u of (0.2) with initial datum g, such
that {g = 0} = {r = ho(z)}. It follows (cf. [ES]) that, for t < T,

Iy = {u(, 1) = 0} = {r = h(z,1)},

where here, as usual, we denote by h the solutions of (0.4) which correspond
to the different branches of hy. Assume now that 0 € IRY belongs to the
interior of I'ry, for p > 0. This implies that there exist R(p) > 0 such that
B(0, R(p)) C I't4,. On the other hand, (1.3) yields that we can bound the
part of h which focuses by catenoids as close to (0, T’) as we want. Recall that
catenoids are stationary solutions to (0.2). Finally, we recall that the dis-
tance between two surfaces which move by mean curvature is a nondecreasing
function in time (cf. [ES]).

To conclude this heuristic discussion we argue as follows. If 0 € I'r,,,
choose £ > 0 so small that h(0, T — ) = 1 R(p) and bound h by the catenoid
passing through (3 R(p),0). In view of the above discussion, the set
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{u(-,T+ p) = 0} cannot touch the catenoid which contradicts the choice of ¢.
This argument can be made rigorous at the expense of technical arguments.
We choose, therefore, to omit the details.

3 No interior - Motion after the focusing

Our goal here is to show that, under certain assumtions, if I'; “focuses at
(0,T), then, for ¢ > T, Ty: (i) does not develop interior and (ii) “opens” up.
We begin with the definition of non-interior.

Definition 3.1: T, has no interior iff d{u(-,t) > 0} = d{u(-,t) > 0}, where
u is the solution of (0.2).

As mentioned in the Introduction, in general, I'; will develop interior,
(see for example: Soner [S]). On the other hand, [BSS] gives a fairly general
geometric condition on Iy, which yields no interior. We next state this result
of [BSS] as it applies to the case of cylindrically symmetric surfaces moving
by mean curvature.

Theorem 3.2 ([BSS]): Assume that Iy is C? surface and that there ezists
a constant C such that

(3.1) z-Dd+ CAd#0 on Ty,

where d is the signed distance to I'y. Then 'y has empty interior in (0, 400).
Condition (3.1) has a geometric meaning, since the left hand side is the
generator of dilations and translations in (z,t) evaluated at t = 0 on T.
If Ty is smooth, then I’y is smooth for t € [0,¢,)(¢; > 0) and, therefore,
has empty interior in (0,%;). As remarked in [BSS], if the solution u of (0.2)
which defines I'; satisfies, for some to € (0, t;),

z-Du+Cu,

(3.2) [Du]

#0 on Iy,
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then T; has empty interior in (0, 00). Indeed Iet'EI(-,t) be the sgned distance
to T;. Then at t,
2, = u/\Du\, Dd = DuADu\.
Also
d. = AdI(N - 1),
since I\ is a classical solution of the mean curvature flow and Ad is equal to
(N — 1) times the mean curvature.

Since in this paper we assume that To is smooth, the main goal in this
section will be to show that, under some additional assumptions on To, (3.2)
holds near the focusing time T, although it may not hold at t = O.

Throughout the discusson below we will need to go back and forth to
parametrizing T;, for t € (0, T), in terms of both z and r. More pre
cisdly, we will need the existence of positive numbers z(t),r,-(t)(t = 1,2,3)
with t G [0,T) and smooth functions h,H : [-z(t),z(t)} -» [0,00) and
g : [ri(t),ro(t)) -+ [0,00) such that:

(3.3) ri(t) = h{o).r(t) = HO and ZAt) = g(rs(t).),
(3.4 Te={r=h(z1t :\2d < z(t)} U {r = H(z t):\A< z(t)}

= {\A=g(r.1):refn(t).r2(}},
hy  N-2 Hy n N-2

(35 hi= T+ i i and =i TT_ m \-z(t),Z(t}],
- Tr N = &JUr .
(3.6) g = ligz ( r”)g in [ri(t), ra(1)],

N @) g(h@zh).b) = g(H(zh).b) = z in [-2(2), 2(2)],
3.7) (i) h(g(r.).) = rm [r,(t).r2(0],
[ (i) H(g(r.).0) =r in [ryt),rs(8)],
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and

(3.8)

and
g-(r2(t),t) = 0.

It is immediate that if (3.3)-(3.8) hold, then

{ (r —r2(t))gr(r,t) <0 in [ry(t),r2(t)]

(3.9) and

9-=h'=H',g = —hh]' = —HH"
grr = "'hzzh:3 = '_'szH;s-

The existence of such z(t),r;(t)(: = 1,2,3) and h, H and g with the above
properties follows from the next proposition.

Proposition 3.2: Assume that there ezist positive numbers z,79:(1 = 1,2,3)
and smooth functions ho, Hy : [—z0,20)] — [0,00) and go : [ro1,703] —
[0, +00) such that (3.3), (3.4), (3-7) and (3.8) hold at Ty. Then there exist
smooth z,7; : [0,T) — (0,4+00)(i = 1,2,3) and h(-,t), H(-,t) : [—2(2), 2(t)] —
(0,00),9 : [r1(t),r3(t)] — [0,+00)(t € [0,T)) satisfying (8.3)-(3.8) for all
te(0,7).

Proof: Consider the solution u of (0.2) with initial data u, satisfying
uo(z) = go(r) — [zl (r € [ro1,703]),

N-1
where, for z = (z;,...,2,) € RN,z = zy and r? = E:cf Since ug is

=1
smooth, (0.2) has a, local in time, smooth solution. The resulting smooth T,
can be parametrized as in (3.4) where h, H and g solve (3.5) and (3.6) with
initial data ho, Ho and go respectively. Moreover, u satisfies

(3.10) u(z,t) = g(r,t) — l2| (r € [ri(2), rs(D)))-

On the other hand, (3.5) admits a smooth solution as long as the solution

stays positive. This yields that u is smooth as long as I'; does not focus
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i.e. for t € (0,T). Finally (3.8) follows from analyzing the properties of the
number of zeroe’s of g, as in the Appendix.
O

Next we use (3.10) to write the expresion in (3.2) as

z-Du+Cu; 19, —g+Cyg o

D it

The first important result in this section is:
Proposition 3.3: Assume that #{r € [ro1,703) : Tgor — 9o — 2Tgo: = 0} < 2.
Then there exists to € [0,T) and B > 0 such that

(3.11) n T,

(3.12) rg, —g—2Bg, <0 in (r1(to), r3(t0)) X {to}

In particular T'y has no interior for allt > 0.

Before we begin with some preliminaries which will lead to the proof of
Proposition 3.3, let us first comment on why (3.12) seems reasonable to hold.
Indeed that analysis in Section 2 yields that A,(0,t) — —oo as t — T, which,
in turn, suggests, by (3.9), that g,(r¢(t),t) — 400 ast — T. This would
yield (3.12), provided one is able to control, away from the singularity, the
term rg, — g. Keeping this in mind, we define

K : Usepo,r)((ra(2),ma(2)) x {t}) —
by
(3.13) - K(r,t) =rg,(r,t) — g(r,t) = 2(T — t)gi(r,1).

Using (3.6) we obtain

(3.14) Ky = L(K) in Uep) ((r1(t), ra(t)) x {t}),
where )
_ 29,+9r
£'¢'(T) - 1+gz¢ (1 + 2)21)01' + d’r'
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We will also need to define the functions
I,J : Uepoy((—2(2), 2(t)) x {t}) = R by

{ I(z,t) = h(z,t) — zh,(z,t) + 2(T — t)h(z,1),
(3.15)

J(2,t) = H(z,t) — zH,(z,t) + 2(T — t)Hy(z,1).
It follows from (3.7) and (3.95 that

I(g(r,t),t) = g7} (r,)K(r,t) (€ [ra(t),m2(1)))

and
J(g(r,t),t) = g7 (n)K(rt)  (r € (rat), 73(2)])-
Hence, (3.8) yields
{ sign(K(r,t)) = sign (I(g(r,1),t))  (r € (ri(t),r=(1)))
(3.16)
sign(K(r,t)) = —sign (J(g(r,1),1))  (r € (r2(), 73(2)))-
Finally, another direct computation gives

(8.17) I = L(h,I) and J, = L(H,J) in Usep.1) ((—2(t),2(t)) x {t}),

where

1 2f.fz2 (N-2)
T+ 2% e 0t P

To state the next result we define n: [0,T) — Z* by

n(t) =#{r € (m(t) +6rs(t) = 8) : K(r,t)=0}

£(f,4) = é in Urepo) (—2(2), 2(1)) x {t).

+#{lzl S g(n(t)+6) : I(z,t) =0}

+#{lz| < g(rs(t) - 8) : J(z,t) =0},

where 0 < § < min{rs(t) — r2(t),r2(t) — r1(t)} is arbitrary. In view of (3.16)
the above definition is independent of é.
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Lemma 3.4: Assume n(0)) < oo. Then n(t) < n(0) and t »+ n(t) is
nonincreasing in [O,T).

Lemma 3.4 follows by applying the lemma in the Appendix about the
number of zeroe's of solutions to linear parabolic equations in one dimension.
Of course, special care has to be taken for the fact that, in principle, the
boundary U[o,r)({ri(<),r2(i)} * {*}) °f ~° domain where K satisfies (3.14)
may generate new zeroe's. This difficulty, however, may be overcome, in
view of (3.16), by applying the aforementioned lemmato K, and J and the
equations they satisfy. The proof is long but rather standard, we, therefore,
omit it.

Next we will extend the statement of Lemma 34 up to T. This is not
immediate, since the coefficients of C and € are no longer bounded at t = T.
But Corollary 2.4 asserts that h and, therefore, by (3.7) and Proposition 3.2,
H and g are defined in a continuous way up tot = T. It follows that K, |
and J can be extended up to t = T away from their respective singularities.
Finally, Proposition 2.1 and Corollary 2.4 also yield that

I(*,T) =h(zT) - 20z T) (z € (-«T), *{T)))
and
1(0,T) = 0.

Moreover / is continuous on its domain possibly except at (O, T).

The next result asserts that z t» 1(zT) is negative in a neighborhood of
2=0.
Lemma 3.5: Ifn(0) < oo, then there exists e > 0 such that

I(zT)<0in  [-e,€]\{0}.

Proof: If 7(-,T) > 0in (zz) G (0,z(T)), then

d Mz, T 1
E(_(z_)) = —;I(z,T) <0.
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Hence

hznT) _ b T)

22 2]

(3.18)

Let
= .
z(T),if I(-,T) #0 in (0,2(T)).
Since n(0) < oo, Lemma 3.4 yields 2* > 0. Hence I(-,T) is either negative
or positive in (0, 2*). If the latter holds, then

h(z*,T) < h(z,T)

=

. { inf{z € (0,2(T)) : I(2,T) = 0}

~ forall z € (0, 2°)

and, since h,(0,T) =0,
h(z*,T)=0
which contradicts the positivity of k(-,T) in (0, z(T)).

Lemma 3.6: If n(0) < oo, then

(3.19) n(T)=#{z>0:1(2,T)=0 or J(2,T) = 0} < n(0)
and
(3.20) n"=#{r>0: K(r,T) =0} <n(0)-1.

Proof: In view of (3.16) and I(0,T) = 0, (3.19) and (3.20) are equivalent.
To prove (3.20), we first claim that, for sufficiently small v > 0,

321) ) <l 1),
where, for t € [0, 7],
n(t) = #1r € (A(n, ), ma(t)) : K(r,2) = 0).
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To this end, choose 7 > 0 sufficiently small so that
I(,T)<0.

Then, by (3.16), K(k(v,t),t) < 0 for t near T, hence (3.21) follows from
(3.14) and an application of Lemma A. As in the proof of Lemma 3.4, again
we need to apply Lemma A to K, I and J.

We will conclude by showing

(3.22) ltitr}m,,(t) < ltxtr}m(t) -1

Since n,(t) < n(t), if
ltlrrjr‘m,,(t) = ltltryr‘m(t),
there must exist a > 0 such that

I<0in [0,0]x[T-a,T)U(0,a] x {T} and I(0,T) = 0.

Hence, I has an interior nonpositive maximum, which contradicts the maxi-
mum as it applies to the equation (3.17) satisfied by I.
O

Lemma 3.7: If n* > 0, then n* > 2. In particular, if n(O) < 2, then
K(r,T) <0 forallr > 0.

Proof: Since J(0,T) = H(0,T) > 0, there exists € > 0 such that J(z,T) > 0
in [~Z,Z]. Combining this with Lemma 3.5 and (3.16) we get

K(r,T) <0 for r € (0,€] U [r3(T) — €,73(T))-

Hence, if K(r,T) has any zeroe’s for r > 0, there have to be at least two.
Finally, (3.20) and n(0) < 2 yield n* < 1, which in view of the previous
discussion implies that n* = 0.

O
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We are now in a position to prove Proposition 3.3.
Proof: In view of (1.3) and Lemma 3.5, there exists R; € (0,ry(T)) such
that, for all C > 0,

lim sup (I(2,t)+2Ch(2,t)) <0
T f2l<o(Ry.T)

and, therefore,

(3.23) Iim sup [K(r,t)—2Cg(r,t)]<0.
1T re(r(t).R1)

Next, choose R; € (r2(T'),r3(T)) and set

k= sup K(r,T)<0O.
r€[R1,R2)

Hence, for any C < k sup |g.(r,T)|™%,

r€[R;,R2)
(3.24) lim sup [K(r,t)—2Cg(r,t)] <0.
ur r€[(R;.R2)
Also
J(z2,T)= H(2,T) — zH,(2,T) > 0 in [—2(T), z(T)).
In fact
k= |z|15nzt;7‘) J(z,T)>0
and

k= sup |Hy(2,T)| < oo.
l21<9(R2,T)

Hence, if C < ky/ks,

liﬁtﬂ* inf T){J(Z,t) + 2CH:(Z, t)] > 0,

IzlSQ(Rz'

and, consequently,

(3.25) im sup [K(r,t)—2Cg(r,t)] <O.
1T re(Rz.ra(T))
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Combining (3.23), (3.24) and (3.25) we obtain (3.12).
O

In view of the discussion at this beginning of this section, Proposition 3.3
yields _
—z - Du + Bu,
| Dyl
with B = 2[(T — to) + C]. Since u is a smooth function, there exists a K > 0
and v > 0 such that

>0 on Iy,

(3.26) —z-Du+ Bug+ Kl|u| >~ on RN x {to}.

The maximum principle and the properties of equation (0.2) then yield

(3.27) —z-Du+2[(T —t) + Clu + Klu| > v on RN x [to, ).
The last inequality may be rewritten as
d

(3.28) 75 u(a(s),4(s)) exp[K (sgnu(z(s), ¢(s)))s]} 2 7
where, for every (z,t) and s > 0,

z(s) = ze™*
(3.29)

t(s)=T+C—-(T-t+C)e %

Although (3.28) was derived under the assumption that u is smooth, it follows
easily that it holds in the viscosity sense for all s as long as u exists. But
then, for z = 0 and t = T, (3.29) yield z(s) = 0,¢(s) = T+C —Ce~?*. Hence
by (3.28), for € > 0,

u(0,T+€)>0

i.e. I'r “opens up”. (Recall that u(0,t) < Oforallt € [0,T) and »(0,T) = 0.)
Finally, in order to show that Iy is smooth after the singularity, it suffices
to show that the equation
G,, N -2)G,
L (V=2)

C=1ra r

37



admits a smooth solution for t > 0O, even if G(-,0) has a singularity like
the one of g(-,T). This can be shown by a number of approximations using
standard parabolic regularity and the stability properties of surfaces moving
by mean curvature (cf. [S]). As a matter of fact, such arguments can be
used from the beginning to show that I\ never develops interior. This is
the approach of [AAG] for "barbdl" type domains. In this paper, however,
we chose to follow the approach described above since it gives rise to (3.27),
which has a very nice geometric interpretation.
We now combine all the above to state the main result of the section.

Theorem 3.8: Suppose that the assumptions of Proposition 3.2 hold and
the n(0) < 2. Then the evolution t H+ T, never develops interior. Moreover,
it “opens up”’ instanteneously after the focusing time and continuous moving
as a smooth surface.

We conclude this section by checking that a torus
(r-)? + 7 = R? (0 < /?2< 1),

whose evolution t »* T, by mean curvature focuses at (0, T), satisfies n(0) <
2. Thiswill yield Proposition 3 in the Introduction.
A simple calculation yields

K(r,0) = Wr2+r(R?-1-2T(N- 1)+ T(N - 1),

rofr)

where
golr) = [R? - (r— 1))t

The above claim is then obvious.
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Appendix.

In this Appendix we state a result of Angenent for the convenience of the
reader. The statement of this lemma is taken from [A2). However its proof
is in [Al].

Lemma A. Let u : [zq,2;] X (0,40) — R be a continuous classical solution
of .
u, = a(z,t)uz. + b(z,t)u, + c(z,t)u

with u(zo,t) # 0,u(z;,t) # 0 for all t € (0,1,).
Assume that a, b, c satisfy

(i) § < a(z,t) < 6! for some § > 0,

(ii) a,aq,az,azz,b,b, b, and c are bounded measurable functions of
[110, 271] X (0, to).

Then the number of zerocs of u(-,t)

2(t) = #{z € (zo, z1)|u(z,t) = 0}

is finite and non-increasing in t.
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